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Parag¸gish dunamoseir�c.

L mma: 'Estw x0, h ∈ R, δ > 0, n ∈ N me n ≥ 1, ¸ste |h| ≤ δ. Tìte,

| (x0 + h)n − xn0 − nhxn−10 | ≤ h2

δ2
( |x0| + δ )n.

Apìdeixh:
�Gia n = 1, profan¸c isqÔei.
�'Estw n ≥ 2. 'Eqoume:

(x0 + h)n − xn0 =
n∑

k=0

(
n

k

)
xn−k0 hk − xn0 =

n∑
k=1

(
n

k

)
xn−k0 hk.

Gia k = 1 sto parap�nw �jroisma paÐrnoume nhxn−10 , opìte

(x0 + h)n − xn0 − nhxn−10 =
n∑

k=2

(
n

k

)
xn−k0 hk,

=⇒ | (x0 + h)n − xn0 − nhxn−10 | ≤
n∑

k=2

(
n

k

)
|x0|n−k|h|k = h2

n∑
k=2

(
n

k

)
|x0|n−k|h|k−2

≤ h2
n∑

k=2

(
n

k

)
|x0|n−kδk−2 =

h2

δ2

n∑
k=2

(
n

k

)
|x0|n−kδk

≤ h2

δ2

n∑
k=0

(
n

k

)
|x0|n−kδk =

h2

δ2
( |x0| + δ )n.

�

Je¸rhma 1: 'Estw R ∈ (0, ∞] h aktÐna sÔgklishc thc dunamoseir�c

f(x) =
∞∑
n=0

cnx
n, x ∈ (−R, R).

Tìte, f paragwgÐsimh sto (−R, R) me

f ′(x) =
∞∑
n=1

ncnx
n−1, x ∈ (−R, R).
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Apìdeixh: H aktÐna sÔgklishc thc dunamoseir�c

∞∑
n=1

ncnx
n−1

isoÔtai me R diìti

lim sup
n

n
√
n|cn| = lim sup

n

n
√
n n
√
|cn| = lim sup

n

n
√
|cn| = 1/R.

Sunep¸c, orÐzetai h sun�rthsh

g(x) =
∞∑
n=1

ncnx
n−1, x ∈ (−R, R).

'Estw x0 ∈ (−R, R).
Epilègoume δ > 0, h ∈ R tètoia ¸ste

0 < δ < R − |x0|, 0 < |h| < δ.

'Eqoume

| f(x0 + h) − f(x0) − h g(x0)| =

∣∣∣∣∣
∞∑
n=1

cn[ (x0 + h)n − xn0 − nhxn−10 ]

∣∣∣∣∣
≤

∞∑
n=1

|cn| · | (x0 + h)n − xn0 − nhxn−10 |

≤ h2

δ2

∞∑
n=1

|cn|( |x0| + δ )n

(bl. L mma parap�nw).

Epeid  0 < |x0|+ δ < R, h seir�

∞∑
n=1

cn( |x0| + δ )n

sugklÐnei apìluta.
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Jètoume

M =
∞∑
n=1

|cn|( |x0| + δ )n.

Tìte,

| f(x0 + h) − f(x0) − h g(x0)| ≤
M

δ2
h2

=⇒
∣∣∣∣ f(x0 + h) − f(x0)

h
− g(x0)

∣∣∣∣ ≤ M

δ2
|h|,

gia 0 < |h| < δ.
Apì krit rio parembol c, paÐrnoume

lim
h→0

f(x0 + h) − f(x0)

h
= g(x0),

pou shmaÐnei ìti f paragwgÐsimh sto x0 me

f ′(x0) = g(x0) =
∞∑
n=1

ncnx
n−1
0 .

�

Je¸rhma 2 (GenÐkeush tou J.1): 'Estw R ∈ (0, ∞] h aktÐna sÔgklishc thc
dunamoseir�c

f(x) =
∞∑
n=0

cn(x− a)n, x ∈ (a−R, a+R).

Tìte, f paragwgÐsimh sto (a−R, a+R) me

f ′(x) =
∞∑
n=1

ncn(x− a)n−1, x ∈ (a−R, a+R).

Apìdeixh: JewroÔme th sun�rthsh

fa(t) = f(t+ a), t ∈ (−R, R).

Shm. ìti gia t ∈ (−R, R), isqÔei t+a ∈ (a−R, a+R), opìte h fa orÐzetai kal¸c.
EpÐshc,
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fa(t) = f(t+ a) =
∞∑
n=0

cnt
n, t ∈ (−R, R).

SÔmfwna me to J.1, h fa eÐnai paragwgÐsimh sto (−R, R) me

f ′a(t) =
∞∑
n=1

ncnt
n−1, t ∈ (−R, R).

All�,
f(x) = fa(x− a), ∀ x ∈ (a−R, a+R),

opìte f paragwgÐsimh sto (a−R, a+R) me

f ′(x) = f ′a(x− a) =
∞∑
n=1

ncn(x− a)n−1, ∀ x ∈ (a−R, a+R).

�


