
JEWRHMATA HAHN -BANACH

I. Jetik� upogrammik� sunarthsiak�.

Orismìc I.1. 'Estw X gramm. q¸roc kai p : X → R
sunarthsiakì.

To p lègetai jetikì upogrammikì ann:

(i) p(x) ≥ 0, ∀x ∈ X.

(ii) p(x+ y) ≤ p(x) + p(y), ∀x, y ∈ X.

(iii) p(λx) = λp(x), ∀ λ ≥ 0, ∀x ∈ X.

[ Eidikìtera, p(0) = 0.]

Prìtash I.2:'Estw X topologikìc grammikìc q¸roc

kai p : X → R jetikì upogrammikì sunarthsiakì. Ta

parak�tw eÐnai isodÔnama:

(i) p suneqèc sto 0.

(ii) p suneqèc

(iii) ∃ V ∈ N0 ¸ste p(V ) fragmèno.

H apìdeixh af netai wc �skhsh.
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II. Analutik  morf  J. Hahn-Banach -Sunèpeiec.

Je¸rhma II.1: 'Estw X grammikìc q¸roc, Y gram-

mikìc upìqwroc tou X, p : X → R jetikì upogrammikì

sunarthsiakì kai f : Y → R grammik , ¸ste

f(x) ≤ p(x), ∀x ∈ Y.

Tìte, ∃ f̃ : X → R grammik , ¸ste

f̃ |Y= f, f̃(x) ≤ p(x), ∀x ∈ X.

Sumbolismìc:'Estw (X, || · ||) q¸roc me nìrma. Jè-
toume

X∗ = {f : X → R : f fragmèno grammikì }.

O X∗ eÐnai grammikìc q¸roc kai onom�zetai duðkìc
  suzug c tou X.

H

||f || = sup{|f(x)| : x ∈ X, ||x|| = 1}, f ∈ X∗,

orÐzei nìrma ston X∗.
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Prìtash II.2:
'Estw X q¸roc me nìrma, Y gramm. upìqwroc tou X
kai f : Y → R fragmèno grammikì sunarthsiakì.

Tìte, ∃ f̃ : X → R fragmèno grammikì ¸ste

f̃ |Y= f, ||f̃ || = ||f ||.

Prìtash II.3: 'Estw (X, || · ||) q¸roc me nìrma kai

x0 ∈ X. Tìte,

||x0|| = max{|f(x0)| : f ∈ X∗, ||f || = 1}.

Pìrisma II.4: 'Estw (X, || · ||) q¸roc me nìrma ¸ste

X ̸= {0}. Tìte, X∗ ̸= {0} kai o X∗ qwrÐzei shmeÐa.

Prìtash II.5: 'Estw X q¸roc me nìrma, Y kleistìc

gramm. upìqwroc tou X kai x0 ∈ X \ Y . Tìte,

∃ f ∈ X∗ ¸ste

||f || = 1, f |Y= 0, f(x0) = d(x0, Y ).

3



H kanonik  emfÔteush tou X ston X∗∗.

'Estw (X, || · ||) q¸roc me nìrma kai x ∈ X. OrÐzoume
to grammikì sunarthsiakì

e(x) : X∗ → R, e(x)(f) = f(x), ∀ f ∈ X∗.

Tìte,

e(x) ∈ X∗∗, ||e(x)|| = ||x||.

Pr�gmati:

sup{|e(x)(f)| : f ∈ X∗, ||f || = 1} =

= sup{|f(x)| : f ∈ X∗, ||f || = 1} = ||x||,

lìgw thc Prìtashc I.4.

Sunep¸c, orÐzetai h grammik  isometrÐa

e : X → X∗∗

me

e(x)(f) = f(x), ∀ x ∈ X, ∀ f ∈ X∗.

O parap�nw grammik  isometrÐa onom�zetai kanon-
ik  emfÔteush tou X ston X∗.

Parat rhsh: H e(X) ⊆ X∗∗ qwrÐzei shmeÐa ston X∗.
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III. Sunarthsiakì tou Minkowski.

'Estw X topologikìc grammikìc q¸roc kai A ⊂ X
aporrofoÔn (�ra 0 ∈ A). Tìte, ∀ x ∈ X, to sÔnolo

{λ > 0 : x ∈ λA}

eÐnai mh kenì.

Orismìc III.1. 'Estw X topologikìc grammikìc q¸roc
kai A ⊂ X aporrofoÔn kai kurtì. To sunarthsiakì
tou Minkowski gia to sÔnolo A eÐnai h apeikìnish

pA : X → R+

me

pA(x) = inf{λ > 0 : x ∈ λA}, ∀ x ∈ X.

Gewmetrik  ermhneÐa:

To pA(x) ��qondrik��� isoÔtai me to phlÐko
d(x,0)

d′x
,

ìpou

• d(x,0) h apìstash tou x apì to 0

• d′x h apìstash apì to 0 tou piì ��apomakrusmè-
nou�� shmeÐou tou A sth dieÔjunsh tou x.
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'Estw X topologikìc grammikìc q¸roc kai A ⊂ X
aporrofoÔn kai kurtì.

pA : X → R+, pA(x) = inf{λ > 0 : x ∈ λA}, ∀ x ∈ X.

Prìtash III.1:To pA eÐnai jetikì upogrammikì sunarth-
siakì.

Apìdeixh: (mìno gia thn upoprosjetikìthta).

'Estw x, y ∈ A kai ε > 0. Tìte, ∃ λ > 0, µ > 0 ¸ste

x ∈ λA, λ < pA(x) + ε/2, y ∈ µA, µ < pA(y) + ε/2 .

'Eqoume

x+y ∈ λA+µA = (λ+µ)

(
λ

λ+ µ
A+

µ

λ+ µ
A

)
⊂ (λ+µ)A.

(shm. ìti A kurtì!).

Epomènwc, pA(x+ y) ≤ λ+ µ < pA(x) + pA(y) + ε

gia tuqaÐo ε > 0.

'Ara, pA(x+ y) ≤ pA(x) + pA(y). �

Jètoume

(pA < 1) = {x : pA(x) < 1}, (pA ≤ 1) = {x : pA(x) ≤ 1}.

Prìtash III.2: IsqÔei

(pA < 1) ⊂ A ⊂ (pA ≤ 1).

('Askhsh.)
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Prìtash III.3: E�n 0 ∈ A◦, tìte:

(i) to pA eÐnai suneqèc.

(ii) A◦ = (pA < 1), A = (pA ≤ 1).

Apìdeixh: (i) To pA eÐnai upogrammikì kai fragmèno
se perioq  tou 0, �ra suneqèc.

(ii) Isqurismìc:

An G ⊂ X anoiktì kai x0 ∈ G, tìte ∃ 0 < s < 1 < t
¸ste sx0, tx0 ∈ G.

[ Pr�gmati, h apeikìnish

φ : R → X, φ(t) = tx0,

eÐnai suneq c kai 1 ∈ φ−1(G) = anoiktì ston R.

'Ara, ∃ δ > 0 me φ((1− δ, 1+ δ)) ⊂ G.

Epilègoume s ∈ (1− δ,1), t ∈ (1,1+ δ).]

'Estw x0 ∈ A◦, y0 ∈ X \ A. Epilègoume s ∈ (0,1), t > 1
¸ste

tx0 ∈ Ao ⊂ A, sy0 ∈ X \A ⊂ X \A.

Prìt. III.2 =⇒ pA(x0) ≤ 1/t < 1, pA(y0) ≥ 1/s > 1.

'Ara, A◦ ⊂ (pA < 1), X \A ⊂ (pA > 1) ⇒ (pA ≤ 1) ⊂ A.

Epeid  (pA < 1) anoiktì kai (pA ≤ 1) kleistì, to
sumpèrasma èpetai apì thn Prìtash III.2 �
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Prìtash III.4: E�n 0 ∈ A◦, tìte

pA = pA◦ = pA .

Apìdeixh: A◦ ⊂ A ⊂ A =⇒ pA ≤ pA ≤ pA◦.

Ac upojèsoume ìti pA(x) < pA◦(x), gia k�poio x ∈ X.

Epilègoume s > 0 me pA(x) < s < pA◦(x).

Tìte, lìgw twn Prot. III.2, III.3,

pA

(
1

s
x

)
< 1 =⇒

1

s
x ∈ A◦ =⇒ pA◦

(
1

s
x

)
≤ 1 =⇒ pA◦(x) ≤ s,

�topo!

'Ara, pA = pA◦.

'Omoia, pA = pA (�skhsh!). �

Pìrisma III.5: 'Estw C kurtì me C◦ ̸= Ø. Tìte:

(i) C◦ = C, (C)◦ = C◦.

(ii) E�n V anoiktì kurtì me V = C, isqÔei V = C◦.

H apìdeixh basÐzetai stic Prot�seic III.3, III.4. (�skhsh!)
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IV. Gewmetrik� (diaqwristik�)
J. Hahn -Banach.

'Estw X topologikìc grammikìc q¸roc. Jètoume

X∗ = {f : X → R : f grammikì, suneqèc}.

Prìtash IV.1: 'Estw A ⊂ X kurtì me 0 ∈ A◦, x0 ̸∈ A◦.
Tìte, ∃ f ∈ X∗ \ {0} ¸ste

sup f(A) ≤ f(x0) .

Apìdeixh: Prìtash III.3 ⇒ pA(x0) ≥ 1.

JewroÔme to grammikì sunarthsiakì g : ⟨x0⟩ → R me

g(tx0) = t, ∀ t ∈ R.

• ∀ t ≥ 0, g(tx0) = t ≤ tpA(x0) = pA(tx0).

• ∀ t < 0, g(tx0) = t < 0 ≤ pA(tx0.)

Epomènwc, g(y) ≤ pA(y), ∀ y ∈ ⟨x0⟩.
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Analutikì J. Hahn-Banach ⇒ ∃ f : X → R grammikì
¸ste

f |⟨x0⟩= g, f(x) ≤ pA(x), ∀ x ∈ X.

Eidikìtera, f(x0) = g(x0) = 1.

Upenj.: Prìtash III.2 ⇒ A ⊂ (pA ≤ 1).

Epilègoume V ∈ N0 isorrophmèno me V ⊂ A◦.

'Eqoume

±f(V ) = f(V ) ⊂ f(A) ⊂ [−∞,1] ⇒ sup
v∈V

|f(v)| ≤ 1

⇒ f fragmèno se perioq  tou 0 ⇒ f ∈ X∗.

Tèloc, ∀ x ∈ A,

f(x) ≤ pA(x) ≤ 1 = f(x0).

�
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Prìtash IV.2: 'Estw A ⊂ X kurtì me A◦ ̸= Ø kai

x0 ̸∈ A◦. Tìte, ∃ f ∈ X∗ \ {0} ¸ste

sup f(A) ≤ f(x0) .

Gia thn apìdeixh, epilègoume a ∈ A◦ ki efarmìzoume
thn Prìtash IV.1 gia “A” = A− a, “x0” = x0 − a.

Oi leptomèreiec wc �skhsh.

Gia th sunèqeia, upenjumÐzoume to parak�tw

Pìrisma III.5: 'Estw C kurtì me C◦ ̸= Ø. Tìte:

(i) C◦ = C, (C)◦ = C◦.

(ii) E�n V anoiktì kurtì me V = C, isqÔei V = C◦.
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Je¸rhma: IV.3 (1h morf  gewmetrikoÔ J. Hanh-
Banach): 'Estw A,B ⊂ X kurt� tètoia ¸ste

A◦ ̸= Ø, B ̸= Ø, A◦ ∩B = Ø.

Tìte, ∃ f ∈ X∗ \ {0} ¸ste sup f(A) ≤ inf f(B).

Apìdeixh: Jètoume V = A◦ −B, C = A−B. Tìte,

• V,C eÐnai kurt�, mh ken� kai to V eÐnai anoiktì.

• 0 ̸∈ V .

Epiplèon, Pìrisma III.5(i) ⇒ A◦ = A.

'Eqoume

V ⊂ C ⊂ A−B = A◦ −B ⊂ A◦ −B = V

⇒ C = V ⇒ C◦ = V [bl. Pìrisma III.5(ii)]

⇒ 0 ̸∈ C◦.
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Prìtash IV.2 ⇒ ∃ f ∈ X∗ \ {0} ¸ste

sup f(C) ≤ f(0) = 0 ⇔ sup f(A−B) ≤ 0.

Lìgw grammikìthtac thc f , prokÔptei ìti

sup f(A) ≤ inf f(B).

�

Orismìc IV.4 'Enac topologikìc grammikìc q¸roc
lègetai topik� kurtìc ann èqei mia b�sh perioq¸n
tou 0 pou apoteleÐtai apì kurt� sÔnola.

ParadeÐgmata:

(a) 'Enac q¸roc me nìrma eÐnai topik� kurtìc t.g.q.

(b) 'Estw X grammikìc q¸roc, Φ ⊂ X♯ pou qwrÐzei
shmeÐa kai TΦ h asjen c topologÐa pou ep�gei h Φ.

Tìte, o (X, TΦ) eÐnai topik� kurtìc t.g.q.

Pr�gmati, mia b�sh perioq¸n tou 0 apoteleÐtai apì
peperasmènec tomèc sunìlwn thc morf c

f−1((−ε, ε)), f ∈ Φ, ε > 0,

ta opoÐa eÐnai profan¸c kurt�.
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'Estw X topik� kurtìc topologikìc grammikìc q¸roc.

L mma IV.5: ∀ V ∈ N0, ∃ W ∈ N0 kurtì, ¸ste

W +W ⊂ V.

'Askhsh!

L mma IV.6: E�n K sumpagèc kai F kleistì me

K∩F = Ø, tìte ∃ V ∈ N0 kurtì ¸ste (K+V )∩F = Ø.

'Askhsh! [ Upìd.: ∀ x ∈ K, ∃ Wx ∈ N0 kurtì, ¸ste

(x+Wx +Wx) ∩ F = Ø.

H {x+Wx}x∈K eÐnai mia anoikt  k�luyh tou K. ]
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L mma IV.7: (gia tuqaÐo t.g.q.!)
∀ f ∈ X∗ \ {0}, h f eÐnai anoikt .

Apìdeixh: EÐnai f(X) = R ⇒ ∃ z ∈ X me f(z) = 1.

'Estw V ∈ N0 ⇒ V aporrofoÔn, opìte ∃ δ > 0 me
(−δ, δ) · z ⊂ V .

Tìte, (−δ, δ) ⊂ f(V ) ⇒ 0 ∈ (f(V ))◦.

E�n G ⊂ X anoiktì mh kenì kai x ∈ G, efarmìzoume
to parap�nw gia V = G− x . �

7



Je¸rhma: IV.8: (2h morf  gewmetrikoÔ J. Hanh-
Banach):
'Estw K,F kurt�, mh ken�, ¸ste K∩F = Ø, K sumpagèc

kai F kleistì. Tìte, ∃ f ∈ X∗ \ {0} ¸ste

max f(K) < inf f(F ).

Apìdeixh: L mma IV.6 ⇒ ∃ V ∈ N0 kurtì ¸ste

(K + V ) ∩ F = Ø.

To H = K + V eÐnai anoiktì, kurtì, mh kenì, opìte
to f(H) eÐnai èna anoiktì di�sthma ston R.

Je¸rhma IV.3 ⇒ ∃ f ∈ X∗ \ {0} me

sup f(H) ≤ inf f(F ) = λ.

Tìte,

f(H) ⊂ (−∞, λ] ⇒ f(H) ⊂ (−∞, λ) ⇒ f(K) ⊂ (−∞, λ).

Epeid  K sumpagèc kai f suneq c, up�rqei tomax f(K).

Apì ta parap�nw èpetai ìti max f(K) < λ. �
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