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1. MoaOnpotika Epyoieia

1.1.1 Xvveptioceig Meyedov (rapaymyos, akpotata, ocsipd Taylor)

Xmv ovviOn ekdoyn NG, M HEAETN €VOG QUOIKOD (QOIVOUEVOD GLVICTOTOL GTOV
TPOGOLOPIGUO TOV TPOTOV [LE TOV OTOIOV, 1 TIUN EVOG PLGIKOV HeYEBovg (T.y., X), emnpedlel v
TN €vog GAlov @uoilkoy peyébovg (m.y., Y). O TpOmog avTdC 0mOdIdETAL e TN HOPPN HiOG
ovvapmmong y = f (X), otV omoia epapprolovial OAEG o1 EVVOlEG (TOL 0piov, TNG CLVEXELNS, TNG
TOPAYADYOV, TOV OKPOTAT®V, K.AT.) Ol OTTOLEG ivotl YVmOTEG 0md o Lo UATIKA, Kol 6TV omoia
¢ aveEaptnm petafint) X pmopel vo Bempeitor to ave&dptnto péyebog (tnv Ty Tov omoiov
umopel va koBopilel 0 HEAETNTNG TOL QAIVOUEVOL) KOl MG eEopTnUéEVN peTaPAnT) Y 1O
eEaptnuévo péyebog (n Tun tov omoiov kabopiletar omd to péyedog X).

Ortav &xet opiobei n mapdymyoc Tpd g taéng piog cvvaptong y = f (X) g:

 F(x+Ax)-f(x) .
ﬂ=|lm ( )-1( ):Ilmﬂ:g(x),
dx Ax—>0 AX Ax—0 AX
1018, Ol TMapdywyol avatepng tdéng opilovtar pe avdioyo tpoémo. Anlodn, M mTAPAY®YOS
devTeEPNG TAENG ™G Y = f( ) glvo N mopdywyog TpOTNG TAENS TS TOPOYDYOL g( ) jy
X
3 4 4
d—g=i =lim—= Ag _d dy d zl,Kou avtioTolyo ot: d g, d Z/, d Z/,..., K.0.K.
dx  dx°~ ~0Ax  dx\dx) dx dx* dx® = dx

Mo mapdderypa, oe pia vOOYpapun kivnon, 6mov n BE6M TOL KIVNTOV, GLVOPTNGEL TOV
YPOVOL, TEPLYPAPETAL OO TN GLVAPTNOT X = X(t) , optlovpe Vv TOOINTO U=U(t) KoL TV
do d*x

emrdyovon a=a(t), og u(t):% Kot a(t):a:F

Ymv mepintwon mov pio cvvdptnon Y= f(X) elval ap@UOVOCT|HaVTY, €0T® Kot
TUNUHOTIKG, TOTE UTOPOVUE VO Opicovpe TNV avtioTpopn cvvaptnon (£0t® Kot TUNUOTIKE,
avtiotoy@), evedldooovtag tov poro Ttov o petafintav,  x=f7(y)=g(y), xa
EMAAEYOVTOG TO KOTAAANAO SLACTNUO TIUOV TNG HETAPANTAS Y, OCTE 1 avTiGTpOoen Vo givorl
povotyn. Ily., ot meplodikég CLUVOPTNOELS EMAEYOVUE TO KOTAAANAO TUNUO TNG TEPLOOOV,
(MOOTE VO IKOVOTTOLOVLVTOL Ol AVAOTEP® TPOVTOOESELS.

Mo mapddetypa, av y= Asin(ax), (6mov A: otabepd pe TG SOGTAGES TOV Y, Kol
a:otafepd pe O100TAGEIS OVTIOTPOPES amd ekelveg Tov X ), TOTE Oopilovue TNV ovticTpoen
ouvapmon x=X(y), g e&ng:

y=Asin(ax) = %zsin(ax) = ax= arcsin(%\j = X _—arcsm( j

S

[Tpoxeévou va Exovpe pia Kahd opiopévn cuvaptnon X = X(y) npémel, my., —1

[Ma Tov VTOAOYIGUO TG TAPAYDYOL TNG AVTIGTPOPNG GLVAPTNONG YPEWLETAL, UEPIKEG

QopEég, va. xpnoomombet n 1010t TO TNG TOPAYDYOL: % = L
dy (dy/dx)




Y10 avotépo mopaderypo, Yy = Asin(ax)= % = Aacos(ax), omote ywL TV avTiGTPOOT
X

ovvaptnomn Ba £xovpe: L 1 L _+ r ot 1
“dy (dy/dx) Aacos(ax) Ax 1-sin*(ax) A2 f1-(y/AY

Apa d—X=i 1arcsin(lj —l; TeEMKE: i arcsin(lj —#
P dy dy|a A oy’ " dy A A2y

2nueioon: 1o amotérecua avtd Oa eivar ypNoHo 6T LEAETN TOV APUOVIKOD TAANVTOTY.

Hapaderypa 1.2.2.1 Enuetokn palo kveitor Katd pikog Tov aova X €Tl dote 1 0o
T0V, X, VO TWEPLYPAPETAL,  GLVOPTNOEL TOL  YpoOvou, t,  amd T oGvvaptnon
x=f (t) = a+b(t—to)+c(t—t0 )2, YL TO XPOVIKO SlaoTnUO te(to,StO). Tn ypovikn otryun
t=5t, n péla mpookpovel k€Oeto GE AKAOVNTO TOTXO, OVOKAATOL EAAGTIKG KO GTN) GUVEXELD
Kiveitan oty avtifemn katevBuvon pe otabepn| taydINTO.
(o) IIpocdiopicte v TOLTNTO KOL TNV €MTAYLVON TG MALOS Y TO YPOVIKO SdoTnuo
te (t0,5t0), kabmg kot v Bom, Vv taydTa Ko TNV EMTAYLVON TG MALOS Yoo TO XPOVIKO
Suaompa t e (5ty,10t, )
(B) Mpocdiopicte e mown Snotiuota €ivar cuveyn to tpioe peyédn: Béom, taydTa Kot
EMTAYLVOT|, GE IO, ONUOGIO TAPOLGLALOVY AGLVEYELD Kot TTOOT €ival T TNG AGLVEXELNS TOV
Kké0e peyébovg.

Aw@opikd mapayoyionuns Xovaptnong

Ortav éyet opiobei n Topdywyog TpdTNG TAENG Hiog cvvaptnong y = f (X) ©g:

. F(x+Ax)-f(x) .

Y _im ( )-f( ):Ilmﬂ:f’(x),
dx Ax—>0 AX Ax—0 AX

10T T0O S10pop1kd dy TG cuvaptnoNg, o€ kabe onueio Tov Tediov OPIGHOY TNE 6TO Omoio givat

KOAG OpIGUEVI 1] TOPAY®YOS TNG, OpileTar g

dy = lim[ f (x+Ax)—f (x)]=lim Kﬂij}= f'(x)dx=|dy = f'(x)dx

Ax—0 Ax—0 AX
Onog eaivetat amd Tov mapamdve cyéon, to dagoptko dy piag cuvaptnong ekepdlel 0 mOG0o
peTABAAAETAL 1] TYN TNG CLVAPTNONG, G€ KAOBE onpeio X Tov mediov Opiorov TG, OAAG Yol TV
oo T Stapoptkng petafforng dx g ave&aptntng LeTtoPANTAHS.

Mapadsrypa. (o) Exppdote 10 eufadov S evdc kdKAOV ®¢ cuvaptnon g axtivag tov . (B)
Oswpnote pia dapopikn petaforn tov r katd dr, Kot ekpaote 0 dtaPopikd eufoaddv mov
nepAapPavetor peta&d TOV TEPLPEPLOV LE aKTiveg I Kot r+dr, (Sltapopikdg eninedog dakTOAL0G),
¢ ovvaptnon tov I. (v) Eravaidfete ta epompata (o) kot (B) yio v mepintwon tov oykov V
piog oceaipag pe axtiva I Kot yio Tov OyKo ToL d1apopikoy GAOLOV LE ECMTEPIKT aKTIVOL I' KO
eEmtepkn axtivo r+dr .

(@ $(r)=nr?
(B) dS :(ﬂ'l'z)’ dr = dS=2zrdr



(y)vzgf N dvz(%;ﬁ] dr = dV =4zridr

Ot évvoieg T0L O10POPIKOD PAO0D Kol TOL dloPopPKoy dakTuAiov Bo elval ypnoyles otnv
EVOTNTA TOV GTEPEOL CAOUOTOC, YLl TOV VITOAOYIGUO TMV GUVTETAYUEVMV TOL KEVIPOL HAlaG Kot
TNV POTNG OOPAVELNS GTEPEMY COUATMV LE OLUPOPETIKA YEOUETPIKA CYNUATO KO, EVOEXOUEVOC,
LLE UM OUOL0YEVT] TUKVOTNTA HALOC.

Awgpopikég EElomoeirg

H pedém tov euowkov eoawvopévev yivetoar cuviog pe pio dwodikacio 1 omoia Ha
UTOPOoLGE VO STVTTMOEL OC EPAOTNHO TNG HOPPNG: «dTav peTafdiietal, katd A, £Eva GLGIKO
uéyebog A, tote mold givon m avtiotoyn petafoAn 0B, evog peyéboug B;y». Avtéc ot petafolég
UIopel Vo avTIoToy oLV o8 €va ypovikd dtdotnua (ot) | oe pia petatomon (8r) oto yopo. Otav
avtéG ot UETOPOAEC Telvouv OTO UNOEV, TOTE AVAPEPOUOOTE OE OPOPIKES UETOPOAEG M
dapopikad (d A,dB,dt,dr,...), omOTE UEAETOVTOC TO Opll TOV KATOAMANA®V TnAiKov,

STVTTAOVOVLE TOVS VOLOVS TTOV SETOVV TO PLGIKE PAIVOLEVA LE TN HOPPY| CYECEMV AVAUESQ

OTIG KATAAANAES TOPAYADYOLGS, T.X. (dAdt , d%t : dAdX , d%y : d%z , d%x , ) .

Ot oyéoelc avANESO GTIG TAPAYDYOLS (YOPIKES 1 YPOVIKEG) TV PLGIKAOV LeyeBmV Tov
xopokTNPilovv éva PLUGIKO EOVOUEVO KOl EKPPALOoVV TO VOUO 7OV SEMEL QLTO TO POIVOUEVO
etvar éva mapadetypa dwapopikng e&icwonc. T'evikd, pio dweopwn) eEicwon (AE) sivon pio
oyéon avaueca o€ Lo GLVAPTNGOTN KOl GTIC TAPOYMYOLS AVTNG TNS GCLVAPTNONG, N YEVIKT) LOPON
e omoloc eival F(f, f', f”,...,t)zO, omov t: m aveEdptntn upetafiny, f = f(t)ﬂ

ouvdptnon mov avolnteitar ¢ Avonc e dwpopwne, f', f7,..., ol mopdymyolr TpdTne Ko

oavatepov téfsmv e f. ko F: dedouévn oyéon petold tov (f, f', f",...,t). Mia AE

yopaxtnpiletoan g AE mpdng (de0TtEpNC, TPiTNG, ... KAT.) TAENG avdAoya pE TO av 1 avAdTEPN
TapAywyos, (Tng vo eHpecn GuVAPTNONG), Tov eppaviCetan otn AE, givor | Tapdywyog TpdTng
(debtepng, TpitNG, ... KAT.) TaENG, avtiotorya. Eniong, pia AE yapaxktmpileton o¢ ypoppuxn AE
oV GTOVG OpOVG TNG TepapPavovtol, eite m cvvaptnon &ite ot mapaywyol TG, oAAd Oxt
AVAOTEPES OVVALLELS TNG GLVAPTNONG 1 TOV TOPAYOY®OV TNG, 0VTE YIVOLEVA TOV TAPOYDY®V 1
YIWVOLLEVOL TNG GLVAPTNONG UE TOPAYDYOVGE.

Ortav éva euowkd péyeboc, m.y., Y, eivar cuvaptmon evog povo peyéboug, y = f (X), T0tTE
N dwpopkn e&iowon mov TEPLYPAPEL TOV QLGS VOpo Bo mepthapufdvel TG cvvnBelg
napaymyovs g f g mpog X, omodte yapaxtmpiletar g cvvnong AE.

Otav éva euowd péyebog, m.y., Y, €lvar cuvaptnon TeEPIGGOTEPWV amd Eva peyebav,
y=1f (xl, Xy, X3,...), tote M Jweopikn &ficwon mov wEPLypdeel TOV QLOIKO Vvouo 6Oa

. . , of of of
nepAapPavel Tig pepikég mapaymyovg g f og mpog ta (Xi, Xy, X3,...) , M. 11 —, —, —,
0% OX, OX,
... . Avt 1 AE yopaxtnpiletoar g AE pe pepikéc mapay®@yovc.

210 peyohdtepo pépog tov pabnuatog Gvown-I Oa pog amacyoincovv cvvnbeig AE. H
enilvon piog ovvnBovg AE ocuvvictatar otnv €dpeon ¢ katdAAning cvvaptnong f = f (X), n
omoia, pali pe T1g mapay®yovg e, wavomotlel v ocdopévn AE. H enilvon piog AE icodvvapet
pe pio dradikacio oAoKApwong, dedopévov Ott, and pio oxéon HETOEL Tapay®y®mv, 0dnyel
OTOV VTOAOYIGHO NG ovvaptnong mov kavomolel ™ AE. Emedn, oe «débe odwdikacio
VTOAOYICHOV €VOG 0OPIGTOV OAOKANPAOUATOG, LREGEPYETAL pio otafepd oAokAnpwong, ival

4



Qovepd OtL, avdioyo pe v taén g AE, Ba éovpe kor avtictoryo aplBud otabepmv
olokAnpwong (1-otabepd yio AE-tpodtc-tdéng, 2-otabepéc yia AE-devtepns-taéng, ..., K.0.K.).
Ot Tég Tov otafepmdv olokANpwong mpocsdiopilovtal pe T Pondelo @V AeyOUEVOV ap KOV
ocvvOnkav. I'a pia AE n-otg 16&ng, ot N-tov-apBpd otabepéc orokAnpwong mpocsdiopiloviat
pe ) Ponbela Twv N-tov-aptBpd apyIKOV GLVOINKOV Kol GUYKEPIUEVE OTd TNV YVOOT TNG TIUNG
7ov £xel M cvvdptnon Kot ot N-1 TpodTEG Mapdywyol TG, o€ cLYKEKPIUEVO onueior Tov Tediov

opiopol  Toug Yoo =f(x=%),  y,,=(df /dx) _, y0,2=(d2f/dx2)X:X0, R
Yons=(d"*f/dx"?)

X=Xo

Hopdocrypa 1.4.1 Eva kivnto Kiveiton og gvbeio ypopun pe otabepn emrayvvon a (aveEdptnn
amd ™ 0éom Kot to YpHvo). (a) ATLAMOOTE OVTO TO OEOOUEVO WE TI LOPPN SLOPOPIKNG
eElowons. (B) Xapoakmmpiote avtn ™ dopopikn e&icwon Kot emAvoTe TV, VIoloyilovtag TV
ToyVTNTO Kot TV B€om Tov Kivntod g cuvaptnoelg tov ypoévov. Tlpocdiopiote T otabepég
ohokANpwong, yvopitovtag 6Tt T xpovikn otyur| t=t,, to xivntd Ppiokeron otn B€om X, Kot
ExeL tayvnTa Uy. () Av avalntovoape m AE mov meptypdoet Ty todTnTe 0G GLVAPTNON TNG
Béomng, mwg Ba propovoe va ypagel avti 1 AE kot mowd Ba Ty n Adon mg;

Améavtnon
(o) diotdmewon s AE kou yopoxtypiouos. Ogopodpe OTL T0 Kvntd KIVEITOL KATO UNKOS TOV
dEova X. Ondte, T0 4£d0UEVO TTOV SOTVITAOVETOL TNV EPATNGCT TEPLYPAPETOL OO TN SLOPOPIKT
elomon

d

do, . do, dx d?x
a, 1600V VOO —a= a =a = =a

dt dt dt dt?
Apa n AE elvar pioc coviOng ypoppikn do@opikn, TpdTng tééng g mpog T Guvaptnon g
TovTnTag vx(t), Ko devtepng TAENG G TPOG TN cLVAPTHON TG Béong X = X(t).
(B) EniZvon. Emdovpe v mpdc-tééng AE g Tpog TV cuvapTnoT TG TOYLTNTOC

W _a - (duxjdtzadt = do,=adt = [do,=]adt

dt dt
H oloxMpwon g teMkng oyéong umopet va yivel gite HEG® OPIGUEVOL OAOKANPOUOTOG E1TE
UEC® ALOPIGTOV OAOKANPMUOTOC.
(B1) Ermilvon uéow opiouévov oroxinpauaros. KabopiCovpe ta 0plo. oe kdbe olokinpopua,
CULPMOVO LLE TIG APYIKES GLVONKES XPOVOL-TaYDTNTAS, ONA.,

Uy t
J.dux =Iadt = p -y =a(t-t) = |y,=p,+a(t—-ty)
Yo )
I'pdpovpe v toydMTO LE TN HOPON TOPAYMOYOL TNG OTOGTOCNG MG TPOS TO YPOVO Kot
enavoAapPavovpe v Tapoamdveo dadtkacio, OnA.,

dx dx
v, =0y +a(t—t0):>azuo +a(t—to):>(adtj:(uo+a(t—t0))dt:>dX:(UO +a(t—t,))dt

dx = (v, +a(t—t,))dt = idx=i(uo +a(t—t,))dt = x—x, :uo(t—t0)+aj(t—to)dt
X fo fo

Ondte, TEMKG: X=X+, (t—t))+ % a(t-t, )2

(B2) Emidvon uéow aopiotov oloxinpauaros. Ymoloyilovpe TV mopdyovco Guvaptnon Kabe
pog omd T 000 OAOKANPMTEEC MOCOTNTEG TMV OAOKANpoudtov. Emedn ot mapdyovceg
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ouvaptnoelg vroAoyilovtanr pe v TPocéyylon pio mpocheTikng otabfepdc, EVOOUATMOVOLLE
avtéG TIC OVo TmpoobeTikéc otabepés oe pio oTafepd  OAOKANP®ONG TOVL  0OPLGTOL
OAOKANPAOUATOG, TNV 0TTOoi0 Kot TPOGdopilovpe HECH TOV APYIKOV cuvONnK®V, dNA.,

do =adt = [do, =[adt+C =

I'papovpe avtd 10 AMOTEAEGHA LE TN HLOPPT OLAPOPIKNG EEIGMONG Yo TN GLVAPTNON X = X(t),

KO TNV OAOKANPOVOLUE, ONA.,

v =at+C, = %:aucl = (%jdt=(at+cl)dt = dx=(at+C,)dt

Idx=j(at+Cl)dt+C2 = x=%at2 +Ct+C,

Onwc gaivetar, n tpdg TaENS AE ¢ mpog v 0dnyel oe Aon pe pio otabepd ohokAnpwong,
evad M devtepng 1aéng AE g mpog X odnyel oe Abon pe dvo otabepég olokAnpwong. Ot
otabepéc ohoxkAnpwong Cq ko Cy mpocdiopilovion amd Tic apykég cuvOnkes, oni.,

v, =at+C;
I e

Avtikabiotdvtag ot v T, oty e&icmon yua ) cvvaptnon 0éong, kol epapuolovtag v
apyk cvvOnkn Béong, maipvoope

x:%at2 +(v, —at, )t +C,

= X :%at§+(vo_ato)to+cz =1C, :Xo_%atg_(uo_atO)tO

t=t, = X=X,
Me Bdon 115 TIpéS TV 6TafepdV OAOKANPMOOTG OV VTOAOYIGTNKAY, Ol GLVOPTOELS TAXVTNTS
kot Béom, ©¢ mpog 1o YPpOvo, AauPdvouv TV 101 LOPEN OV TPOEKVLYE AO TNV OPIGUEVN
OAOKANP®OT, ONA.,

v, =y, +a(t—ty)| xm X=Xo+uo(t—to)+%a(t—t0)2

(Y) Apov kot 1 TayvTTa Kot 1 B€om gival cUVOPTNGELG TOL XPOVOV, N GLVAPTNON TAXVTNTOC-
0éong Ba pmopovoe va TpokHyeL omd TIG dVO TPONYOVUEVES EKPPACELS, MG TPOG TOV YPOVO, LLE
amoloten ToL ¥pdvoL HETAEL Tovg. Iooduvapa, o propodcaple va ypdyovpe

dov do, dx v do
X=a = X —=a = Ly =a = u | —= |dx=adx
dt dx dt dx dx

vdo, =adx = ;l:uxduxzxjx;adx = %(Uf—ug):a(x—xo)

Ko tehicd: v, = \/002 +2a(x—X,)

H idw oyxéon Ba mpoékvmte kot amd v amololpn Tov ¥pOvov (o GLYKEKPIUEVE, TOV OPOV
(t—t,) and Tig oxéoeis v, =, (t), x=x(t).

Ymv mopeia tov pobfuatog Bo €xovpe TV evkaipios Vo OVIILETOTIGOVUE GLVNOELS
ypopuukés AE mpdtng ko devtepng tdENG o€ TPOPAUOTO KIVIUOTIKNAG KOU QUVOUIKNAG TOV
onuewkadv poalov. Kot otig 600 meputtdoelg Bo mapovstoctovy pnéfodotl enilvong oavTov TV
AE, n oavompn podnpatikn oavdivon tov omoiwv Oa mapovotel oto pobnuoto TV
LLOOMLLOTIKOV.



Avantoypa o€ oepa Taylor

‘Eva ypriouo epyaieio yio pia ouvaptnon y = f (X) N omoia €lval cuVEXNS Kot £XEL KOAG
OPIOUEVES TOPOYDYOVS GE KATO0 OLACTNUO TULDV (Xl,xz), glvol 0 avamToypd, o€ oEpd
Taylor, tg cuvaptong avtig otV yertovid evog onpeiov X, tov mediov opiopov g. Onmg
OTOOEIKVUETAL, IOYVEL:

(=103 5] x5 5 ]Xo<x—xo>2+---+i[j’j"xf j()

X n!
6mov, 70 couPoro N!=1-2-3-...-(n—1)-n, eivor to Aeydpevo “N-mapayoviko”.

Xmv nepintwon mov to onpeio mepi to omoio yiveton to avdmtuypa efvar to X, =0, totE TO
AVATTUYO EIVOL YVOGTO Kot ¢ avantuypo 1 oeypd Mclaurin, kot £yt tn popen

2 n
f(x):f(0)+1(ﬁj xi—[d I NI [ VN
Mdx ), 21 dx* ) n! dx" ),

Mia “mpoyelpn amddeEn” (pe v évvola 6Tt mapakdpumtovtot To CnTuoto eA&yyov cOyKAoNG,
nmov Ba eEetactodv ota avtictorya padnuate g Madnpatikng Avdivong), tng tehevtoiog
oyxéong 0o pmopovoe va givor wg eENG:

Mmnopovpe (?) va dei&ovpe 6T pior Guvdptnomn, n omoia eivar cuveyng oto Xp=0, Kar Exet
KOAG OPIGUEVEC TOPAYDYOLS 6TO 1510 oNpeio, OVOTTOGETOL GE £VOL TOAVWVVUIKO ABPOIGHOL TNG
HopoeNg

f(x)=a,+ax+ax’ +..+a X" +.. ;

VIOAOYILOVTOG TOVG GUVETEAESTEG @y, &y, Ay, *** &,

Nyt

“Andoeitn”:
Av ioyve t0 Topandve avamtoypd, TOTE:

f(0)=2
f'(x)=a +2a,x+..+na,x" " +..= f'(0)=a, =|f'(0)=1-3

f"(x)=2a, +3-2a,x...+n(n-1)a x"*+..= f"(0)=2a, = | f"(0)=1-2-3,

Xvveyifovtog pe v 810 Tpomo, Kot EMAVOVTOG OC TPOG TAL 84,8y, Ay, ... EXOVHE:

—f(O) _i(ij —i d*f a —i d"f
B0 A 0, T aled ) T Tl )

H onuacio tov avartdyuatog Taylor éykertar 6to yeyovog OtL 0mo10dNTOTE GUVAPTNON
(GppmrM, TPLYOVOUETPIKN, €kBeTIKN, AOYaplOpKT,..., 1| GLVOVAGUOC TOVLG), 1 omoin €xel Ta
YOPOKTNPIOTIKG GUVEYEWNS KO TOPAYMOYICUOTNTOS TOV OVAPEPOVTOL CTNV 0Pyl CLTNG TNG
evotTTag, umopel va ypagel G TOA®VUUIKO avATTUYIA Op®V e BETIKOVS 0KEPALOVG EKOETEC.

H ypnowodmra evog tétotov avamtOylotog OQeiAeTtal 6TO YEYOVOG OTL, O OPKETEG
TEPIMTMOGELS, EVOLUPEPOUACTE Y1 THEG TOV X TOAD KOVIAQ GTO Xg, OMOTE 0 N-GTOG OPOG UTOPEL VoL

%

avVOTEPMV TAEEMV GLVEIGPEP®Y 0AOEVA KOl AYOTEPO GTOV LVTOAOYICUO TOV OVOTTOYUOTOS, OV
pédoto Anebet veoymy kaw o mapdyovtag n!=1-2-3-...-(n—1)-n n!=1-2-3-...-(n-1)-n, ctov

<<1, xou, emopévag, ot Opot

’ ’ n n X " ’
ypagei pe T popefy (X=X, ) =X [Z_l) , Omov

TOPOVOUACT TOL avTioToryov Opov. OmOTE, OVOAOYO KOl LE TIC OTOUTNOELS akpifelag otov
VTOAOYICUO TOVL OVTIGTOLYOL HEYEBOLG TOV TPOKVMTEL OmMO TO OVATTLYUO, HUTOPOVUE VO
SLKOWYOVE TO aVATTLYHO GE KATolov 6po, GuVINOME TPAOTNG 1 devTEPNS TAENG.
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Xprowa avartdypata o€ ogwpéc Taylor, oty KatdAAnAn Teployn:

2 3 2 3 4
eX:1+x+—+X—+..., VX. In(1+x):x—x—+x——x—+ ..... . —1l<x<1
21 3! 2 3 4
3 5 7 2 4 6
sin(x):x—X—+X——X—+...,VX. cos(x):l—x—+x——x—+...,Vx.
31 51 71 2! 41 6l
) 1x* 13x° 135%
arcsin(X)=Xx+=—+Z>—+>=>" 4. x| <1
23 245 2467
3 5 7
XX X x| <1,
arctan(x) = 31 51 / .
_Z——+—3——5 , [+ix=21 —ix< ]
2 x 3x° 5x

Hopdoerypo 1.2.2.2 (o) Xto owmlovo oynuo @oaivetor m .
St doyIKn aBpOLoTIKN GLVEIGPOPE TOV 6 TPAOT®V OPWV GTO 1 /

avamtoypo  Taylor g tpryovopetpikng  ouvaptnong / /
3 ox X 5 i
sin (X) =X Y] + ETRET] +... . Ot apBpoi mov avaypaeovot 2

ot0 oyNuo. dMNAdvovy to mAoc tev opov (1—1, 2—1+2, 3
3—1+2+3, ...) ot0 omoio &yel @bAacel 10 GBpolcua TV
dadoykdv Opwv 6to avamtuyuo Taylor

Aepgoviote, pe  avdioyo  TpoOmo, pEYPL  WOCOVLS  OPOVS  TOL  AVOTTUYLOTOG
X . , . , . .
COS(X) =1-—+———+... mpéneL va. KPOTNOTE, £TGL OOTE TO OVOTTUYUO VO OVOTOPLOTE

IKOVOTOMTIKG TNV OvTIoTOYN OLvaApTNon UEGH OtV TPOTN  TEPiodo (OS X£27z)

[Ikovomom Tk avomapacTaon = cMOOTOC aPOUOg OKPOTUT®MV KOl UNOEVICUMV OTNV TPOTN
nepiodo].

(B) Ymohoyiote 1o avémroypa Taylor g cvvapmong f(x)=In(a+x) xat to didotnpa g

petafAnTig X yo v omoia 1 avtictoyn cepd cuykAiveL.

' _ ' _ _1 " — -1 " — —_i
f(x)=In(a+x)= f (x)_(a+x):>f (x_O)_a, f (x)_(a+x)2:>f (x=0)= =
m _ 2 miy _ _E (4) _ :_2'3
() = s = 7 (x=0) = 5 10(x-0) =23

5336
+=| = === +...
3la 4\ a
Kpumpio chykiong e evolAacooOpevng oepdg
' = + - n-1 " X
s R RO N

n=1 n a

(@) || <|up| v n21, ko (B) rI]im|un|:O

> + 7 ---F1
/ —F y

—F3

.'I - (@) un+ls|un| = n+l  n -

773 In(atx)=ina)+(x/a)-(¢r2a)+(C[3a7)-(< 14a’)+..

: -a<x<+a
"

n+1 n

%
s
H

| | | - |y|£nT+1,{n—>oo:>y£1}




n

@) limlu|=0 = y——)O = |y|<1.

n nowx

<l=|-a<X<+a

210 TapOmave oynuo ExEl oxedlaoTEL 1| GLVAPTNON In(a+ X) v a=2, (ectiypuévn ypopuun),

X

Apa

Kot to avamtoyua Taylor, dvo (1+2), tpuov (1+2+3) kot tecodrov (142+3+4) 6pwv, 6mov
eaivetor 6T, Yoo —a<X<+a, To OVATTUYHO GLYKAIVEL, evd , €0 amd oVTH TV TEPLOYN TO
AVATTUYHO, ATOKAIVEL KOt HOAGTO e OaPOPETIKO TPOTO, (avdAoya pe TNV TAEN TPOGEYYIoNC).
[a Xx<—-a n ovvaptnon In(a+ X) dev opileton map’ OTL TO GVATTUYUO GUYKAIVEL pE TNV
avénon TV 6pov g oepds. o X >a n ocvvaptnon In(a+ X) opiletal aAAd TO avamTLYLOL
OTOKAIVEL KOl HAAMOTO O €viova Pe TNV avénon tov 0pov g oelpdc. To mapddetypo avtd

delyvel v ypnooTnTo ToV avartoypotog Taylor piag cuvaptnong, aAAd Kot Ty TPocoyn Ue
NV omoia mpémet va, epapproleTat.

Hapaderypa 1.2.2.3 Eivar yvootd 0tL 1 Suvoutky evépyeia Aoy BoapOtntog, avalesa
og éva opapkd copo palag M kot aktivag R kot og éva GAAo copa palag m, Kot pikpov
dwotdoewv (oe oyxéon pe 1o R), dote va umopel vo Bwpnbel onuelokd, 1o omoio améyet

Mm
andctacn I (r>R) omd to copa M, givan g popeng E, =—G——. Asifte 011 yuo pukpéc
r

uetaronioelg h (h<<R) tov M, Tovew omd TV ETPAVELDL TOV GPAPIKOD CAOUATOG, UTOPOVUE VO
Oewpnoovpe OTL M SuvoKY evépyeln AOY® PopOtnrog HeTaPOAAETOL YPOULUKG HE TNV
andotaon h amd v enpaveio, Kot VTOAOYIOTE TOV GUVTEAESTH TNG YPOLUKNS EEAPTNONG.

Mm Mm Mm Mm -1
E,(r)=-G—=E,(R+h)=-G =-G =-G—(1+h/R
+ (1) r «(R+h) R+h R(1+h/R) R (1+h/R)

Avantbocovpe ™ ovvapmon f(x)=(1+ X)_l, (x=h/R) oe cepa Taylor, yopm and 10
onueio h=0, ondre:

£(0)=1 f'(0)=-1 f"(0)=(-1)-(-2), "(0)=(-1)-(-2)-(-3),
Emopévag n oepd Taylor ypageton  (1+ X)_l =1-X+X*=X*+.... Apa, 68 «IPOTN TUEN» ©C

npog v petafint h/ R, éxovue

Mm Mm Mm Mm h Mm M

E,(R+h)=—G—(1+h/R) ' *-G—(1-h/R)=-G—+G——=-G—+G—mh
(R4 R ( ) R ( ) R R R R R’
H televtaia oyéon yphoetat

EA(R+h)z—G%+m(G%)h:EA(R)+mgh, g:[G%j

Emopévamg, yo pikpég petatomiosic h (h << R), Thvo amd Vv emeavea g Img, n petafoin

™G PAPVTIKNAG OLVOAUIKTG EVEPYELOG EIVAL, GE TOAD KOAY TPOGEYYIOT|, YPOUUUIKY] GUVAPTNGT TOV
Vyoug.

[Aci€te, aveEdpmmto amd 10 ovamtuoypa oe oepd  Taylor, o6t, 6tav h<<R, 101¢
AE, =E,(R+h)—E,(R) =mgh, ko Bpeite t0 g].

Kavovag Tov L’ Hopital

‘Eva GMo ypriowo pobnuatikd epyareio eivor o kavovag tov L’ Hopital. Ztnv
nepinton dVO GLVAPTNGEMY, Ol OTOleC GE €va GLYKEKPLUEVO onueio X, TOL TEGIOV OPIGHOD
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TOVG, £Y0VV Oplo gite Kot o1 dVO 1O PUNdEv, €ite KoL 01 OVO TO AMEPO, OTATE TO TNAIKO TOVS deV
elval KaAd opiopévo o€ avTo TO ONELD ¢
PO _ e £1(X)

Av limf(x)=A Iimg(X)B} i 0

xai, cite A=B=0, 7 A=B=w X”X"g(x) X% 9'(X)

Hapadsrypa 1.2.2.4 Xe opiopéva @ovopeva GOUPOANG amd pio GEPAS OPLOVIKES
TOAOVTOOELS e 1010 cuyvoTNTO Kol 6Tafepn dapopd edong O, HeTald TOvG, TO OMOTEAEGLA
vroAoyiletan pe ™ popen Y, = A(?) [Mow elvou n Tyur tov y,, 6tov 6 — 0

[Epyalopaocte eite pe tov kavova tov L’ Hopital, eite pe to avantoypo oe cepd Taylor tov
sind.]

Tomkd akpoTOTA GUVAPTNONG

[dwitepa yprioyn, oe opiopéveg mMEPMTOGES €lval UEAETN TOV OKPOTOTOV piog
ocvvapmong. Ta onpueior X =X, 6mov pio cuvapon Yy = f (X) Aoppdvet Tipég Tomkd PHEYIoTEG M)

EMAYIOTEG, GE OYXEON LE TIG TIHEG TOV YEITOVIK®V oNUElmv Tov mediov opiopov Aéyovtal ornueio
aKpOTATOV TNG cuvaptnonc. [a ) perén Tov akpOTATOV Hiog CLVAPTNONG IGYVEL

"(%)=T"(%)=f"(%)=F"(x)=0, xar £ (x))=0

0 = f(X): T0mKé PEYIGTO 6TO X=Xg
0 =

Av oopPaiver  f
we (i) 4
(i) f(ZP)(

f (X): TOTIKO EAGYLGTO GTO X=X

Hoapdderypa 1.2.2.5 Ilowd eivor t0 peyoaAdtepo UNKOG

6 oplovtiag péfdov mov pmopel va mepdoet and v opbn| yovia
a 1L , , \ . . , e
! evog optldvtiov ddpdpov, Tov omoiov Ta dVO OKEAN E€xouv
L~_% | 7t a kou b, avtictouya.

[Mop® 611 T0 (Mrovpevo elvar 10 HEYIGTO WNAKOG TOV
dépyetor and 1 yovia, Bo mpémel vo oke@TovUEe OTL 1| CLVONKN
oplokng Oédevong avtiotowyel oe €va guBOYpappIo TUNUO TO
07010 OKOLUTTA GTIV ECMOTEPIKT] KUY Kol OTIS VO EEMTEPIKEG TAEVPES, OGS 6T0 oynua. Kabmg
pia térota gvbeia petafdret tov Tpocavatooud g (yovio 0) petafdAieTon Kot To URKOG NG,
Gpo apkel VoL VTOAOYICOVILE TO UNKOG GUVAPTIOEL TNG YOVIOS KOl VO DVTOAOYIGOVUE TO EAYIOTO

(ywti ;)
a b dL asin®@-bcos®o
L=——F—=>—= >
cosd sing dé cos“ gsin- @

-3 _ 3
Emopévac, 3—; =0= as::zsfgs?:fz 0_ 0=asin®*d=bcos’ 9= tan @ = 3}%

2

>0, Gpa to aKkpOTOTO £lval ELAYIOTO, KOL 1) TN TOV

Mmnopeite vo deilete 0T [ >

j@—arctan KYE)

3/2

ghoyiotov gtvon L, = L(H =arctan %“/b/a) =L, = (aZ’3 +b2’3)

min
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Muyadwkoi Api@poi

Av  opioovpe ©C QOVTOOTIKY povéda Tto ovpPforo  «i», pe v 1WOTTO

(ii)2 =-1 = +i=+-1, 10tc ovopdaovpe povractikd apldud kabe TapdoTacn e LOPPTC,

A==iy, 6mov y: mpaypatikodg apBudc. Kat’ avoroyio pe tov «4Eovo-X» TV TPayUOTIKOV
apOumv, opilovpe Tov «AEOVa-Y» TOV QOVTUCTIK®OV aplOu®v, ToV 0moiov Yopdccove Kabeto
oToV GEOVa-X, KOl GTOV 0TTO10V LA TAGCOVE TOV QOVIAGTIKOVS aplOpodg 1y .

Opilovpe ¢ pyodikd oplud Z, kdbe TapAcTOCT) TOV YPAPETOL G GOpOoIGHa €VOG
TPOYUATIKOD Kol €vOG @avtooTkoy aptBuod, Z=x+iy. O apBudg avtdg pmopei va
avoaropootabel 6To eninedo TV aEOVOV X Ko Y, (TOL avVOQEPALE TPOTYOLUEVMG, KOl TO OTTO10
ovopdleton pyodikd emimedo), ¢ onueio pe ocvvtetaypéveg to X Kot Y, mov ovoudlovrot

npaypatikd, X=Real{Z}, xo g@ovrootkd, y=Im{Z}, pépog Tov pryadikod apBpov,
avticTorya.

Opilovpe, emione, oc cvlvyn wryadikd 7 kabe pryoducod apldpod Z=X+iy, Tov pryodicd
aploud 7 =x—iy.

Opicovpe ®¢ pétpo  tOL  yodwkoy  opluod Z  tov  mPAyHoTikKO  opfud
Z= |Z| = \/g = «fxz +Yy? . Opilovpe emiong g @don Tov uryadikod apdpod 7 v yovia ¢ Tov

oynpoatilel, pe tov agova tv mpayuatike®v aplfumv X, 1 evbsio mov evodvel v apyn Tov
pryodwod  emmédov  (X=0, y=0) pe tov myadwd opOud, Yoo v omoin 1oyvEL,

tang = BAEN @ = arctan (lj 16odOvapa: Sing = Y - % = @ =arcsin (%] .
X X m 2 2]
[Ma dYo pryadcovg apdpods Z, = X +1y, ko Z, = X, +1Y,, opiovtor ot &ng adyefpcég
TPAEELG
[p6cbeon: L7, = (X iy ) (X +iy, ) = (X 1 %)+i(y, 1 Y,)
Molhamiacwaopds:  Z,Z, = (X +iy;, ) (% +iy, ) = (XX = V1Y, ) +i (XY, +X.Y,)

; . l_lz_;_ le; _(X1X2+y1y2)+i(xzy1_x1y2)
Aaipeon: = £ = = 1yl

[CevikehovTog TIg TPOoNYoOUEVES GYECELG UTOPOVUE VO, opicovue Oreg Tig Suvauelg Z" tov
uryadikov opbpod  Z = Xx+iy, omdte, yo ke ocvvaptnon f = f(X) OV OVOTTOGGETOL GE
duvapooelpd, pmopodue vo opicovue TNV oavtiotoyrn ovvdptnon f (Z), ™G HYadIKNG

petofAntig Z, pécm g ovtiotoyng ovvapocepds. Me avtv v €vvola, opilovpe v
52 53 54

KOeTIKY 5 ex (Z)—1+Z+Z—+—+Z—+
ekBeTiKn cvvapTon p(Z)= TRETR TR
N omoiot dTnPel TN YOPOKTINPIOTIKN TNG WIOTNTA, VO TOPAPEVEL OQUETAPANTN petd omd

TOPUYDYLOT).

Otav 10 6popa g mponyovpevng ekBeTikng cuvapnong eival Kabopd QovtacTiko,
Z=la, 101e, avTIKAOIOTOVTAG, OVOTTOGGOVTOC KOl OUAOOTOLDVTOS TOV OpPOLE TOV APTIOV
SVVAUE®V, TOV &lval TPAYUATIKOT EVOALANGGOUEVOL TPOGNLOV, KOl TOVG OPOVG TOV TEPITTMOV
duvdpemv, Tov givor EOVTAGTIKOL, €MIGNG EVOAAAGGOUEVOD TPOGTLLOV, TOIPVOVUE TNV GYEON
7oL glval Yvoot g «tHmog Tov Eulery, cdugpwva pe tov omoiov

e* =cos(a)+isin(a) (1)
AMG, av Z =X+1Y, TOTE

7|cos(p)+i|z|sin(¢) =|z|(cos(g)+isin(¢))=|Z =|2|e” (2)
11
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Exopalovtag pe ovtd tov TpOTO TOLG HUIyadtkovg oaplfpolc, damotdvovpe Ot ot
npaelg oV TOAALATAONGLOGUOV Kol NG Owaipeons pHeTad ToV Uyodikov Z, = Alei‘/’l Kot

7, = A" apiBpGV Pmopody va ypagoly og eER:

7,7, = A" Ae” = AA ) 3)
7,17, =(Ae™ )/ (A" )=(AIA)e " (4)
Eniong, cuvdvdlovtag T1g oyéoelg
e® =cos(a)+isin(a), ko e =cos(—a)+isin(-a)=cos(a)—isin(a)
[Taipvovpe T1g oyéoelg COS( ) +e _ sin (a) = ;ie (5 a,p)

Mepikés mapaymyor cuvapTNoNG HE TOAAES AVESAPTNTES NETUPANTES

Ye MOAMG Quokd TpoPAnuata evolapépel  eEdptnon evog euowkol peyéBovg omd
neplocoTeEPEG omd pio avebaptnteg petaPintéc. INa mopdderypa, oe Eva TpoPANUe Avvopikng
™mg aTOceapag (LeTewporoyiog) evolapépetl N mieomg g atudsearpagc, | n Beppokpacio tng
ATUOCOOIPOS, ®C oLVOPTNOES 1TNg 0éomg kot tov ypdvov, OnA.,, P= P(X, Y, Z,t), n

T =T(X, y,z,t). Xe OTEC TIG TEPMTMOELS €lval XpNoYo to péyeog TG HEPIKNG TOPAYDYOL
piag cvvaptnong, mov divetl Eva PETPo Tov PLOUOD PETAPOANG TNG GLVAPTNONG AVA GTOLXEUDON
petafoln plog amd tic aveEdptmreg petafAntés, otav ot vmorowmeg aveEaptnTeg HeTAPANTES
napapévovy otabepés, oni.,

oP - P(x+AX,Y,z,t)-P(x,Y,21)

OX  Mx—0 AX

oP 6P 8P
KO TOPOLOLOL Y10l TIG VITOAOUTEG UEPIKES TAPAYDYOVG — , —, —

oy’ oz
Aw@opikdg TeheoT|g «avVAOELTO»

Otav pio Pabumt) ocvvdptnomn eSoptdtar amd TePooOTEPEG NG oG peTaPAnTé,
opiovtor ot pepwég mopdymyor NG oSLVAPTNONG ONMG TPONYOLUEVMS. €26 TopddstyLLa,
UTOpOVLE VO OKEMTOHOOTE TNV Ogprokopacio ®g cuvdptnon g 0éong (Yo o GuYKEKPIET
YPOVIKY] OTLYUY], TPOKEWEVOL VO OTOPVYOLUE, TPOS OTIYUnv, v €&aptnon omd to ¥povo),
T=T(xY,2t)=f(XV,2), (A, 1008bvape, 6tav T dev e&aptdron omd to Xpdvo, aAAE povo
amd ) 0éom). Te avTEG TIG TEPMTMOGELG EYEL VOO ) EpMTNON, «Tdc0 petafariietar n T g f,
otav petakvnfodpe and to onpeio F=(X,y,z) oto onpeio F+dr =(x+dx, y+dy,z+dz)».

H amévinon oe avtd 10 gpdtnua diveton pe tn Pondeto Tov oAkov dta@opikol g
ovvaptnong: df =%dx+%dy+%dz. Eneidn 0 dwpopwcod péyebog dr =(dx,dy,dz) eivon

éva S1ovLGLOTIKO péEYeBog, Kot £oVTag TNV EUTEPIN TOV ECMTEPIKOD YIVOUEVOD OLOVUGHATIKMV

peyebov, eitvar gdhoyo to gpotnuoe av to péyebog | —,—,— | elvar xor ovtd €va
OX oy oz

dtvocpatikd péyefog. Amodeikvoetat OTL, TPAyHatl, avtd T0 PéEYehog, Ge UETACYNUOTIGULOVG

OTPOPNG €VOC GUOTNHLOTOS AVAPOPAS, HeTacynuatiletor o¢ davuopatikd péyeboc, oto omoio

Sivetar 10 Ovopo «Babuida e f» N gradf ko copPorileron Vi —[ﬂ a ij, ondte

ox oy oz
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umopovue va yphwyooue:  df =[? % %j (dX dy dZ)=§f -dr. Zm pobnpotiky yAd®oco
4 7 Ie [ 6 6
Aéyetan OTL TO avdderta: V = = @ 8_ elva, €vag d1VOCUATIKOG OLoPOPIKOS TEAEGTNG, 1
X Z

Aertovpyio. Tov omoiov oe pion Pobpwty ovvaptnon f =T (X, Y, Z ) éxel oplobel Ommg

TPONYOVUEVOC.

Onwc o dovpe oy evOTTO TOV JTNPNTIKOV SVVAUE®DYV, OTIC TEPITTMGELS TOV 1 OLVOLIKNY
evépyela U, (mov €xet pia onpetokn| pdlo otov Ppioketor péco o€ KatdAANAo medio dSuvapuewv),

elval kaAd opiopévn ovvaptnon g Béong, U =U (X, Y, Z), TOTE OMOOEIKVVETOL OTL 1] OVVOUN
mov ooBavetan n onuetokn pnalo oyetileTon pe T1g pePkéG mapaymyovg g U,
(Fxlein) a_U,a_U,a_U :>|f=—€u
oX oy oz

®a dovue, emiong, OTL, VAGAPYOLV TEPMTIMGEL; OMOVL £YEL EVOLNPEPOV 1 UEAETN
SLVUGLOTIKMY GLVOPTHCEMY TOAADV UETAPANT®OV, OTMG, T.)Y., N TOXLTNTO TOV poplwv €vOS
PEVGTOV, TOV OTOIOVL 1) KOTAGTOCT Kivnong dev eéaprdrou and 1o ypovo, aAld elval cuvapTnon
™me 0éong (LOVIUM pN-OHOl0YEVAG poOTR), U = z) [U X Y, Z) (X, y,z),z)Z (X, y,z)]. pX
OVTEG TIG MEPMTMGELS, OOMIGTAOVETOL OTL EYEL sv61a(pspov Kot VOO To EpOTNHO TOL Teg o
AEITOVPYOVGE O KTEAEGTNG AVASEATO» GTNV OLAVUGLOTIKY GUVAPTNON U = U( ) Eneon, topa,
KOl O TEAEOTNG OAAG Kot 1) GUVAPTNON €ival SLOVUGHOTIKY, OTOSEIKVOETOL OTL 1] dpAoT TOL
TEAEGTY] OTN ovvaptnon pmopel vo yivel pe ™ HopeY| &ite €0@TEPIKOL Yvopévov, Eglte
eEmtepucoh  dvopévov, Kot To avtiotolo amoteAéouato  ovoudloviol «oamOKAMon» Kot

«OTPOPIMCUOG), KOl 1 OVOTAPACTAGT) TOVG, GTO GUGTNUO TOV KOPTECLOVAV GULVETOYUEVOV
etvat:

- ov
«OTOKALON»: divo=V.-U= ou, +—Y 4 ov, ,
ox oy oz
Ko
X vy i
«GTPOPIMGULOCY: roto =V xo = 0 0 0 ,
ox oy oz
v, v, U

H opilovoa tov otpofiiiopod avantbooetan 6nmg pio opilovoa (3X3) alrd £To1 ®oTE O1
OlPOPIKOL TEAECTEG TOV UEPIKAOV TAPAYOYOV VO «PAETOVV amd OeEld TOVG» TIC TPOG
TOPUYMDYIGT GLVOPTNCELS, EMOUEVOC!

X vy 12
e . |0 0 8| _ [ov, 0y, A{auz Guxj ov,  du,
Vxv=l— — —[=X -y - +Z
ox oy oz oy . oXx oz ox oy
v, L, UL

Mo ™ @euown onuoacio Kot T ¥PNoOTTA TG OTOKAGNG Kol TOV GTPORIMGHOV piog
SLVVOHOTIKNG ovvaptnong Ba avapepBovue oe emdueveg evotteg Tov podnpatog, 6mov Ho
TOPOVGLOCTOVV, ETIONG, Kol TEPIGGOHTEPO YEVIKOL OPIGHOD TV VO TEAESTAOV, 0O TOLS OTOI0VG
Oa TpoKxHTTEL O EVAOYO TO PLGIKO TOLG VONUO, Kol Ot oroiotl (opiopot) eivon aveEdptntol amd
TO GLYKEKPIUEVO KAOE POpA (TT.Y., KAPTEGLOVO) GUCTNLO GUVIETAYUEVOV.
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