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Problem 1: Ergodicity of a one-dimensional harmonic oscillator

For a classical, one-dimensional harmonic oscillator of total en
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configuration-dependent quantity A(g) coincides with the time average (A}, along a tr

jectory.

Hint: The constant energy hypersurface for this system is a closed line on the pg plan=.
itesimally thin two- dimensional band correspondin

This line can be viewed as an infinitesim

Problem 2: Gibbs entropy formula

(a) A remarkable connection exists between the equilibrium probability distribution of

Q

microstates and the entropy of 2 system:

. To calculate an integral over this band. is is conve-
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In Eq. (H2.1), known as Gibbs entropy formula, the summation is taken over all
microstates constituting the phase space of the system. P71 is the probability of mi-
crostate v, as dictated by an equilibrium ensemble under given external constraints,
and ( ), , denotes averaging over all microstates with respect to the probability dis-
tribution {P;?}. Eq. (H2.1) holds in any ensemble!

Prove the validity of Eq. (H2.1) in the microcanonical, canonical, isothermal-

isobaric, and grand canonical ensembles.

(b) In an alternative formulation to the one we presented in class, one can derive ther-
modynamics by introducing as fundamental postulates the Gibbs entropy formula
and a variational statement of the second law. In other words, one can deduce the
entire formalism of ensembles by introducing the following axiom:

Let v symbolize the microstates accessible to a system in a given macroscopic state,
and P, the probability that the system finds itself in microstate v. At thermo-
dynamic equilibrium, the system will assume that probability distribution {P27}

among microstates which maximizes the function

S({P})=-kp ) P,InP, (H2.2)

under a set of constraints such that {P29} is consistent with the macroscopic state of
the system. Furthermore, the entropy of the system at equilibrium is related to the

maximal value of the function § ({P,}) by Eq. (H2.1).



The phrase “under a set of constraints, such that {P2?} is consistent with the
macroscopic state of the system” requires some explanation. First, the normaliza-

tion constraint

¥ Pi=1 (H2.3)

must be satisfied. In addition, for any extensive property X that is allowed to fluc-

tuate, the average

(X)=>"X,P, (H2.4)

must be fixed and equal to the value of X characteristic of the macroscopic (ther-
modynamic) state of the system. Thus, in the canonical ensemble (energy fluctu-
ating) we must require Eq. (H2.4) with X = E; in the isothermal-isobaric ensem-
ble (energy and volume fluctuating) we must require Eq. (H2.4) with X = E and
X = V;in the grand canonical ensemble (energy and number of particles fluctuat-
ing) we must require Eq. (H2.4) with X = F and X = N. Note that if, instead
of a discrete representation, we use a continuum of microstates (continuous phase
space), S, as defined by Eq. (H2.2), becomes a functional of the probability density
distribution of microstates.

Using a discrete representation of microstates, and applying the maximization
principle, Eq. (H2.2), under the constraints (H2.3) and (H2.4) appropriate for the
canonical ensemble, derive the Boltzmann probability distribution {P:?}. You may

use the method of Lagrange multipliers in your constrained optimization.




Problem 3: Thermodynamics of a system of noninteracting spins in a field

Consider a lattice with I equivalent magnetic dipoles, p (associated, say, with elec-
tron or nuclear spins) that don’t interact with each other. When placed in a magnetic
field H, each dipole can orient itself either in the same direction, 1, or opposed to, |, the
field. The energy of a dipole is —pH if it is oriented with the field, and +uH if it is ori-
ented against the field. Let N be the number of | dipoles and L — N the number of T
dipoles; both these numbers fluctuate as the system changes configuration. For a given

configuration, the energy is
,LLHN-—;LH(L—N):(QN—L);LH (H2.5)
The magnetization M is an extensive thermodynamic property, defined as
M = average total magnetic moment —

p(average number of T spins — average number of | spins) =
BA(L = () = (N)} = (L — 2 (N)) (H2.6)
where <)\~ denotes an ensemble average of N at given L, H, and T.
By formulating the statistical mechanics of this system in the constant L,H,T en-

semble, derive an expression for the magnetization M and for the heat capacity (temper-

M
ature derivative of the thermodynamic energy at constant field) C. Sketch T versus
1
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Problem 4: Alternative derivation of the virial theorem

In class we discussed the Clausius derivation of the virial theorem, which is based
on kinetic theory arguments. The same expression for pressure in terms of temperature,
density, and the ensemble average of a mechanical quantity (the virial) thaﬁ depends on

v
molecular positions and intermolecular forces can be derived from the formalism of the
canonical ensemble by introducing a simple scaling transformation of molecular coordi-

nates. You are asked to develop this derivation here.

Start from the definition of the configurational integral for N molecules in a cubic

domain of volume V at temperature T', subject to a total potential energy V(ry,...,ry):
Z(N,V,T) = / exp {Z—lf V(rl,...,rN)J &ridr, ... &Pry (H2.7)
*B

all configuration
space

Now, in place of the Cartesian coordinates (r1,r2,...,ry) introduce the (dimension-

less) scaled coordinates (S1,82,...,8y), defined as
si=V Y (i=1,2,...,N) (H2.8)

If our Cartesian coordinate system is chosen so that the cubic domain of fluid lies en-
tirely within the first quadrant (positive z, y, z) with one apex at the origin (0,0,0),
then each component of the three-dimensional vectors si lies between 0 and 1. Express
Z as an integral over this scaled coordinate space.

By invoking the relation between pressure and configurational integral, show that

straightforward differentiation leads to the virial theorem

i=1

N
1 .
P=pkaT+3———V <Zr,--F:-“‘> (H2.9)




where p = N/V is the molecular density, and Fin* is the total force on molecule i due to

its interactions with other molecules.

Problem 5: Equation of state of a one-dimensional gas of hard molecules

We have pointed out that an exact derivation of the equation of state for a three-
dimensional gas of hard spheres is impossible. Interestingly, an exact equation of state
can be derived for a one- dimensional gas of hard molecules constrained to move on a
line between two points. This was first pointed out by Lewi Tonks at General Electric
in 1936, hence the name Tonks gas for a one-dimensional gas of hard molecules (“hard

rods”).

Consider a set of N molecules of diameter (length) o, constrained to move along a
line between two fixed impenetrable boundaries placed at a distance L from each other.
The intermolecular potential is perfectly hard, i.e., the intermolecular energy is infinite
for any configuration in which there is at least one pair of molecular centers at a dis-
tance less than ¢ from each other, and zero otherwise. Likewise, molecule-boundary in-
teractions are perfectly hard, i.e., the total energy is infinite if a molecular center comes

closer than o/2 to one of the two boundaries. The configuration space of this system is

o



clearly N-dimensional, spanned by the molecular center coordinates Tk, k = 1(1)N.

“Volume” in such a system reduces to the length L.

(a) Show that the configurational integral of the Tonks gas can be obtained §xa.ct1y as
Z(N,L,T) = (L - No)N (H2.10)
Hint: A configuration contributes to Z if
0/2<zx SL—0/2 |z —z;| >0 for all molecules 7.k

Whatever sequence the molecules are in remains fixed for all time, as molecules can-

not pass through each other; there is a large number of possible sequences, however.

(b) Derive the equation of state of the Tonks gas.

Note: “Pressure” for this one-dimensional system has the meaning of an average

force exerted at either boundary.




Problem 6: Heat capacity of ideal diatomic gas

We have mentioned in section 4.7 that the thermodynamic properties of a fluid in
the ideal has state depend on the internal partition function ¢'™(T'), which incorporates
contributions to the energy from nuclear, electronic, vibrational, rotational, and torsional
degrees of freedom. The separation of successive energy levels associated with nuclear
and electronic degrees of freedom is typically very large compared to kg 7. Thus, at or-
dinary temperatures these degrees of freedom occupy almost exclusively their ground
states, which means that they contribute just a constant (temperature-independent) fac-
tor to ¢'™*. Our objective here is to explore the effects of vibrational and rotational de-
grees of freedom on the thermodynamics of an ideal diatomic gas.

A diatomic molecule has one vibrational degree of freedom. The amplitude of vibra-
tions is quite small. Thus, it is reasonable to consider all motion of the molecule relative
to its center of mass as consisting of two independent contributions: Vibration of the
bond, and rotation of a rigid dumbbell at fixed internuclear distance. Furthermore, for
small amplitude oscillations around the equilibrium bond length, the anharmonic char-
acteristics of the bond potential can be neglected (i.e., the bond potential can be viewed
as a strictly quadratic function of intermolecular separation). This constitutes the rigid

rotor-harmonic oscillator approximation. In this approximation, for one molecule,
Eint = Erof + Euib (H214)
where vibrational and rotational quantum states are populated independently, and

qint o qrot qlﬂlb (Hz_ls}



A solution of the Schrédinger equation for a rigid rotor consisting of masses m, and

™y at an equilibrium separation . gives the following results:

2
Eigenvalues (energy levels): EpPt = -h';—(i;—l—) (J =0,1,2,...)
™
(H2.16)
Degeneracy: 2J + 1 for each J

(t.e., there are 2J + 1 rotational microstates with energy E7°'.) The quantity ] =

Ty Mo 2

r. is the moment of inertia of the rigid rotor.

mi + ma

The rotational partition function becomes

qrat(T) o Z(QJ +1) e€xp I:_’ng:z i J(J_‘_ I)J B
J=0

o0

> (27 +1) ezp [—% J(J+1)J (H2.17)

J=0
h?
where 0, = Py characteristic temperature of rotation.
melkp

O, . ; g
The quantity T s quite small at ordinary temperatures for most molecules. Applica-

tion of the Euler-Maclaurin summation formula to the partition function, Eq. (H2.17),

4 0, 0,
ry = {H% (?) +% (_T_,) +} (H2.18)

A solution of the Schrédinger equation for a harmonic oscillator consisting of masses m;

gives

mim : . : A
and m; (reduced mass —1_[_—2—) kept together with a harmonic potential of spring con-
my T My

stant k leads to the following results:




Eigenvalues (energy levels): E'® =hy (n + %) (n=0,1,2,...)

(H2.19)
Degeneracy: 1 for each n
where the characteristic frequency v is given by
1 f B :
v=— (m1 + m3) (H2.20)
27 mi ma

(a) Show that the vibrational partition function for a diatomic molecule can be written

as
e
, e‘i‘f’
¢"*(T) = 5 (H2.21)
l—e"T
hv . | . ;
where ©, = oo isa characteristic temperature of vibration.
B

(b) On the basis of the above analysis of ¢'**(T'), show that the heat capacity of a het-

eronuclear diatomic gas at constant pressure is given by

ig 2 -8y 2

E_T (&) _F 16N

R_2+<T) _8 2+45(T £ (#a2z)
L)

(c) Predict the heat capacity cf;f for HCl at 400K. The equilibrium length of the H-CI
bond can be taken as 1.29 &, and the force constant k as 4.9 x 10° dyn/cm. The
atomic weights of H and C! can be taken as 1 g/mol and 35.5 g/mol, respectively.
How does your estimate compare with the experimental value, 6.96 cal mol 'K ™! at

the considered temperature?
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