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papnuara

[0 MovTeAonoinon NoAA®WY oNUAvTIKwV NpoBANNATWV
(n.X. TNAENIKOIVWVIAKa, 0dIKkA, NAEKTPIKA, KOIVWVIKA dikTud —

OUVEKTIKOTNTA, diadpopec, OpopoAoynon, avabeon nopwy, layouts, ...).
O [papnua G(V, E): V kopupec
E akpec (Celyn oXeTICOPEVWV KOPUPWV)
B Ta&n |V| = |V(G)]| = n kal peyeboc |E| = |[E(G)| = m.
B KaTteuBuvopeva kai un- KCITEUGUV(')UEVCI ypapnuara.
B Bapn (pnkn) otig akpeg G(V, E,w), w: EF — IR
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papnuara

O Aedopevou ypapnuatoc G(V, E):
B leirovida kopupnc v: N(v) ={u eV : {v,u} € F}
O Enektapevn yeirovia kopuPnc v: NT(v) = N(v)+v
B [siToVIa UVOAOU KOPUPWV X:
N(X)={ueV\X:{vu} e F yondmowa rogupn v € X}
0 ARNAO ypa®pnua: XwpIic avakUKAWOEIC N NapaAANAEC aKUEC.

B Oswpoule anAa pyn Kateubuvopeva ypapnuatda, EKTOC av
avagpepeTal 6|a(popsT|Kc'|.
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BaBuoc Kopupnc

O Babuoc kopu®pnc v: deg(v) = [N(v)]
(#akpwv Nou NpooninTouv oTN V).
KaTeuBuvopeva: eow-Babpoc kal eEw-Babuoc.
Mn-kateuBuvopevo G(V, E): > oy deg(v) = 2 |E)|
Kabe ypapnua £xel aptio nAn6oc kKopupwv NePITTOU Baduou.
0(G) / A(G): eAaxioTocg (peyioToc) Babuoc kopupnc oto G.
k-kKavoVviko ypapnua: OAeC ol Kopu@ec Babuou k.
O NO&o oe kaBe anAo ypagpnua, dUo Kopupec exouv 010 Babuo.
B 'EXOoUpE N KOpUPEeC Kal n-1 miBavec Tigec BabBuou yia Kabe kopuPpn.
B [liBavec Tiyec eite {0, 1, ..., n-2} eite {1, 2, ..., n-1}.
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NMapadeiypaTa

O Ynapyxel(;) anAo yn kateuBuvouevo ypagnua He:
B 8 kopupec: 1 Babuou 2, 2 BaBuou 3, 4 Babuou 4, kai 1 Babuou 5.
O 'Oxi, aBpoioua BabBuwyv nepitToc (N 10coduvapa, NePITTO NANBOC
KOpUQWV HE NEPITTO Babuo).
B 6 Kopu®pec: 2 Babuou 2, 2 BaBpou 3, 1 Babuou 4, kai 1 Babuou 6.
O 'Oxi, oe kGBe anAo ypagnua G pe n kopupec, A(G) <n-1.
B 5 kopu@ec: 1 BaBpou 2 kai 4 Babpou 4.
O 'Oxi, apou ol 4 kKopuPec Pe Babuo 4 ouvdeovTal JE OAEC TIC
AaAAeC, 0 eAaxioToc BaBuoc kopupnc Npenel va sivai 4.
B 9 kopupec: 1 Babuou 1, 2 BaBuou 3, 2 Babuou 4, 1 Babuou 5,
1 BaBuou 6, kal 2 Babuou 8.
O 'Oxi, apou ol 2 KopuPec Pe Babuo 8 ouvdeovTal PE OAEC TIC
aAAeg, eAaxioToc BaBpoc Kopupncg NPENEl va ivai 2.
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[TANpec kai
>uunAnpwuaTiko Mpagnua

O TANpec ypagnua n kopupwv: K.
B 'OAa T1a (euyn Kopupwv guvdeovTal Je akun: n(n-1)/2 akuec.
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[TANpec kai
>uunAnpwuaTiko Mpagnua

O TANpec ypagnua n kopupwv: K.
B 'OAa 1a (euyn kKopupwVv cuvdeovTal Je akun: n(n-1)/2 akuec.
O SupnAnpwpaTtiko ypagnua G ypagnuaroc G.
B 'Id10 oUVvOAO KopupwVv. AKUEC: 00ec dev unapyouv oto G.
B SupnAnpwpaTtiko Tou G apyxikod ypagpnua G.
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Alepeg Mpapnpa

0 AveEaptnToO OUVOAO: OUVOAO KOPUPWYV NMou dev
ouvOoEovTal PE AKHN.

O Algepec ypapnua: unapyel dlagepion KOpUPpwWV
o€ OUO aVveEAPTNTA OUVOAQ.
B G(X,Y, E): Xkal Y aveEdpTnTa cUVOAQ,
AKHEC HOVO UETAEU KOpUuPpwV X Kai Y.
B G JIYEPEC avV OV £XEI KUKAOUC MEPITTOU PMAKOUG.
B KukAog n kopu@wyv C.: SIJEPEC vV N APTIOG.
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Alepeg Mpapnpa E

0 AveEaptnToO OUVOAO: OUVOAO KOPUPWYV NMou dev
ouvOoEovTal PE AKHN.

O Algepec ypapnua: unapyel dlagepion KOpUPpwWV
o€ OUO aVveEAPTNTA OUVOAQ.
B G(X,Y, E): Xkal Y aveEdpTnTa cUVOAQ,
AKHEC HOVO METAEU KopuPwV X Kai Y.
B G JIYEPEC avV OV £XEI KUKAOUC MEPITTOU PMAKOUG.
B KukAog n kopu@wyv C.: SIJEPEC vV N APTIOG.
O TNAnpeg dipepeg ypapnua K, .
B Auo aveEapTnTa OUVOAQ PE N KAl M KOPUPEC.
B 'OAec ol n*m aKuEC JETAEU TOUC.
B [y K33 eExel 9 akpeg.
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XapakTnpliopoc
Alpepwv MpapnuaTwy

O T[papnua G(V, E) eival dipepec avv 1o G 0gv £XEl KUKAOUC
NEPITTOU HUNKOUC.

Av G Olpepec ue aveEapTnTa ouvoAa X kal Y, kabe kukAoc C exel
TOOEC KOPUPEC TOU X 00eC Kal Tou Y: apa C apTiou pnKouc,
AVTIOTpO@PO: €0TW OTI G eV EXElI KUKAOUC NEPITTOU PNAKOUC.
AuBaipeTn Kopu®pn s kal anooTaocsic d(s, u) Nnpoc Kabe KopuPpn U.
X ={u:d(s, u)aptioc } katY = { u: d(s, v) NnepITTOC }

'EoTw OTI dUO KOPUPEC X, Y 0TO X oUVOEOVTAl UE AKUN.

'EoTw W npwTn KOIVI KOPpUPN CUVTOUOTEPWY X — S KAl Yy — S
dovonaTiwv (unapxel navTa, agou JovonaTia KaTaAnyouv oTnv s).
AL@OTEPA CUVTONOTEPA PovondaTia: TUNNATa W — S pnkouc d(s, w).
Apa d(w, x)+d(w, y) eival aptioc Kal (W, ..., X, Y, ..., W) €ival KUKAOC
nEPITTOU PnKouc — arono!

O KaTaokeuaoTikn anodei&n Ye «nioTonoinNTIKo opBoTnTac» !
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NapadeiypaTta

O ‘'Eotw Oipepec ypapnua G(X, Y, E) pe n kopupec. Ndo:
B D cxdeg(v) =3,y deg(v) = [E
O KaBe akun €xel TO Eva Akpo TNC 0To X Kal To aAAo oTo Y.
B A(G) + 6(G) <n.
O YnoBetoupe o1l |X] < |Y].
O Tote A(G) < |Y].
O 'Eotw kopu®pn u € Y. Tote 8(G) < deg(u) < |X].

00 Na 5€IE:€T€ (HE ypacp09€anTlK0 <” + m) = (”) + (m) mn
ENIXEIPNUATA) OTI: 2 2 2
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Eidika Mpapnuara

O

O
O

=

=

=

L
O
O
O
O

AnAOG KUKAOG JE N KOpUPEG: C_
Tpoxog Taéng n (n+1 kopueg): W,
Ynepkufog diacTtaong n (2" kopuPeq): Q. (7 Q(n))

[TANpEC ypa®nua n Kopupwv: K.

MANPEG DIPEPEC YPAPNMA PE N KAl M KOPUPEG: K
AoTepag: K

AnAO povondaTi HE N KOPUPEG: P,

Mia kopu®n yia kabe duadikn CUPPBOAOCEIPA PAKOUC N 4y —
Kopupec ouvdeovTal JETAEU TOUC AV AVTIOTOIXEC
duadikec oupB/pec dlaPpepouv POVo o€ eva bit
I310TNTEC: KavoVviko, OINEPEC, OIAUETPOC, ...
Avadpopikoc opionoc (yia anodei&n 1I010TNTWV HE
gnaywyn).
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(ANAnR) Aoknon

0 Na dci&eTe (e enaywyn) OTI yia KGBe n > 1, o unepkuBoc Q(n)

dlaoTaaonc n €ival dIPeEPeC ypapnua. 0
B Baon: Q(1) €xel dUo KOpUPEC, DIJEPEC ypapnua. ),
B Enay. YnoBeon: MNa aubaipeto n > 1, unoBETOUNE OTI 00
Q(n) dipepeg ypapnua. 00

B Enay. BApa: ©do Q(n+1) sival diyepec ypapnua.
O ©Oswpoupe duo avTiypapa Q,(n) kar Q,(n) Tou
unepkuBou diaoTtaonc n.

O Enay. unoBeon: Q,(n) kar Q,(n) diyepn ypagnuarta.

@ |

10 11

= @

O A, kai By diapepion Kopupwv ToU Q,(Nn). 000 001
O A, kai B, avrigToixn diapepion
Kopu@wv Tou Q,(n). 100 101

O Ano avadp. opiopd, Q(n+1) npokunTel ouvdEovTac
avTioTOIXEG KOPUPEG (Kal povo) Twv Q,(n) kai Q,(n).
O Apa A, u B, kai By U A, aveEapTnTa ouvoAaq,
kal Q(n+1) eival diyepEC ypapnua.

010 011

110
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Yno-Fpapnuarta

O Ynoypaopnua G'(V/, E') Tou G(V, E) otav V' c V kal E' c E.
B EnikaAunTov (spanning) otav V' =V,
ONA. EXEl OAEG TIGC KOPUYPEG TOU APXIKOU ypa@nuaToc,
EMAEYOUME TIC OKHEG NOU TIC CUVOEOUV.,
B Enaydpevo (induced) o6tav E' = {(u,v) € E:u,v € V'}
ONA. £XEl OAEC TIC AKHUEC TOU APXIKOU PETAEU TwV
EMNIAEYHEVWV KOPUPMV.
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Aipepn Ynoypagnuarta

O KaBe ypapnua G(V, E) ye m akpec nepieEXEl OIMEPEC unoypaPnua
G'(X, Y, E") ye TouAaxioTov m/2 akuec.
B BA. kal npoBAnua MAX CUT. Ioxuel Kail yia noAuypa@nuaTa Xwpic
aVaKUKAWOEIC,
O Anodei&n pe mbavoTikn pebodo:
B KaBe kopupn oto X ye mbavoTnTa 1/2, diapopeTika oTo Y.
B vakpn {u, v}, Prob[{u, v} pera&u X kai Y] = 1/2.
B [pappikoTnTa PJeEoNC TIUNG: Exp[#akpwv peTta&u X kai Y] = m/2
B Apa unapxel diapepion (X, Y) woTe #akpwv peTa&u X kat Y > m/2
0 KaTaokeuaoTikn anodesién:
B Efetaloupe KOpUPEC Pia-pia Je Tn osipd. Kopu@n u oT1o X av eXEl
N0 NoOAAoUC yeiTovec oTo Y ano oTI oTo X, OIaPOopPETIKA oTo Y.
B «Kpataue» JeTa&u X kal Y TOUAAXIOTOV TOOEC AKUEC OOEC
«OlwYVvouue», Tunikn anodei&n Ne enaywyn oToVv #KopuPpwV.
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MeyaAa AveEapTnTa ZUvoAa

O KaBe ypapnua G(V, E) e n Kopupec kal m = nd/2 akuec, via
kanolo d = 1, €xel ave€apTnTo oUVOAO peyeBouc = n/(2d)

O Anodei&n pe nibavoTikn peBodo:
B Tuxaio unooguvoAo V, c V: kaBe kopu®n u oto V, Je mibavoTnTa p.
B Exp[|V,|] = np kai Exp[|E(G[V;])|] = mp? = ndp?/2.

®m  G[V,] (mBavoTaTa) d&ev cival aveEapTnTo GUVOAO.

||

AAANG apalpwvTag avapevopuevo #kopupwv < ndp2/2 ano V, (1o
eva akpo kabe akunc oto G[V,]) naipvoupe aveEapTnTo ouvoAo.
Exp[#Kkopu@wV nou pevouv] = np - ndp?2/2 = np(1 - dp/2).

AUTO peyioTonolgiTal yia p = 1/d, kai €xoupue
Exp[#KopupwVv nou anopevouv o€ aveéaptTnto cuvoAo] = n/(2d)

B Apa undapxel aveEapTnTo ouvoAo Pe = n/(2d) KopupEc.
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ApiBuoi Ramsey

O 3>e kdaBe ouvoho 6 avBpwnwy, €iTe 3 Pilol €iTe 3 ayvwaoTol.
B [0 kaBe xpwpaTIONO akpwv 010 K¢ JE PNAE KAl KOKKIVO,
UNApXEl HOVOXPWHATIKO K.
B Jooduvapa, Kabe ypapnua 6 KopuPpwy EXEl EITE TPIYWVO EITE
aveEapTnTo OUVOAO peyEBouUC 3.
B Aev ioxuel yvia To Kc (KUKAOG Cc O€V £XEI OUTE TPIYWVO OUTE
aveEapTNTO OUVOAO peyEBoucC 3).

AlakpiTa MabnuaTika (AvoiEn 2026) Ocwpia Fpapnuatwyv: Baoikéc ‘Evvoieg 17




ApiBuoi Ramsey

=

> e KGBe ouvoAo 6 avBpwnwyv, €iTe 3 iAol €iTe 3 ayvwaTol.
B [0 kaBe xpwpaTIONO akpwv 010 K¢ JE PNAE KAl KOKKIVO,
UNApXEl HOVOXPWHATIKO K.
Ynapxel avbpwnoc a nou €XEl €iTE 3 PpIAouUC €ITE 3 ayVvwWOTOUC.
B XBTy. unoBbEToupE OTI a €xel 3 PpiAouc: B, v, O.
B Av oTtouc B, y, 0 duo ¢iAol (n.X. B. y): exoupe 3 gilouc (qa, B, V).
B Av oTtouc B, y, 0 0Aol ayvwaoTol: £xoupe 3 ayvwaoTouc (a, B, V).
R(m, s) = eAaxioTo n T.w yla KABE XpwPATIONO GKPWV Tou K
HE UNAE KAl KOKKIVO, unapyel eite pnie K eite Kokkivo K..
B R(m,s)=R(s, m)katR(m,s) < R(m-1,s) + R(lm,s-1).
B AvTioTOIXQ YIa NEPIOCOTEPA ANO 2 XpwHATA.
B VYV XPWUATIONO GKPJWV EVOC JEYAAOU MANPOUC YpapnuaToc, unapxel
HOVOXPWHATIKO NANPEC unoypagnua enBuunTou peyebouc.

AlakpiTa MabnuaTika (Avoién 2026) Oewpia FpapnuaTtwyv: Baoikec 'Evvoiec 18




Aladpopuec, MovonaTia, kal KukAol

O Aiadpoun — MovokovduAia — MovonaTi - KukAoc

Aladpopn: akoAouBia «d1adoxIKwV» aKHWV.
O n.x. {2, 1}, {1, 3}, {3, 4}, {4, 1}, {1, 5}, {5, 3}, {3, 6}.
MovokovOUAIG: d1adpoun XWpEIic enavaiAnyn akuwy.

(AnAG) povonaTi: dladpopn Xwpic enavaiAnyn Kopupwv (Kal akuwv).
Ynapxel diadpopn u — v avv unapyel JovondTi u — V.
AnooTtaon d(u, v) (xwpic kal ye Bapn):

NNKOC CUVTOUOTEPOU U — V PJOVONATIou.

AlapeTpoc D(G): peylioTn anootaon JeTa&u

dUo KopupwVv Tou G.

KAeioTn d1adpopn 0Tav akpa tnc tauTtidovTal.
KA€IOT HOovOoKOVOUAIG 1N KUKAWHGA.

(ANAOC) KUKAOC: povondaTi nou akpa Tou
TauTiovTal («KAEIOTO» povondarTl).
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NMapaTtnpnoecic kai Id10TNTEC

Ll

(AnAO) ypapnua G €xel povonaTi pnkouc > 0(G).

B =eKIvovTac ano Jia Kopupn, akoAouBouUuE akun npoc
KOopu®n nou Oev eXOUME enioke@Oei NoN.

B TouAaxiotov 0(G)+1 kopupec: yovonaTi pnkouc > 0(G).

Av G anAo kail 6(G) > 2, TOTE €XEl KUKAO unkouc > 0(G)+1.

B AvTioTolXa PE povondTi, aAAG ENIOTPEPOULE OE «MIO
AnoPAaKPUOHEVN» KOPUPI NOU EXOUNE NON €NIOKEPDOEI.

AnocoTtaceic (ME N Xwpic Bapn) IKavonoiouv TV TPIYWVIKN

avicoTnTa: d(u, v) <d(u, w)+d(w, v), via Kabe u, v, w.

B d(u, v): JNKOC OUVTOUOTEPOU U — Vv JovonaTiou (ano oAa).

B d(u, w)+d(w, v): UNKOC CUVTOUJOTEPOU U — V JovonaTiou nou
dIEPXETAl Ao W.
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> UVEKTIKOTNTA

O (Mn-kateuBuvouevo) ypapnua G(V, E) ouvekTIKO av yia Kabe

(euyapl KOpupwyv U, v € V, unapxel u — v gyovonarl.

B Mn-OUVEKTIKO Ypa®nua anoTeAEiTal and CUVEKTIKEC CUVIOTWOEC:
LUEYIOTOTIKG CUVEKTIKG unoypagpnuara.

B TE@upa (akun TouNc): akun nou av apaipebei,
EXOUHME auénon oTo NANBOC TWV OUVEKTIKWV CUVIOCTWOWV.
O Akpn YEQUPa avv 0ev avnKel o€ KUKAO.

B 3npeio konng (onueio apbpwonc): kKopuPpn nou av apaipebdsi,
EXOUNE aUu&non oTo NANBOC TWV CUVEKTIKWOV GUVIOTWOWV.

V.
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(ANAnR) Aoknon

0 KabBe anAo ypapnua G pge n kopugpec kat 6(G) > (n-1)/2
gival UVEKTIKO (Kal EXEl OIAUETPO < 2).

B 'EoTw u, v KOpuPec nou dev cuvdeovTal JE akun. ®do u, v
E£XOUV KOIVO YeiTova (apa cuvdeovTal HE JovonaTi PNkKouc 2).

B 'EoTw OTI U, v OEV £XOUV KAMia YEITOVIKI KOPpUPN KOIVN:
O u exel TouA. (n — 1)/2 yeiTovec, kal
O v exel TouA. (n = 1)/2 yeiTovec, oAol d1apOPETIKOI.
B Apa £XOUME OUVOAIKQ:
O 2 kopu@ec (o1 u kal v) +
O (n - 1)/2 kopupec (0l YEITOVEC TOU U) +
O (n - 1)/2 kopuPec (0l YEITOVEC TOU V) =
B .. =n+1 kopupec, arono!
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(ANAnR) Aoknon

0 KaBe anAo ypapnua G he n > 3 KOPUPEC Kal
O(G) > (n+1)/2 nepIEXEl TPIYWVO.
B 'EoTw U, V KOPUPEC NOU OUVOEOVTAl UE AKMN
(unapxel TOUAGXIOTOV WId aKPn OTO ypagnua).
B 000 U, V EXOUV KOIVO YeiTova w (apa Tpiywvo u — w — V).
B 'EoTw OTI U, v OEV £XOUV Kapia KoIvn YEITOVIKN KOpupn:
O u €xel TouA. (n+1)/2 yeiTovec, Kkal
O v exel TouA. (n+1)/2 yeiTtovec, OAoI JIAMPOPETIKOI.
B ‘Apa EXOUUE OUVOAIKGA:
O 2 kopu®ec (o1 u kai v) +
O (n+1)/2 — 1 Kopu®&eC (01 YEITOVEC TOU U EKTOC TNC V) +
O (n+1)/2 - 1 Kopu®eC (01 YEITOVEC TOU V EKTOC TAC U) =
B .. =n+1 kopupec, arono!
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AoKNnon

O G un OUVEKTIKO ypdpnud. 2TO CUUNANPWUATIKO Tou G, KABe
(eUyOC KOPUPWV U, V OUVOEETAl JovonaTl pnkouc < 2.
B Av U Kal v oc dIapOPETIKN OUVEKTIKN OUVIOTWOAd Tou G,
ouVvOEOVTAl HE AKHMN OTO CUUNANPWHATIKO.
B Av u Kal v ¢ id01a OUVEKTIKN OUVIOTWOd, E0TW KOPUPN W O AAAN
ouUVIOTWOAd. 2TO CUUNANPWHATIKO, unapxouv akpec {u, w}, {w, v}.
O G ypa@pnua HE KOPUPEC X, Y METAEU TWV ONOIWV TO CUVTONOTEPO
HovonaTl EXEl UNKOC TOUA. 4. 2TO cUNNANPWHATIKO Tou G, KaBe
(eUyoC KOpUPWV U, V OUVOEETAl JE HovonaT! pnkouc < 2.
B ‘'EoTtw u, v ouvdeovTal ye akun oto G kai kanoiaq,

£0TW N U, CUVOEETAI NE AKMN ME KANola ano TIC X, Y,
€0TW PE TNV X (OIAPOPETIKA;).

B ToOTe akpec {u, yr kai {v, y} dev unapxouv oto G.
AlaQOPETIKA X — Yy JovonaTi Pnkoucg < 3 oo G.

B >T0 CUMNANPWHATIKO, UNAPXOUV akpec {u, vy, {y, V}.
X

u \%
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> UVEKTIKOTNTA

O (Mn-kateuBuvouevo) ypapnua G(V, E) ouvekTIKO av via Kabe
(euyapl KOpupwy U, v € V, unapxel u — v yovonarl.

O [papnua G OUVEKTIKO avVv £XEl ENIKAAUNTOV unoypagnua nou
gival 0evTpo (spanning tree, cuvOEeTIKO OEVTPO).
B A&vTpO: CUVEKTIKO YpApnua Xwpic KUKAoUC.

O [papnua G(V, E) ouvekTIKO avV yia KaBe yn kevo S c V,
UNApxel akun nou ouvOEgel Kopu®r Tou S Pe kopupn Tou V \ S.
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> UVEKTIKOTNTA

O (KateuBuvopevo) ypapnua G(V, E) 1oxyupa CUVEKTIKO av
Yu, v € V, unapxouv U — v Kal v — u govonarid.
B [1ag kaBe leuyapl KOPUPWV I0XUPA CUVEKTIKOU ypadnuaToc,
UNapyel KUKAIKN d1adpoun nou TIC NnepiAapBavel.

B Av eva kateuBuvopevo ypapnua Ogv €ival IoXupa OUVEKTIKO,
dlapepileTal O€ IOXUPA OUVEKTIKEC OUVIOTWOEC:

O MeyioToTIKG 1I0XUPA CUVEKTIKA unoypa@nuarda.

B ZS!
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KukAwpa (KukAoc) Euler

OO0 KAeioty povokovOuAla nou dIEpXETAl:
B ano kabe akun 1 gopaq, kai
B ano kabe kopupn TouAdayioTov 1 gopd.

[0 >uvekTikO (MN-kateub.) ypapnua exel kKukAwpa Euler
(Eulerian ypagnua) avv OAec ol Kopupec apTiou Babuou.

1736 C

Freune 98. Geographic Map:
Tha Kinigsherg Bridges.
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KukAwpa (KukAoc) Euler

0 >uvekTikO (uNn-kateub.) ypapnua exel KukAwpa Euler avv
OAEC 01 KOpUPpEC apTiou Babuou.
B Ta nAnpn ypagnuarta K, eExouv
KUKAwpa Euler avv n nepitroc

B Ta nAnpn dipepn ypagnuara K, . exouv
KUKAwua Euler avv p kai g aptiol

O Anodeign aptioc BaBuoc = Eulerian pe enaywyn o€ #akpwv m.
B KataokeuaoTikn anodei&én = unoAoyiopdoc Tou KukKAwpaToc Euler
B E@appuoyn akoAoubng npaénc: GSCD@ N @
O Eotw u, v, w : {u,v} € E(G) kai {v,w} € E(G) @_@
O «AvTikataoraon» Twv {u,v}, {v,w} ano {u,w}

B Ano kKUkAwpa Euler oto veo ypapnua kataokeualoude apXIKo:
O AvTioTpo®n «avTikatactaon» tnc {u,w} ano {u,v}, {v,w}

AlakpiTa MabnuaTika (Avoién 2026) Oewpia FpapnuaTtwyv: Baoikec 'Evvoiec 28




KukAwpa (KukAoc) Euler

0 SuvekTiko (MNn-KaTeub.) ypapnua xel kukAwua Euler avv

OAEC Ol KOpUPEC apTiou Babuou.

B KukAoc Euler C = apTioc Babuoc kopupwv: OUVEKTIKOTNTA (Nepva
ano OAEC TIC KOPUPEC). C «EMIOKENTETAI» KOPUPN V: HE VEA AKUN
«(PTAVEI» OTN V KAl JE AAAN AKUN «(PEUYEI» ano V.

B G ouvekTIKO (UNOPEi OxI anAo) Kal OAEC 01 KOpUPEC apTiou Babuou.
Bpiokoupue KUKAO Euler pye emaywyn o€ #akuwv.

O Baon: 1oxUel 0Tav ypa@nua avakukAwon n anAoc KUKAoC.

O Bnua: G €xel akPEC Kal apTiog Babuog, apa d(G) = 2 kal KUKAoC.

O <«A@aipoupe» evav onoiodnnoTte kukAo C Tou G (d1aypapoUlE TIC
akpec Tou C KAl AyVOOUHE OOEC KOPUPEC UEVOUV ANMOUOVWHEVEC).

O Kopu®pec nou pevouyv (av unapyouv) exouv apTio Babpo: kabe
OUVEKTIKN OoUuVIOTWOoa £Xel KUKAO Euler, Aoyw enay. undBeonc.

O KukAoc C ouvdeel enigepouc KUkAouc Euler o kUkAo Euler yia G.
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KukAwpua Euler: Mapadsiyua

<> <>
P> <>
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MovonaTi (‘'Ixvoc) Euler

[0 MovokovOuAla (He d1apOpETIKA akpa) nou OIEPXETAI:
B ano kabe akun 1 gopa, Kai
B nepiAaufavel kabe kopu@n TouAayxioTov 1 qopa.

[0 >uvekTikO (MN-kateub.) ypapnua exel povonati Euler
(semi-Eulerian ypapnua) avv U0 KOPUPEC EXOUV MEPITTO
BaBuo kai OAecC ol unoAoinec apTio.

B JUVEKTIKO ypagnua G Je KOPUPEC U KAl vV NEPITTOU Babpou.
B G cival semi-Eulerian avv G+ {u, v} gival Eulerian.

O KuUkAoc Euler o kateuBuvopeva ypagpnuaTa:
B Joyxupd OUVEKTIKO ypapnua €xel kukAo Euler avv ...
B .. yia KaBe kopuPpn Vv, eow-Badbpoc(v) = eEw-Badbuoc(v).
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KukAoc Euler

O

Ynapxel ypapnua G nou OAEC 01 KOPUPEC EXOUV ApTIo PaBuo

Kal EXEl YEPUPA;

B 'Oy, TeTO10 Ypapnua G €xel kKUkAo Euler, apa 0Aec o1 akuec Tou
avrnKouVv Og KUKAO.

Av o€ ypa@nua nou £xel KUKAO Euler npooBgooupue akuEc,

TO YpA®nua nou nNPoKUNTElI £XEl KUKAO Euler;

B 'Oy1 kaT’ avaykn. Mnopei npoobnkn akpwyv va Kaver Tov Babuod
KAnolwv Kopupwv NEPITTO.

(FaTi) o€ kABe oUVEKTIKO (UN KaTeuB.) ypapnua, unapxel KAEIoTnH

diadpopn nou diEpxeTal ano kabe akun (akpiBwc) 2 Popec;

B «AInAaoldopoc» akpwyv odnyei o ypapnua Pe kUkAo Euler
(OUVEKTIKO Kal OAEC Ol KOPUPEC EXOUV APTIO BaBuo).

B Acite To Kiveliko MpoBAnua Tou Taxudpopou
(Chinese Postman Problem i Route Inspection Problem).
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KukAoc Euler

O T[lolog €ival o PeyIOTOC #AKUWV NOU UMOPEI va €Xel anAo
ypapnua JE N KopuPec kal kukAo Euler;
B Av n nepittog, n-1 apriog: K, €xel kKukAo Euler kai n(n-1)/2 akueg.
B Av n apTioc, a@aipoupe n/2 akpeg (xwpic koiva akpa) ano K.
MpokunTel Ypapnua Pe kKUkAo Euler kal n(n-2)/2 akpec.
B (AnAO) ypapnua pe > n(n = 2)/2 akhEC, £XEl kopupn (nepITToU)
BaBbuou n-1.
O KukAoc Euler og kaTteuBuvoueva ypapnuaTa:
B Joxupd OUVEKTIKO ypapnua €xel kKukAo Euler avv ...
B .. yia kabe kopupn v, eow-Badbpoc(v) = eEw-Badbuoc(v).
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KukAoc Hamilton

OO (ARAOG) KUKAOC Nou OIEPXETAl AnoO OAEC TIC KOPUPEC.
B AlEpxeTal ano kabe kopupn 1 gpopd.
B Mnopei va punv dIEPYXETAl ano KANOIEC AKUEC.
O Aev gival yvwoTn Ikavn kal avaykaia cuvenkn!
O Ikavec ocuvBnkec wote G(V, E) exel kukAo Hamilton:
B Vv eV, deg(v) = |V]|/2 (0. Dirac). 1856
M Vu,v eV, deg(u) + deg(v) = |V| (©. Ore).

NiaggiTa MaBnuaTika (Avoi§n 2026) Ocwpia FpapnuaTtwyv: Baoikéc ‘Evvoieg 34




KukAoc Hamilton

OO0 Avaykaiec ouvBnkec yia unapén kukAou Hamilton og ypapnua G:
B G Oev £X&l YeEUPA N onueio kKonnc.
O Av G €xel yeupa, 0sv £XEl KUKAO Euler ouTe kUukAo Hamilton.
B KaBe kopu®n Tou G avnKel 0€ KAMNolo KUKAO.
B Av G dipgepeg, TO0Te n dlapepion (Hovadikn AOYw OUVEKTIKOTNTAC)
Tou G og duo aveEapTnTa cuvoAa X kal Y npenel va &xel | X] = |Y].
O MovonaTt Hamilton: (anAo) povonaTi nou nepiAapBavel OAeC TIC

KOPUQPEC.
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KukAoc Hamilton

O Ta va osiEoupe OTI ypapnua G €xel KukAo Hamilton,
eiTe kaTaokeualoupe kUkAo Hamilton (av G €xel CUYKEKPIPEVN
doun) eiTe deixvoupe 0TI G IKavonolei kanola ikavn ocuvenkn.
B [l.x., unepkuBoc Q(n) €xel kUkAo Hamilton yia kabe n = 2.

O Ta va ogi€oupe 0TI ypapnua G dev £xel KUkAo Hamilton,
deixvoupe o011 G napaPialel kanola avaykaia ouvenkn.
m [l.y., yiaTi Ta napakatw ypapnuarta dev £xouv KUkAo Hamilton;
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KukAoc Hamilton

O Av oc ypagnua nou exel kKUkAo Hamilton npooBsooupe akpuec,
TO YpapnHUa nou NPoKUNTEl EXEl KUKAO Hamilton;

O NoOo kaBe anAo ypapnua He 21 kopupec kal 208 akPeC eXEl
KUKAO Hamilton kai dev €xel kukAo Euler.
B [IpokeiTal yia K,; ano To onoio exouv agaipebel 2 akpec.
B Ikavonoiei ©. Dirac. Apa £xel KUKAo Hamilton.

B  'Onwc Kal av apaipebouyv akPeC, NPOKUNTOUV TOUA. 2 KOPUPEC UE
BaBuo 19. Apa dev £xel KukAo Euler.
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KukAoc Hamilton

0 ARAO ypapnua G HE N = 3 KOPUPEC KAl U, V JN YEITOVIKEC
Kopupec Ne deg(u) +deg(v) =n. To G €xel kukAo Hamilton avv
To G+ {U,V} &xel kukAo Hamilton.
B Av G Hamiltonian, npogavwc G+ {u, v} Hamiltonian.
B G+ {u,v} Hamiltonian: Bpiokoupe HamCycle oto G xwpic {u,v?}.
B G exel govonaTti Hamilton P = (u, X5, ..., X, ..., Xpo1, V).
O

Yndapyxouv 81a00XIKEC KOPUPEG X,._{, X, OTO P T.w. v oUVOEETAl HE X, _4
KAl U OUVOEETAI PE X,.

O Ala@opeTika: yia kabe {u, x,}, dev unapxel {v, X,_; .
O Apadeg(v)<(n-1) - deg(u), atono.
B KukAog Hamilton C = (U, Xi, Xpi1s s Xn-1r Vs Xee1s Xieoy - X, U).

U X> Xk—2

Xk—1
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v Xn—1 Xk+1
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KukAoc Hamilton

0 ARAO ypapnua G HE N = 3 KOPUPEC KAl U, V JN YEITOVIKEC
Kopupec Ne deg(u) +deg(v) =n. To G €xel kukAo Hamilton avv

To G+ {U,V} £xel kukho Hamilton.

O ARnAO ypapnua G pe n =3 kopupec. Av kKabe dUO N VEITOVIKEC
KOpupeC U, v exouv deg(u) +deg(v)=n, G €xel kukAo Hamilton.
B OnoTtedNnoTE PN YEITOVIKEC KOPUPEC U, Vv exouv deg(u) +deg(v)=n,
TIC oUVOEW aneubeiac.
B Neo ypapnua Hamiltonian avv 1o apyxiko nTav Hamiltonian.
B Av YIVETAI YIA OAEG TIG KN YEITOVIKEG KOPUPECG, KAaTaAnyoupe og K
O ARAO ypapnua G pe n =3 kKopupec. Av KABe KopuPn U EXEl
deg(u) =n/2, G €xe1 kUkAo Hamilton.
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AOKNOEIC

O

O

Toupvoud (tournament): NAnpec kateubBuvouevo ypapnuda.

B [1a kaBe Ceuyap! u, v, unapxel pia (akpiBwc) ano Tic akpec (u, v) kail (v, u).
>€ £va TOUPVOUQ HE N+1 KOPUYPEG, £0TW U KOPUPN KAl V4, ..., V, HIC
apiBunon Twv unoAoinwyv n Kopupwv. Ioxuel TOUA. Eva ano Ta:

1. H uouvdeeral ye TNV v;.

2. H v, ouvdeeral ye TNV U.

3. Ynapxe deiktng k, 1 <k <n -1, woTe n v, ouvOEETAl PUE TAV U Kal
N U OUVOEETAl HE TNV V, 4.

'EoTw OTI dev 1o0xUoUV Ta (1) kai (2). ©®do 1oxuel To (3).

B ‘'Eotw v, , N NpwTn KOpU®N T.W. N U OUVOEETAl HE TNV V. ;.

B Joxuel oTi k+1 < n, yiaTi n u ouvdeeTal Pe TRV v, (Oev 10YUEl TO (2)).

B Joxuel oml 2 < k+1, yiaTi n v, ouvdeeTal ge TNV u (dev 1oxuel TO (1)).

B Ioxuel OTI v, ouvdeeTal JE TNV U, YIATI V., N NpWTN nou dgv OUVOEETAl HE U.
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AOKNOEIC

0 Kabe Toupvoud PeE n > 1 KOpUPEC £xel povonaTl Hamilton.
B Enaywyn JE XpNon NponyouldeEVOU OTO ENAYWYIKO BAud.
B Baon: Ioyxuel TETpIYPEVA Yia Toupvoua PJe 1 kopupn.
B Enay. unoBeon: Kabe Toupvoud e n > 1 kKopuPec £xel yov. Hamilton.
B FEnay. Bapa: ©do aubaipeto Toupvoud G(V, E) pe n+1 KOpuPpEC £XEI
povonaTi Hamilton.
O ‘'Eotw G’ Toupvoud nou npokunTel ano G Ye apaipeon Kopu@nc u.
O Oewpoupe apibpynon vy, ..., vV, TWV h KOpupwv Tou G’ cuppwva
huE povonaTi Hamilton oto G’ (unapxel Aoyw enay. unobeonc).

O u evowpatwveral ato povonarti Hamilton vy, ..., v, ye Baon To
NPONYOUMEVO.
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