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H "®voum [" diddoketal 6To0g GOITNTEG TOV TPMTOL EEAUVOL NG XyoAns Egappoouévev
MobOnpatikdv kot Pvoikov Emomuov (EEM®E) tov EMIIL. To pddnuo aroteAel pio elooymyn
KOl GUVOTTIKY TOpOoLGioon Tov BepeMmddv evvolmv tng Klaotkng Mnyoavikig, pe paon Tig
e€lomoelg Tov NedTmvo Kol TOVG HETACYNUATIGHOVG Tov ["aAtlaiov, kabmg kot pio elcaywyn
OTOV OPUOVIKO TOAOVTOTN Kot TV Bempio TG E101KNG GYETIKOTNTOG.

H YAn tov pabnupatog Bo pmopovce va kotaveundel otic mapokdt® evotnTeg av Kot,
ommg o OAa to Bépata PuoIKNG, 6TV AVAALGT KATMG cVUVOET®OV PEAMGTIKOV TPOoPANUAT®Y, 1|
YPNON EVVOLDV Omd OPOPETIKEG EVOTNTEG Oyl HOVO givor avomdQevKTn OAAG, G& TOAAEC
TEPUMTAOCELS, EMPAALETOL.

—_—

Ewaymyn — Mabnuoatikd Epyaieio

2. Noépot tov Nevtova — Epappoyés tov N. Nevtova pe dtapopetikd £10m dvvapemv
Epappoyég tov N. Nebtwva o€ KAEIGTE GUGTILLATO 01 GLUVIGTMOGESG TV OTOIWMV
avToAAdooovy pnala-opun

Xvotuata avoapopds: Metaoynuaticpot tov I'olAaiov

Mn-adpoavelakd cuoTirata ovaeopas — Pevdoduvdypelg

Awotpnon g evEPYELNS — AOTNPNTIKES OLVAUELG
Awatpnon g opung kot Eeapupoyég

Awatipnon g otpogopung kot Epapuoyég

O appovikog ToAoVI®MTNG, 0mdcPeot, eEMTEPIKN d1EYEPST, GLVTOVIGHOG

10 2T01EIMONG SVVAULIKY] TV OTEPEDY COUATOV
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1. Ewoayoy — Ogpe@on kot Hopdywyo Meyédn — MaoOnpotika Epyaieia
1.1 Ewayoym

H KAaown Mnyoavikn acyoieiton pe tnv pedétn mg kivinong (Le v yevikdtepn évvola,
OTOTIKY], KIVNUOTIKY, OVVOUIKT) TOV DAMKOV COUATOV, €1TE OC LVAIKOV onpueiov &ite mg
EKTETAUEVOV OTEPEDV SOUATOV. [0 TNV HEAETN AT Y¥PNOOTOOVVTOL dVO BEUEAMDOEIS
€VVO1EG, M £VVOla TOV YMPOV Kot 1 £vvola Tov ¥povov. X1o mAaicto mov £€0ece o Newton pe
10 épyo tov «Philosophie naturalis principia mathematica» (1687) (MoOnuatikég apyég
QULGIKNG PLA0C0PIng), ot dVo avtéc €vvoleg opilovtor pe tov €€ng yevikd tpdmo: «O
amoAvTOg, aANONS Kou HaBNUOTIKOS ypoVvog, ¢ K THS PLOEMS TOV, PEEL UE TOV 1010 pvOuo,
aveCopTNTO. OO OTIONTOTE ELMTEPIKO (WG TPOS OVTOV Kol OVOUGLETAL, emtions, oidpkeia. O
ATOAVTOG YWPOGS, WG EK THS POOEMDS TOV, AVECAPTNTO, OTTO OTIONTOTE ECWTEPIKO (WG TPOS OVTOV,
TOPOUEVEL TAVTO, O 1010G KOL OKIVHTOGN.

O1 évvoleg TG S10THPNGOV QVTE TO YOPUKTNPLGTIKE, Y10 TEPICCOTEPO ATO dVO AULMDVEG,
TOPA TNV KPLTIKN TOV VTEGTNOAV, KUPIMG TPOG TO TEAOG OVTNG TNG TEPLOO0V, HETAED GAA®Y
amd tov 'eppavo guowd Ernst Mach (1838 — 1916), (mov Bewpeitor 611 emmpéoce v
ontikn tov Albert Einstein), pe to Biprio tov «H Emotiun e Mnyoviknig: ‘Evog Kprtikdg
kot Iotopikdc Amoroyiopdg g Avamtuéng me» (1907). To vonua avtdv Tmv dVo gvvolay,
n aveapnoio PeTaEy TOVE KaOME Kot amd T0 GOUATO TOV VIAPYOVV GTO YMPO Kol od TNV
Kivnon avtov Tov coudtov, Kabmng péet o xpovos, Ba aAra&ovv pilikd, 6to TAAIGIO NG
Ewdwrg xar g Fevikng Osmpiag tng Tyetikdtntog mov slodyst o Einstein pe tic epyacieg
tov omd 1o 1905 wor to 1917. Ztoyela ovtig ™ véag omTikng Bo mapovslacTobv
EL0AYMYIKO oTIg evotnTeg TG Edikng Lyetikdmrog, (ot omoieg Oa avapmmboldv og avtég Tig
INUEIDGCELC).

210 mAOIGl0 NG KAUGIKNG UNYXOVIKNG, Bempolpe OTL T VAMKO GLUGTAWOTO (OMUELKES
pélec, M exTETAUEVA COUOTO) CAANAETIOPOVY PETAED TOVG LE OVVALELS, Ol OTTOIEG AMOTEAOVV
mv owtio yioo v €€EMEN TS SVVAUKNG GUUTEPLPOPES aVTOV TV cvotnudtov. Ocov
aQOpd TIG OLVAUELS, COUPMVO, [LE TIG GUYXPOVES AVTIANYELS, VITAPYOVY TEGCEPLS BEPEMMDOELS
SUVALELS OTN EVON, TO KAAGWKG XOPAKTNPLOTIKO TOV OToimVv @oivovtal 6To mivaka Tov
akoAovBel. v otAn «loydoy, avtov tov Ilivaka, KatoympovvTol TUTIKEG TIEG EVTOONG
TOV avtictoymv duvapemv (g Taéelg peyébovg), omov Exet Anedel avbaipeta w¢ povdda
évtaong ekeivn g Hiektpopayvntikng ovvaung. Xto miaioto g KBaviikng dvoikng €xet
emtevyBel n evomomuévn meprypagn ™g AcBevoie kot g HAektpopoyvntikng dvvaung
(amd tovg Glashow, Salam ka1 Weinberg, Bpapeio Nobel 1979). £1o mhaicto g Aeyouevng
Meyding Evomomuévng Oeowpiog (GUT) emdibketor m evomoinon kot g loyvpnig
aAANAemtidpaong, eved pe Tic Bempiec Xopddv emyepeital kot 1 evomoinom g kKPavTikng
Bapvtnrag o€ eviaio TAaiclo pe TIg VTOAOTES AAANAETOPAGELG.

IMivakag 1. Ot t€o0ep1g YVOOTEG AAMNAETIOPACELS, GTNV QLOT).

Avdvapn Ioyvg | Eppéiara Pawvdpeva — Exkonimosig
1| Ioyvpn 10° ~10"m YtabepdTNTa TLPYVOV
2| Hiektpopayvntikn | 1 o (~1/r?) | Atopuci-poproxy dopn g HAng
BioAoyucéc dopég — Opyaviopol
3| AcBevnig 10" <10 m | Hupnviky didomaon
4| Bapotikn 107 | oo (~1/r2) nuepwvny  Aopf] TOov  XOUTOVTOS  GE
peyaAn KAipoxko

10 mA0iclo owTov Tov padNUaTog B pog amacyoAncel N fopuTiky dvvaun, oAAd Kot
Kamoleg Suvdpelg, (Omm¢ ot dvvauelg Tping, M, ot Thoelg Vnudtomv), Tov, Tapd TNV
(OLVOLLEVOLOYIKT] TOV TEPLYPAPT] G OVVAUEDV TTOV ackoOVTol HETAED paldv, elval, (Katd tnv
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aKpin] TOug TeplypoY], Kol pHe Pdon 1O onuepwvod  eminedo  YVAOCEWMV), OLVAUELS
NAEKTPOUOYVITIKOD YOPOKTINPO, TOL OPOPOLV TNV OAANAETIOpOCT €ite TOV EMPAVEINKDOV
LOPLOK®V GUYKPOTNUATOV OVAUEGO GE dV0 EMPAVELES, (Yo TNV TTEPiTT®ON TNG TPIPNG), €lte TNV
OAANAETIOPOOT SLOOOYIKMOV HOPLOKDOV GLYKPOTNUATOV GTO CUUTOYES TUUO VOGS VAIKOD, (Yo
TNV TEPITTOON TOV SUVALEDY TOV «UETAPEPOVTOLY HECH TACTC VIUATOV.

1.2 Ogpehmon kot Hoapayowyo Meyéon

IMa 116 Vo Pacikéc vvoleg mov amoteAovV T0 TAiclo ™S Nevtodviag Mnyovikng, To
YDOPO KoL TO YPOVO, OALA KOt Y10, KATOIEG EMTAEOV EVVOLES, TOV ATOTEAOLV Ta fOCIKA HEYEDN
pe m Ponbela TV omoiwv mEPLYPAPETOL 1| GLUTEPLPOPH TV LoDV (CNUEWKOV Kol
EKTETAUEVOV) KOTA TIC HETOED TOLG OAANAETOpAoELS, (OmwS, T.y., N Kala kot n dvvaun),
YPNOUOTOOVVTOL  GUYKEKPIUEVEG HOVAOEG UETPNONG, TPOKEWEVOL VO Umopel  va
nocotikomomBet ) petalhd ToVg GYECT, KOTA TNV LEAETI] TOV UNYAVIKOV QALIVOUEVOV.

Eniong, éva onuoavtikd epdTnuo Tov apopd ta LeEYEON Tov EUTAEKOVTOL GTN LEAETN T®V
QULOIKOV QUIVOUEVOV EIVOL TO €PAOTNUO GYETIKA HE TO mol omd avtd Oo mpémer va
BempnBovv wg Bepelmon peyedn, pe Baon ta omoia Ba optoBovV T VTOAOUT PLEYED).

2>

Me Bdaon ) OepeMddn oxéon s Mnyovikng F= mF , N omoia cuoyetiletl o peyeln,

«Avvopny, «Mala», «Altdvocpo Ofoncy kat «Xpovooy, ivatl eovepd Ot £xovtog opicet ta
tpio oamd avtd To peyédn og BepeAddn, kobmG Kol TG HOVAOEG TOLG, UTOPOVUE VO
VTOAOYICOVLE TNV HOVADQ TOV TETAPTOL UeYEOOVLS Kat, Pe KATAAANAES LETPNGELS TOV TPUDV
OepeMwdov peyebov oe évo duVOIKO QOLVOUEVO, VO DTOAOYICOVUE KO TNV TIUA TOL
TéTAPTOL peyéfovce.

Q¢ mpog ta 5Ho avTd epmTHUATA, (0) TV BepeM®ODV peyedmv kat (B) Twv povadwy Tov,
ent m Pdoer T@v omoiwv Ba optBovv OAa TO «wapdywyo» HeYEOM Kol Ol avTiGTOUKEG
HOVAOEC, M KOTAGTOOT 7OV 1OYVEL OVLT TN OTIYUH OTOTLUTAOVETOL GTOV TIVOKO 7OV
axolovBei, and to National Institute of Standards and Technology (NIST) tov Ymovpygiov
Epmopiov tov Hvopévov [ToMteimv.

https://physics.nist.gov/cuu/Units/current.html  (2020)

Length |meter The meter, symbol m, is the Sl unit of length. It is defined by taking the fixed
numerical value of the speed of light in vacuum c to be 299 792 458 when
expressed in the unit m s, where the second is defined in terms of Aves.

Mass kilogram |The kilogram, symbol kg, is the Sl unit of mass. It is defined by taking the fixed
numerical value of the Planck constant h to be 6.626 070 15 x 10 when
expressed in the unit J s, which is equal to kg m* s™, where the meter and the
second are defined in terms of ¢ and Avcs.

Time second |The second, symbol s, is the Sl unit of time. It is defined by taking the fixed
numerical value of the cesium frequency Avcs, the unperturbed ground-state
hyperfine transition frequency of the cesium 133 atom, to be 9 192 631 770
when expressed in the unit Hz, which is equal to s™.

Electric |ampere [The ampere, symbol A, is the Sl unit of electric current. It is defined by taking
current the fixed numerical value of the elementary charge e to be 1.602 176 634 x 10°
% when expressed in the unit C, which is equal to A s, where the second is
defined in terms of Avcs.

Thermo [kelvin The kelvin, symbol K, is the Sl unit of thermodynamic temperature. It is defined

dynamic by taking the fixed numerical value of the Boltzmann constant k to be 1.380

649 x 10 when expressed in the unit J K™, which is equal to kg m* s K™,
temperat where the kilogram, meter and second are defined in terms of h, ¢ and Avcs.
ure



https://physics.nist.gov/cuu/Units/current.html

Amount mole
of
substance

The mole, symbol mol, is the Sl unit of amount of substance. One mole
contains exactly 6.022 140 76 x 10% elementary entities. This number is the
fixed numerical value of the Avogadro constant, N5, when expressed in the unit
mol™ and is called the Avogadro number. The amount of substance, symbol n,
of a system is a measure of the number of specified elementary entities. An
elementary entity may be an atom, a molecule, an ion, an electron, any other
particle or specified group of particles.

Luminous |candela|The candela, symbol cd, is the Sl unit of luminous intensity in a given direction.
intensity It is defined by taking the fixed numerical value of the luminous efficacy of
monochromatic radiation of frequency 540 x 10" Hz, K.q, to be 683 when
expressed in the unit Im W™, which is equal to cd st W™, or cd sr kg m? s®,
where the kilogram, meter and second are defined in terms of h, ¢ and Avcs.

210V Tivako ovTtov To Tpio TPdTH peyEédn (unkog, pdla, ypdvog) eivor ta BepeAidon
ney€tn g Kiaookng Mnyoavikng, Kot akolovBovv to Oepeldon pey€tn tov niextpiopom,
™G OEPLOSVVOUIKNIG, TNG PLUGIKOYNUEING KOl TG POTOUETPIOG.

Mia mpd aicOnom yw v peydin emidpaot, axoun kot oty kadnuepwvn Con, om
onuepwvn emoyn, g Edikng Oewpiag g Zyetikdtntog, Wmopetl va €yel Kaveic Kot amd to
YeYovog 0Tt M povada pnkovg (M) opietar pe Paon v todTO C TOL EOTOC, BewPOHLEN
¢ maykoouo otabepd. Emiong, sivar evdeiktikd g onpaciog mov £xel mAéov n KPavtkn
Duokn 6TIG TEYVOLOYIKES EQAPUOYES AAAA Ko 6TV Kobnuepwn (on, to yeyovog ot n pala
opiletor mAéov pécm g Tarykoouag otabepdg h Tov Planck, mov avtietotyel 6to kpdvto g
dpdong 1N oto KPAvTo TG 6TPoPopUnS, (0mmg Ba pnabete oto padnua «KPavriky Gucwkrny,
tov 4% gEounvov). Onwg mpokvmTEL avtiotoyo omd ™ Oeppodvvopky, Tov HeAETd To
ATOTEAEGHLOTO OO TN GTOTIOTIKY] CUUTEPLPOPAE GLGTNUATOV LEYOAOL aptBpod copatidioy,
pio GAAN maykoopo otabepd, n otabepd kK tov Boltzmann, avtictorei oto kBavto g
n?mpocpopiagl.

MoOnpotikd Epyaieio
121 Eion peysbov

Ta tpla Oepehdon peyédn e Mnyoavikng (xpoévog, unKoc, palo) aviKovy oto. AEYOUEVA
BaBpmta (|, povépetpa) peyédn, yio v katoypopr T@v omoiwv apkel £vag apluog kot m
avtiotoymn povado. AAra Pabuwtd peyédn eivar, n Ogpupokpacio, n Ydpootatikny micon, n
nokvotto pdlog. Mia GAAn kotnyopio apopd g PeYEDHN Yoo TNV TANPN KATOYPAPT] TV OTOiwV,
exTOG amd pio Tipn Ko T povada g, xpetdletal Kot n katoypoen pog katevouvong oto xdpo.
Tétown peyédn etvon n Béom, N TavTTO, M EMITAYLVOT, 1| dVVAUN. AVTOD TO £1d0VG Ta peyén Ta
OVOUALOVLE OLOVUOROTIKG pey£0n, Kot 1) TANPNG TEPLYPAPT] TOVS OTOLTEL TN YVMOOT TOV UETPOL
oV peyéBoug kat g KatévhBuvong Tovg, 1, EVOAAAKTIKA, TPLOV aptOudv (Le TN LOVAda TOVG),
TIC omoieg OVOUALOVUE OGUVIGTMOES TOL Owviopotos. [Iépoav tov Pabuotdv kot TV
SVLGLOTIK®OV peyeBdv vtapyovy peyédn mov amattovv, yuo. TOV TANPYN TPOGOIOPIoUO TOVG,
TEPLEGOTEPOLS aptOoVC, Kot ta omoia ovopdlovpe TavVoTESG (1], TOVLOTIKA HeyEOn) dtpdpwv
16Eewv. Mdlota, to Pobumtd kot to Swvouopatikd peyédn pmopodv, 610 TAAICIO TOV

T T onpocio TOV TayKOGUIOV 6TOOEP®Y Kot TN GYECT TOVG e TIG PUOIKEG Bempieg, PA. £va evilapépov
Biprapdx, Gilles Cohen-Tannoudji “Le constants universelles”, Hachette, 1991, [EAAnv. Metdgpoon, «O1
Hoyxooues 2talepécr, Exd. KATOIITPO 1993, Zepd: Opilovreg g Emotiung].
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TOVUOTIKOV peyebmv, va BewpnBodv ¢ TovuoTikd peyedn, pundevikng kot TpmdTNG TAENG,
avtiototya. Me oIV TNV ONTIKN TOV TAVLOTOV SPOPETIKNG TAENG, N TOVLOTIKN TAEN KaOE
euotkov peyébovg kabopiletar amd tov TPoOTO ToL TO pPEYEBOg avTd petacynuatileTar, dtav
TPOKAAEGOVLE Uil GTPOPT TOV GLGTHLOTOG AVAPOPAS TOL YMPOV, YOP® omd Evay Tuyaio aEoval.

Rll R12 R13
‘Eto1, av R :(Rij ) = R, R, R, | &tvon évag mivakag otpoeng pe ™ Pondeta tov omoiov
R31 R32 R33

TEPLYPAPETAL 1 GTPOPY] EVOG GUGTNLUOTOG AVAPOPAS (X, y,z) o€ €vo VEO GLOTNUO AVAPOPAS
(x',y',2'), ét01 dote:

X, Rll R12 RlS X

Y [=| Ry Ry Ry|ly|=X= z RiX;

Z' R31 R32 R33 z J

1oTE, TAL PUOIKA PeyEédn P yapaktnpilovtal o¢ TavuoTEC KATOLuG TAENS, OVAAOYQ LE TOV Kavova
LETOGYNUOTIGHOV TOVG 0td TO £voL GLGTNHO GTO AALO, G EENG:

TaVLOTNG UNdevikng 1aéng (Badpmto): P'=P, (n.y., mokvotta, Oeppokpacia, vypaoia, ...)

TOVUOTAC  TPATNG TéENG (drdvoopa): P'= Z Ry P, , (.., d0vopum, opur}, oTpogopun,...)
i

TovuoThg devtepng taéng (“raveetic”): B = Z Ry R;iRy » ()., ayoypomra, ToAocipdmzra,..)
W

K.0.K.
Awvvopato

AveEdpmmra ond Tov pobnuUoTiKd Opopd €vOg dlavuopaTikoy peyéBovg péocw tov vOHoL
peTooyNUOTIGHOD Tov (PA. mTpomyoLuevn mopdypa®o), ywo. pia eooywmyn oty £vvold Tov
dtavocpatog, pumopel Kaveic va Bempnoetl Tov Tpodmo mov mpocdtopilovpe v BEon evog onueiov
07O Y®OPO, OIvOVTOG TIG TPEIS GLVTETAYUEVEG TOV, OC TPOS £va TpLsophoydvio cvotnuo aEdvav
(x,y,2), ot omoiot £xovv kown apyf (m.x., 010 O=(x=0,y=0,z2=0), ypagovtag F =(X,y,z), 1
wodvvapa F=RX+Yy+2z, émov X=(1,0,0), ¥y=(0,1,0) v 2=(0,0,1) ta tpie povadiaio
dwvocpata (OnA., dtavdcpato pe povadlaio HETPO) KATé PNKOS TV TPV aovav, (X, y,z),
avtiotorya. Ioodvvapa, copporiloviar mg X = I, Y= j, i= 12, pe ™ “yovimorn koumdin” va
avtikatotd 1o BEAOG “—7, Tov ypnoiponoteitat Yo To un-povadtaio dtavoouata. Ta povadioio
dtavoopota Exovv povadiaio pétpo aveaptmra and to ypovo (1 ™ 8éon) mov vroroyilovron. H
KatevBvvon toug pmopel yevikd va e€aptdtar and tn 6éomn M to ypodvo, (0nwe Ba dovpe GTIC
KOUTUAOYPOUUEG GUVTETOYUEVEG | OTO. UN-OOPAVELOKA GUGTILATO OvOpPOpac, avtiotowya). [a

TO. GUYKEKPIUEVO, HOVOSIOH0 TOV «KOPTEGLOVAV GUVTETOYUEVOVY, (X,Y,Z), Kol TO HETPO Kal M)
KkatevBuvon Tovg elvat aveaptntn ToL XPOvoL Kal TG BEomg

I éva yevikd ddvoopa A=(A,A2,A§)=(IAA+ jA2+kAA3)=(AK,A/,AZ)=()A(AK+§/Ay+2AZ),

opifovpe og pETPo Tov SLAVOGHATOS TO: A= W = \/m .

Q¢ povodwio ddvvoua, mAPIAANAO GTO OdVLGLLO A= (Ai, A, A,,), opifovpe to Odvvoua
A=A/ ‘A‘ =AlA=(ATAA A ATA) mov TpokinTel Slnpdvrag T0 A pe To PéTPO TOV, Ko
70 07oio, (G €K TOVTOV), £XEL LOVASLOLO HETPO.

6



Eniong, 600 daviouata gival ica dTav o1 avTicTol(eg GLVIGTAOCES TOVG gival 16eC:

A=B<(A,A,A)=(B,B,B,)<(A=B,A=B,A=8,)

[0 T0 YPOUUIKO GLVSLaoHO Stavvoudtov oydel aA+bB = (aA +bB,,aA, £hB,,aA, £hB;),
ondte, emiong 1oyveL: (A+ I§) = (I§+ A) Km(AJr I§)+(§ = A+ (I§ é)

Opilovpe, petaldh GAAwV, T1G €ENG TPAEEIS AVALEGO GE SLOVOCLLOTOL:

Eootepko (BaOpmtd) yivopevo A-B= (AB,+AB,+AB;)= ‘AH@‘COS(A, I§)
Dvokd vénuo 10V EGOTEPIKOD YIVOUEVOL: TO YIVOUEVO TOL HETPOV €VOG OVOGUATOG EML TNV
TPOPOAN TOL AAAOV OC TPOS CLTO, KO OVTIGTPOPO.
IMa 1o ecmTEPIKO YIVOUEVO 1GYVOLV O1 IOLOTNTEG:
A-B=B-A
A-(bB+6C) =b(A-B)c(A-C)
(A E) (aﬁ\)-éz A-(aé):(ﬁ-ﬁ)a
AT Vv dmoyn TV £QAPLOYDY GTN PVCIKN, TO ECOTEPIKO YIVOUEVO EIval TO KATAAANAO
pofnuotikd epyoieio yioo TOV LTOAOYIOUO, T.Y., TOL OTOLXELOAOLG EPYOL MG SVVAUNG

F= IE(F), N omoia petatomiel To onueio epoappoyne e amd ™ 0éon r o Oéon r+dr,
onote : dW =F (f)~df. Onmg Ba dovpe 6TV avTicTol(n EVOTNTA, OAOKANPOVOVTOS KATAAANAQ
UTTOPOVLLE VO VTOAOYIGOVILE TO GUVOAIKO €PYO.

]k
EEmTepko (610voopaTIKO) YIVOpHEVO: AxB = A A Al= (
B B, B

B‘)sm( I§)

omov A povodiaio didvucuo, KAOETO 6To EMiNeEdo TOV (A, B), KOl JLE @Opa TETO0. MOTE, OV pio,

oc&ootpoon Pido, ue dfova kabeto oto emimedo mov  opifouvv To  S0VOCLLOTO (A,é)l

— —

TEPIGTPOPEL £T6L MOTE va. PEPeL 0 A_va cvumécel ue 1o B, 10te va mpoywpd Kotd tn
devbvven Tov povadiaiov dtovdouotoc A,

Ko
A
A a A= B -
B, B, B B, B1 B,
B1 BZ B3
= Ip(AzBs _A3Bz)_ i(AiB3 - %Bl)—i_k(AiBZ _AZBl)
= Ip(AzBs _A3Bz)+ j(A3.Bl_AiBS)+k(AiBZ _AzB1)
ly Mia “AndoelEn” Tov 0£0TEPOL HEPOVS TV CYECEMV
OpPWOLHOD TOL EC0MTEPIKOL Kol TOV €EMTEPIKOV YIVOUEVOL
UTTOPOVE Va. EYOVUE MG EENG:
B, B Av €&yovpe 0600 pn-mapdAinio  dStovdouaTo A B, tote
UTOPOVUE VO OPICOVUE TO EMIMEOO X-Y VO, GUUTINTTEL UE TO
B - eninedo mov opifovv o dVo davicuata Kot o dEovag X vo
L A, X ovumintel pe 1N 01€HOBLVON TOL JSVOCUOTOG A, &l
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=(A,0,0), B=(B,B,,0). Onote:
Ecwtepikd yvopevo: A-B=(AB, +AB, +AB,)=AB = ‘AHE‘COS(A, I§)
Pkl i "

j
Efotepcd yvopevo: AxB=|A A, A|=[A 0 0/=kAB,= IZ(
B, B, B |[B B, 0

Dvowkd vompo 1oV eE®TEPIKOD YIVOUEVOD: VOl SLOVUCLLOL

AHéDsin (A, é)

Kkd0eto oto emimedo mov opilovv Ta dVo dvocpata A Kot

A

B, pe o@opd ovtmv mpog tnv omoio mpoywpd pio
88&1001;)0({)11 Bioa (né aEova kabetov ot dtavucUATO A ko

B) otav mepotpagel £tol dote vo otpéyel 10 A
TOPAAAN A GTO B. To HETPO TOV €EMTEPIKOV YIVOUEVOL givar 160 pe To dUTAdG10 euPadd evOg
Tpydvov mov opiletan omd to dV0 Swavdopote A Kot B, (toodvvapa, ico pe 10 epPfadd Tov
napaAinAoypdupov mwov opiletot omd To SovOcHaTO, A kot B ).
[Ma to e€mTepikd yvopevo oyvet: AxB=-BxA
Eniong woydovv ot 1010t 1eg -
Ax(béicé) = b(,&x Ei)ic(ﬁ\x(f) , a(,&x I§) :(aA)x B= Ax(aé) =(A>< é)a
Ax ( Bx é) =B- (A é) ~C- ( A I§) (xpMotog pvnuovikog kavovag «abe» = «bac-cab”)
Ax(gxé);t(,&x I§)><(f~

Amo TV Aoy TV EPAPLOY®OV GTN PUOTKTY|, TO EEMTEPIKO YIVOUEVO £fval TOL KATAAANAO
pofnpatiko epyareio yio Tov VTOAOYIGUO, T.Y., TNG POTNG LG OVVAUNG, MG TPOG KATOLO OTUELD
avapopdc, N=FxF, cA\d kot ™G OTPOPOPUNG cmpaTdiov, mov Ppioketor otn Béon I ko
gxetopun P, ®G TPOG KATOL0 GUGTNLA AVAPOPAG: L=Fx P

Me Bdon 1o mponyodueva pmopel vo opiobel ko to TPWwAG PaBpmTé yvopevo
C-(Ax B), T0 0moio, GUOUP®VO HE TOLG OPIGHOVE TOL ECMTEPIKOV KOl TOV €EMTEPIKOD

YWOUEVOL TTOL TTponyovvTal, eival iGo pe!

Cl CZ CS
C-(AxB)=|A A A
B, B, B,

Agdopévov 011 T0 €EMTEPIKO YIVOUEVO (Ax B) éxel p€tpo oo pe 10 guPfaddov S tov

naparAinAoypdupov mov cynuatitovy Ta dSavicHaTL A ko
B, umopoOue vo ypéyovpue (Ax ) AS, omov A 1o
povodwaio ddvuopo KaBeta 6 ovTd TO TAPUAANAOYPOALLLLO.
Apa é-(,&x I§)=é-ﬁ8, oé C-fA eivar To VYOG TOL

TapoAnAemmédov, mov opilovv ta Tpion SavdcuaTo, ®G
npog T Pdon mov opifovv 1o A xa B. Enopévag, 10 tpimAd Pabuwtd ywoduevo eivar éva
povouetpo péyehog mn amdivtn T ToV omoiov eivar iom pe Tov GyKo TOL TOPOAANAETITEOOV
nov opilovv Ta Tpia StavOGHATOL A B,C. To TPOCTLO TOL TPITAOV PafumTtol yvopévou ivan
Oetikd M apvnTikd oviroyo pe to av ta Tpiae davdopota oynpatifovv deE10GTPOPO 1
apLoTEPOGTPOPO GUGTLLAL.



Mmnopet va amodetytel Ot C- (Ax I§) =A. ( B x é) =B- (é X A) (LvnpoVIKOG Kavovag: 1) KUKAKN

EVOALOYT] TOV SLOVUGUATOV 6TO TPWAO PabuU®TO YIVOUEVO OPNVEL OVOALOIMTO TO OMOTEAEGLLAL,
pe v wpobmdeon OtL dev aAAALOVV Ol GYETIKEG BEGEIS TOV YIVOUEVMVY KOl TV TOPavOEGE®V).
[[Mapatnpnon: amd to yeyovog Ot 10 anotéleoua eivor Babuwtd, mpokvITel OTL, aKdOUN Kot ov
EMlewmav o1 mapevOEELS, 1 tepayio TV Tpdemv elvat KaAd opiopévn]

Awvuopatikéc cvvapTticeis piog fadpmmig petapintcg

"Eva dtovuopotikd péyedog F Aépe 6Tt eivon Stovoopatiky cuvaptnon piog Bodpothic
petafintg U, 6tav og kdbe Tiun Tov U pmopel va avtiotoynbel pe povadikd tpoémo pio Tiun
tov F, kot YPAPOLLE F=F (u) Q¢ TopadelyloTo SIOVUGHOTIKOY CLUVOPTNCEOV HE Mo
aveaptnm Podumt) petafAnt propoldue va avapépovpe, v 0€omn piag onuelokng nalog g
ouvptnon Tov xpdvov F=F(t), v TaxdmTd TOV WG CVUVAPTNCN TOL XPGVOL U =U(t), ToL
nog delyvouv, yio KGOe YPOVIKN OTLyUr, TOL PpioKeTon KOl UE TOW0 SLOVUGLOTIKY TOXOTNTO
Kiveitan | onpetokt| pado.

Icodvvapa, ypaeovpe F = f(t) =X X(t) +y y(t) +212 (t) , OmOvL Ol GLVOPTNOELS:
X= X(t), y= y(t), Z= Z(t) , €lvan BaBpotéc cuvoptioelg piog fabumtg petafAntne, Le Tig
YVOOTEG 1O1OTNTEC.

Hoapdymyog S10vOGRATIKNG GUVAPTN OGNS

Opilovpe ™V TapEy®YO NG SVUGUOTIKNG GLVAPTNONG A(u) = (IAAi (u)+JA, (u)+ KA, (u))

A(u+Au)-A . ] X
LEG® TV GLVIGTOG®V TG, ONA., d—A= lim (u+ u) (u) =(| d—A1+ jd—A2+kd—A3j
du au-o Au du du du

[Mapadetypota Oa 60000V 6T GLVEKELD, LE OPOPUT TO SIAVVCLO TNG TOYVTNTAG MG XPOVIKNG
TAPOYAYOL TOL dtovioUaTog BEomng evag Kivntob.

Hoapdymyor yivopévov dravoopotik@v (/ko fadpotdv) coveptioemy
piag padpotic petapfinTig

Oewpodpe drovuopoTikég Kot fabumtéc cuvaptoelg piog fadbpmtc petapintc (U):

Babpom cvvaptnon Pabumtis petaPintic, n=n(u), (t.x., ¢ = ¢(t): 1 yovie, og cuvapmon
0V YPOVOUL, Yo £va. KIvTO oL akoAovBel KukAkY| Tpoytd, S = S(t) : 10 punkog pio dtadpounc,
MG GLVAPTNOT TOL ¥POVOV, Yo VO KIvNTO oL 0KOAOLOET pio YeEVIKA KAUTUAOYPOUUN TPOYL,
p= p(T) ;M TUKVOTNTA EVOG OTEPEOD, VYPOD, 1} AEPIOV, O cLVAPTNGT THG Bepuokpaciog)
Awwvvopatiky cuvéptnon Badpotis petofintic, A=A(U), (my., F=r(t): 10 divvoua
Béonc, og cvvaptnon tov xpdvov, U =0 (t): TO SAVLOUO TNG TOXVTNTOS, MG GLVAPTNOT TOV
YPOVOV)



Opilovpe ™y mapdyoyo ™ dvuopatikig cuvéptnong A(u)= (iAA-L (u)+JA, (u)+ KA, (u))
A(u+Au)-A(u) (~dA °dA2+I2d—A3j

LUEG® TOV GLVIGTOGMV TNG, ONA d—'& = lim = (f— + ] —=
T du auo Au du " du  du

Mo v Topdymyo yivopévou cuvaptneemV 1GYOEL:

d(nA) _d(n), d(A)

= A+n
du du du
d(A B):d(A) G i d(B) d(AxB):d(A)XéJ”&Xd(B)
du du du ' du du du

ALWOVUGPOTIKT TOYVTTO KoL EXLTA VVON

Acg vmoBéoovpe Ot £va Kivntd Kveiton Kot UKog g
KapmoAng C, kot to ddvvoua Béong tov, Kot TIg
Ypovikég ottyués t ko t+dt, eivon avtd mov @aiveton
o010 oyfua. Opilovpe ®G OVUGUATIKY TOYVTNTO TOV

ri+dt_~"Ndr KWWNTOU, TN YPOVIKN otiyun i, v ypovikn Ttov
! TAPAY®OY0, GOLPOVO LLE TT) GYEOT
. 0, y _dr_ AT F(tedt) - (D)

_Cc - / B E At—0 At At—0 At
§ : Ondte, OOVAEVOVTOG LE TIG GVVIGTMOGES, TOIPVOVE
. . dr (.dx _.dy ,dz
OV=—=|X—+Y—+71—
dt dt dt dt

To dudvocpa avtd givar epantopevikd otny KoumdAn C mov amotelel TNV TpoyLd TOL KIvNTOV.
Me avaroyo tpomo, 0pilovLLEe TNV EMTAYVVOT| TOV KIVITOV, GOUPOVO LLE TNV GYEOT:

o(t+dt)-o(t) d (@]_ d’r

A0 At dt\ dt dt

O TPOGAVATOMGHOG TOL SLOVOGHOTOG @ G€ GYéom pe TV Tpoytd C kot [Le TOV TPOCAVATOMGUO
TOL SvVOoHATOG U €EAPTATOL OO TN YEMUETPIO TNG TPOYLAG Kot arrd To puOud Kivnong.

Hapaderypa 1.2.2.6. Ac Bewpricovpe Vv mepintmon g
KUKAIKTG Kivnomg, Omov 10 Kwvntd Kiveitar move o€
KUKAKY] Tpoyld axtivag R €161 dote 1 yoviokn tov 0éom
6 va givor cuvdptnomn Tov ypovov.
(o) IMepimtwon opaAng kvkMkng kiviong: @=wt pe
w=c10f.

r(t) = XRcos(wt)+ yRsin(wt) =

—

U= 3—: =—XwRsin(wt)+ yoR cos(wt)

Qaivetar 6t F(t)-0(t)=0 = r(t)Lo(t).
H emtdyovon eivar:
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d= (jj_lt) = %[—f(szin (wt)+ JoRcos(ot) |=-R’Rcos(wt) - Yo’ Rsin (ot ) = -w’F (t)
: . . . _ 1 . de
(B) epintmon opord emtayLVOUEVNS KUKAMKNG Kivnong: 6 = > at' = w= pra at

Ta dwavoopata BEong kot ToyvTTOG Elvar :

—

F(t) = %R cos(% aytzl + YRsin G aytz) =0= 3—: =—%a R sin(% a7t2j+ ya R cos[% aytzj
Kot €dd aivetar 6Tt f(t) . D(t) =0 = f(t) L D(t)

H emutdyvvon, oto id10 chotTra avagopds (To Kaptestavd) ypaeeTat

. do df| . (1, R 1,
d=—=—|—-XatRsin| —a t° |+ yatRcos| —a_t =
dt dt{ ' (zyjyy (ZH

- {—f((ayRsin(%aytzjﬁayt)z Rcos(%aytzn+ 9(a7R cos(% aytzj—(ayt)2 Rsin(%aﬁ}ﬂ

H televtaio oyéon umopet va avadiotoydel, OOTE Vo ELPAVICTEL e TN LOPON OKTIVIKNG KOl
EMTPOYLOG CLVIGTAOOCAG, G EENG:

éz—f([ayRsineaytznfr y(ayRcos[%aytsz+
_ >A<((ayt)2 Rcos(% aytzj]— 9((ayt)2 Rsin(% aytzn = @—(ayt)2 r(t)
u(t)

H tekevtoio oxéon a= T—(ayt)2 f(t) delyvel 0TL VIapyeL pio CLVIGTOGO TOPAAANAN TNG

TOYOTNTOG (D(t)/ t), apoL EMTPOYIN, KAl [0 GUVIGTMOGE TAPUAANAN TN Odong —(ayt)2 r(t), apa

OKTIVIKN.

Y10 10w copmepdopato Bo pTopEcovE Vo KOTAANEOVLE, e AMYOTEPOVS VITOAOYIGLOVG,
Kot pdAMoTo otV yevikdtepn mepintmon g eminedng (Oyl avaykaoTiké KUKAIKNG KOl OLOAd
EMTOYLVOUEVNC) KIVNOMG, OV EPYOCTOVUE GE £VO TEPICGOTEPO POAIKO GVGTNUO GUVIETAYUEVAV,
Omwg elval 10 cHOTNUO TOV EMMES®V TOMK®OV GUVIETAYUEVODV, 0TS Bo dobue otV emduevn
evotta, (LETA TO EMOUEVO TOPAOELYLLAL).

) Hapaderypo 1.2.2.7. Ag pelemnoovpe v mepimTmon NG
y y KOUTOANG TNV omoia dloypa@etl €va onueio g mePLpEPELag vog
Tpoxov oktivag R, o omolog kvAder pe otabepn ToyvINTO,
6=0(t) , | mapdAnia otov GEova-X, M omoia eivol yvowoty Kol oG
\/ X KUKAOE10N S TPOYLAL.
r I
L X O YPNOLOTOGOVUE EVO «OKIVINTO» GVGTNHO OVOPOPAS (X, y)

Kau £vo «kwovpevoy cdomuo avagopds (X,y'), to omofo
Kivettan pali pe 1o a&ova 1oV TPoYOV, AAAL TOPAUEVEL TAPAAANAO TPOG TO (X, y). Apa m Béon
eVOG onUelOL TNG TEPLPEPELNG UTOPEL VO TEPTYPOAPEL, MG TPOS TO «AKIVITO» GVGTNUA OVOPOPELG,
pe 1o Sivoopa F(t)=r (t)+r(t), 6mov
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I (t)=%(Rat)+Y(R), Ko
2, I, (t) = X(Rsin(at) )+ ¥(Rcos(awt))
Ov mponyovpeveg ekppdoels yw ta f(t) wou F(t) éxovv
G, | ypogel pe v vmobeon Oti mapaxorovBodue TV kivmon Tov
TEPLPEPELOKOD OTEEIOV TO 0010, KATA TNV apy| LETPNONG TOL YPOVOVL,
SEPYETAL OO TOV KATOKOPL(PO GEoVa (X2 =0,y, = R)
Emopévac, 1o didvoucua f(t) = fl(t) +1, (t) gtvon f(t) = XR(a;t +Sin(a)t)) + YR (1+ Cos(a)t)) :

ar(t) _ %Reo(1+cos(awt)) - YR (sin(wt)),

H toydmto eivon 0 =

KO O TIES TNG, MG TPOS TO «AKIVITO» GUGTNUO OVOPOPAS, POIVOVTOL GTO SUTAOVO SLAyPOLLa,
Y10 YOPOKTNPLOTIKGA OTUELD TOV KUAIOUEVOL TPOYOL
H emutdyvvon vroroyiletan

a= ?jlt) —%Ra’ (sin(wt)) - JRa’ (cos(wt)) = -’ | KR (sin(wt))+ JR(cos(at)) | = -o7F,

a7’ OOV JAMIGTAOVOVUE OTL VITAPYEL LOVO 1) KEVTPOUOAOG EMLTAYVVOT), OTMG OVOUEVETOL OO TO
€100g g kivnong mov vroBEcayLe yio Tov TPoYO.

AVOADTIKOG VTOLOYIGPOG TG TPOYLAS EVOS KIVIITOD

H avoivtikn ékepaom piog tpoylds umopetl vo mpokOYEL TOPAUETPIKA LE TAPALETPO TO
YPOVO, OTOTE AVTIKAOIGTOVUE SLOSOYIKES TILEG TOV YPOVOL OTIG EKQPACELS TV GUVIETAYUEVOV

X= X(t), y= y(t), 7= Z(t) K0l VAOTTO00LLE TaL oMUEioL (X(t), y(t), Z(t)) Yo KOs t.

Av Béhovpe ¢ Tpofolrég TG TpoyldG ota dtdpopa emInEdN, T.Y., OTO EMMESO (X, y),
161e anaieipovpe 10 xpovo amd T dV0 GYécEl; X = X(t), y= y(t) KOl KATOAYOuUE G pia
OVOAVTIKY €K@paoT Y = y(x), N omoia mePlypaeel TV TPOPOAN TG TPOYES GTO AVTIGTO(O
eminedo.

Tmv mepintoon g KukhogWovg kaumodng, and tig oxioelg  X(t)=R(at+sin(wt))

kot y(t)=R(1+cos(wt)) pmopovue vo amokeiyovpe v edon (wt)ypagoviag my devtepn
oyxéon

. I peversealil A B
EWx:ZnR-Rlarcmx((y’R)-I)qul(y(ZR-y))J COS(a)t) _ ( y/ R) 1= SIn(a)t) =4/1-cos (a)t) \jl (( y/ R)
wt =arccos((y/R)-1)

pe mv OVTIKOTAGTOON TV omoimv, otV TPOTN
oxéon, X(t) = R(at +sin(wt)), naipvovpe

x(y)=R(arccos y/R)- \/1 (Y/R)- j

‘Nx[in: R]r

x=R[arccos((y/R)-1)+sart(y(2R-y))]

P =R(arccos{(y/R)-1})+/y(2R-y), 0<y<2R

7OV €1VaL 1] AVOALTIKT] EKQPOCT TNG KUKAOELOO0VE KOUTOANG. .
Inueiwon: Mo v axpifela, N mopandve Ekepacr eivor o TPOTOS KAAS0GS, (amd T0 TPAOTO
HEYIOTO UEXPL TO TPADTO EAAYLOTO), OEOOUEVOL OTL T X = X( y) elvan ditiun cvvaptnon, akduN Ko

péca otV TpmTN TG TEPi0do, PETAED TV dVo peyioTv. O de0TEPO KAASOS TNG KUKAOEOOVG,
(amd T0 TPMOTO EAAYIGTO UEYXPL TO EMOUEVO HEYIOTO) diveTar omd TNV EKppao :
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x(y):R(Zz—arccos y/R)- \jl ((y/R)- j 0<y<2R

Ot 800 KAGdOL TNG TPMOTNG TEPLOOOV TNG KVKAOELD0VS KAUTOANG, Hall HeE TIC LoOnUaTIKEG TOVG
EKQPACELS, PaivovTal 6TO SUTANVO GO, (TANPES avATTUYNA, BA. TOPAKAT®)

TS S e——— _
R ‘w
VA, ,
’\“ . 23 " \ r
To Opopévo OhoxkMpopa
_f (X) ®a eodyovue ™V £vvolo TOL OAOKANPOUOTOC HE €vol
y= TOPASELY IO TTOV POIVETOL GTO JITAAVE Gy LLOL.
Oewpodue T0 YpAPMUO TNG cvvapTNoNG Y = f(x) Kot
|’ ! ovpforiCovpe pe AS = f (X)AX TO GTOLYEUDOES EUPOOOV
f f X OV (OIVETOL YPOUUOGKIAGUEVO GTO OUTAOVO GYNUO Vo
X X, \4 oproBeteiton (o) and tov d&ova-X, (B) v KoumOAN ™G
X ovvaptnong y=f (X) Kat (y) 11§ OV0 KATOKOPLOES TOL
X + AX dyovton amd To onueio X Kot X+AX.

To cuvolkd avtiotoryo eufaddv TpokvITEL Omd TO OPlo
0V 00pOoiGLATOC TOV GTOLYEIWO®V eUPad®dV, pe TNV Tpobodeomn 0Tt T0 AX Oa teivel 6TO UNdév
amoteAdvTog dopopikd dx tng petapintg X. To 6po avtod tov abpoicuatog opilel to
OPIoUEVO OAOKAN PO TG ovvaptnong Y = f (X) HETOED TV 0plV OAOKANPOGONG X1 KoL Xa.

= lim ZAS jds j

To AdproTo OhoxkIpopa

dS(x)
dx
nepintwon opifovpe wg adpioto orokMpmpa (1, og avtmapdywyo) mg f(x) mv S=S8(x).

Ac¢ Bempnoovpe pia covdptmon S=S (X) KoL TNV Topay®yo g =f (X) Xe T TV

Eivor mpopavéc 6t kot kébe cuvaptnon S (X) +C eivau emiong ohoxkAfpoua g f (X) , 0OV

[S(x)+C] =5'(x)=f(x)
An6 to Opopévo 610 Adproto Olokipopa

dS (x
YmohoyiCovpe o dropopucd g S: dS ()= (#j dx = f (x)dx, kaw ohokAnpdvovpe

dS(x)=f (x)dx:jds(x)z.[ f (x)dx :>S(x):.[ f(x)dx+C
Oewpodpe otabepd 10 KATM® GKPO TOL OPICUEVOL OAOKANPOUOTOS Kot VTofETovpe OTL

VTOAOYICOVLE TO OPIGUEVO OAOKAT PO Y10l SIAPOPETIKEG TILES TOV AVEM AKPOL TOV
13



jds j X) dx :>de j x)dx =S (x)- S(XO):If(x)dx

X X
Emopévac, emlvovtog og mpog v S(X) kot topoywyilovrag,

X dS( ) d X
S(x)=| f(x)dx+S f(x)dx+S (X)) |=—
(= [ £ (0 (o) = =57 = [ (x)oxs( I
AnA.: T0 OPIGUEVO OAOKANPOUN, G GLVAPTNON TOL Gve opiov Tov, €lval pio cuvdptnon, M

Topaymyog TG omoiog eivart 1 oAokAnpmtén cvvaptnon f(X) Tov olokinpduatog

A6 TV GLVOTTIKY TOPOVGINGT TOL TPONYNONKE TPOKVTTEL OTL, Yo VoL TPOPAN LA TOV
EMAVETAL PHEGH OAOKANPOUOTOS, Ol apykéS ovvOnkec eivon avtéc mov kabopilovv eite ta
avtioToryo Oplo. TOL OPIGUEVOL OAOKANPAOUOTOS €ite TNV mPochetikn otabepd TOL AOPLGTOV
OAOKANPOUOTOC, KAOIGTOVTOC e avTO TOV TPOTO OmOAVTO 1GOOVVALOVS TOLS OVO TPOTOVG
VTOAOYIGHOD TNG AVoMG (LEC® OPIGHEVOL, 1] LECH 0LOPLGTOL OAOKANPAOOTOG,.

[Noa 10 oAoxApopo oydovv Vo Bepelddn Oewpruota (mov o TAPOLGLUGTOVV
avaALTIKA 610 pdonpa g AvdAvong).

1° Oepushmdeg Oempnuo g Avidvong: ‘Eoto f pia cuvaptnon ohokAnpdoiun oe £vo kAe1otd
ddoua [a,b]. Av € évag apiBudg ecmtepikdg Tov dactiuatog owtod, a<c<b, opiovue pio

véa suvaptnon 4(x) og e&fic: A(X)= LX f (t)dt,av a<x<b.H rmapbymyos A'(X) vmpyet ote

og ke onpeio X Tov (@,b) 6mov n f () eivon cuvexng, kot Yo avté o X eivon A'(x) = f (X)

2° OepeMmdeg Ocdpnuo g Avdivong: Eoto f pia cuvaptnon olokinpmdoiun o éva kAe1otd

ddoua [a,b] ko cuveymg oto (a,b) . 'Eoto P (X) Tyovoa mapdyovoa tng f (X) , ONA.,
t

P'(x)= f(x), oto itomua (a,b). Av a<c<b, Oa givor I f(t)dt=P(x)-P(c)

c

IowoTnTeg OXOKM] poO umrmv

(f(x)+ dx_!: x+j
Af (x)dx = Aj' f (x)dx=—AT f (x)dx

b

Af (x)dx = Aj dx+Aj

D m— T D —T D ——T

Xpnmuog Kavovag - Ohokipoon katd pépn

[fdg=fg—[gdf =

1009 (x)ax=t ()3 (x)-[g(x)

Mepwka Xpnowpa Ohokinpopata

Xn+l
Ix”dx =
n+1

+C, n=-1, Id—::In|x|+C
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Icosxdx=sinx+C, Isinxdx=—cosx+C

[ oena e 22 —in(xs Vx| oc.
\/ﬂ a m
a“+x° a a a a x—a? 2a |x+a
[erdx=e*+cC, [ardx= & .
Ina

OLoxkMpopo AloVUGHATIKIG CUVAPTNONG
[log vmoAyiovpe 710 0OPLOTO  OAOKANPOUE NG  OWVUCUOTIKNG  CLVAPTNONG

f(u)=f,(u)i+f,(u)j+ f(u)k ;
| = _[f( du—|jf du+JIf )du+l€jf3(u)du

Mapadsrypo. Ymoloyiopdg Olaotiuatog o€ €ubOypapun kiviion pe toyvtnTo TOL €ivol
ouvaptnomn tov YpOvovL.

‘Eocto U:u(t). Tote, oe éva dopopkd ypovikd ddotnuo amd t péypr t+dt, pmopovueva
Bewpnoovpe 0Tl M kivnon elval 16oTOYNG, LE OTUypodo T TOYLTNTOC U:U(t), ondtE 10
dapopikd drdotnua wov dravdeton péco oto dt, eivon ds = U(t)dt , KOl TO GUVOAKO OdoTNLLOL

7OV SLVOETOL KOTA T O1GPKELD TOV TEMEPATUEVOD YPOVIKOD SLOGTNOTOC (tl,tz) glvon

s(t,t,) jds ju t)dt

Hapdderypa. Yrnoroyiopdg épyov dOvaung mapdAAning otov dEova-X, Tov 10 HETPO NG Eivorn
ouvapnomn g BEoNG X, Ko petatomilel 1o oNUElo EQAPLOYNG TNG O X1 UEXPL X1.
‘Eoto F=F (X) Tote, xkotd ™ HETATOMON TOV ONUEIOV EPOPUOYNG TS OVVOUNG KoTo &Vl

dapoptkd daotnuo and X puéxpt X+dX, uropodueva Bewpnioovue 0tL 1 dSvvaun ivor otabepn,
pe otypodo iwy F=F (X), omOTE TO SLPOPIKO £PYO OV TTOPAYETOL KOTA 0T T SL0POPIKT

uetatomon, eivan dW =F (X) dx , ka1 To GLVOAKO £PYO0 TTOV TAPAYETOL KATE TNV TETEPAGUEVT

petaromon (X, X, ) eivoe

xz):TdW:]gF X ) dx
X X

Hoapdderypa. Ymorloyiopog epfadod d1opoptkov KUKAIKOU 0aKTLAO0L aktivag R kot mAdtoug
a<<R.

To dapopikd eufadd mov avtioTolyel o€ pio dSopopikn yovio do etval:
dS =(Rdg)a

Yy s
Apa S :'[dS :j(Rdw)a:aR'([ dp=(27zR)a
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YmoAloyiopog pkovg Emimedng KOPTOANG
Otav €xel eKPpaoTel OVOALTIKA 1| LOPPN UiOG KOUTOANG OTO EMIMESO (X, y) pHEo® ™G oEong
y= y(x) N X= x(y) , TOTE TO MNKOG OLTAG TNG KOUTOANG Hmopel va  vroAoylotel

OAOKANPOVOVTAG GTOXEIMON TUNpata ds = (dX)2 +(dy)2 , TOV OVTIGTOL(OVV GE LETATOMIGELS

(dX dy) ol onoiag etvan e€aptnuéveg uécs(o TOV AVOTEP® GXéGS(DV onotE

o T T for (3] T 3

(Xl ¥i) (aey) X1<—>)’1 (qen)

O oVUPOAICUOG (ko) , KOL(x,<y,) OTA OPLOL TOV OAOKANPOUOTOG CNUOLVEL OTL TaL EAN TOL K(OE
Levyoug (xoy) etvar e€aptnuéva peta&d toug, OTmg emiong Kot OTL, OVOAOYQ LE TN HLOPON TOV
OAVOALTIKOV  EKQPACEDV y= y(X) Kol X= X(y) , 0o pmopovce VO TPAYLOTOTOM|GEL
OAOKAN PO ®G Ttpog dy , EMAEYOVTAG TNV HOPPT] TOV OAOKANPMVETOL AVOAVTIKA O EOKOAQ.
Yrapyovv snouévoag O00 1600VVAEG EKPPAGELS Y10 TOV Unokoytcué TOV UKOVG KOUTTOANG

S(X,%,) = j 1+( jdx kot S(YuY,)= j 1{ j

E(papuoCovrag AVTEG TIG GYECELS OTNV nspmtcocm rng KUKAOELO0VG KOUTOANG, UTopel va
VTOAOYioEL KOVELG OTL TO GLVOMKO PNKOG EVOG TOEOV, OVAUESH GE dV0 J1AOOYIKEG EMOPES TOVL
010 onueiov ¢ mEPLPEPELNG TOV KVAOUEVOL TPOYOD He TO 0plovTIo eminedo emi TOL OmoOiov
KuAdel, eivon S=8R.

Evolloktikd, Otav n popen pog KopmOANG O10eTal UE TOPUUETPIKY LOPON, OTMG
ovupaivel, T.y., 6€ TPOPANUATO KIVILOTIKNG 1) OUVAUKTG, UE “Tapduetpo’ tov ypdvo (o omoiog,
070 TAAIC10 AVTAOV TOV TPoPANUdTOV givar 1 ave&aptnn HeTaPfANT TOL TPOPANUATOG), TOTE O
VIOAOYIGUOG TOV UNKOLG TG KAUTOANG pmopel va yivel pe tov e€ng tpomo.

Av didovtor (TpofANpaTo KIVNUOTIKNG), N av £(0VV VITOAOYISTEL (TPOPANATO SVVALIKTG) Ot
GUVTETOYHEVEG EVOG KIVITTOD WG GLVAPTAGELS Tov yxpdvov, X=X(t), y=y(t), z=z(t), tote

TO UNMKOG TNG KAUTOANG TNV omoia dtyrdeel To Kivntd Katd TV Kvnon tov, VToAoyileTon mg

gEnc: s:z'ds;j\/(dx)z+(dy)2+(dz)2=£\/(%dtj2 ((gdtjz [gfdtj,

N, GLVOPTIGEL TOV TOYVLTNTOV:

I°)

s= tj(\/(x'(t))2 +(y’(t))2 +(z’(t))2 jdt = I(, /uf +0) +07 )dt

4

Yvvoeopuol

Ye opKetég €QOPUOYEG NG MMYOVIKNG, OPOPETIKA TUNUATO €VOG  UNYOVIKOV
OLOTNHOTOG CLVOEOVTOL HETOED TOVG, e KAmolo Tpdmo, (.., LE UN-EKTATO VIUOTO, LE CTEPEQ
papoo péocw apbpmdoemv, e TeplocdTepeg amd pia apBpwtéc pafdovg, pe un-extatd Vo LEGM
Tpoyariog ent g omolag dev oAcOaivel, K.0.k). Avtol ot Tpdmol chHvoeoNng TV el PEPOVG
TUNUATOV, EMPAAOVY KATO10 GYEGT OVALEGH GTIG GUVIETAYUEVES TV TUNUATOV. H oxéon avt)
SLOTLTOVETOL PLE PO OO ILATIKT EKQPOCT] TOV AVAPEPETOL G GVVIEGNOG.
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Hapaderypa 1.2.2.9 Avo pnyavicoi «dpopeic» Ag kot Az givor cuvdedepévor apbpmtd pe pafido
otafepod pnkovg L kot kivohvtal oe OlpOpPETIKES S10OPOUES 0 KOOEVOS, ULV LE TO
dumhavé oynuoTa.

Xynpo o

(01) Amote Vv ypovikn €£GPTon TOL JVOCUATOG
0éonc tov dpopéa Ay av o dpopéag Ar ekteAel opoAn y

KUKAIKY] Kivnon otv meplpépela KOKAov oaktivag R, A,
(2R<L), pe yoviaky toxdmiae. (o) Adote ™y / AL\_ X

YPOVIKY| €EAPTNON TOL JaVOGHOTOC BEonG ToL dpopéa
A1 av o dpopéag Az ekTeAEl TAAMVOPOUIKY Kivnom Tng
nopeng X(t) =X, + Acos(mt). [Aakpivete nepmtdoeig

Y100 TN oYéon TV peyeddv, Xo, A, L wot 2R]. L 4,
Xynpo B 4,

(B) Aoote v ypovikny €£4pTnorn TOL SAVOGHOTOC B)
0éonc tov Opouéa A; av o Opouéag Ay extelel

TOALVOPOLLKY| Kivnon ™mg HOPONG

X(t) =X, + Acos(wt), [Aakpivete tepumtdoelg yio ) oxéon tov peyeddv, Xo, A kar L.

AITANTHXZH
(01) Av (Xi, yl) Kol (XZ, y2) glval o1 GLVTETAYUEVEG TOV
’ dvo @opémwv A1 wor Ay, oaviictowa, TOTE £YOLUE
X, =Rcos(at)+[L* ~Rsin’ (et) (vmobétovpe 6T o A; Eexwvder amd T 0Béom
(X1 =R, Y= 0)):
I, =(x =Rcos(at),y, =Rsin(at)), (1)
F2:()(2:)(2(t)’y2:o) (2)
. | Tovdeopog: |F, —f| =L
° : * wt[rad] oo
= Ju-x) +(-n) =L =

(Xz _)(1)2 +(yz _yl)z =L

Omndte, hapPdavovtag veoyn pag i (1) ko (2), n terevtaio oxéon yivetan
(Xz_x1):\I|—2_Y12 = X :X1+\IL2_Y12 =

= X, = Rcos(a)t)+\/L2 —R*sin® (at)

Enopévmg, n 0éon tov opopéa Ay otov dova X eivor pio meplodkny aAAL Oyl OPHOVIKN
GLLVAPTNON TOL YPOVOL (OTWG PATVETAL KOl GTO SITANVE GYTLLaL)
(02) Av (X, Y;) kot (X,,Y,) eivor ot cuvtetaypéveg Tov Vo gopéov Ag kat Az, avtictolya, ToTe

&yovpue (voBétovpe 0TI 0 Ag Egkvaet amd T Béom (X1 =Ry, = O)):

r, =(X, =X, + Acos(at),y, =0) @)
Zovdeopoc-1: X, +y?; =R?, (2)
Z0vdeooc-2: Ir,—f|=L (3)

(3) = \/(Xz_xi)z"‘(yz_yl)zzl- = (Xz_x1)2+(y2_y1)2:|-2
(XO+ACOS(C()t)—X1)2+(yl)2:L2 =N (xo+Acos(a)t))2+xf—2x1(x0+Acos(a;t))+(y1)

Aoppdavovtoag veoyn v (2), maipvovpe
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R? +(x, + Acos(at))’ — L2
—2X1(X0+Acos(a’t))=LZ_RZ_(XO“LACOS(C"t))Z = 4= 2((:< +Aco£20a)t;)
0

Kai, and mv (2) y, =/R? =X,

[Awokpivete TepmT®OGELG Yo TN oYéon TV peyebdv, Xo, A, L kot 2R].
(B) Av (X, ;) kar (X,,Y,) €ivar o1 cuvtetaypéves Tov 800 popémv Ay kot A,, avtictolya, tote

EXOVLE!

L=(0y: =¥ (1)), D)
r,=(X =X +Acos(at),y,=0)  (2)
ZOVOEGOG: |F2 — fl| =L 3)

R = (x2)2+(y1)2=L = (xz)er(yl)Z:L2 =

= vy = —\/L2 (% + Acos(at))’
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