Functional Analysis I
(Solutions of problem sheet 5)

Exercise 1. Let X be a normed space. Show that for any x € X there exists
f € X*, such that f(z) = ||z||* and || f| = ||=]|.

Solution. Let x € X. Set M = (z) and define f : M — R by

fz) = N|z||?, forall A\ €R.

Then f is a bounded linear functional on M with ||f|| = ||z||. By the Hahn-
Banach theorem f may be extended to bounded linear functional on X. Denot-
ing this extenesion again by f we have the desired conclusion. O

Exercise 2. Let X be a normed space and'Y be a proper closed linear subspace
of X. If xg ¢ Y show that there exists f € X*, such that

1

Ao Y) fxo)=1and f(y) =0, forallyeY.

11l =

Solution. Let M = (Y U{zo}) and f: M — R defined by
fly+Azg) =X, forally e Y, ) € R.

Then f is obviously linear. Moreover

[f(y +Azo)| = [N < o= ly + Azol|, forally €Y, A€ R

1
(z0,Y)
and thus || f|] <3 zo d(wo,Y) "

We will show that ||f|| > To this end let (y,) be a sequence in YV’

d(I(] Y)
such that
lim [y, — @ol|| = d(z0,Y) .
then G fGa—z0) 1
z Yn — T
|fll = sup > 2
o£zem 2] yn — 2ol d(z0,Y")
and hence || f] > m. Combining the above we have that
Il = ———— . f(0) = L and f(y) = 0, forall y € ¥
= —— = 1 = T .
d(.%'(),Y) ) Zo Yy ) Y

By the Hahn-Banach theorem f may be extended to bounded linear functional
on X. Denoting this extenesion again by f we have the desired conclusion. [

Exercise 3. Let M be a subset of the nornmed space X. Show that xo € X
belongs to the set (M) if and only if f(xo) = 0, for all f € X*, such that
flar =0.



Solution. If o € (M) and f € X*, is such that f|y; = 0, then by the
continuity of f we have that f(z¢) = 0.

Conversly if zg ¢ (M) by the Hahn-Banach theorem there exists f € X*,

such that f(z) # 0 and f(z) = 0, for all z € (M) and hence f|5; = 0. Therefore
if f(xg) =0, for all f € X*, such that f|y = 0, then o € (M). O

Exercise 4. Let X be a normed space and Y be a closed linear subspace of X.
We say that z € X is orthogonal to Y, and write z LY, if dist(z,Y) = ||z]|.
Show that z LY if and only if there exists 0 # f € X* such that f|ly =0 and
[F)] = Izl Moreover show that if Y # X and xg ¢ Y, then yo € Y is
the nearest point of Y to x (i.e. 0 < dist(zo,Y) = ||xo — yol|) if and only if
o — Yo 1Y.

Solution. Assume that dist(z,Y) = |z||. Since z ¢ Y, from the second
corollary of the Hahn-Banach theorem there exists f € X*, such that || f]| =1,
fly = 0 and f(z) = dist(z,Y) and hence for ths particular f we have that
[F )1 = £l

Conversly if there exists 0 # f € X* such that f|ly = 0and |f(2)] =
then for all y € Y we have that ||z + y||||f]l > |f(z +v)| = |f(2)
Therefore ||z]| = dist(z,Y).

It is easy to show that since yo € Y, then dist(zg — yo,Y) = dist(zo,Y).
Hence dist(z9,Y) = ||zo — yol| if and only if dist(zo — yo,Y) = ||zo — yol| i-e. if
and only if zg —yo L Y. O

I[£1H1=l,
I[£1H1=1-

Exercise 5. Let X be a normed space, Y be a linear subspace of X and

F={feX":|fl<1,fly=0}.
Prove that:

(i) For any x € X
dist(z,Y) = sup | f(z)].
feF
(i)
Y = ﬂ ker f .

(Hint: use exercise 2.)

Solution. (i) Since for any f € F and y € Ywe have that |f(x)| = |f(z —
y)| < |lx — y|| taking supremum over all f € F and then infimum over all y € Y
we have that sup;cp |f(z)| < dist(z,Y).

For the reverse inequality, if dist(z,Y") > 0, using f from exercise 2, we have

that
|f(z)]
£

dist(z,Y) =



and since H}(TH € F we have that dist(z,Y) < sup;cp[f(2)].
(ii) If Y = X we have nothing to prove. Otherwise if f € F thenY C ker f =
ker f and hence Y C (. ker f. B

For the reverse inclusion if x ¢ Y, from the second corollary of the Hahn-
Banach theorem there exists f € X* such that [|f[| =1, fly =0 and z ¢ ker f.
Hence z ¢ (;cpker f and thus (;cpker f C V. O




