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Modnpatixy Avdivon
(Buvapthoeic IIoAAGY MeTafAnTodv - Atavuopatixy AvdiuoT)
20 PuANGDL0 Aoxfoewy (uTode(iels)
"Aoxnomn 1. (o) TroloyioTe Tic HEPIXES TOPAYOYOUS WS TPOG T XOL Y TNG CUVEPTNOTNG
f(z,y) = 52%y® + sin(a?y) + €Y.

(B) Opolwe Yy ™ ouvdptnon g(x,y) = z¥, x > 0 xou y € R.

(v) Eivon o1 nopondvew cuvapthoelc mopoywyloylec;
Trédeitn: (o) Me anhé vnoroylopd PAémovye 6L

fo(z,y) = 102y + 2zy cos(z?y) + ye™ xu  fy(z,y) = 152°y* + 2* cos(z’y) + we™.

(B) Tpdpoupe v g otn wopeh g(z,y) = e¥% xou ue amhé Lohoyloud BAémoupe 6t

gz(x7y):ey1“zg:xyg:yxy_l ol gy(x,y):eylnmlnx:xylnx.
x x

O

(v) O f, g ebvon moparywylowes vl €xouv cuveyels peptxéc Tapaydyous TepdhTNe TéEne.
‘Acxnon 2. (a) Eotw f : R? — R nopaywyiown oto (zo,y0) € R%  YTrodétoupe 6T undpyel ¢ € R
tét010 Gote ——(T0,Yo) = € Yl Ohat Tor povadiador daviopato u = (u1,us) € R%. Anodeilte ét fi(7o,%0) =

fy(zo,50) =c=0.
(B) Eotw f: R? = R xu (z0,90) € R? té1010 dote Yo x80e povodido u = (uq,uz) € R? va 1oyler é1t

%(xo,yo) = u?. Amodeifte bt f dev ebvon napaywylown oto (2o, o).

Yrdébaltn: (o) Oétovtac u = e1 xou u = ey nalpvoupe f5(To,Yo) = fy(To,yo) = ¢. Aol 1 f elvon Toparywyiown

0 ,
oo (0,0), 8%(3:073/0) = fo(®o,yo)u1 + fy(@o,yo)uz = c(u1 + uz) xou dpor
clup +ug) =c

yio xdde povadiio u = (u1,us) € R2. Oétovtac u = (1/v/2,1/1/2) éyoupe 611 cv/2 = ¢ xau dpa ¢ = 0.
(B) Av n f Hrav napaywylown oto (zg,Yo), Vo €npene va oyvel 6L

of

%(l‘o,yo) = fa(20,y0)ur + fy(@o, yo)u2 = aus + bus,

/7 af 7 7 7 3 ’ Z 2
Onhad”) %(xo,yo) Yo Aoy e ypoppx cuvdetnon oe tpoc u. Autd odnyel oe dtono: av auq + bug = uj
Yo xdde povodiodo (ug, uz) 16t Yewpmvoc o (u1,uz) = (0,1) nefpvoupe b = 0, xou 1 aug = u3 TPOYAVEHCS dev
oy el yia xéde povadiio (uq,usz) (e&nyfote yiotl). O

‘Acxnon 3. (a) 'Eoto f: R? = R uepixdc nopaywyiown ouvdptnon tétow dote fi(z,y) = fy(z,y) =0
v xéde (z,y) € R AnodelEte 6t n f elvon otadept.

(B) Eotw f,g : R? — R pepinie mopaywylowes ocuvapthoeic tétotec dote VF(x,y) = Vg(z,y) o %8
(z,y) € R%. Anodellte 6L undpyet ¢ € R tétow0 dote f(x,y) = g(z,y) + ¢ Yo dha ot (,y) € R



Trédein: (o) Trodepomototye (z1,y1) € R? xou yio xdde (w2, y2) € R? ypdpoupe

f(z2,92) — f(w1,y1) = (f(z2,92) — f(71,92)) + (f(21,92) — f(z1,91)) -

Eqopuélovtac to Yedpnua yéone tuic yio Tic napaywyiowes ocuvapthoes g(z) = f(x, y2) xou h(y) = f(z1,y)
Beloxoupe &1,& € R wote

[z, y2) — f(w1,92) = g(x2) — g(@1) = ¢'(&1) (22 — 1) = fu(E1,p2) (22 —21) =0

duotL fr(€1,y2) = 0 and v unddeor, xou

f(xr,y2) = flan,mn) = hly2) = hyr) = D (&) (y2 = y1) = fy(21,82) (Y2 —y1) =0
Suott fy(z1,&2) = 0 néh and Ty unddeon.

(B) Egapuélovue 1o (o) v tyv f — g. Hopatnehote 6w V(f —g) = Vf — Vg =0, dpa n f — g ebvn
otadepn. O

223 + 3wy + 33

‘Acxnomn 4. Abvetow 1 ouvdptnon f: R? — Rpe £(0,0) = 0 xou f(z,y) = o
Y

av (x,y) # (0,0).

(o) Arnodeilte 6T 1 f elvou cuveyhic oto (0,0).

(B) AmodelZte, pe yprion touv opiopol TNg xotd xatekduvon mapay Yo, 4T 1 %(0,0) umdipyer i xdde

u = (u1, uz) govadiado didvuopa tou R?.
(v) Amodei&te 6t f dev eivon naparywylown oto (0,0).
Yrdédeitn: (o) T xdde (x,y) # (0,0) éyovue

)| = 23 + 3zy? + 8 - 2|x[3 3|xly? ly|?
YY) = 212 S P22 222 a2y
22 3y y?
< —— - |7 x
_-T2+y2 | |+-T2+y2| |+x2+y2

[yl < 2|z| + 3|z| + |y = 5lz| + |yl

H ocuvéyewo tne f oto (0,0) éneton and to xpLtfiplo TopeuBoric.
(B) Ané tov opiopd e xaTELHUVOUEYTC TOPAYYOU EYOUUE

of Fltun tus) — £(0.0) _ S
. Uy, tu — s . 2024242
pu (00 = Jim = =l = 2 B

(v) An6 o (o) yio u = e; = (1,0) nadpvovpe f(0,0) = 2. Opoiwe, v u = ez = (0,1) maipvoupe

f4(0,0) =1. Av n f frav napaywyiown oo (0,0) do énpene vo toylel

0

8—5(0,0) = fI(O, O)u1 + fy(O, O)UQ = 2uy + U9
xou o, and o (o) Vo elyaye

2uf + 3uu3 + u3 = 2ug + us

yio %40e (ug,uz) € R? pe u? +u3 = 1. Auté odnyel o dromo: yio mopddetypa, ov up = v/3/2 xou ug = 1/2
161e elvan ebxoho vo dolue GTL 1) Topamdve LlodTnTa Bev Loy VeL. O

‘Acxnon 5. Eoto f:R? = R ye tino
1 avy=x?xu(z,vy 0,0
f@;,y):{ (2,9) # (0,0)

0 SpopeTtind

dnhodr) i f madpver TV TR 0 oe o o onuelo Tou R? extéde and Tt onpela (z,y) # (0,0) tne mopaPoric
y = a2, 6mou howPdver v Twh 1. Aeile to el



() H f elvou acuveyhc oto (0,0) xon dpor xou pn nopaywylown.
(B) T xéde povadiado ddvuoua u = (ug,uz) € R? oylel 6 ?(0, 0) =0.
u

Trédaén: (o) Kotd uhixog e nopoBorfic y = 22 to bpo e f oto (0,0) ebvon oo pe 1 eved xatd phixoc tou
x-4&ova to bpto e f oto (0,0) elvon ioo pe 0.

(B) Eotww u = (u1,uz) € R? povoddo ddvuopa. Av u = +e; = (£1,0) f u = Fey = (0,£1) 61
elvau e0xoho va dolpe 6TL v x&e ¢ # 0, to onuelo tu = (tus, tus) dev avixel otny mopePBord y = z2. Apa,

f(tug, tug) = 0 = £(0,0) xou xatd cuvémela 8—(0,0) = 0. Awgpopetind, undpyet povadixd t # 0 tétolo “dote
u

0 onuelo tu = (tug, tuz) vo avixer oty mapaPold y = 2. Hpdyuott, o onuelo tu = (tug, tuz) avixel oy
nopefol y = 2% av xou pévo av tus = t2u?, dnhodh ov t = ug/ui. Téte, dpwe, yio Oha o [t < |ua|/u? du
oylet méht 6t f(tuq, tus) = 0, ondTe o TéAL €xouue

97 (0,0) = 1im L0, 1u2) = SO0 O g
ou t—0 t t—0t t—0

O

|z|sinz + 3

P av (z,y) # (0,0).

‘Acxnon 6. Alveton 1 ouvdptnon f: R? — R ue £(0,0) =0 xou f(z,y) =

(o) Arnodeilte 6T 1 f elvou cuveyhic oto (0,0).

(B) Trmohoyiote tic yepiée maparywyous fz(0,0) xou f,(0,0).

(v) Amodei&te 6t n f dev eivon moparywyiown oto (0,0).
Yrdédeitn: (o) T xdde (z,y) # (0,0) éxouue

|yl
2| + |y

x| sin x| + [yf* ]

< ly* < [sina| +[y[*.
=] + [yl || + [yl

| sin x| +

If(z,y)| <

Enedf) lim, o sinz = 0 xou limy 0 y? = 0, and v nopomdve aviodTnte nodpvoupe 6t

lim z,y) = 0= f(0,0),
(w)y)ﬁ(omf( y) £(0,0)

xon dpa 1) f elvon cuveyrc.
(B) Amo Tov oplopd Twv peptxdv napaydyny oto (0,0) éyouue

f(x70)7f(070) sin

fo(0,0) = lim DEEZ L0 - T g
nol R
Yy 2 2
0 — (0,0
£,(0,0) = tim L0V ZSOO g Wi 8 g WE 20
y—0 y—20 y—=0 y y—0 |y‘ y—0 |y‘ y—0

(v) Av 1 f frav mopayoyiown oto (0,0) tdte Yo énpene v toyvel 6Tt

lim f(x,y)—f(0,0)—fz(0,0)x—fy(0,0)y _ 1 f(mvy)_x = 0.

(2,)—(0,0) 2+ g2 (z,)=(0,0) /22 + y2

‘Opwe, minodlovtac to (0,0) xwvoluevolr oty nueudeia y = x pye = > 0, éyoupe

rsinz + a3 sinz + 22
flay) = fla,w) = T = B




xou Gpot

. flx,z) —x . singte’ _ Ly sinfrJr i a9 1

im ———— = lim = im —2)=——.

e—0t /22 + 22 z—0+t V2r 22 \e—0+ 0+ 2/2

Suvende, n f 8ev elvon toparywyiown oto (0,0). O

"Acxnomn 7. E&etdote we npoc v mopaywytowétnte oo (0,0) T ouvdptnon f : R? — R pe tino f(z,y) =
3

oy ™ (@9) #(0,0) e £(0,0) =0.
Yrébatn: H f eivan toparywyiown oto (0,0) av o wévo av eivon pepixdxe toparywyiown oto (0, 0) xou emmiéov

f(x,y) B f(070) B fm(070)x B fy(0,0)y _

lim 0.
(2,y)—(0,0) Va4 y?
‘Eyoupe
3
_ s 3
£2(0,0) = i ZEO = SO0 T =1
x—0 xr — 0 x—0 X x—0 .’£3 x—0
£(0.) — J(0,0)
1 yY) — 9 7 D —
£y(0,0) = lim, 0 = Jim ~ = Jm0=0.
Enopévec,
f(xvy)_f(ovo)_fx(oao)x_fy(oao)y - _ 'Ty4
VP E RN
Ou deioupe 6Tt
4

. Ly
lim =0
(@.9)=(0,0) (22 4+ y*)\/2? + y?

Ipdryportt, and Ty aviedtnto a® + b% > 2ab > ab, a,b > 0, éneton 6t 22 + y* > |2|y? xou doa
poy n n Y Y P

.’Ey4

(@ + )V 2

Ané 1o xputhiplo mapeuolic oupmepaivoupe OTL

y? |y

< < “Jyl <yl
\/z2+y2 \/x2+y2 H ||

4
lim izl -0

(2,y)—(0,0) (22 + y*) /22 + y? B

"Aocxnorn 8. Na Bpedolv a, b, c € R tétowa dote

. e’ —c—axr —by
lim =
@y)—11) \/(z —1)2+ (y — 1)2

Elvon ta a, b, ¢ uovoouovTta optopéva;

Yrédeikn: H f(z,y) = e™ éxel ouveyelc pepinée mapoydyous fr(x,y) = ye™ xou fy(z,y) = ze™ navtod
oto R?, dpa elvor mapaywyiown o xdde (z,y) € RZ Ewbdwétepa, apod f(1,1) = f.(1,1) = f,(1,1) = e,
CUUTERALVOUNE OTL

e —e—elr—1)—e(ly—1)

lim
@y—-11  f(z—1)2+ (y—1)2




onhad
. e + e —exr —ey)
lim =
@y) =11 /(z —1)2 + (y — 1)2
xau To {ntoluevo ooylet av ¢ = —e xon a = b =e.
Oa delEoupe 6TL T a, b, ¢ elvon povooruavta oplopéva delyvovtog ot av

(%) lim emy—’y—a(x—l)—,@(y—l):
(w,y)—(1,1) \/(.Z' —1)2+(y—1)

v xdnowove a, B,y € R 1téte oo = = 7 = e (e€nyfote yiotl autd eivan apxetd). Mdhota, apxel va delfoupe ot
v = f(1,1) = e, vzl t61€, ond ™ Vewplo yvwpeilovue o6t avayxaotnd a = fp(1,1) = e xou 8 = f,(1,1) =e.
Trodétoviac 6t woylel 1 (*) xou madpvovag (x,y) = (1 +¢,1) 6mou t — 0T, éyoupe ot

et —y—at

lim 0
t—0 t
onhady .
im &7 —aeR
t—0+ t

Eretor 61t limy_g+ (e! — 4) = 0 (adhddc t0 dplo aptotepd Yo Aoy (6o pe +00 av v < e 1 (60 ue —oo av
v > e). Apa, v = limy_,o+ ettt =e. O

0

‘Aoxnorn 9. 'Eotw f:R?2 = R e f(r,y) = g
reTy

av (2,) # (0,0) % £(0,0) = 0.
(o) Aei&te 6t n f elvon ouveyhc oo (0,0).

s,
(B) Aceigte pe ypron tou oplopold e xatd xatedBuvor TapaydYou 6T T a—z(0,0) umdpyet yio xdlde u =

(u1,u2) povadiaio didvuoua tou R2.
(v) Aeilte 6t n f ebvan napaywyiown oo (0,0).

Trédeitn: (o) Mapatnpolpe bt

x° xt
|f(2,y)| < ‘m‘ < flz,y) = e |z| < |z
(B) Eotw u = (u1,uz) € R? e |lul| = 1. Tére
tou
) — P vy 535 5
%(0,0) = lim J(tw) = 1(0) = lim 2O gy U = lim — 1 = uq.
ou 0 t t50  t 50 tout +t7uf =0 uf + t2u§
(v) Ané 1o (o) yieu = e; = (1,0),
of
x 070 == 0,0 = 1,
£0.0 = 20,0
xou yioeu = eg = (0,1),
of
0,0) = 2L (0,0) = 0.
£,0.0 = 20,0



H f eivon mopaywyiown oto (0,0) av xou uévo av

5

f(:c,y)—f(O,O)—fI(O,O)x—fy(O,O)y_ fl’fiw_x

lim = lim X
(,5)—(0,0) Va2 + y2 (@y)—=(0,0) /22 4 32

zyG -

lim =
(2.9)=(0,0) (24 + y0) /22 4 3>

de’.yuau,

Metatpénoviac oe ntohxéc cuvtetaypévee (p = /a2 4+ y2, x = pcosf, y = psin ) naipvoupe

xS ) pcosf - pbsin® e

lim = lim
(#.9)=(0,0) (24 + y8)y/22 +y2 =0 (p*cos?d + pSsin® 0)p

2 b
. <psm9.cosg):0

p—0 \ cos* 0 + p2sin® 0

Tpdrypatt éotw € > 0. Awaxpivouue dvo nepintdoeic yio To 6: Av |cosf| < € tdte

2 6
-sin” 0
p—.2 ~cosf| < |cosf| < e
cos* 0 + p? sin” 6
yior ontoodhnote p > 0, eved av |cos | > e tdte
2 6 2 2
-sin” 0
p—,z-cose <L 3§p—3<e
cos* 6 + p?sin“ 0 | cos 6| €

i 0 < p < €2
Suvende yia xdde € > 0 undpyer § > 0 (5 = /%) o0 Gote av 0 < p < /2

2. sin%0
m -cosf| <e
xon v x@de 6 > 0. Apa n f elvon moparywylown oo (0,0). -
"Aoxnon 10. 'Ectw 2
flz,y) = % , (z,9) #(0,0)
0, (x,9)=1(0,0)

Anodeite on undpyouv ol pepxéc tapdywyol e f oto (0,0). Eivou 1 f ocuveyhe; Hopaywyiown;

Trodeén: "Eyouue

f2(0,0) =l ===y = I o = i 0=0
o 0 0,0 0
£,(0,0) = lim FO9) = FO0 5 O o —o.
y—0 y—20 y—=0y  y—0

H f eivon mopaywyiown oto (0,0) av xou pdvo av eivon pepixae napoywylown oto (0,0) xou eminhéov

lim f(l‘,y)—f(O,O)—fZ(O,O)J?—fy(O,O)y —

(2,)—(0,0) Va2 +y?

0.



‘Eyoupe
0
hmf(t 0) = hmt—2 =1lim0=0

t—0
el
2 12
hmf(t b)) = hm g }%2 =2,
Gpa 1 f Sev elvan cuveyhc oto (0,0), ondte dev elvan oVte tapaywyiown oto (0,0). O

"Aoxnomn 11. Na Peeite tnv eiowon Tou egoantdpevou emmédon e empdvelas z = y cos(x — y), oto onuelo
(2,2,2).

YrodeEn: H {ntoduevn e€icwon eivou
2= [(2,2) + f2(2,2)(z = 2) + £,(2,2)(y — 2).

‘Eyovpe fo(z,y) = —ysin(z — y) xa fy(z,y) = cos(z — y) + ysin(x — y). Trohoyilovpe tic f(2,2) = 2,
f2(2,2) = 0 xou fy(2,2) = 1. Buvende, 1 e&iowon tou epantdpevou emnédou ebvar z = 2 + (y — 2), dnhady
z=1. O

"Aocxnomn 12. (o) Anodeilte u 10 egantdyevo eninedo oty empdvela xyz = 1 oe éva onuelo e emLpdvetag
Bev elvon moté opllovTio.

(B) Atvetan n ouvdptnon f: R? — R e f(z,y) = 2® + 3 + zy. No Beedel o povadiodo didvuopa u = (uy, us)
yia T0 onolo peylotonoleitan 1) xateuduVOUEVT TaEdYWYOC g—i(l, 1).

Yrédeitn: (o) H empdveo zyz = 1 ebvon empdvero otddune te g(x, v, 2) = xyz, dpo €xel xddeto didvuopa to

Vg(x0,v0,20) = (Y020, 020, ToYo) o€ %4 (20, Yo, 20) € R? 1é1010 dbote 2oYoz0 = 1. Av Yo xdmolo tétolo

onuelo (2o, Yo, 20) €xoupe 6T To epantduevo eninedo elvon opldvtio, t6te Yo npémel to Vg(zo, Yo, z0) Vo eivon

nopdhhnho npoc o (0,0,1). ‘Ouwe téte Yozo = Tozo = 0, 10 omolo eivan dromo yioti Yo elyope zoYozo = 0 eved

ToYoRo = 1.

(B) Exoupe fo(z,y) =322 +y xou fyy(z,y) = 3y? + z. Trohoyilovyue to Vf 1, 1) = (4,4). H xoteviuvépevn
of

, Vi) _ 44
Topdywyos (1, 1) peyiotonoeiton otay u = O
0 VP DI~ av2

Eotww A C R? avowtéd xau f,g : A — R mapaywylowee ocuvopthoeic. Av ol f xou g éyouv tny (Blo T
xou Tic dleg pepnée maporyyous 6To (Zo, Yo), TOTE To YpUPAUATA TOUSC €Y0LY To (Blo epantoéuevo eninedo oTo
onueto (xo, Yo, f(To,Y0)). LNV Tepintwon auth Aépe GTL ToL YPOPHUATA TOUC EPATTOVIOL 0TO OTUEl0 AUTO.

‘Acxnon 13. No Beeite T onuelo ot onola epdntovion o Ypaphata Twv cuvapticewy f(z,y) = z? —

2zy — y* xou g(x,y) = 2% — 3zy + 4 — 16. Howd elvon 0 x0wd epantduevo eninedo;
YrodeiEn: ‘Eyouvyue ot f, =2z — 2y, fy = =2z — 2y, g, = 2z — 3y + 4 xa g, = —3x. Advovtag 10 cloTnua
20 — 2y =2x — 3y +4 xau — 2z —2y = -3z

Beloxovue x = 8 xau y = 4 xan agol f(8,4) = g(8,4) = —16 to ypaphuata epdntovton oto onueio (8,4, —16).
To xowd eqantoyevo eninedo eivon emouévig 10 z = —16 + 8(x — 8) — 24(y — 4) 1 wodlvopa 8z — 24y — z =
—16. O

"Aoxnomn 14. 'Eva évtopo Peloxeton yéoa oe t0&wd nepBdhhov. O Bodude tolixdtntag, oto onuelo (x,y),
dlveton and ) cuvdptnon
T(z,y) = 22° — 4y°.

To évtopo Peioxetoan oto onueio (—1,2). Xe nowd xotevduvorn npénet vo xwvndel yior var Ppedel to taryltepo
duvaTov oe Teploy Y| YaUNAoTepnE TogixdTNTOC;



Yrdébatn: Toupwva pe tn dewpio o pudude petaBolfic tne T oe éva ornueio (zo,yo) elvon eAdylotoc oTny

xatebduvon
—VT(z0,y0)

IVT (0, yo)ll
‘Eyouvue VT (zg,y0) = (420, —8yo), dpa VT'(—1,2) = (—4,—16) = —(4,16) xa |[VT(—1,2)| = V4% + 162 =
41+ 42 = 4V/17. Enopévec, otn ouyxexpiuévn neplntwon to évtopo da mpénet vou xwvndel otny xatehuvon
-VT(-1,2) 1
IVT (o, o)l 4v17

1
(4,16) = fﬁ(l,zl).

O

‘Acxnon 15. Eotw f : R — R nopayeyiown ouvdptnon xow u € R%. Av g(z) = f((u,z)), 2 € R? %o
v € R? povadiado diévuopa tétolo dote v L u, va detlete 4T

v L Vg(x), yio xde x € R2.
ITowdg eivon 0 pududE peTafoliic TNg g oty xoteltuvon v;
Yrdédatn: Av u = (a,b), x = (z,y), 161€ g(x,y) = f(az + by) xou cuvende
02(2) = af(az + by) o gy(x) = b (az + by).
Av v = (¢, d), t6te agol v L u éyouvye btL ac+ bd = 0 xou éneton 6t
v-Vyg(z) = caf'(azx + by) + bdf' (azx + by) = (ac+ bd) f'(ax + by) = 0.

Apa
v L Vg(z), yio xd9e x € R2.
O pudpdc petofBoric Tne g oty xatevduvor v oe éva onpelo © € R? ebvou n mopdywyoc Tne g otny xatetiuvon

v o7to onuelo x, 1 onola elvan {on pe
Vg(x)-v=0.



