KINHMATIKH YAIKOY 2ZHMEIOY

2Korol
1. pa@nuatikn nepypadn tng kivnong evog cwpatidiov,
2. duavuopa B€onc, TpoXLA, LAKOG
3. ToxUTnTa KOl EMLTAXUVON.



Awavuopa O€onc & kivnon

H 6€on evocg kivntou otov Ywpo kabopiletal
armo to duavuopa B£ong r(t), To omoio sival
ouVAPTNON TOU XPOVOU Kol oplleTol WC MPOC
g€va cuotnua afovwy (cvotnua avadopdac).
H kivnon neplypadetol amo tic LeTaPoAEC
Tou Slavuopatog B£onc.

Ektog arno to Siavuopa B€ong, pog
evlladEpeL N TayvINTA KOL N EMLTAXUVON.
JTNV KLVNUATKA €0TLA{OVUE OTA
XOPOKTNPLOTLKA TNG Kivnong Kal OxL ota
QLTLO TTOU TNV TIPOKAAOUV.




TpoxLa

> Q¢ TPOXLA £VOC KIvNTOU OVOUAIOUUE TOV YEWUETPLKO TOTIO TWV CNUELWV ATIO T OTola TIEPVAEL
QUTO 1, AAALWG, TO OUVOAO TWV oNUElwV TIou opilel To Akpo tou Slavuopato¢ Bong (to dAlo
AKPO lval mavta oTnV apxn Twv afovwy).

> H tpoxLd oTig 2 SLoTAOELG TtEPLYPAdETAL HAONUATIKA oo pa oxéon tng popdng f(x,y)=0, xwpig
pNntA €€dptnon amo tov Xpovo (m.x. y+3x=0 ) x2+y3=2, KTA), omoia ovopaletal e§ilowon TPOoYLAC.

Noapadsiypa #1 Napadsiypa #2

—

F(t)=(3cost,2sint) = 3costx+2sinty

wes GROR




Tayxvtnta

» H rayvtnta sivat o puBuocg petafoAng tou Swavuopatog B€ong, dnAadn n
TIAPAYWYOC Tou (KABe cuvioTwoa Tou r mapaywyiletat aveéaptnta).

Z) > To dtavuopa tng taxvtntag ival mavia epaAnTOUEVO OTNV TPOYLA.

Py

Mia teAelor mTAVW aro Eva
oUpPoA0 SNAWVEL TIPWTN

0



Tayxvtnta & petatonion

Aladvuopa B€onc tn
XPOVLKN OTLyUN to.

Ovopaloupue tn (BouPBn)
HetaBAnTh oAokAnpwong t’
SLOTL t €lval To Avw AKpPO.

Aveéaptnoia Twv KIVAOEWV:

OAOKANPpwWVOULE o€ KABE
afova EexwploTa.

v(t)

Y€ QLo povodlaotatn Kivnon n LETATOTILON
TOU KLvnToU LoouTal e To eppadov

(oAokAnpwua!) Tng TaxUTNTAC.




Méon tayxvtnta
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Metatomnon Ar (Stavuopa): n dStavuopatikn dtadopd PeTAlL TNG APXLKNC KoL TNG TEALKAC
B£on¢ tou Kvntou.

Awdotnpa: To UNKOG TNG TPOXLAG Ttou €XeL Slaypal el To KvnTo.

Méon tayutnta (dtavuopa): n Léon TN tou dtavuopatog tng taxutntag (utoAoyiletal amnod
TN UETATOTILON).

Mé£go UETPO TOXUTNTAG: N LECH TLUA TOU HETPOU TNG TaxuTnTac (uroAoyiletal amnod to
dtaotnua).




Emwtayuvon

»  H grurdyuvon sivat o puBuoc petafoAng tov dtavuopatog tng taxutntag, SnAadn n
TIAPAYWYOC TNC (KABe ouvioTwoa TNC U apaywyiletal aveéaptnta).

» H tayxutnta eivat To oAoKANPWHA TNG EMITAXUVONG.

» H egrutdyuvon eival n deUtepn mapdywyog tou Stavuopatog B€onc.

Z

dv dF
dr  dt?

=#(1)= 20 ()7 +0, (1) +0,(1)2] =

_|_
a A a
—d—zxy%+d2yA+d2Z2—jc')%+”+'z'2—
dt* dtzy dt* el

A()x+a,(t)y+a.(1)z

AUO telelec mAvw amo Eva
oUpBoAo SnAwvouyv deutepn
TIAPAYWYO WG TPOG TOV XPOVO.




Napadeiypa #1

H emtdyuvon evog owpatog ou Kiveital euBuypappa divetal amo tn oxéon
a(t) = (4 — %) (SI). Ymohoyiote tnv taxyTnTa Kot T B€0N TOU CWHATOC
OUVOPTHOEL TOU Xpovou, av ywa t = 3 s eivatv(3) = 2m/s kat x(3) = 9m.

f

r!

d[o

a(t’)dt’ = v(3)+_[;(4—t’2)dt’ = 2+|:4t’—§:| =

3

t’ 3’ t’ t’
=2+(4r—— —(4'3—?]=2+4t—§—12+9:>v(t)=—1+4t—§

73

! t Pyt :
x(r):x(;0)+_[ U(f')df'=x(3)+f3(—1+4t’—%jdt’=9+[—t’+2t’2—tlz} = .

3 o 1 3 ) 75 ) 5 7} 5
4 4 4
=0+ —t+2t2—t— — —3+2-32—3— =9—t+2t2—t—+3—18+2—7:> B
12 12 12 4




Napadswypa #2a

Eva cwpatidlo Kveital Katd Hkog Tou Betikol nuagova x pe taxvutnta tou divetal
amo tn oxéon u = kx¥/2, k > 0. Av x(0) = 0, va. Bpelte TNV TAXUTNTA KOL TNV ETUTAXUVON
TOou ocwpatdiov ocuvaptnoeL Tou Xpovou. Emtiong, va Bpeite Tn péon TaxvVTNTA TOU OTO
dtdotnua LEXPL va PpTAaoEL o€ amootaon S amnod tnv apxn.

dx dx xdx” et o, R
v=5:k\/§:>ﬁ:kdr:>joﬁ=jokdz = |2V | =[k'],

2

:>2\/;:kt:>x(t)=k—2t2:>v(t)=%:>v(t)=7t:>
a<f)=fl—1;:a(t)=% A
5 RN




Napadewypa #2

Eva cwpatidlo Kveital katd HiKkog Tou BeTikol nudéova x pe emttayuvon mou Sivetal
aro tn oxéon a = -ku, k> 0. Av x(0) = 0 ko u(0) = vg, va Bpeite TNV TAXLTNTA KaL TN
B€on Tou cwpatdiov cuvapTrOEL TOU XPOVOU.

=@=—kv:>d—v:—kdt:> vdlz—kf;dt’:lnv—lnvo =—kt =

a /’

dt v v D
D) B ) 1
—Zekt:H)(t):vOe 1/t T=—
v, k




Napadewypa #2

Eva cwpatidlo Kveltal Katd Hikog Tou BeTikol nuudéova x pe emitayuvon mou Sivetal
amno tn oxéon a = -ku, k > 0. Av x(0) = 0 xawL u(0) = vy, va. Bpeite TNV TaXVTNTA KAL TN
B€on Tou cwpatdiov cuvapTrOEL TOU XPOVOU.

dv dv dv _
a=—=—kv:>—=—kdt:>J—=—kjdt = In|v|=—kt+c=|v|=ee" =
dt v v
— v(t) — Cle—’“ — U(t) — er—f” EvaAloaktikr) pEBodog emiAuong
c=te ZQ?CI:UO HE aOPLoTO OAOKARPWHOAL.

+I ")dt’ —O+J ve " dt’ —|:v Te ”T:I :>x(t)=vof(1—€_m)




Napadewypa #2y

Eva cwpatidlo Kveital katd HiKkog Tou BeTikol nudéova x pe emttayuvon mou Sivetal
aro tn oxéon a = —kx, k > 0. Av x(0) = 0 kaL u(0) = vg, va Bpelte TNV TOXVTNTA KOL TN
B€on Tou cwpatdiov cuvapTOEL TOU XPOVOU.

——kx:c;—lt)z—kx dvdx——kx:>vd—v=—kx:>vdv=—kxdx:>
/2 *
v’dv ——j kx'dx’ :{ } [ } =0’ -0, =—kx’ =0’ =1, —kx’ = v(x) =%V} — kx’
dx dx to,
—=v=—=%1v] —kx —+x/_dt=>_[ =i\/zf0df =

dt dt .
1/ 1/——)6
k

l:arcsin[\/zx J:' = +\/_t = arcsm(\/— j— arcsinQ = +\/_t = \/Zx = isin(\/zl‘) =
v, . v,

Yy

dx o x
——————=arcsin| — |+c¢

2 2

a —Xx a

x(r):%sin(\/;t)
k — v(t):vocos(x/Zt)
v(t)=ivocos( kt) a(t):—vox/zsin(\/zf)




Napadewypa #3

To Stdvuopa Béong evog owpatidiov oto eminedo x-y eivat 7(¢) = 2% — 2139 (Sl).
Na Bpeite: a) tnv e€lowon TN¢ TpoxLAg Tou, B) TNV TaXUTNTA KL TNV EMLTAXUVON,

Y) TN ywvia petaly taxuTnTog Kat EMITaxuvong.

_ .2 ) ,
f(t) — 25— 2t3§; N { x(t) =t 3 }:> y(x) _ o <[ artaAoldpr) Tou xpOovou ]

dr

v4
U(t)=—=0(t)=2t3 -6’5 = v(t) =|0(t) = V4> + 36¢*

dt

i(1) =2 = d(1)= 25~ 1215 = a(r)=|a(r) =4+ 1447

dt
o(t)-a(r) (2e2—61°)-(28—12¢9)
v(t)a(t)  ar® +361* -4 +1441

(8().a(r)) = 9(r)= cosp = =

sp= 4¢+72¢°
Va2 +361* 4+ 14412
lim(cosp(t))=1=>¢ —0

t—>o0

CoO

MeTtd armod peyaAo Xpoviko Staotnua
To Stovuopata TaxUTNTAC KoL
gmtayuvvong Ba eivat mapaAAnAa.




Napadeypa #4

Eva cwpa Kveital oTo eminmedo x-y Ye ToaxUTNTEG Ux = 4t3 + 4t, uy =4t (Sl). Avyiwa t =0 t0
ocwpa Bpioketal oto onueio (1, 2) m, va Bpeite tnv e€lowon TNG TPOXLAC TOU.

MNpwta Bpilokoupe to Sltavuopa B€onc

v, =4t + 4t ~ X A A
= 1(r)= (41‘ + 4t)x +4ty LE oAOKApWON TG TaXUTNTOC.

vy:4t

7(0)=(1,2) = 7(0) = £ +29

F()=7(0)+ [ 3(t")dt’ = (3+29)+ _[;[(4#3 +AL)R+405 Jdr’

0
=(x+2y)+ Ug(m” + 4t')dt’}5€ + (J;4t'dt')5i =

(
=()AC+2)A))+|:Z"4+2t'2i|;fc+|:2t'2:|;§]:> y :35

F(r)=(1+¢"+207)3+(2+27)3

©(t)= 1+ +202 = (142) 1
= x
y(t)=2+2¢"=2(1+17) 4

A

Katormnuw analeipoupe
TOV XpOVvo.
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Taxotnta & eMITAYUVON OE TIOAMKEG CUVTETOYUEVEC

A = d A A A « A LN
r:>r:d—(rr):rr+rr:rr+r90:>
t

it
I
S

U =71 +160

G=0=FF+it+ 700+ 00+ rf =
— i + 700 + 100 + rH0 — ro*F =

a =(f—r92)?+(ré+2f9)é

Mpoooxn: ta povadiaia dtavuopota 6To MOALKO cuoTnpa e§apTwvtal ano tov xpovo !!!

OxL OpwGg Ta povadiaio Tou KopteoLavol oCUCTHATOCG.

. d s ey d L e d . .\
F = cos % +sin 6 } r=5(0050x+sm0y)=E(cos9x+sm0y)z=(—sm9x+cos@y)9 { Y, }
A A < . >: A. ‘A
0=—sinfx+cosfy éz%(—sin@fc+cost9§;)=—(—sin05c+cost9§7)—=(—cos05c—sin9)3)9 0=-0r
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KukAlkn Kivnon

r =R = const.

fwviakn taxvtnta

+.0 r=Rr=r=R=7=0 s de
/ V=rr+r60 = v = ROO = wRO dt
A 4 = (r _ r0? ),ﬁ n (r9 n 2,;9')9 Fwviaki emréyuvon
6 2
e - oA . d V) B
*.d=—Ro’F + ROO GO T
POtk taxvutnTa
|6 = a)RQI
O aKTWIKOC Afovac TaUTI(ETAL LE TOV KEVIPOUOAO KOl O YWVLOKOG LLE TOV Erwtdiyuvon
ETLTPO)LO.
H ywviakn taxvtnta ekppalel Tov puBuo petaBoArnc tne ywviog. Zir = —Rw?*r
H toxUtnTta €V £XEL OKTLVLKI) CUVLIOTWOO. N A
H ywviakn cuviotwoa tng toxutntag eival mavta un undevikn aAAd pnopet | [y = RO6
va petaBaAAeTal. S —
; , , A : : a=a,+a,
H aKTWVIKN) CUVLOTWOO TNG EMLTAXUVONG EXEL TTAVTA GOPA TIPOG TO KEVTPO. r
H ywvLaKr cuvioTwoa TNG EMITAXUVONG ival und&v yLor opaAry KUKALKN
Kivnon (w = otaBepo).




Napadetypa #5

Eva cwpatidlo Eekva amo tnv apxn Twv afovwy Kal Kveital o€ éva eninedo pe

otaBepn aKTWIKN Taxutnta U= 4 m/s. H ywviakn tou taxutnta eivat emiong otabepn
Kal lon pe w = 2 rad/s. Na Bpeite ta Staviopata Tng TaxUTNTAC KOL TNG EMLTAXUVONG
Tou ocwpatdiov otav Ba €xel ptdoel os anootaon 2.1 m amod TNV apxn Twv aoVwv.

v =f=M:r(z)=r(o)+j0’4dt':»r(t)=4t(31) r(6) =26 (SI)

=6=2"%— 6(1)=0(0)+ [ 2dr" = 6(r) =21 (s1)
X [ E¢lowon
T

S|

(1)=r(t)7 =41, r(6)=20(SI) ,
R L poxwag r = r(9)
=7 +r99=4r+(4t)20:v=47'+8ﬂ9

0
a=(i—rf*)F+(r6+2i0)0=(0-4:-2°)F +(0+2-4-2)8
—d=—16tF +160

r(7)=2.1m=471=21=7=0525s

0(7)=27=0(7)=1.05rad (= 60")

Y]

)
)=4 +8-0.525é:>ﬁ(r)=4f+4.2évﬂ : |

v(r

a(1)=-16-05257 +160 = d(1) =847 +16 0

m
_2




Napadewypa #6

Eva cwpatidlo kwveital Staypddovtag omelpoeldn TpoxLd e KatelBuvon mpog Ta £€w.
H e€lowon tng tpoxLag divetal amnod tn oxéon r(¥) = §/m (Sl). H ywvia avéavetal pe tov
Xpovo wc J(t) = rrt2 (Sl). Na Bpeite tnv ToXUTNTA KAl TNV EMLTAXUVON TOU owpatidiou.

r(t):r(é?(t)):i):t2 Y15
. (1)

0(t)=nt’, w=0(t)=2mt, 6(t)=2x
dr df do -

D=t +r00="—"LF 4 r—20 =27 +t*2710 =
deo dt dt

3
O(t) =27 +471°0 = 5(8) = 2\/§f + Zﬂ(ﬁj 0
n n

a :(i‘—réz)f+(ré+2f9)é:

(247’17 + (271’ +2-27rt27zt)é =

2—Ar*t* )P +10720 = d(0) =2(1-26%)7 +1060
0= ) (©)=2( ) 6(9=5—”jz2.6ﬁf+135ﬂé
3 s s
a(e:%ﬂj ~107. 8—r+524ﬁ2é



Napadewypa #7

Tpeig péMooeg Bpiokovion 6TIC KOPLPES IGOTAEVPOL TPLYDOVOL pe TAELPA a. T ypovikn| otiyun ¢ = 0 Eekvave TanTdYpOVa Kol Ot
TPELG PE TayhTNTA 1010V HETPOL Do, £TGL MGTE N Kabgpio va katevhHveTan TPog TV emOUEV (APIoTEPOGTPOPA). XTT GLVEXELN
JTNPOVV TO UETPO TNG TAYVTNTAS TOVS, AAAL LETOPBAALOVY TOV TPOGAVATOAMGUO TOVG £TGL MOTE, GE KAOE YPOVIKT GTLYUN, Vo,
eEakolovbel N kobepio va katevBOveTol Tpog TV emOUEVN (APLOTEPOGTPOPXL).

a) EEnynote yuoti n taydmta g kabepiog, av ypagel o€ TOMKEG GUVTETAYUEVES, ExEl 6TOOEPES TPOPOAES GTOL TOTIKA [Lovadtaio
SLloVOGHLOITOL.

B) Ao ™ 6Y€omn TOL TPOKLATEL O TO EPATNLLOL O) VO, ATUAENYETE TOV YPOVO Kol VoL itoAoyioete v e&icwon tpoylag r = r ()
Kafepiog 6 TOMKEG GUVTETAYLEVEC.

v) ZovdvalovTtag To aTOTEAEGHO TOV A1) LE TNV 6TAOEPOTNTO TOL HETPOV TNG TAYXVTNTOS, OAOKANPMGTE TNV KATAAANAN S10POPIKY|
e&lomon kot vohoyiote T cuvaptnon r = r(?).

0) YrmoAoyiote T GuvoAkn ddpketla TG Kivnong Léxpt va cuvavtnBovv Kat ot TPELS 6To KEVTIPO BAPOVS TOL TPLYdVOUL.

Yy e TomoBetoUpe TNV apxn Twv afOVWV oTo BapUKEVTPO TOU TPLYWVOU.

" e Eneldn oL péAlooeg Kivouvtal Ue Tnv idla (otabepn) taxutnta, KABe xpovikn
oTyun Bplokovtal otig kKopudECG EVOG LOOTTAEUPOU TPLYWVOU HE TNV TaxuTNTA
va KateuBuvetal otn B€on tng emopevng (oo aplotepd) HEALOOQC.

¢ Ol OUVIOTWOEG TNE TAXUTNTAC OE TIOALKEC CUVTETAYUEVEC oxnuatilouv otabepn
YWVia KE TN OUVOALKN TaxUTNTa. ATiO TN YEWUETPLO TOU LOOTTAEUPOU TPLYWVOU,
N ywvia Hetafy Tng TaxUTNTAC KoL TG Ve €lval avta 30e.

v

* V=vr7+ Vgé = (—7)(—=7) + r00




Napadewypa #7 (cuvexewla)

1 . d
—tan= = — = /30 = — i > \/3rd0 = —dr = — = —+/3d0

v, 6 3 r

- \/§ (9 - 90) =>r(@) = roe—\/g(ﬁ—%)
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