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MAJHMATIKA A1
FULLADIO ASKHSEWN 1
�� AkoloujÐec kai Seirèc ��

Did�skwn: G. Smurl c

1. Gia k�je mia apì tic parak�tw akoloujÐec, na breÐte to ìriì thc (an up�rqei):

an =
2n

n!
, bn = n−

√
n2 − n, cn =

(
1 +

1

n2

)n
, dn =

n
√
n3 + 2n2 + n+ 5, εn = (−1)n n

n+ 1
,

ζn =
n
√
5n2 − 3n− 1, ηn = n

√
3n + 5n + 7n + 100, θn =

n
√
n2 + n+ 5n.

Apant seic:

lim an = 0, lim bn = 1/2, lim cn = 1, lim dn = 1, lim ζn = 1, lim ηn = 7, lim θn = 5

to lim εn den up�rqei.

2. Gia k�je mia apì tic parak�tw akoloujÐec, na breÐte to ìriì thc (an up�rqei):

an =
5n + n

6n − n
, bn =

(
1− 1

n

)n2

, cn =
1√

n2 + 1
+

1√
n2 + 2

+ . . .+
1√

n2 + n
,

h anadromik� orizìmenh akoloujÐa (dn) me

d1 = 1, dn+1 =
√
2dn + 3, ∀n ≥ 1,

Apant seic:

lim an = 0, lim bn = 0, lim cn = 1, lim dn = 3.
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3. DÐnetai h anadromik� orizìmenh akoloujÐa (an) me

a1 = 0, an+1 =
an + 2

an + 3
, ∀n ≥ 1.

Na breÐte to lim an.

[Upìdeixh: Na breÐte pr¸ta èna �nw fr�gma kai sth sunèqeia na deÐxete ìti eÐnai
aÔxousa, paÐrnontac th diafor� an+1 − an.]

Ap�nthsh: lim an =
√
3− 1.

4. 'Estw akoloujÐa (an) tètoia ¸ste

lim a2n = lim a2n−1 = a ∈ R.

Na deÐxete ìti kai lim an = a.

Apìdeixh: 'Estw ε > 0. Tìte, up�rqoun n1 , n2 ∈ N∗ ¸ste

|a2n − a| < ε, ∀n ≥ n1, (1)

|a2n−1 − a| < ε, ∀n ≥ n2. (2)

Jètoume n0 = max{2n1 , 2n2 − 1}.
'Estw n ∈ N∗ me n ≥ n0.

�An n �rtioc, tìte n = 2k gia k�poio k ≥ 1, opìte 2k ≥ n0 ≥ 2n1 kai sunep¸c
k ≥ n1. Apì thn (1) t¸ra prokÔptei ìti |a2k − a| < ε, dhl.

|an − a| < ε.

�An n perittìc, tìte n = 2k − 1 gia k�poio k ≥ 1, opìte 2k − 1 ≥ n0 ≥ 2n2 − 1
kai sunep¸c k ≥ n2. Apì thn (2) t¸ra prokÔptei ìti |a2k−1 − a| < ε, dhl. kai
p�li

|an − a| < ε.

Apì ta parap�nw èpetai ìti

|an − a| < ε, ∀n ≥ n0 .

�
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5. An k�je upakoloujÐa miac akoloujÐac (an) èqei mia peraitèrw upakoloujÐa pou sug-
klÐnei ston arijmì a, na deÐxete ìti h akoloujÐa (an) sugklÐnei ston a.

Apìdeixh: Upojètoume antijètwc ìti h akoloujÐa (an) den sugklÐnei sto a. Tìte
( diatup¸nontac thn �rnhsh tou orismoÔ tou orÐou akoloujÐac),

∃ ε > 0 tètoio ¸ste: ∀n0 ∈ N∗, ∃n > n0 me |an − a| ≥ ε. (3)

�Efarmìzontac thn (3) gia n0 = 1, mporoÔme na epilèxoume fusikì arijmì k1 > 1
me |ak1 − a| ≥ ε.

�Efarmìzontac thn (3) gia n0 = k1, mporoÔme na epilèxoume fusikì arijmì k2 > k1
me |ak2 − a| ≥ ε.

�Efarmìzontac thn (3) gia n0 = k2, mporoÔme na epilèxoume fusikì arijmì k3 > k2
me |ak3 − a| ≥ ε.

k.o.k. Epagwgik� mporoÔme me autì ton trìpo na kataskeu�soume mia gn. aÔxousa
akoloujÐa fusik¸n arijm¸n k1 < k2 < k3 < . . . tètoia ¸ste

|akn − a| ≥ ε, ∀n ≥ 1. (4)

Profan¸c h (akn) eÐnai mia upakoloujÐa thc (an).

Lìgw thc upìjeshc, h (akn) ja èqei mia peraitèrw upakoloujÐa (akpn ) pou sugklÐnei
sto a [ìpou (pn) gn. aÔxousa akoloujÐa fusik¸n arijm¸n].

Dhl.

lim
n→∞

akpn = a,

gegonìc pou antif�skei me thn (4). �

6. (i) D¸ste par�deigma akoloujÐac jetik¸n ìrwn (an) pou den eÐnai aÔxousa kai
lim an = +∞.

[Ap: P.q. (an) = (1, 1,
√
2, 2,

√
3, 3,

√
4, 4,

√
5, 5, . . .), n ≥ 1].

(ii) D¸ste par�deigma akoloujÐac jetik¸n ìrwn (an) pou den eÐnai fragmènh �nw kai
lim an 6= +∞.

[Ap: P.q. (an) = (1, 1, 2, 1, 3, 1, 4, 1, 5, 1, . . .), n ≥ 1].
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7. E�n (an) aÔxousa akoloujÐa kai lim an = a ∈ R, na deÐxete ìti an ≤ a, ∀ n ≥ 1.

Apìdeixh: 'Estw n ≥ 1. Epeid  (an) aÔxousa, èqoume

ak ≥ an , ∀k ≥ n.

PaÐrnontac sthn parap�nw to ìrio kaj¸c k →∞ prokÔptei ìti a ≥ an. H teleutaÐa
isqÔei gia ìla ta n ≥ 1. �

8. Na breÐte to �jroisma twn parak�tw seir¸n:

(i)
∞∑
n=1

(−3)n

4n+1
(Ap. -3/28) (ii)

∞∑
n=1

cos(nπ)

5n
(Ap. -1/6)

(iii)
∞∑
n=1

2n+ 1

n2(n+ 1)2
(Ap. 1) (iv)

∞∑
n=1

1

n(n+ 2)
(Ap. 3/4)

(v)
∞∑
n=1

1

4n2 + 4n− 3
(Ap. 1/3)

9. Na exet�sete wc proc th sÔgklish tic parak�tw seirèc me th qr sh twn krithrÐwn
tou lìgou   thc rÐzac:

(i)
∞∑
n=1

n3

2n
(Ap. SugklÐnei) (ii)

∞∑
n=1

nn

en2 (Ap. SugklÐnei)

(iii)
∞∑
n=1

2n

n+ 1
(Ap. ApoklÐnei) (iv)

∞∑
n=1

( n
√
n− 1)n (Ap. SugklÐnei)

(v)
∞∑
n=1

(−2)nn3

(n+ 1)!
(Ap. SugklÐnei) (vi)

∞∑
n=1

θn
n!

(2n)!
, θ ∈ R (Ap. SugklÐnei)

(vii)
∞∑
n=1

θn
(2n)!

(n!)2
, |θ| < 1/4 (Ap. SugklÐnei)
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(viii)
∞∑
n=1

n!θn

nn
, θ > 0. (Ap. SugklÐnei gia 0 < θ < e kai apoklÐnei gia θ ≥ e .)

(ix)
∞∑
n=1

e−n
2

(Ap. SugklÐnei) (x)
∞∑
n=1

1 · 3 · 5 · · · (2n− 1)

2n2 (Ap. SugklÐnei)

10. Na deÐxete ìti h seir�
∞∑
n=1

θ
√
n sugklÐnei, gia k�je θ ∈ (0, 1).

[Upìdeixh: EÐnai θ
√
n = e

√
n ln θ. SugkrÐnete me th seir�

∞∑
n=1

1

n2
. ]

11. (i) 'Estw (an) akoloujÐa jetik¸n ìrwn tètoia ¸ste

lim a1/
√
n

n = L ∈ (0, 1).

Na deÐxete ìti h seir�
∞∑
n=1

an sugklÐnei. [Upìdeixh: Orismìc orÐou kai �sk. 10.]

Apìdeixh: Epilègoume ε ∈ (0, 1− L). Apì ton orismì tou orÐou, up�rqei n0 ≥ 1
¸ste ∀n ≥ n0,

0 ≤ a1/
√
n

n < L+ ε = θ < 1 =⇒ 0 ≤ an < θ
√
n.

All� h seir�
∞∑
n=1

θ
√
n sugklÐnei (bl. �skhsh 10), opìte kai h seir�

∞∑
n=1

an

sugklÐnei.

(ii) Na deÐxete ìti h seir�
∞∑
n=1

(
1− 1√

n

)n
sugklÐnei.

12. Na exet�sete wc proc th sÔgklish tic parak�tw seirèc me to krit rio thc �meshc
  thc oriak c sÔgkrishc:

(i)
∞∑
n=1

√
n

n+ 1
(Ap. ApoklÐnei) (ii)

∞∑
n=1

n+ 2

n3 − n− 8
(Ap. SugklÐnei)
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(iii)
∞∑
n=1

n

2n − 1
(Ap. SugklÐnei) (iv)

∞∑
n=1

(
√
n+ 1−

√
n) (Ap. ApoklÐnei)

(v)
∞∑
n=1

n sin

(
1

n3

)
(Ap. SugklÐnei) (vi)

∞∑
n=1

n sin2

(
1

n

)
(Ap. ApoklÐnei)

(vii)
∞∑
n=2

lnn

n3
(Ap. SugklÐnei) (viii)

∞∑
n=2

lnn

n
(Ap. ApoklÐnei)

(ix)
∞∑
n=1

sin2
(

1
n3

)
n2

(Ap. SugklÐnei) (x)
∞∑
n=1

( n
√
n− 1) (Ap. ApoklÐnei)

13. Gia tic parak�tw seirèc na exet�sete an sugklÐnoun apìluta, an sugklÐnoun apl�  
an apoklÐnoun:

(i)
∞∑
n=1

(−1)n n

n3 + 1
(Ap. SugklÐnei apìluta)

(ii)
∞∑
n=1

(−1)n(
√
n2 + 1− n) (Ap. SugklÐnei apl�)

(iii)
∞∑
n=1

(−1)n n+ 1

n2 + 2
(Ap. SugklÐnei apl�)

(iv)
∞∑
n=1

(−1)n n+ 1√
n2 + 2

(Ap. ApoklÐnei)

(v)
∞∑
n=1

(−1)n sin
(
1

n

)
(Ap. SugklÐnei apl�)

(vi)
∞∑
n=1

(−1)n
[
1− cos

(
2

n

)]
(Ap. SugklÐnei apìluta)

(vi)
∞∑
n=1

xn
1

2n+ 1
, x ∈ R
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(Ap. SugklÐnei apìluta gia |x| < 1, sugklÐnei apl� gia x = −1, kai apoklÐnei
gia x = 1).

(vii)
∞∑
n=1

xn
1

n2
, x ∈ R

(Ap. SugklÐnei apìluta gia |x| ≤ 1 kai apoklÐnei gia |x| > 1).

14. DÐnetai akoloujÐa (an). E�n oi seirèc
∞∑
n=1

a2n,
∞∑
n=1

a2n−1 sugklÐnoun, na deÐxete

ìti kai h seir�
∞∑
n=1

an sugklÐnei. Exet�ste an alhjeÔei to antÐstrofo.

Apìdeixh: 'Estw (σn), (τn), (sn) oi akoloujÐec merik¸n ajroism�twn twn seir¸n

∞∑
n=1

a2n,
∞∑
n=1

a2n−1,
∞∑
n=1

an

antÐstoiqa, dhl. ∀n ≥ 1,

σn = a2+a4+. . .+a2n, τn = a1+a3+. . .+a2n−1, sn = a1+a2+a3+a4+. . .+an .

Lìgw thc upìjeshc,

lim
n→∞

σn = σ ∈ R, lim
n→∞

τn = τ ∈ R.

ParathroÔme ìti ∀n ≥ 1, isqÔei s2n = σn + τn, opìte

lim
n→∞

s2n = σ + τ.

Epiplèon, ∀n ≥ 1, èqoume s2n−1 = s2n − a2n. All� lim
n→∞

a2n = 0, epeid  h seir�
∞∑
n=1

a2n sugklÐnei, opìte

lim
n→∞

s2n−1 = σ + τ.

Apì ta parap�nw kai se sunduasmì me thn �skhsh 4 prokÔptei ìti kai
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lim
n→∞

sn = σ + τ

ki epomènwc h seir�
∞∑
n=1

an sugklÐnei.

To antÐstrofo genik� den isqÔei.

P.q. an an = (−1)n/n, n = 1, 2, . . . , tìte h seir�
∞∑
n=1

an sugklÐnei apì to krit rio

tou Leibniz. Tautìqrona,

∞∑
n=1

a2n =
1

2

∞∑
n=1

1

n
,

∞∑
n=1

a2n−1 = −
∞∑
n=1

1

2n− 1

kai oi dÔo parap�nw seirèc apoklÐnoun (gia th deÔterh mporeÐte na efarm. krit rio
oriak c sÔgkrishc). �

15. DÐnetai akoloujÐa (an) me an ≥ 0, n ≥ 1 . E�n h seir�
∞∑
n=1

an sugklÐnei, na deÐxete

ìti kai h
∞∑
n=1

a2n sugklÐnei. Exet�ste an exakoloujeÐ na isqÔei to sumpèrasma, qwrÐc

thn upìjesh “an ≥ 0, n ≥ 1”.

Apìdeixh: Efìson h seir�
∞∑
n=1

an sugklÐnei, èqoume ìti lim
n→∞

an = 0. Apì ton

orismì tou orÐou akoloujÐac kai gia ε = 1, up�rqei n0 ≥ 1 ¸ste

0 ≤ an < ε = 1, ∀n ≥ n0.

Tìte,

0 ≤ a2n < an, ∀n ≥ n0,

opìte kai h seir�
∞∑
n=1

a2n sugklÐnei, apì to krit rio �meshc sÔgkrishc.
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An paraleifjeÐ h upìjesh “an ≥ 0, n ≥ 1”, to parap�nw sumpèrasma den isqÔei
genik�.

P.q. an an = (−1)n/
√
n, n = 1, 2, 3, . . . , tìte h seir�

∞∑
n=1

an sugklÐnei apì to

krit rio tou Leibniz, en¸ h seir�

∞∑
n=1

a2n =
∞∑
n=1

1

n

apoklÐnei. �


