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E@ontopevikn Kol 0KTIVIKI] GUVIGTAGA EMTAYVVONG GE KOUTVAOYPUPUT TPOYLA

Otav éva kwvmtd extedel kivnon katd pfixog piog
kaumoing C, pe toyoio petafoailopevn toyvnTo, Kotd HETPO
Kot d1tevbuvon, 1dte pmopove va deiovpe Tl N EMTAYLVOT TNG
umopel va  emuePIoTEl, TOMIKA, ©€ OVO YOPUKINPIOTIKESG
GUVIOTAOGEG, Uil EQATTOUEVIKN TNG TPOYLES Kot Mo oKTIVIKN
(Kotd pniKog TG TomKNG oKtivag kapmvAotntac). H avédivon
— VT VITOONAMVEL OTL UEAETAUE TOMIKA TNV Kivnom, oe éva
/ - c TUNUO TNG TPOYLIC, TO omoio pmopel va Bewpnbel 6t amotelel
. eMimedn KaUmOAn, OoTE Vo umopel va optobei n epontopévn og
KkéBe onueio g Ko TO TOMIKO KEVIPO KOUTLAOTNTOAG (MG
onpeio Topng TV KabETwv og 000 YEITOVIKEG EQATTOUEVES) OTO TUNUOTIK®OG EMITEO TUNLOL TNG
TPOYLAGS.

2mv avaivon mov okoiovbel Ba ypnolpomomcovpE, Yoo owovopio. cVUPBOA®Y, TV

Tomuwkd kévtpo
KapmuAdtntag

ooppaon (df /dt)=f yio kabe cuvapmon f = f (t).
Av U Ko v =|5| glvarl M Toay0TNTA Kol TO HETPO TNG TAYVTNTOS, OVTIGTOXN, GE KOTO0

onueio g tpoyldc, ondte 7=v/v &givar T0 HOVOSIHIO EPATTOUEVIKO SLAVLGLO, GTNV TPOYLA,

d(v?)

TOTE Y10 TNV EMTAYVVON UTOPOVUE VO, Yphyoope a=——->==07+07 (1), dedouévov OTL Kat

70 povadiaio dSiavocpo 7, ap’ 0Tl datnpel To PETPo tov, petafdrrel Tnv dievbuven tov.
; dr , , ,
[Ma va vroAoyicovpe TV ¥poviKn TapAy®Yo T = d—: , vohoyilovpe TV TayvTNTA G€ SVO

YEOVIKEG B€o€lg, TOv améyovv ypovikd katd At, kobmg kot To avtictoryo povadioio
davdouata 7 kot 7' . Mg avapopd To Tomtko KEvTpo KoumvAdttag (BA. avotépm) ot V0 aVTEC

. , o ds . - ,
0éoelc dStopépovv Yoviakd katd dd =—, 6mov dS 1o avTicTOr(0 SLPOPIKO UNKOG TOEOD Kal o
yo,
N TomiKn oaktiva KopmvAlotnrtag. Tnv 0 yoviakny dweopd €xovv kot to 0VO povadiaio
EQUMTOUEVIKA dtavdouata 7 Kot 7' .
. . df A7|de _de .1ds .1 i A D
Enopévag: I=—=——=N—=N——=N—0=>7=N—.
dt dt dt p dt Yo, yo,
[H dwpopikn yovia d@, mov Eekvdel and 10 TomKd KEVTPO KOUTLAOTNTAS, ivol ion pe v
d@ mov oynpoticovy o 7 Kot 7', S10TL £XOVV KAOETEG TIC AVTIOTOYES TAEVLPES TOVC].
Ocov apopd 610 povadiaio divoope M, givol mapdAinio ot Pdon T0v 1600KELOVG
TPIYDHVOL 1OV 01 000 AAAEG TAEVPES TOL givar Ta povadiaio 7 kat 7' . Kabbhg to dé teivel mpog
70 UNdév, o1 dvo wapd TV Paon yovieg avTod ToV 1606KEAODE TPYdVOL Teivouv oTig 90°, Gpa To
povadiaio N givol KAOETO GTNV TOTIKY EQOTTOUEVT KO, EMOUEVAC, EIVOL TAPAAANAO TPOG TNV
TOTIKY] OKTIVO KOUTLUAOTNTOG HE KATEVOVLVGT TPOG TO TOMIKO KEVTPO KAUTVAOTNTAG, ONA., A L 7.
. . ] , % . . dfto v

Emopévog, m mopdywyoc tov povadloiov dvOCHOTOC T YPAQETOl T =——=N—.
ddp p

AVTIKOGTOVTAG QLTAY TNV T, Y0 TV TOPAY®YO TOL LOVASIiOL SLOVOCUATOC, GTNV OPYIKN
. Uz

oyéon (1). éyovpe tehkd: d=07+vt = |d=07+—N
yo,

Apa, KOTO TNV YEVIKN KOUTVLAOYpouun Kivioy, o€ Kabe onueio e Tpoylas Eyovue uio
EMTPOYIO. (1], EPATTOUEVIKT]) GOVIOTWOGO, ETITAYVVONG, 101 UE TO poOUd UeTafoiNg Tov WeETPov THS

TOYOTNTOG (z}f), Kol pio. aKTIVIKH (1], €YKGPOIN) GOVIGTMOO, ETITOYOVONS, TOL €val 1] TOTWIKNH

KEVIPOUOAOS ETITAYDVET] (1)2 / p) .



I'evikég (tomka OpBoydwvieg) Kopmvroypappes Xovretaypéveg
[H evomrta ovt oglepdvetor o€ HEPIKODE QOVATIKOVG T®V pofnuotikov ympic va sivat
amapaitmm yio: [ToMkég, Kuavdpucés, oaipikéc cuvieTaryuéves, mov okolovhouv,]

AVAAOYO PE TNV CLYKEKPIUEVN EQAPLOYN Kol (KUPIMG) TO YOPOKTNPLOTIKE GUUUETPIOG
evog mpoPAnuatog, (nA., 10 Ye®UETPKO TOMO TV onpeimv enl tov omolwv Kamowo péyedog
dtnpel v T Tov — av tvar PaBUmTO, 1 TNV TN TOL KOl TO GYETIKO TOV TPOGUAVATOAGLO
WG TPOG TOV YEMUETPIKO TOMO — oV €lvar S10vLoUATIKG), vl AOYIGTIKA ATAOVGTEPO VO, EMAEEEL
KOVelg, Yoo v SloTOTOoTN Kot TV €miAven Tov TPOPANUOTOS TOv, OVTi TOV KOPTEGLOVAOV

GUVTETUYUEVOV (X, Y, Z) KOTO1EC AALEC CUVTETAYUEVEC, LE TIC OMOileg Umopel vor EKPETAAAEVTEL

TO TAEOVEKTNA TNG oVUETpiag. Ta mapdadetypa, Yoo Eva Kivnto mTov KIVEITOL GTNV TEPLPEPELN
evog KOKAOL, (evieyopévmg, pe PETOPANTO péTpo ToyLTNTOC), B0l APKOVGE 1) YVAOOT TOVL MG
petafdiietor n yovio 0 (og mpog Kdmoov a&ova avapopdc, m.y. Tov X-d&ova) pe tov ypovo,
O=0(t), avti mg meprypapng pPECO TV (X =x(t),y= y(t)). Eniong, éva @opTicuévo

OONOTION, TO OTOl0 EIGEPYETAL GE TMEPLOYN LE OUOIOUOPPO ULAYVNTIKO TedIO B =oraf., pe
Toyaia apyky taydtnTo 16650V, givol Yvootd 0Tt ektedel elkogdn kivnon, pe a&ova tng
EMKOG TOpAAANAO OTO payvnTikd medio eved M toun ¢ €Mkag amotedel KOkAo kdBeTo oTO
payvntikd medio, omote, T0 COUOTION €VPIoKETOL HOVIL®MG GE piol KLAWVOPIKY] EmpAveLl. Xe
oUTH TNV TEPINTOOT, €ivol €miong AOYIGTIKA OWKOVOUKOTEPO Vo TEPypapel 1 kivnomn tov
eoptiov péocm pio YOVIaKNS cuvietayuévng, 6 = H(t) , KOl LEGM TNG GUVIETAYUEVNG Z = Z(t),

KOTé UNKOG TOL AEOVA TNG EMKOEWOVG Kivnong, avti TV TPUDY KOPTESIUVAV GUVIETAYUEVOV

(x=x(t).y=y(t). z=2(1)).

Oa mpotayBel pia mTOAD cuvomTIKN TOPOLGINGN TOL HAONUATIKOV TANGIOV TTOL 1GYVEL
Y10 TG YEVIKEG (TOTIKG 0pOOYDVIES) KAUTVAOYPOUUES GUVTETOYIEVES, [umopel va Taparewpbei og
TPpO™ ovhyvmwon], kot oty cvvéyeta Bo do0ovV, g TopadElypoT, 01 TOAIKEG, 0L KOAMVOPIKEG
KOl Ol GOOALPIKES GLVTETOYUEVEG.

Opilovpe ®g opboymdvieg KOUTLAOYPAUUES GUVTETOYUEVES, TPELS OveEAPTNTEG UETAED TOVG
SUVOPTAGELG, Uy, Uy, Uy, ToV (X, Y,2): U =U (X, Y,Z), U, =Uy(X,Y,Z), Uy=Us(X,y,2) (1)
oL efval cLVEKEIC, EXOVV GLVEXELG UEPIKEG TTAPAYDYOVS, KOl EXOVV LOVO-TULES OVTIGTPOPES
ovvapticelg, tétoteg dote: X = (U, U, U;), y=f,(u,u,u,), 2= f(u,u,u;), (2

Me ot v éva-npog-éva avtiotoryio peta&d tov (X,Y,z) kot (Ug,U,,Uy), pumopodpe va
opilovpe t BEon evog onueiov eite HECO TOV KOPTEGLOVAOV GUVIETOYUEVOV (X, Y, Z), elte péow
TV 0pBOYOVIOV KOUTVAGYPAUU®OV CUVTETAYUEVOV (ul, u,, u3) .
[MaOnpotikr mapévleon: Opilovpe o¢ pepikn mapdymyo, og mpog pio petafint X, , plog
of
ovvaptnong f molhodv petapintov f = f (Xl, Xoyveey Xn), Kot v svpPorilovpe mg PV 10
Xi
ﬂ: fim F (X0 X oo X+ DXy X ) = £ (X X0y Xy X))
X, M0 AX
Avatpéyoviag otV mopdymyo OlvOGHOTOS, OM®G OPIGTNKE GE TPONYOVLEVT TOPAYPOPO,
UTOPOLUE VO, OPICOVUE OVTIOTOLYO UEPIKEG TAPAYDYOLS KOl SOVUGUOTIK®OV HeYEBDV, ¢
SLVUOHOTIKO GOPOICHA TOV LEPIKDV TOPAYDYDV TOV GLVICTOCMV TOVS, OTWS aLTEG (01 LEPIKEG
TapAY®YyolL TV BabUOTOV-GVVIGTOCHOV) 0pilovTol aveoTép® ]

Am6 10 Sbvoopa Béomg  F = Rf; (Uy, Uy, Uy)+ IF, (Uy, Uy, Ug )+ 2 (Uy, Uy, Uy ), av Tpokodécovpie

oToyEIdelS petaBolés Tov Uy, U,,Us kotd (duy,du,,du, ), naipvoope petaBorn dr :
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d?:a—rdul+a—rdu2+a—rdu3. Av, h =

, opilovpe ¢ eparroucvika povaoioio.
oy, ou, ou,

or

o1avoouoro, (ToV KOUTLUAGYPAUIOV GUVTETAYUEVOV U, ,U,,U,), To € = L, omote:

or
ou;

dr =hdu,é +h,du,é, + h,du,é,
Ot mocoTNTEG (hl, h,, hs) OVOUALOVTOL KO GVVTEAETES 1) TOPAYOVTES KAIUOKAGS.
To oToYEIDdEG PNKOG KOt 0 GTOLXEUDONG OYKOoG VIToAoyilovTal, avTicTouya:

ds =+/dr -dr = \/h2du? +hZdu? +hZdu? ,

Kot
A . . o(xYy,z
dV = (hdué )-[ (hdu,6, )x (hdu,é, ) |= W du,du,du,
(% v.2 ox/ou, ox/ou, Ox/ou,
omov 8(1(1,—uy,u)) =|oy/ou, dy/ou, 0Oy/ou,|: n lakePravi opiCovoa (Jacobian determinant)
1) ~27+3

oz/éu, oz/ou, oz/du,

TV PETACYNUOTIONOD TOV (X, Y, Z) ¢ Tpog Tat (U, Uy, Us) .

Ocov agopd oTIG OTOWEIMOES (J1UPOPIKES) EMPAVELEG, OMMG KOl OTNV TEPIMTTOON TOV
KapTeESIAVOY cuvietayuévev, (Omov opiletol, my., M d§(x’y) = (Rdx)x(ydy)=2(dxdy) Ko
KUKAKG ot dAleg 00O, avtioToryn), £T0l Kol 0TI 0pOOYDOVIES KOUTVAGYPUUIES CUVIETOYUEVES
opiCovtor Owpopikés  empdaveleg kabeto oe kabe pia amd TG KOUTOAEG-U ,5, K.

—

= or or .| Oor .| or
ds(dul,duz) :[8_['11 dule(a duzj = (el a dUlJX(ez a

2
d§(du1’du2) — hh,du,du, (€ x§é,) =éhh,du,du, , kot KorAKE Y10, TIg GAAeg dDo.

—

duzl , ko pe ) Borfeto tov h,,,

1 2

Me Bdon tov QoploMoUd TOV avamTOXONKE GLUVOTTIKA GE VTN TNV TAPAYPAPo, Ha
pmopovsav vo eEayxfovv OAa To. amoTeEAEGHATA, TOV B0 TOPOVCIAGTOVV MG TOPASEYLATA GTIC
enopeveg mopaypdoovs. Ev tovtolg, Bewpeitar okOmTPo vo TopovclocTel Kol 1 YEOUETPIKT
TOPAYOYT QVTOV TOV ATOTEAEGUATOV, Y10 TNV GO TIKA TANPESTEPT KATAVONOT TOVC.

Tayvtnro ko Emrtdyvven og Eninedeg [loMkég Xvvretaypéveg

Opilovpe Tic emimedeg MOMKEG CUVTETOYLEVEG ( p,(p) Kot 1o
y 1, avtiotoya povodwic  dwavoopota  (P,@), ©F WO TG

\/’0 KOPTECIOVEG GUVTETOYUEVEG GTO EMIMESO (X, y), GUUO®VA LE TO

. g~ SUTAOVO GYNLOL KO TIC GYEGELS
y (Di X X=pCOS(¢) N ,O=«/X2+y2 (]aB)
X y = psin(p) @ =arctan(y/x) ’

To povadaio dbdvucpo mov aviictowyel oe pio cuvietaypévn opiletan (mopdyeTor) ®g
eEng: olatnpovvion otobepég OAEC Ol LTOAOMEG OCULVIETAYUEVECG — KOl UETOPOAAETOL M
GLYKEKPLULEVT] GUVTETOYLEVT, £TGL MGTE 1 AMOGTOCT AVAUEGO GTNV TEAIKN Kol TNV apylkn 0éom

4



va €xetl povodtoto péETpo. To dtivoopa omd v apyikn péxpt v teAkn 0éon eivan to povadiaio
SLAVUOLOL TOV OVTIOTOLYEL OTI CLUYKEKPIUEVT] GUVTETAYLEVT.

AvaAloyo e TO YOPOKTNPLOTIKA TOL GUCTHUOTOS OCULVIETAYUEV®V, TO  Hovoadlaio
dvOGHaTe UTopohv Vo dtotnpovv (TT.y., KOPTECLOVES GUVIETAYUEVEG) N Oyl (T.)Y., COUIPIKEG
OUVTETAYUEVEG), TOV TPOGAVATOMGHO TovG. Emiong, vmdpyovv mepmtdoelc Kotd T 0noiec, o€
€va. GOOGTNIO. GUVTETOYUEVOV, UEPIKEG JLOTNPOVV TOV TPOGOVOTOAICUO TOV HOVASII®OV TOVG
SLVUOUATOV Kot LEPKES Oyt (.., PA. TAPAKAT®, KOAVOIPIKEC GUVTETAYUEVEG)

Mo to povadioio ToV KOPTECIOVOV KOl TMV TOAKOV GULVIETOYUEVOV, 10YVOVV Ol GYECELS
LETOGYNLOTIGHLOD

%= pcos(g)—@sin(p) - p=%cos(p)+¥sin(p)
y = psin(g)+g@cos(op) @=-%sin(¢)+ ycos(p)
Eekivovtog and to didvoopa 0éong yYpoppEVO GE TOMKEG CLVIETOYHEVES T = pp,
vroAoyiCovpe TNV TOYVTNTA KO TV EMTAYLVOT LE OLUOOYIKES TOPAYMYIGELS.

} (20.B)

INUELOVOLHE  OTL, €V® OTIG KOPTECLOVEG  GUVIETOYUEVES, OKOUN KOl OV
(x=x(t),y = y(t)), 1@ povadiaia (X, ¥) mapapévovv aveEdpmra To0 xpévov, og draviopata
OLUVOMKG, Yoo TIC TOMKEG ouvvteTtaypéves Ogv toyvel to 1dto. Ta oaviiotoyo povodioio
dtvoopoto ( ,b,(ﬁ) , eV €yovv otafepd PETPO 160 pe TN HovAda, £Y0VV TPOGAVUTOMGUO TOV
givol ovuvaptnon Tov ( p,(a) , Gpa av ( p=pt),p= go(t)), TOTE Kot To povadioio ( [),(ﬁ) givon
GLVOPTNGELS TOV YPOVOV, KOl 0VTO TPEMEL VoL ANeOEl LITOYN KATA TOV VITOAOYIGUO TV YPOVIKADV
nopaydywv. Enopévoc, égovus: F=pp =T = pp+ pp

p = %cos(p)+ ysin(p) N p=—%sin(p)p+ycos(p)p :{p = (¢ }

@ =—%sin(p)+ ycos(p) ¢ =-%cos(p)@p—ysin(p)e Q=—pg
[To 610 amotélecpo. pmopel vo TPOKLYWEL KoL UE £€VO, OKEMTIKO OaVOAOYO GVTOD 7OV
dp :@d_(p:_ﬂ[ﬁd(ogb

TOPOVGIAGTIKE GTIV TPOTYOVLEVT TOPAYPUPO: P = o do dt q
Q ®

Apa, 1 ponyoduevn oyéon divel |? =0=pp+ pgbgb| (aKTVIKT KO YOVIOKT GUVIGTAOGO)

=[p=99|]

o v emTéyovon xovpe; d=0 = ( PO+ pf)) + ( POP+ pPP + p(pg?))

Me okentikd avtiotolyo HE TO TPONYOLUEVA, LTOAOYILOLHE TNV YPOVIKY TOPAY®YO TOL
A d D —p|@ d A A e

Hovadlaiov dlvOcUOTOS @ = d_(f = % =|p=—p@|.

AVTIKaoTOVTOG TNV TPONYOOUEV GYECT], KOl OLOOOTOLDVTOG OKTIVIKEG KOl YOVIOKEG
GUVIGTMOGEG, TOIPVOLUE

a=(p-pp’) p+(209+pp) ¢

Axtivien T T
EMLTA(LVO)
Kevtpoporog
Coriolis
Emitpoytog
eEmTAYLVON



Ol YopaxTNPIGUOl, TOV GCLVICTOODV TNG ETTAYVVONG, WE TOLG OPOVLS KOKTLVIKTY,
«KEVTPOOLOGY, «Coriolisy kat «ymviakn» 0o eEnynbodv mo avaAvTikd oty evoTnNTo UE TITAO
«Mn-adpavelaKd Zvotiuoate Avagopdc», HE avapopd Kol OTIG avTioTolyeg adpavelokes (1,
YEVOO-) SVVALELC.

Mo v ®pa, propoVUe Vo GYOAAGOVE TIG EMUEPOVS CUVICTMOCES TG EMLTAYVVONG WG EENG:

OKT

a = ( p) Yo, - €xel ™ devbuvon G TOTIKNG OKTIVOG KAUTUAGTNTOS Ko Elval

avdAoyn pe to puOpd PETABOANG TNG OKTIVIKNG TAXDTNTOG

A

éKgV,p = (— p(bz ),0 - €xel ™ devbuvon TG TOTIKNG OKTIVOG KAUTUAGTNTOS Ko Eivat

1 YEVIKELON TNG YVOGTNG KEVIPOUOAOV EMITAYVVONG (sz)

Bcoriolis = (2 ,O(p) P| : éyer spantopeviky SiebBuvon Kot eivat avEAoyn TG BKTIVIKAG

TOYOTNTOG KOL TOL PLOLOV HETAPOANG TNG YOVIOKNG GUVTETOYUEVNS

éywwm] = ( ,0(/)) Q| €xel epantopevikn devbuvon Ko givor avaloyn g dgbtepng

TOPAYOYOV TNG YOVIOKNG GUVIETAYUEVTG

I'eopetpkd pey£0n (UKo, EMQPAVELR) 6€ EMIMEIES TOMKES GUVTATAYUEVESG

Ocov apopd 6710 GToLYEIDdEG UNKOG dS KOl 6T GTOLELDON EXPAVELD
dS, oV AVTIGTOLYOVV OTIC GTOYEIDIELS LETOTOTIOELS (dp, de), omag

(QOIVETOL KOlU OTO OWAOVO GYNUO, UTOPOVV VO VTOAOYIGTOVV LE
YEOUETPIKA EMLYEPNLOTO, OC EENG:

ds = \/(dp)z + (,od(p)2

dS =(dp)(pde)=pdpde

Ta B amoteréopata Bo pUmopovGOV vo. TPOKOWYOLV UECH TMOV
ovvteleoTOV KAMpakog kot g lakmBravig opiovoag tov petasynuotiopnod (og doknon).

Tayvmro kow Emrtdyvvon oe Kvhvopikéc Xvvretaypéveg

Opilovpe TIG KOMVIPIKES GLVIETAYUEVES ( ,0,(/),2), Kot to avtioTotya povodloio dtovocpoTo

(£, 9,2), ©G TPOg TIG KAPTEGLAVES CUVTETAYMEVES GTO YDPO (X, Y,Z), COUPOVAL UE TIG GYECELG

x=pcos(p) p=xt+y?

y=psin(p) = p=arctan(y/x); (lo,p)

1=1 21=1
ATO TIG TOPATAV® GYECELS YIVETOL GAVEPO OTL M TPITN GUVTIETAYUEVT €lvail TALTOCTUN UE TNV
aVTIGTOUYN KOPTEGLOVY] GUVIETAYUEVT), OTOTE Ol EKPPAGELS Yia To davOspoTo BEong, TaydTNTaG
KOl EMTAYVVONG, OMOTEAOVV EVKOAES YEVIKEVGEIS TMOV OVTIOTO®V EKPPACEDV TOV TOAIKOV
ocvvtetaypévev (oto Baduo, pdiota, mov 1 Tpitn cuvTeTayUEVT ivor aveEaptnt and Tig AAAES
Vo).

Apa: F=pp+22=

=
Il

( PO+ p[)) +22  (0@oV to 2 gival aveEApTnTO TOL YPOVOV)

Emopévag: F=0=pp+ppp+1i2,



Ko é:(b—p(bz)[)+(2pgb+p¢)gb+'z'2
To oVOTNHO KLAIVIPIKOV GUVIETAYUEV®V vl YPNOIUO OTIC TEPUTTMOCELS TPOPANUATOV

T0. 01oi0 TOPOVGIALOVY KUAVOPIKY] GUUUETPIO, LE OMOTEAEGLO VO OTAOTOLOVVTOL EEQPETIKA OL
EKQPPAGELS TOV KIVNTIKAOV LEYEDDV.

Ocov aeopd oto yewueTpikd peyédn, punkog kot Oykog, To
omoio. TPOKOHTTOVY amd TIG OTOVYEIMOES UETUBOAEG (d p,de, dz) :
' -i%f — £0KOAOL TTPOKVTTEL OTL
i ds=\j(dp)2+(pdq0)2+(dz)2
s s R dV =(dp)(pde)(dz) = pd pdepdz

[Ma t1c emeaveleg d1aKpivov e TPELS OLUPOPETIKES TEPITTMOCELS

dSy,40 =(dp)(pde) = pd pde
AS(qp0) = (dp)(dz)=dpdz
s, . =

(pde)(dz) = pdedz

(dg,dz)

To mopamave amoTEAEGLOTO LWITOPOVY VA TPOKLYOVV (G ACKNOT)) Kol LEGH TMV GUVIEAEGTMOV
KApaxog kot g lokoprovig opiovcag Tov peTaoynUATIGHOV.

Tayvtre ko Emtdyvvon og Leaipikég Xvvretaypéveg

Opilovpe TIC COUPIKEG CUVTETAYUEVES (r,6’, go), WG TPOG TIG

KOPTECIOAVEG GUVTETAYUEVEG (X, y,z), oOUPOVO, HE TO SuTAovO
GYNIO KOL TIC GYEGELS

x =rsingcos(p) =\ +y +2°

y=rsingsin(p) r = G:arccos(z/ x2+y2+22) (1)
Z=rcosd

@ =arctan(y/x)

Ta avtiotoyo povadiaio oavdcpota (f, é, @) , TEPLYPAPOVTAL, GUVOPTICEL TOV HOVASIOi®V
(%,9,2) ano g oxéoerc:
f =Xsin@cosp+ ysindsinp+2coséd
6 = %05 0cos ¢+ § cos Asin g — 2sin &
@=-Xsinp+ ycose

()

Eekwvovtog and ) oyéon r =rf, mapayoyilovpue og mpog 1o ¥povo, (Bewpmvtag OtL
r=r(t), 9=0(t), p=p(t) civar yvootég GuVOPTAGEIS TOV ¥POVOV, KOOMS Kol To avTicTOoLo
povodiaio, COUEOVE PE TIG TAUPATAV® GYECELS (2)), Kot OUAOOTOIOVUE KATAAANAL O TPOG TO.



povodwaio dtavdopato, omdte KATOANYOLUE OTIC €ENMG OYECES Yoo TNV ToXOTNTO KOl TNV
EMTAYVVOT|, GE GPOULPIKES GUVTETAYLEVEG:

Toydnra: F=0=rp+rf0+rpsindp, 3)

Emtdyovon:
F=0=d=(r-rg’sin’6—r6” )+
+(r6+2p0-rg*sinfcos0) 0 ()
+(r(psin 0+ 21 psin 6+ 2rfgp cos 9)(&
Ta yeopetpkd peyédn (UNKN Kol ETQAVEIEG) GE GOAPIKEG CLVTETAYUEVEG UTOPOVV VO,
voAoylsBov pe avéroyo tpdmo
z Av (r, 0, (0) . Ol GLVTETAYUEVEC €VOC TLYOMOVL omMueiov, Ko

. [(r.6.¢)

N ," _-rsinbde | mpokarécovpe dopopikés HETUPBOALS! (dr,d@,dgo), T0TE, OMMG

—le
A

D\ | eoivetor amd TO OSWANVO OYNUO, Ol TPELS OTOEIMOELS
O\ g HETOPOAEG (dr, do,d (o) ONUIOVPYOVV  OTOELDON  UNKN
I 1) (dr, rdég,rsined go) , To  omoio. oynuatiCouv, avd dvo,

| r r r r r 4
L% 482 AVTIOTOLYEG JLPOPIKEG EMPAVEIEG, KOl EMIOTG £VAV GTOLXEUDON
» SpopKd OYKO.

Ynoloyiote (oG doknon), (o) to dapoptkd ddotnue ds, TOV AVTIGTOLEL TN «SLYDVIO» TOV
dpopkol dykov, (B) 10 gufaddv TV TPLOV SOPOPIK®OV EMPAVEIDV (Tov opilovv, UE TIg
amEVaVTi TOVG, ToV d10poptkd OYKo), KaOMG Kat (Y) ToV dopopikd dyKo.

[T pavatikode: GuykpiveTal LE TO POPUOAMOUO TMV (hl, h,, hs)]

ITAPAAEITMATA

Hapaderypa 1.3.1 Tpeig péloceg Ppiokoviol oTig KOPLOLS IGOTAEVLPOV TPLYDOVOV LE TAELPA a.
Tn ypovikn otiyun t = 0 Eexkwvdve ToTOYPOVO KOL Ol TPELS UE TaXDTNTO 1010V HETPOL Do, £TCL
oote N kobepio va KatevBivetor Tpog Ty emoOUeVN (OPLETEPOSTPOPX). T GUVEXELD SLOTNPOVV
T0 PETPO NG TAXOTNTAS TOVG OAAL LETAPAAAOVY TOV TPOGOVOTOAICUO TOVG £TCL OGTE, GE KAOE
XPOVIKY] otiyur), va eEaxolovBel M  kaBepio vo  KotevBovetor TmPog TNV EMOUEVT
(aprotepootpoea). (a) E&nynote ywoti, n toyvmra g xabepiog, av ypoapel o molkég
GLVTETOYUEVES, €xel otabepég TPOPOAES GT TOMIKA Lovadiaio
otavoopata. () Amo T 6Y£0M TOL TPOKVTTEL OO TO EPATI LA
(a), amarelyte T0 YPOVO KO LIOAOYioTE TNV €EICMGN TPOYLAG,
g Kobepiog, o€ MOMKEG ovvieTtaypéveg I = r(H). )

Yuvdvdlovtog 10 amotéAecpa Tov (o) pe v otafepoTnTa TOL
LETPOV TNG TOYVLTNTOG, OAOKANPMCTE TNV KATAAANAT O10(pOPIKN
effowon  kou  vmoloylote 1 ouwvépmon r=r(t). (8)

Ymoloyiote 1N ovvoMkn Owdpkelo TG Kiviiong uHéxpt va
cuvavtnBolv Kot o1 TPELS 6TO KEVTPO PAPOVG TOL TPLYMVOUL.

AITANTHXZH

(o) Mg dedopévo 0Tt 1 dtataln TOV KIvTodv givol apyiKa oTig KOPLPES IGOTAELPOV TPLYMDVOV
Kot OTL 1 Kivno1| Tovg ival amdAVTo. GUUUETPIKN (O1TNPOVY TO UETPO TNG TOYVTNTAS TOVG KL,
KkéOe oTrypn|, To KaOe KtvnTd KveiTon TPog T0 aPLoTEPOGTPOPA ETOUEVO TOV), GLUTEPAIVOVLLE OTL

8



Ba Ppiokovtotl TavTa GTIC KOPLPEG IGOTAELPOV TPLYOVOL KO 1] TaVTNTO TOV kKaBevog Ba givarn
TAPAAANAN o1V TAELPA TOL TPIyDVOoL. Emopévmg, av meptypdyovpe v Kivnon evog omd ta
Kvnta pe 1 Pondelo TV TOAMKOV GLVIETOYUEVDV (r,H), t01€, GE KAOE YpOVIKN oTIyUn, M

Tox0TNTOL U, Ba €xel 110 TPOGAVATOMOUO MG TPOG TO TOMKA povadiaio dtoavdopoto (f,é):
(v,/v,)=—tan30° =—/3/3=—b.

(B) Xe& moAwcéc cuvtetaypéveg, F=tf+réo, EMOUEVMG, 1 6TafePOTNTA TOL TNATKOL YphpETOL:

. r 9
Q:—b: do _bﬁ ﬁzd_'g: gz—ljdﬂjln L =—€: r:roe“”bH
r dt dd  r -b r by I b

fo

KOUTOAN T = roe—a/ b givat yvoot o¢ AoyopBuiky éka 1y oreipo

(BA., http://mathworld.wolfram.com/Whirl.html)
(7) Taydm o otabepod pétpov:  =if+r00 = > +r°0* = z)g

r . r - .
Amé o epdpo (B) &xovpe r=re " —=i=-"Le""0= —BH = rf=-br

b
AVTIKOOIGTOVTOG TO TEAELTOO OMOTEAEGUO. GTNV TPONYoOUeEVT oxéon (Tayvtnta otabepod
. dr v
gtpov): PP +r’d° =0 = P+bi*=0} = —==
HETPOV) 0 0 dt Nib2
" , . : ., dr rde . .
AMG amd v Tponyovduevn oyéon:  rd =-bf = p = o <0, enopéveg emAéyovue TO

apvnTiKO TPOGNLO GTNV napdy(oyo ™G oKTivag, omoTe:

t
dr Idt =r(t)=r,— vt

I dr = _L _—
dt 1+ b2 I \V1+b? \1+b?

Omov ry etvar m opykn omdoTOON NG KOPLENG Omd KEVTIPO PApovg Tov TPLy®dVOL, OMA.:

2 a«/_ a Lo . . : ;
3 I, = N H cvvolikn Sibpketo Tng kivnong t,.,, mpokdntet amd ) oyéon
Oolnax oy foVIHDT V1+b’ ; _ 2a

MMty )=0=1, = AvtikofiotdvTog

Am6 Tig oygoeig I =r(6) kou r=r(t) propodpe vo vroroyicovpe my 8 =06(t), mpdypatt:

? 2
r:roe‘a’bjazbln[r—oj:bln S T N 6(t)=bln VL+b”
r r__ Wt Oy (tax — 1)

- VJ1+b?

Eniong, pmopovpe va vroloyicovpe 10 GUVOAKO UNKOG TG TPOYLAG KAOE KivnToh

:‘T ds:t"jEx /(dx)2 +(dy)2_:t":|5x (UX)2+(Uy)2dt:thudt=uotmax = [Sa =§a
0 0 0 5

Amd T1g 600 TELELTAlEG OYEGEIS TOPATNPOVUE OTL EVAD TO PUNKOG TNG TPOYLAG Kat 0 ypdvog TG
dadpoung eivol TETEPAGUEVOS, EVIOVTOLS, 1) TN TNG CLVOMKA JSlypa@OUEVNC YmViag Telivel

o =

—~

(AoyopBpikd) oo dmepo, |6(t >t ) —> oo| 1.



http://mathworld.wolfram.com/Whirl.html

To amotélecpa avto cvoyetiCeton kot e to yeyovog Ot 610 0po F — 0, N yovia dev givar

b
-t

max

KaAd opwopévn. Emiong amd v 9=H(t) npokvmTEl OTL O = KO, EMOUEVMG, OTO

opot > 1, .., Kot 1 yoviokn toydtta (o¢ KukAKN cuyvotnta) teivel oto dnepo. Evrovtolg, 1
, , : . U (trx —t) b v, b
Yyoviokn toyxvmta v, =ré=r(t)e(t)= = v, =——=—==o071ab.|, mov
O T e g v

Uo

\J1+b?

Hopdderypa 1.3.2 (0) Eninedn KopmdAn-tpoyid meptypdeetat omd T cuvApTnoN y=f (X)

efvol 6& GUVETELD KOIL LLE TO AmOTEAEGHA U, = I = , omotE : U° +0) = U}

Oewpnote £va otoryelmdeg TOE0 dS e Tpoytdc, (Ta AKpa. TOV 0TTOIOV AVTIGTOLOVV GTa. oTUEial X
Ko X+dX), @épete epamtopeveg oto GKpa TOv, YOpaEte o KAbe epamtopevn Kabeto o©TO
avtiotoryo onueio emapng. Opiote 10 onueio topng TtV VO KOOETOV ®G TOMKO KEVTIPO
KOUTOAOTNTOG TNG TPOYLAG Ko, LES® TG oyéon de=ds/p, (6mov d: | yovia tov 600 kabétwv

(1+ fr? )3/2

ota akpa Tov ds), dei&te OTL 1 TOTIKNY aKTivVa KOUTLAOTNTOG sival o = o

AITANTHXZH

Oempovie Eva oTOYEIMOES TOEO
ds = \/dx? +dy? = {1+ f"%dx
Xapdooovtog —epomtopeveg  ota  Gkpa  Tov  dS,

vroAoyilovpe TNV avTtioTolyn oTotKEl®oN Yovia de.
H tomum axtiva kapmoildttog p opiletar amd ) oxéon

12 12
:ﬁ - p_ds: 1+ f dx:«/1+f

do =— , omov
o, do do de/dx
p=arctan{f'}.
' f "
Emopévog de/dx = (arctan { f '}) = Wzl . AviikaBlotdvTog oTNV TPONYOLUEVT] GYEON,
N+
(1+ fr )3/2
TOPVOLLLE Y10 TNV TOTIKN OKTIVO KAUTOVADTNTOG: p= -

(B) Avtokivnto akoiovBel v emimedn tpoyid: y = Acoskx, kivoduevo pe taydtta 6tafepol
pétpov vg. (Bl) Av 0 cLVTEAEGTNG TPPNS AVTOKIVITOV-TPOYLAG eivar i, vTodoyiote T péyloT)
TIUN TOL UETPOL TNG TOYLTNTOG Vo, £TCL MOTE M Kivnon va yivetor pe acedien (oto onueia
LEYIOTNG KOUTLAGTNTAG, ONA. oTo onpeio eEAdyoTNG aktivag kapumvAotntag). (B2) Yrmapyovv
onueia 6mov M axtive KapumvAdttog stvor amelpn; (Tomkd «evfOYPOULOL TUUATO» UNOEVIKOV
pnrovg !)

AITANTHXZH
H «ivnon eivar aoceaing 6co 1 péytotn tipn g Tpng eivorl Emapkng og KEVIPOUOAOG dHVaUN
oto.  onuelon TG TPOYWC  HE TN WIKPOTEPY,  TOMIKY  OKTIVOL  KOUTLAOTNTOG:

(1+ f'z )3/2

2
U,
=T <umg = < 19 = 0|

min
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[No v ovykekpévn GLVNUITOVOEWN TPOYLE, 1 HEYLOTN TOYLTNTO OCEOAOVS TOPELNG
vroAoyileTon

(1+£2)" (1+ A%K2sin? (kx)) "
f —HITTTAR cos (kx)

U(imin < :ugpmin = ﬂg

min

Omnov, otov deE10 OPO OWTNG NG TAPACTACNG TPEMEL VO VITOAOYIOTEL 1) LKPOTEPN TIUN TNG
OKTIVOG KOUTLAOTNTOG, 1) omoia. AapuPdvetal yioo TNV WKPOTEPN TN TOL apldunTy Kot TV
LEYOADTEPN TIUN TOV TOPOVOLOOTH, Ol OTOLEC AAUPAVOVTOL «TOTOYPOVA», Yo Xo TETOL0 (OTE:
kxy =27n=>X,, =27n/k, n=0,12,..

min

Enopévac, n péytot tipun ac@aiovg toyvtntog ivat ugvmax =ug/ (Akz)

(y) Avtokivnto akoAovBel v emimedn tpoyld: y = Acoskx €TI0l MOGTE 1N GLVIGTOGOH TNG
TayOTNTOG Kotd Tov aova TV X va &xetl T otabep) Tun vo. (y1) Na Bpebel n taydtnTo Kot
EMTAYLVOT TOL KIVNTOO GLVOPTAGEL TOV X Kot tov A, K, vg. (72) Na ypagel 10 olokAnpoua

VTOAOYIGHOD TOV UNKOVC TNG TPOYIIS S = jds = J‘«/dx2 +dy® = I«/1+ (dy/dx)2 dx, kol va
% X %

Bpebodv Ta KaTAAANAG OPlLO TOL OAOKANPMUATOG TPOKEUEVOD TO OAOKANPOUA VO OVTIOTOUYEL
OTO TUNLO TG TPOYLAS OVALESH GTLG dVO TPMTEG JEAEVGELS A TOV AEOVa TV X.

AITANTHXH

_[(ex) (dy ) fax), (dydx) dy Y’
(Vl)’)_\/(dt] +(dtj \/(dtj +(dx dtj UO\/L{dx)

AvtikOotodvtog v Y=Y(X), Taipvovpe: L=, \/1+ ( Aksin kx)2

Eniong: v, =t :&E:Uy :uX%: v, = —v, Ak sin kx

2 2 2
a= [dl}sz_'_ & — (dvxj2+ &% — O+UOZ d&
dt dt dt dx dt dx
4 de 2 2
Telucd: a=uv, o = |a=-v; Ak coskx

(Y2 s= ‘des = ff,\/dx2 +dy® = T1/1+(dy/dX)2dX = ZETK \f1+ A%k sin® (kx)dx
Xo Xo Xo 0

Av 0éhape va vtoAoyicov e T TPOPOAES TG KIVIIONG TOV KIVIITOL GTOVG dVO AEOVEG, EXOVLLE:

2 2 2 2 2
S GER BRI
dt dt dt dx dt dx dy 2
1+(j
dx

dy/d
Uy:%:ﬂ%=d_yl)x:>uy=00(y X)
dt dx dt dx dyz

14| 2

+(dxj
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e=1lim (1+—j =2.718281828459045234360 ...

Don't analyze it !

N—o0
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