THE MATERIALS DESIGN PROBLEM
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{: Chemistry ,  Reaction F:lgim‘_e:r.inq
: d

2: Continuum Engineen‘ng Science

T hermodynamics

Momentum, heat, mass transport
Chemical kinetics, catalysis
Continuum mechanics, rheology
Elecfromagneﬁc theory

3: “"Structure - Pr‘operfy Relations "



Material Properties

Thermodynamic

density, heat capacity , solubility.

phase diagrams for ‘single component and multicomponent systems.

sorption isotherms , surface and inferfacial tension.

Mechanical

elastic cnstants, strength, fracture foughness.

| T_rqnsport and Rheoloa ical
viscosity, diffusivity

spedrum o{ relaxation times govemi»g uiscoelasfic response.

Electrical, Optical, Magnetic
Electrical conductivity.
Dielectric and magnetic susceptibilities

C hemical

Rate constants for chemisorption phenomena , catalytic reactions.

Chemical equilibrium constants.

N bl
Euan in cases where accurode prad(cﬂcn 0( propﬂ;r/.‘y values is IMPDJH[)L)
= +l > -
materials design efforts are gteatly aided by functional relations
{or +he description of macroscopic behavior, in which microscopic structure

X . : equati
enters through parameters (e.g. equations of state, Consfn‘ufng qua oons)



Prediction of Properties Based on Molecular Modeling

Morphology
STATISTICAL MECHANICS-| -
BASED Value$ of

THEORIES -

Chemicql A Intermolecular- AND Material Properti

—¥*| MECHANICS *|  COMPUTER SIMULATIONS Constitutive Laws.
Constitution | caLcuraTions| Tmiramolecalar
Interactions

I Molecular Organi 2ation
Microscopic Mechanisms
of Molecular Processe:

THEORIES

e Cast in the form of (systems of) algebraic or differential equations
that can be solved analytically or numerically .

» Infroduce simplifying approximations into the stafistical mechanical treatmes

COMPUTER SIMULATIONS (Compufc)’ c_xpc‘rimcnh'”}

o Involve the explicit creation of microstates, which may
- sample distribution in confiquration space dicteted by am ensemble (Mc)

- trace temperal evolution of a matevial system under givew constrainks (MD,

* Capable, in principle , of providing an "exact” Jolution fo the sfatishical
mechanics for givew wmolecular geomefny and energetics.

* May involve approximations



THEORIES | COMPUTER SIMULATIONS

® typically approximate can be exact
(up to testable numerical error)

® general typically system- specific
(molecular constitution (different computer experiments
;2&?&2 {_‘e"r:;’e form of have to be run for different species)
® often postulate molecular can reveal molecular mechanisms.

mechanisms

o their application typically can be exceedingly demanding
requires modest computational computationally.
resources (e.q. "brute force" atomistic MD simulation:
can only be carried out for Systems
of length scale ~ loo/i’ over time scafes
~1ps using conventional algorithms

on a Beowulf cluster)

Addressing real-life materials in a manner that combines realism
of representation, rigor of formulation, and computational tractability
requires a carefully designed hierarchy of theoretical and

simulation appv’aache:.



MAKE |
MODELS

PERFORM CARRY ouT CONSTRULUCT
EXPERIMENTS COMPUTER APPROXIMATE
STIMULATIONS THEORIES

|

THEORETICAL
RESULTS PREDICTIONS

5 “

COMPARE COMPARE

EXACT

RESULTS FOR
MODEL

EXPERIMENTAL

TESTS OF
\ THEORTES,

{TESTS oF

MODELS

Connection between experiment, theory, and compufer simulation.

(after Allen & Tildesley, )987)

,;-\



INTRODUCTION TO CLASSICAL STATISTICAL MECHANICS

Trajectories in Phase Space.

Complete description of microstate of a system
G(v(ﬂ\\;'tf‘t “(.’4(”.".“.1./-; : uj , Q ‘(UDC‘HOH O{ POSi{I.OH CC‘OY‘dil/)QfQS’ O{

all nuclei and electrons.
Classical Mechanics: Generalized coordinates, 9
F

Generalized momenta

2| : Generalized coordinates can be
E /‘Z' (o the Cartesian coordinates of interaction sites.
= ;;/. TN 3 2y = (:l) Hn,-, Yy )

z | B i~ Bond lengths, bond angles, torsion
Ef{fiwc angles can be used as genemliaed
{r. mne
¢ coordinates.
] T ~ eq., liqguid W0, ({fully {lexible represen*aﬁon);
Lab refevence {rame 3 - (?! : 32) s 3N)
iYi,Ri: rdinates . e o
Xi,Yi,2 cgo :::J‘OF Center of with 3‘- -(x,, (pi” ‘Piz, $a,
iy, $ia, $iz: angles describing orientation é’:!; tiz, Uiz, Oy, Bia ) b )

of molecule- based frame
wrt. lab frame.



In +his discussion, number of genemlized coordinates will be asscemec

equa( to 3N.

3 . (q B TR el ?N) = {?ulq|11913) %n?iu92.3)"'/9i119(21953)“'174117&'7'6}

wl -~ ~

3N qgencralited Coordinates, or "configurational degrees-of freedom

Potential energy: 'V(Q) Conservative system
Vs " dbtuinatle , in principle, as a function of all
nuclear coordinates pia Quantum mechanics.
(Born- Oppenheimer approm'mwhbn) .

time devivative

Kinetic energy: K(g . 3/)

Lagrangian: {(q , 3 . .ﬂ/[g,j) - ¥ily)

Definidion of generalized momenta: P = 32._ [(3,::'!) (30
b i cammaiameadat

Hamittonian , #(q,p) = q-p - <(9,¢) (32)

For {luid deseribed in terms of the coordinates of inferaction sites

(Q5[) we have: »
K= 2 gm(B) , P=9(5,m)

N N
W= ZE{Fm) - Z Lmi (£)"+ V (5, LN )



N
= 1= m; 2 fiimelitn ot

G \r!_ c!_. tyl o n P_;’ a.

Kinetic Energy Potential eneryy e
Consider a system ewolving in time subject only to inferactions
among ifs constituent particles, ie. in the absence of infevactions
with the environment. (:'so!m‘efl .sfy:z‘g-m),

The +time evolution of Such a system is dictated by
Hamilton's equations :

}5 i i& i 2};’/ P deviofes gradient vector -
~t 2t 09,

i (¢=1,2,..., ~)
s M, N
- Al P (3.5)

Inferpretation in the case of o Corfesian description:

ég e BB o L BE e F, , total force on €. (Newtens
~ ore ore ki

Y..Q = Lﬂ - B_K - i’. ,or P o= M f(

~ a~( af’ me .\.?

Given (9,p) af a given {ime, Hamiltons equations enable the
“of 9 and p af all {future and past times.

~ nr

caleylation

H



For a conservative system, M is a constant of the motion.

Hamilfon's eqs .
N N .
PL ) 7__" 2 L3 [ ¥ _ M
ot i =t 2p 2t T ia L o9 op oF:

K 23
'Dﬂ ot
4

Microsce pic De_q Vees C ;{ '(*"CC"J' .

X i (P’ ?) ¥ /Pl> P,_ "")~P~ J Q,"?zl"‘)?;g:}

/ a— (. ~( -/ < v
take; values from take values from take values from
a 4N- dimensional a 3N- dimensional  a 3N-dimensional
vector space: yector space: vector space:
PHASE SPACE MOMENTUM SPACE CONFIGURATION SPACE

o¥ ) _
Z)-o0

( j) E , @ COV)SlLQnt. {/(‘f,':: ervation ’_";: enery (3.5)

The equation %(P,9)=E defines a (6N-1) - dimensional hypersurface

in phase space , corresponding fo energy value E.

The solufion 1o Hamiltons equations

under Given initial condi tions
defines a trejecorny in phase space.

:f({) , q:q({-) or X=X(t)

. | ) e |
For macroscopi Systems, clmenuonai

ol phast Spate. 15 o/




Topology of Trajectories in Phase 'SPQCQ.

&

Let ,.).(A () and Z(B({,) the state Poin{'J at time 4 of Hwo
N- parficle Systems  characferized by the same Hamiltoniay
u(f,ﬂ) , and [Let 5AU‘I) # ,?,(Blél.)'

Then, the trujectories traced by the lystems A and B in
phaie spoce  will never meet of any future (or past) time.

Phase space
i Stalement :

xg__u‘)/-/qﬁ’-*‘) -Xs(6) = X’ Xalth) 4 Xal#) => Xalt) £ Xp(t) ¥t

Xg (t) Proof -

A;;umq_ that, at some time 'f;_,
the two trajectoriey meet at a
POih{' K’, Jo ‘H‘Iq{

Xalk:) = Xg(t) = X"

IMPOSSIBLE P

Consider system A. By infegrating  Hamilfons equations for that System
from fime 1, fo fime 4, with mifial condition X4 (4,) = X', we reach

phase-space point  Xalh)-

Consider System 8. By inteqrating Hawilfons equations for that tystew

from time t2 fo time t, with initial eondition )_(3 (ﬁ):l(', we reach

phase-space point Xgl#)-

Th‘ “Q‘m HD".'mis {hl km.D, H'ere{we ”Qﬂli%').l UQ'II'ONS are ideu'/'v'cq{ ‘(67

the 4wo Sytems. Necenarily, thew, one must have Xath) =Xglh), as
theye poinh ave reached by infegrating the lame equatins {for the vame
time with He Jame inifial condition. But this contradich our hyeo(hes,':.
Therefore, the +wo trejeclories do not meetat any t2. (REDucTe AD ABSUEDUM

10



2. The trajectory X(t),traced by a conservative system om a
constant energy hypersurface as time ewolves, can mever

inferiect ikielf. It cnn, howeuer, form 0. closed  Loop.

to ¢4 < %2 v&_‘,,g--’" ' )
9, 4 -to Lty X[ -4, +to
\ F
xu,) /

X H( )(U

‘.Megmﬂ’-

mﬁ: X(4)=X(t)

P
Proo{'

Assume that q -Frojecfon, X(#) infersects ifself without -fomfny a
closed foop. This means that | for two distinet tmes 3 >4, the
trejectory qoes through the Same point in phase dpace, X (4)=X (),
and that fhere ave '(’rajec"forg points  mot lying on the path
iraced beotween times 4 and 4. Lot i({f.) be Juch a poinf,
corvesponding To  fime 4o <t,, such +that  {,-1o < t4-4.

If we start at X (4) and infegrate Hamiltons equations backwards for
an intewal  41-15, we veach poinf X(o).

On the other hand, if we start at X (%) and infegrate Howiltons eguations
be ckwards -FOV an infeveal ‘f,-fo, we will reach a POInI' 5' ngng on the
path fraced betweenw ftimes €, andd %,

Given that  X(H) =X(h), X(4) and X' muf wincide. This, hewever,
is impossible, because H contradicts our onginal hypothesis that
X(t) Lies oubside +he path 'l‘rqcec( betweew t and ﬁ

T"IEJQ(H the tra j e fo y "‘) comof infersect jhieldf.

14



- Given two dn’({eren{' Poinf} in Pbase space , the ‘thjeuLon'eJ emanqlv'ng
from thee points will either be parts of the Jame Large
trajectony , or mever infersect each other.

q % ?l T 5:.
I gl x [,/' " S “_."
4 ({7,
| /
P 4 P
Poss1BI POSS 1BLE POSS 1BLE
¢ To prove the impossibilily o
‘X\/" / P g PO ' y {
% 557 1] 5 an intersection:

Assume that the trajecton ewa»q{;nﬂ
from X, (ie. the rmjectony X(+)obfained
though infegrodtion of Hawilforns oguations
with initial condition 2((0):_2(,)

and the frajectony emanating from X,
inferrect af Jome Poin'l X ?or the
firek dime.  Point 2/(/:'3 reached at fime # sfarfing frowe X; and af fime
t shrfing from  Xy; lof s asume that £ >ty. '
1 we start at 5' and im‘egmfe the equations of motion backwards
for time 45, we will reach X;. Again, if we sfart at X" and infegrate

the equafions of wotion backwards for ta , we will reach a point X" on the
between X' ond Xi. We must therefore have

X” < )(2 wb«'ck means 'H'!Q" X2 Lies om the '/‘ml'ec?‘oyv Qu‘anq#h? fmm
~ - ~&) ~

X,. This, hewever, £ canl'mnf f our A.ﬂ,o{l.es,'; that X' is the List

point of intersecion between the frajectories emanating frow X1 and {iow X,
The dJwe +rajecfories , therefove, camnof infersect.

-hqjec\‘ovy zmaho«ﬁng frome X1,



Ensemble

A collection of representative points in phase space.

Pu
i

0 1L 207777, s I L s TN VPRI, Y24 D7D

A -”1---’;/...'/ 1o o« I

s sz 7 N TS | |74

1 7/ 71 . 7 .‘_-' . L7 7 /

fiiad” ¥ A A b

COPITIT YT  °F 27 2P Y TN

eg., for N molecules of gas in a box with perfectly
reflecting walls of volume V, there is an infinity
U _ of microstates corresponding fo the macrosopic
econstraints of given N, V, and fotal energy E.
P We can think of a large sef of tuch
(Time 4,) microstates (replicas of the system) at a given
time as compnsing an ensemble.

Ewsemble probability density PQ{ ,{-) = P(g t f): ‘
p(X ,¢) 44 - probabilily that a representative point of +he ensewble
Lies within the phase-space "wolume" element X o X +dX at time t.

Normalization : fp(i( ,t) 4% s fp(f % t) 43? Jlg =1 (3.7)
d r

> 4
all Phnse space

As lime goes by, the collection of points constituting the ensomble
moves {hmugh phase Space, each poinl folloving ifs own trajectory.
As o consequence, the probability demsify p(X ,+) evolves in time.

9% control volume fixed
in phase épace

Conservation of representafive poinks
o< ensemble,

: o.. t:‘t
—— : 2 : 2 v
o $ dasm. X PQ‘.*)=-5;JP(’£ t)d%X
- control :m,*w v ontrof
q“ 3\"{.(‘ noral fo volume
element
of combml

turface d5



FLOW
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EN-dimensional gradient vector

e
:D.']C(eren‘“a' form of the balance: - % - * -(fl( ) (3.9)
3-dimensional ot =
N 2 qradient vector wrt P .
O") -—a.f- = —La., D_.P..-) —-o.. Ac.‘
ot %‘( P: ¢ deg 29; 2‘ gt ?(3",- f’ +33,- ?-')
e [Compa"-i fluid wmechanics :
From Hamiltons equations: -2 (p¥)
3 v .
\ continuity &‘Cfuﬂf"‘-‘ﬂ?
2 . p B & 2 ., ¥ 2 . o¥
— e P e e ) = —— - -— L = o
oP; f° 29, Z A 29, 0p;
In other words, |V -X =0 (3.10)

[¢compare fluid mechanics: Y-g =0; true
for an incompressible {rluin:{]
Combine (3.9, 3.10)

N
» )., s 9 5 3.1
E(Tﬁ'f‘+{£3')+bt’o ,or X ..3?*5;‘?'0 (3.1)

THROUGH PHASE SPACE IS f{NCOMPRESSIBLE !

/"subshnh'ql time derivative .

or, defining TJDT = a_i_ +Z(: . ..,Vx ; %E =0 (3.12)

[ compare fluid mechanics: incompressibility in a
frome which moves with the representative
poinh in the ensemble]

Eqs (3.11) , (3-'2) ore forms of 'HLe Zrouville equa{v’on:

Poision bracket operator , o Liouvilie opevaite
fu == ‘/\
_3_e_+z_(29_(2__2¥2)r =0 ,alsowﬁﬁenigtﬁzagp
2t i= ‘O 2 24, P=-i¥ (3.15)

The Liouville equation is an equation describin the evolution of the
probability density of an ensemble with Hamiltonian & in phase Jpace.
1+ is time reversibtle.



An equation reminiscent of the Liowille equation can be writley
{or the evolution of a function of the system microstate along
a trajectory .

Lot S (P,q) a function of the microstate , with no explicit dependena

on ftime.
As p(t) , 9(t) evolve along a dynamical +mjectony, o changes.

Let f(t) = of (q(¢),p(¥)

Thz“ ’J’('“” £4q9 ').
h- N N .
W . s W.w ,z 9 B !
dt (=1 bq, ot e a,:’ ot =

T3y 9 T g v
' N . A '
2?2 id— - z ‘ay . l ﬂ . -2 = W 3.'6
| dt Y (Z 29; . 29; °pi ) # ‘9{ ;‘ J )
or i do . U (3.17)
d

o [{ we know 9(5,0) and W(g,f),we can defermine p(X,t) at any

time.

e 1f we know a{(0) and ‘a{(g_,f) , e can determine 0/({) af any

{ime.
all dearces of (veedom

. sl 2 luine o4
Simple clyw,o.m.s’.’s.i description  imvolving  Q_
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Ergodicity and Mixing in Phase Space

Focus:

Ensemble of representative poinh of o conservative system

of N particles with Hamiltonian & (p , q ). All  points

in ensemble have the Jame total ~ene:rgy &

Ensemble lies on consfant energy hypersurface E.
(A (6N-1)-dimensional surface, defined by the comstraink
M(X):=E)

[Ememble (s ot nece.uan'ly an equilfbn'um ememble.’]

Pu

‘Area of E- hypersurface: Z{E) = jJéHX (3.18)

E-hypersurface

empiRicaL observaTioN: An isolated system , prepaved under arbitrary

initial conditions, evolues o a state of qu'h'bn'um, wherein

macvoscopic properties are time - independent .

mcRoscoPlc INTERPRETATION :  An ensemble of state points, repre:enfimj
the system under its conditions of preparation, will evolve in time

im Juch a way that the probability density p(X ,¢) will tend
towards an equili brium probability density p“'Q( ). The funchion
Pt ( X ) will be o stationany solubion of the Liawille equation, characte-
rishie of an equilibn'um ensemble.

QUESTIONS (vhat causes this deay to equilibrium, given that
evolution cquations (Hamilfon’s equations, Liauuille equa#on)
are time reversible?

What are the conditions for decay to equilibriuns
(p(X ) — po(X )) {o occur?
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Evrgodic Flow : The flow of state points on the energy hypersurface

is defined 4o be ergodic, if almost all points X =(p ,q ) on the
hypersurface  move in Juch a way that they pass through every small
finite veighborhood on the enemy surface. (Eoch representative point,
excluding o sef of Po"n"‘-\ of measure zevo, follows a trajectony that,
given sufficient Hime, will pass arbitrarily cloe  to any ofher point on the

energy hypersurface )

Ergedic Theorem (Birkhoff, 1931)
f(x ) = anintegrable function of the state point X on E-hypevsurface.

DZ{MQ.: [ {(x )JGN-IX
Phase average o ] >7. = T -y o f fHx ) 46Ny oy
] F bl ¢ Z(E)

E-h E-hypersurf.

~hypersur(. Eieonie sonv all pb o B —
tott
Time average ({){ = Lim _:-_ f{(‘x (”) dt (3.21)
t»00 i [avemge along a trejectony |

A system is ergocla'c, if
(i) Time average exish for almat all X (to)
(1) when it exish, <>, =< {>s
The {low on this everyy hyperturface. is

NV =——
g \_\ For an emodic system, all Lines would
: ultimately be Ssections of a single, fong
D S——————% closed - loop {'mJ-ecf'ory. The fime required
to traverse this immengely long loop and
retum fo exacHy the Jame poinf in phase
Space (Pointaré cycle) is on theorder

\ \\ %zconst ¢ (C-mu. “’"”"‘P"‘"’em;bl‘y Iargo_.')




Simple Examples (One configurational degree of freedom ).

1. Single - well potential

Y P
_E-hypersurfac
D ” O
<I'y.'!'f.'.'.= ""' "’_Iif.r..l'fl',
91, q ?j q
Harmonic oscillator: %(p,q) = 5 _':.‘- + Y(g) = 2; _E_ % % k(q-q,)’

System 1irajectory traces the entire E-hypersurface. Lmodic behavior.
2. Double-well pofenﬂql

initial con *Fiﬁ uration

P E-hypersurface

/ / (2 disjoint parts)
v

------ ot 3.0
\ _ .?‘V.-a(‘f.::'; ":'*".‘if_f_ l"f‘t";rl

oy ‘ - _
& . Nonerqods

é, | 1 9 1, 9. 9 bglioy: i

inthis region

Syslem will oscillate in the vicinity of +he minimum where it was originally placed.


Doros
Line


G: Is ergodic flow a sufficient requirement for p(X )

to decay 1o equilibrium Peq(z() ?
A:  No. The stronger requirement of mixing flow is required for +his.
Ergodic , but not mixing {low Mixing flow
Swarm of ensemble points Swarm of ensemble poinh
moves over the enlire hypersurface, quickly disperses itelf
ultimately wvisifing all of it, buf over the entire E- hypersurface.
does not disperse itielf. Representative points thet
(poinhs move “in {ormaﬁ'on"). initially neighbor one another
p(x,¢) does not decay +o move aparf exponentially
an equilibrium densify r“(l() with fime , and Jjoow arrive af

er‘ire‘y Jif{erem‘ quﬁ o{ the
E- hypersurface..

Mixing flow characterizes systems with chaotic dymamics.
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An example of transition +o chaotic dynamics

3

Henon - Heile.s model System: Q{(P” Pz,ﬁ,,ql) R _5!: (Plz.+ Pa.z'*"i;l*?z_z) +0,92 - ‘_;_%»

Astr. 7. 19¢9 €1 3

2- dimensional  confiquration space Consider 2-d infersechons of
4- dimensional  phase Space E-hypersurface with plane
3- dimensional  const. E~ hypersurfaces. 92:0. Record poinh at which

these intersections are infersecle
by frajectories with p>0.

04 F
low E: 02 F Stable dynamics
Each closed curve ol il 'y
& NONERGO.DIC.BEHAVIOR,
Comes -from one -
{rajectory. -02 -
-04 - E=0.08333
1 1 | 1 | | a,
-04 -02 0 0.2 0.4 0.6
P

04

0.2

-0.2
-0.4
@ : : (2]
. —04 -02 0 0.2 0.4 0.6 0.8 1
Higher E: ngh E
Breatdown of stable dynamics. Almest completely chaotic behavior.

A chaotic trajectory appears (ranclom P""") MIXING FlLow on E-hypersurface


Doros
Line

Doros
Polygonal Line



Ensemble average of a quantity f(p.9)

<Y, e / ((x) plx8) 4% -

E-hyperiurface

b S LA, [ f(x) p(x,¢) 47X

[f’ assumed to be normalized on E-hypersurface and zero oudside the
E = "\YPEV'Iur(qc_e ] s

For a syclew exhibiting mixing flow,

<HH o(x,4) ¢ J‘c(” pLx,¢) 47K s Z,(E) I fx) 4% <19

E-hypersurface E-hypenurface (3.24)

Ensemble auerage {‘"‘*’ t->to0 becomes indi-"l“fnﬁw‘-"\ﬁblé {mm phase averge .

This Suggests  that ()Q(,é) Spreads out with time, and ul'fimafe/g
evolves info the  stationany, equilibrium ensemble distribution

il {
P (x)={ B, A

Lif W(X)<E
Y E-hyperiurface

0 otherwise

)

NoTE: This equilibrium distribution is uniform on the E-hyperurface !




Ergodicity and mixing flow in phase space Aqa been proved
mathematicall impl . .
u:‘der e ycmfi‘\_’%;lso.me simple model Systems (e.q. hard sphere {[u,ds),

Most of the molecular systems we deal with in nature are

cheracferized by complex, strongly nonlinear potential enenyy fumetions

such +hat Hamiltonian Jynqmics Leads 4o chaos and mixing
flow in  phase space.

Qur everyday experience that, for an isolated system,
P(Z(_,H - peq(X) , ie. that thermodynaemic equilibnum will
be established, is a consequence of the chaotic nature of

phase - space trajectories. [ does nof contradict the fime - reversible

nature of Hawmiltonian dynamics and +the Liouville equation.

Considerations of ergodic and mixing flow on Consfant energy hypersur faces
form a basis for the postulotes of equlibnum statisheal wechanics.
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4 THE EQUILIBRIUM ENSEMBLES

4.9 Microcanonical Ensemble: N, v, E cwnstant (isolated systen)

Fundamental Postulates:

L. Postulate of Eqqu o Priori Probabilities.
For an isolated system at fixed E,V , N [or (N, N,”...,N,,,)]
all possible microstafes ave equally Likely in thermodynamic
equilibrium.

2. E rgoclic ”ypof'hesis

Given enough time, on isolated Jygsfew will vample oll microstates
consistent  with the  moacvoscopic  consttrainb  impased on ik

Tine Querages [ mea)ured Pmperﬁ'&.t] can be Subsbiuted bg
equilibrium  ewiemble auerages.

Probah'“ly Densi-ly\

Quanfuw Mechanical Formulation: Micrastates = discrefe quanﬁm states.

. i E-JE L Ev<E
Probab””‘)’ Pv'"e = 52 (N’ V'E)\ fotal number of micvos fates with (4,)
of microstate energy E-JECEp < €
y 0o otherwise

Note: v labels ?uan*u\u states, not euergy fevels



Classica) ~ Formulation:  Micvostates forw a amfinuum i phase space

yif ESECH(p,1)<E

|
Probobih’ly c{emHy -PNVE (P 9 ) n Z(NViE) :
ol 4.2)

0 otherwise

where 2 (N, VE) = /J;N J;"

region of phase Space |
where E-JEL< ¥ (P ,q )<E

"Nuwber of miwstates’  § (NVE)= L _ Z(NVE)
h3¥N!

There is a liﬂ: \ In a quawfna wechaniaal Jer"h'q.,

the resolution w/He which perficley are inc{('sﬁnyqbkth
we con  define miorafates (interchange way af wosf change
in cmtinuaes phase space g of U buf does net change ifabe)

Yeorrect Boltawawn coumbing

Commection with Thevuodymamics  S(N,V,E) = kg €a§) (N,V,E)
en}me)'. " Beltraan coutant, R/Ng
A {uudamenh/ eque/'fa\, in 'Hve znhwy quenhﬁon,

CONSEQUENCES
o Enhopy s exfensive.

o Pr aw isolafed system, the iwpesition of awy infernal costraint  decrease Fhe
enbopy  (Ind Law).

e At T=0, fora pefect cupifelline subsknce, there iy My me Qquantuw ufefe
(grmet sale), so §—=0. (3rd Law )

)

Tewperature :

. 1 25 = 2V
it R —)N,V (comtare T=55 uv
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4.5. Canonical Ensemble: N, Vv, T constant.

Uheat resevvoir”

P
Batn B Total system
Eg Z'= 2+ B
Ns e isolated | ot nsfant N, v E.
VB E:Ey
N,V N3 = N+ Ng -=const N = consh.
Vr = V + Vg = const. V= const .
B>>Z Eq- = E + Es = onst. E fluctuates

Assume that Z is in a given microstate v , of eneryy Ey.
Number of microslates accessible + fofal sysfem (s -QB( Ns, Vs, Ez"Ev)
- AR

{""""‘"9, call .Qg (Ez'- Ev)

Total system I’ is isolated , therefore descibed by fhe wmicocanonical ewenbl

Al the  micwsiater of 2’ are equiprobal’(e, each with probabilify .Q'( )
4 Ez’

Then: Probability that Z  will be m State » will be:

5 %B“{Fz;” . Const. exp[£n s (50-5) | (4.%)

Since Ev <<E;", to an excellent approximation,

tnS2 (Ez-E) =ox §2 (Ev) - Ey mfzs)
" - OEe /Ng,vg
Consé. e e —

consd.
By definifion  (wicrocavonical ensewble -for bath): B@M.QE)
aEg Ne,Ve kaTB

bath tewperalure,
Opual o Supsteny feupernt
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= Conit. exp(— pEv),
( 4.12)

Gonclusion . The equilibrium  distribution of syfem I in ih phese fpace
is given by the Boltawanyn, distnbution

Coubining (4.8) + (4.10), B = Const. e""[ T )
ele

i NVT * i
Rbbnb:”q PV = E- exp (—pﬁ\)) (4.13)
where Q(N,V,T) = Q(N,V,p) = Z- exp(-BE) Gnein
FUNCTION,
(4.14)

Classical  Formulation:

Probabiliy densi “"(q » ! & (4.15)
# P (g ~) St h-""N' exP[P (v, P)]
-BH / N
N! b3
all phose
Space,

Conmmection  with Thermodynamics

ANV T) =- TEQ (N, T) = -L 81QM, v,T) (4.18)

A {uudamcwhl equation, in fhe Helwbholtr euenpy representation

Makes sense: ,
vy, T) = 2NT)  __26&) . Z g™ . (E
= 2(1/T) Iny B Imv e CEDwr
i\'t(w.'\

Pk
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Work, Heat, and Entropy in the Canonical Ensemble

A Consider reversible thermodynamic proces:
TP | " that ewhils change in volume
§E>«S T of a closed Sysfem.
Fr" I System is at equi(ibrc'um all along the proces
dQrey
SWrev - PJV
/ l_/.,_(,._!/, {
But P.. 24 - kT‘MnQ) 3 kT[l. -BEv] #
DV)TN 3V /N g lay (%.e ) s
= kgT (_ L -BEv DEy P e P& 2B .3 pwroty
& ( keT) Z‘[e 3vv)~ %‘ Q V)N ; Y v,
So, [§Wiey - - Z BT dEs| (423

(Doing work on the sysfem reversibly amounts to changing the
energy levels of microstafes , while keeping their probabilify distnbution constant

Change i System infernal energy:
AU= cl [2": P\)NVT Ev] - %. P,»erglEy + % E, JPVNVT (‘4.2‘/)

By I law, dU:= §Brev - SWrew , 40 |dQrev = Z EvdR™T| (425)
{ v i

( Exchanging heal with the system reversibly amaunts T changing the
probability distribution of  micresfates , while keeping the energy Levels

conskant).
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d0ry can be wrilten in terms of {RYT} only:

-BE
PVN'r: er / = Ev- -kaT (‘&\PVNVT'I’?’?Q)

4
§Grov = - kgT %. (?n e P»Q) dPR"T - LT g_ LPNTARNT kngnQ/g/(PgW

or 80y = - KT Z B ap,er (4.26)
Entropy S % - & [Z & R™ 4 kT (2 e""’)] .
L[Z{-m(z..r,""i HQ )P,,“"}+ kT Q| = -ky Z B HPR™ kg tn@ 2P
TLY v VY
-keb@ , or |S=-k Z B L,:""*’J (4.27)
(_’/,’S.f f ¢ ..L'"’_A'; 'lf ' ' ‘\’
Then, dS =-kg 2 PR dRY'T _ kg P> B T or  dS=-kgZ 4P 4B
. ,
(4.29)
Combining  (4.26, 4.2¢) §SOroy = T d5 (4.29)

( Macroscopic thermodynamic definition of enfropy it comsistent
with equi(ibn‘um ensewmble #malism),



Evergy 1(It.ccn‘tu:-h'ov\s in the Cavonical ensemble

E const. T, N SE
Variance of the energy: 1 —:-_J(_E\/
— time
C(E)Y = (E-<EX)™> = CE¥>- (B> = ZRMEr - (2878
= —é— §{€XP(‘B£V)}Ey" - }é— ;[exp(-ﬁﬁi)J Ep}l =
2 2
= QL =N [%uP(-BGv)] - } -Q'— D% [§ exp(-Pev)]} 2
_o g (B)-(BHE) 2 (1K) . Za .
Q? T la 2 TR
- 2 20 ) . ) ! L -
T (.QL T) C T { ) ap[fe’"’('e")]}

& J -BEV)| E . o OCE> U
i 3*5 Z [erat] 6} - n ar)n.v

or (el = ((E-<E>)z) : BTGy (4.20)

Yiystem beal cepacify

The wagnifude of spontanencs ,[Iuch«ah‘on: in eneyy ol equilibhuw under
iSothermal condifions s a weawre of the Jytew  heal tapaciky,

Magnitude of energy -fba.cﬁmﬁ'ons relafve to  meaw valee of energy:
wolay heat c.qpq,u'ly

COEY (W) (F )

5 |
. L (4
NA U< molar inteme N%

CED . (E> [ N
intensive

ene
tnergy flucluations  become  insignificantly  swall r?;'elah\)e to auezage energy
{N N= 00023). (Equivalence o{ cavionical awnd micvchnom'ce‘l ensewbles
in the thermodgwamic Limié  N-voe , all intensive propertie, coushont)



4.6. Elementary Statistical Mechanics of Fluids.
Confiqurational  Integral.

@: When is if Legitimate fo treat dhe confnbubion of a degree of
frtedom o the Mamilovian with clasical Statisheal mechanics ?

A: When the JSepavation of succesnive evengy levels (E-eigewvalues) associated
with 4his degree of freedom is small compared fo He thezmel

CﬂQV‘?g kBT
keT = 4.1 xto’“ﬁ = 25 k_J' s U8 % at  roowm fomperature
.o.f. mo
By = "
tods = |kT  Nyclear Jpin condributions: AE « 107" J/def.
v
clagiwal treqtment y . . o In17 wust be freated
P“’"‘"'“‘“:' dlechonic contribulims. 4E « Jo J/J,,,[_ quantum wechanically,

R
by

»~

o
o
A
°

-

Vibrahonal Confributions: AE =

Classical ~treatment sotisfactony in  most cases for  fronslabional, torsional,
and  overall rotational  contn butiong .

For his discussion, assume Monatomic (Iuid (Each wmolecule
(,ml-vibufes 3 fmnslqﬁoml clggrezs a,{ {r&edm)

HawmiHonian -
(p,r) <Xlp) V) Z L 4 V(rn,-n) (43)

=l Im
\asiume = m ¥i

Canonical parfition funchian (N W!olecu(h iv vluwme Y at tewpernfuve T):
[ PZ [’. 'l&p szp -BV(Y,, - 2n )] £ (4’3;

Pofcnbal 0»16\'!71 Cdvl"‘l uﬁ'M

l
QT = o ex
Y N —
kinehe o Q\o\erqq caw‘rlbc I\w\
SEPARAB|ILITY




Momentum infegral is a product of 3N Gausiian infegvls:

N f“' IN N P-L . N t09 . 400 J +50
Jorl-pE £ 5= 1 fortr ) dh < 1T fon )i onts B, foni2
400 ~oe -po -0
But _!‘”"P('%E-z)‘f’x - (2mksT)% ’l;"‘dx = (2nmkT)%
+0e N
[ ow[-p 2 ;’_]4? . (2rmb )™

Realizationy Ab equilibrivm, the distnbution of molecular momenhom vectns
-[ollowl He Maywell- Bolttwamn low:

( p) IP"‘"( ¥ r ) 43914}3... dp,, J’y-, dr, ...dr, | ' ( P,
= ] X e
i (6™ (¢ ,x ) 4, &, o dp drdeg dry (QamkgT)* 2mk.T)
- (4.3v)
Partiion funchion  becames:
| 3, 3
Q(N,V,T) = o (2n MkaT_) g1 Iexp [-BY(x, - xa) ) 411 e
Q(N, VT) = - ,A”‘ Iexp [ pV 52, ,r,,)] .Lr, 3 (4 .35)
where |
A= A(T < L " = r )
) (2"”‘&&1_ ) therma| wa dtngH\ | (4 .3()

A ~ de Broglie wavelength of a wmolecule with mass m and enery kgT.
A classical {reatment is not JqHJ{admy when A~ ivlermolecular Jeparation.
In practice, quanhom effech i frawlational wofian are imporfant only fo

HQ' H)_, NC.
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b ole QLW TY & Z2(N, V,T) (4 .37)
Nl A3N

where Z(N,V, T) = IeXP[-ﬁV(_r,, “ee, r,,,)] 437‘, Jgru : wn{o'gumﬁ'mq( integral

.3
integration limits: @ach [ dpaws the polume V i
accesiible to fha ypten.

A

N

All dependence. of the partition funchion on the Jpatial extent (densiky)
of the Jystem is incoporated in the co\‘ﬁ'gumﬂonq( integral.

eq., presure P-. M.) .
TN

- M) s T M) (4.39),
2V - -

1

P oV oY
oblainable from cané’yumh'maf
part of the partition funchion ou&l_

4¢. Ideal Monatomic Gas: Cononical Ensemble Treatwent

Definifion of +he ldeal Gay: No infermolecular inferactions,

P(s, - tv) =0 (4.40)
Consequences:
29N VT) = [de.dry - v (4.41)
i’ = _’_ l - (4.42)
—— N! (IP)
Equation of state: P9 = kgT 26 v~z) . NkT (4 .43)
oY TN v

; SJ-irh'ng ap’nximqﬁah:
Helmholtz energy A" (Nv,T)=. L 1,,1‘_ (iy" 2 tuNt = NOWN N
B NI VA3

NA3
Y

hemical potentia| . ig 4 pi
S APV - T 4 (PVY) (4.4r)
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Internal ene u' . O(BA)
i | = -—a—p—- )N,V = .3 N kBT (Z-L kg T per translationa |
degree of freecton)

Hea! cepaci\"j c.j‘3= M) o JER EQUIPARTITION
2T /v 2

Ent 9. u'd.q™ |
py sz U T_a B R[% - A(PA’)] (Sackur- Tetrode equq"’hn)

Expressions of thermodynamic properties as canonical ensemble averages
are particularly convenient for molecular simulation work. Molecular
simulations ave desipned fo coupufe Such aueveges iIn phase tpace
(MD) or configuration tpace (Me),

We will briefly derive expressions for presure and chemical potential

in o wonatomic JSubstance +hat have the [om o{ enstemble
megis.
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4.8. Pressure as an Equilibrium Ensemble Average:
THE VIRIAL THEOREM OF CLAVSIVS

]so"'ropic -Flul'd:

|
: N molecules
l .
Ll I y 6 Fi.nl'.‘ r_w n box 0{ volume V = Ly Ly Lz
| , -t L] =3
- LR , at fempeature T.
N mohcult)/’ /lL 2.5 2—("_" i, b
Volume V /
Tengostre T |/ (Assume  fluidd of stuctureless
0 Lx P melecules, subject fo entral
{orces)

Newbns seond faw of motion, applied o wolecule i:

folal fovce on wolewule i in divecHon x

2 e
m, % = K, and similarly {w y and 2. (4 .s0)
Pix fon
Multiply by % ’" P»,
PR eLx.= % _ s fdm}®
t i ] e Ir (mx. ) m, (d-l')

Sum ower all wmolecules, and fake time Querage :

N N N P 2

< % Xi E‘" >{- i i,zq j—t (’”Pn'.x)Zf -< Ef % >¢ (4'5,)
/ 7

e 1 (B aw RS

tm ¢ [CRgboma)ie =t ¢ [5(Z ]t

0 (/]
- tim L { [—_%. X r.,x] - ['Z'7 x.P:,x]o} =0 (4.52)
T-0e o B ° A —



5

Isohopy < P; >=X P., > +L&Piy Y +< Pz 7 = 3<pix > avgodic theorem +
equipartition

Alse, <z P., > %<;Zﬁ%>f - 2 (KD, = %.%NkBT:Nk.T

/ |
kinetic energy (4.59)
Comb’ming:
N W
<Z. Xi in>t s -NkBT , or (Z'X,’F};) = NkgT (4.6‘1')
=l izl R
e i ::fv:;‘: (in any ensemble

with cnstant N )

Usihg y- and 2- analoyues o‘l (4.55), and Cbening,

v \
LIr-FEY =-NkT o
=l

|
3

<

Secparate force ow molewle i info infernal and extemal cntributions:
fie B7 ¢ B BN

) /; XS force fom  walls
fotal force
from obher moleculs,
N ind ’
<_ZX|' Fx,'w> - <le F:—| >=- Nk‘T (4.5?)
i=1 |
s Mol viral® tinfemal vl
" contvi buh'on contribuhion
;o-rtw \ Wall -Fovcu are shorf- m",zd (ranqg O (molecular cliamel-er))
Hence Fovr all wolecule- wall collisions Confributing to the teruy
x (Z xi R >, the coortinate Xi is pracheally en‘her,@’ or Lx

no contributhion.

N A
(AR Y= WZR') = L[-Phyla]=-Pv  (4.60)
I = X=

e ——r
Querage total fore fom wall at x on molecules

Combine (4.5¢), ( 4.60):



PY = NkBT + <:’Z=‘Xi F"i“)

or, using !'Sm‘npj,

N . g
PVaNET + (L2 n F™> e NgT + <w>
=1 J

i
/ intemal wVvial
+otal {wa o wolecule 1 /v-m..
other wmolecule,

Eint o - V, V(- 0n)

where V: inteuolecular
potential  euengy Fenchion

Result is valid for any infermoleculor force law, in any ensemble
with consfant N.

Fer pairwile addifive {wces:

N N " :
Ya.on)s ZL VW lwgl] « TEP IR

=1 j=i+ ’ 1 <y
N . "
s £ '3 fi}—\‘(w e il DA (DL
J=1

the viral theoven aslumey the ﬁnq:

N N
PY: NKT + % < 'Z'JLH (xi-r)-Fy > (4 .6v)

Avalogaus expressions  can be derived for the entive strest fensor

al equilibrium.
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Chemical Potential as a Canonical Ensemble Average :
WIDOH’S  TEST PARTICLE (NSERTION THEOREM
Basic ldea: y
; rhh'
ES‘HMQ’&Q |“ as :?unff:'on, on
M= 25) o tim AMLVT)ZANVT)p (awer)- A)]
ON vt N-oc (N+1) =N Nooe
ch ical V00 -
po:::.l::d N=p N\;v =? i 4
per molecule thermo. __»

dynamic limit

Frem canonical enpmble foerlc'SM:

ANV,T) = - L L@V, V,T)
B => A(N+,V,T)- A (N,V,T)=-é lng;:—”‘v":)l 5

AL T): - L ba@(v,V,T)

Nt AN : 3 .
2 (N#, vn)} = kT (n[(ma)/\ ]- 1ol 2(v,VT)

(N#1)! ABCH*D 2(v,v,T) | v B ’Vzw,v,'r—)
(4.¢7)

= - kgT

Tate +hermodynamic  Limif :

lim {A(NH, v,T) - ANV, T)} = Lim  kgT &[(Nu)/\i]_h._' Lo (M, vT)
N0 P V z(NIVIT)

i N-»00 v
Y00 Vsl il
Nfy =p o Njv=p My =p
s s S R S : =
" ke T £ (p7°)= 1 (p,T)
. can one
] Ve
,T) - L'9 ( Tl 2w kaT fim £ { Z2(N4H, V, T) } express
P(P F a ) N- oo 5 V2 (N, T) right hand dids
NErcess chemical potential” V00 af an NVT-
@ .7 Nv=p enienble
avorage !




Z (N4, V, T) - fe"P [- Virr (Z110.2w, rm.)] er, J’r;.., f,." "3"~+|
V 2(NV,T) Vv [exp[- BVu (5, tw)] 4% 4. dy

(%.¢r)

Nowl yNH (Iu o er INH) = yN (!';,Iz,---,fu)-i- V(g;{ (INH ) !h LSRR IN)

/.o qo 0"4

o
{;hv'uol?:u?: soF 20‘0 ’OOHP O~ energy felt by. m'olecula‘
in configuration 30 70 Fo “Y‘”) due fo its interaction
(X, -0 L), due +O o - with meleculey 1,2,., N
h; ;lm'v im"cmd'lom . in configuration
wil'h each ofher (ru L, IN)

Thus, taking alto inb account the ﬁ:c# thet V= f‘frufc )

a {unch’ov\ of el

e, T o e ki
Z(NLV, T) ] Viver ] ndr ... dr, ¢KP[-PV~ (%11, w ) ) Xp]- BV, (B 1
'} 2'(", V'T) IJBrM. IJ"‘-. J’y‘... 43?,‘ CXP['B)’N (r“..,h!'”)]
/ " \onfiqurational prebobili
all pessible posifions PV, pE—

densi NVT-
of wolecule (NH) "y of NYT-ensemile

.70
conn'y (4.70)
an entemble averege!

* Take all Bolzmann- weighted comfigurations of wmelecules 1,2, N

e dn each confiquration, insert molecule (N+) ot a position  Vis).
Inserted wolecule *feels" the N molecules ) experiendny o fetal energ,
of infevactiom Viest , but is not felt" by them.

o Average ouver all confgurntions of “real' wolecule 1,2,..,N feeling
each ofher, ancl over all pesitions of the “fest" wmolecule., the
quanH\‘q QXP[-ﬁV{eJ{(!'N#J" -;.L"u)]

ﬁ" =



Abbreviated mbolism: Z (N, V, T) - < exp (- V-lul' (4.7)
! v 2(NV.T) R )>
canonial ewiemble avermge
fox N wmolewley in volume V
af femperature T, and
Final result (Tet parkide 'Meaven«) average over all position)
of fest parthide.

exp[-(plp,T) - (e, 7))= < exp(-FVient) )

\QV\CV” -/el# 5y parficle inserted
in Oytem of dewsihy p at fewpernture T.



Doros N. Theodorou
Polygonal Line
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410 Isothermal - Isobaric (NPT) Ensemble

_______ e
| €=

~[0,%0 ° |IEN, P, T fixed

— o © © ||«
-] .l ey j Configurational olegrees of freecom:
ttt ettt M0 I8, Ve olume {luc‘uaHA !

Probability dewsify has fo be defined (n
the aqgmem‘éo? Phale Space. g P,V

~

oxp{-BL¥(3,p ;v)+PV1}
Quer (N,P,T) (4 .75)

Probability density PNPT(q P V)=

Qwer s Jhe  isothermal- isobaric partition function:

Quer= 1 ‘ d : . .
NPT o W clVfclj p exp} [3[91(3 P ,V) +Pv]} (4.7¢)
\ﬂ unit of velume, intoduced fo make Qupr dimewulonles;,
(Ik exack value is immaterial).

Note: Qner = VL JeJV exp (- BPY) Q(q )P V) (4.77)
/ ° : i ~
i16+herwal - X . Lo 3
'{Jooban'v:‘ ”'«#‘h tavoniwl pqrb hog ﬁ-mcha.
{unchion

[ Passing from the NVT 4o the NPT ensenible is +he microscopic
analbgue of doing a Legendre fransformakion wrt volume)

Connection with Thermedynamics

P G(Ni P, T) = - fn QNPT (N, P,T) (4 .7¢)
X Gibbs energy.

( A {undam‘«f‘wl equaﬁm in the Gibbs energy npmenkﬁm)
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