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ApIOuUNCIYa ZUVOAQ

O

O

>UVOAO MEMNEPAOCHEVO AV EXEI MENEPATUEVO
nANOIKO apiBuo, OIaPOPETIKA AMNEIPO.
Cantor, 1873: Zuykpion HeEYEOwWV ANEIpWV OCUVOAWV.

IocapiOpa cuvoAa A kai B:

B Ynapxel 1-1 kai eni ouvapTtnon (avtioroixia) f: A —» B.
Yndapxel TEA€IO Taiplaoua PHETA&U oToIXEiwV A Kal oToIxEiwv B.
B L 3 3 A E D (LA (2. B (3 . EL 5D

NenepaopueEVOo GUVOAO A:
B IoapiBpo Tou {1, ..., n}, yia kanoio uaiko n = 1.

To n €ival o NAnBIkOC apIBuoc Tou cuvoAou A.
Api1OuNnoIpo ouvoAo A: nenepacpevo N 1capi®po Tou N.
B YndApxel TEAEIO TAiplaopa OTOIXEIWY A UE pUOIKOUC apiBuouc.

Me {1, ..., |A|} av A nenepacpevo, ye N av A aneipo.
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ApIOuUNCIYa ZUVOAQ

0 Aiadikaoia (an)api®pnonc oToixeiwv ouvolou A: fg*‘ Ly &
B Efehiooertal o diakpiTa BApara: 1, 2, 3, ... v |
Kabe Bnpa anapiBpei d1apopETIKO OTOIXEIO.
B KdaBe OUYKEKPIUEVO OTOIXEIO anapiBueiTal o€
OUYKEKPIUEVO (NeEnepacuevo) Bnua.
B ApiBunoigo cuvoAo snidexeTal diadikaoiac anapiéunonc.
O MapadeiyuaTta apiOunoigwyv CUVOAWV:
B >UvoAo fBeTikwv Cuywv aplbywyv: apiBuoc i ato BAua i/2, N (i) = i/2.
1 avi=20
B >Uvolo akepaiwv apiBuwv: f(i) = ¢ 20 + 1 av i Betrdg
2|1 v i aevNTIHOS
B 'Evwon nenepacpevou nAnBouc apiBunoigwy CuvoAwy.
[.x. evwon k aneipwv (Eevwv peTa&u Touc) ouvoAwv: {1, ..., k} x N

Ffl,))=jk—+iic{l,....k},jeN
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Ap1BunNoIya ZuvoAa

O [MapadeiypaTta apiBunoigwy OUVOAWV:
- - - - fi,3) = 5[ +j)° + 3i + ]
B ‘Evoon apiBunoipa angipou nAnBouc ) 2
apIOuNoINWV oUVOA®WY, n.X. NxN

A
{4} x N ® () () )
{3} xN ") Py ®
{2} x N @ ( o
AN N N2 (2, 3) (2,4)
1 N &
{1} x : ND 2) .(1,4)
{0} x N @ >
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(Mn-)ApIBuNoIya ZuvoAad

O 'AAAa napadeiypaTta apiOunoigwy cuVOAWV:
B >UvoAo pnTwV (KAAopaTikwV) apiBpwyv Q
O Mapopoia pye To NxN.
B >uvoAo ocupBoAooslipwy (NEnepacpevou, aAAG anepioploTou,
UNKOUC) Ue ypaupaTa TN EAANVIKAC yAwoaoac.
O Ac€ikoypagikn diaTaén.
O Ynapxouv HN-apiOunoipa ouvoAg;
B [lpaypaTikoi apiBuoi R, diacThuaTta npayuatikwyv, n.x. [0, 1].
B AuvapgoouvoAa (apiBunoiua) ansipwyv ocuvoAwy, n.x. 2N,
O [Nwc anodeikvUOUME OTI €va oUVOAO €ival un-api®unoiyo;
B Cantor: anodsIKTIKN TEXVIKN TNC diaywvionoinong to 1891.
B >nUavTikOTATEC EpAPHOYEC, HETAEU aAAwV oTn Ocwpia
YnoAoyiopou kai atnv YnoAoyioTikn MoAunAokoTnTa.

AlakpiTa MabnuaTika (AvoiEn 2026) Mn-ApiBunoiga ZuvoAa, Alaywvionoinon 5




Mn-AplBunoiya ZuvoAad

O To 2N eival yn-apiBunaipo.
B ‘Eotw oTmi 2N apiBunoipo, apa ioapibpo Tou N.
B ‘Apa unapxel avrioToixia peAwv Tou 2N pe puaikouc oTo N.
B Me Baon autn, anapiBpoupe Sy, Sy, S5, Ss, -
OAa Ta unoouvoAd QUOIKWYV / aToixeia Tou 2N,
B 'Eotw 1O oUvoho uolkwv D ={ ke N:kgS,}
B >c nola Beon eppavileTal To D oTnv anapibunon;
O D=S, vyiati 0 avikel povo os eva ano 1a D kai S,,.

O Vm, D=S_ yiaTti m avhkel povo o€ eva ano 1a D kar S
Ta D ka1 S, «d1a@wvouv» OTO OTOIXEIO M.
B ‘Atono: 10 D dgv suygpavileTal nouBeva oTnv anapidunon!
B ‘Apa 10 2N dev gival apiBunaoipo.

ml
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Alaywvionoinon

O ‘'Eotw apiBunoipgo cuvoAo A kai (digeAnc oxeon) R C A x A

m  ApiBunoipo: Bewpoupe o1 A = {a,, a,, A3, ... }
O TakaBe a, € A, ypapun k Tng R: R(ag) = {a; € A : (ay,a;) € R}
O ZupnAfpwpa diaywviou D = {a; € A: (aj,a;) € R}

O D sival d1agopEeTIKO ano kabe ypauun k.
m  Aia@epel ano R(a,) oTo a4, ano R(a,) oTo a5, KOK.

4 |4 | 93| 44| 05| R(a)={ai,as,as}

R(a,) | x X x | Lilaz) =1as, 04,05}
- R(as) = {az, a4}

(aZ) X X X R(a4) — {ala Ay, a’5}
R(a,) X X R(as) = {az, a3}

R(a,) | x X | X D = a3, a3, as}
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YNoBeon TOU ZUVEXOUC

0 Cantor diaTUNwWOoE KAl npoonadnoe va anode&i&el
TNV YnoBeon Tou Zuvexouc (Continuum Hypothesis):
B Acsv undapyxel ouvoAo Pe nAnBiko apiBuo avapeoa oto N kai oto R.

OO0 Godel (1937) €dei€&e o11 unoBeon eival cupBaTn Pe Ta a&iwpaTa
TNC ouvoAobBewpiac (apa dev unapxel avrinapadsiyya).

0 Cohen (1963) €dei1&s 0TI apvnon TG unobeoncg €ival cuppBaTn He
Ta a&iwpaTta TNG cuvoAloBewpiac (apa Oev undapxel anodei€n).

0 YnoBeon Tou Zuvexouc dev Unopei oUTE va anodelxei
ouTE va kaTtappiPpoOei!
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Mn YnoAoyioIiuoTNTa

O HMNpoBAnpa TepupaTiopou (Halting Problem): o £
B Mnxavn Turing nou pe €icodo unxavn Turing M kai «dedoueva» w,

anogaiveral av M(w) Tepparilel.

O A. Turing: NMpoBAnua TepuaTiopgou dev €ival enAUCIHO.

O ©.0.0. 0ev unapyel npoypaupa T nou ue eicodo npoypaupua M
kal 0edopeva A, anopaacilel av MN(A) TepuaTidel.
B [1(A): ekteAeon npoypappaToc N pe eicodo apyxeio dedopevwy A.
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Mn YnoAoyioIiuoTNTa

O ‘Eotw npoypaupa T: T(M, A) = NAI avv MN(A) TepuaTidel.
B [Ipoypappa I kal dedopeva A divovtal oto T w¢ apxeia
1 (apxeio og yYAwooa C) kal A (onolodnnoTe apXeio KEIJEVOU).
B Acsdopeva pnopei apxeio o yAwooa C, kal apxeio neprypapnc r.
T(M, M): eAeyxel av MN(MN) Teppatidel.
O Opilouue npoypappa D pe €icodo ekteAeaipyo apxeio M, D(M):
if T(I1, M) = NAI then loop forever else halt
B D(N) repparTiel avv MN(MN) dev TepuaTilel.
O Ti napayel n kAnon D(D);
B Av D(D) repparilel, T(D, D) = NAI, kal D(D) d&v TepuaTilel!
B Av D(D) dev tepuarilel, T(D, D) = OXI, kai D(D) TepparTilel!
O AvTipaon, apa dev undapxel TeTolo npoypaupual
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Alaywvionoinon

O Mpoypappata (apxeia og C) €ival apiBunoiua:
m (1, N2, N3, ... yia anapibunon Touc.

O ‘Eortw oTI unapyel npoypappa T nou yia npoypappata M, M,
T(M;, M) = NAL avv M(M;) Tepparticel.

B [lpoypapua D nou VI, D(IM,) Tepuatiler avv M,(MM,) d&v Tepuatilel.
®m D egu@aviletal ornv anapibunon: (D, M) € Havv (I, N.) ¢ H.

O 3>xeonH: (N, N)eH

avv (M) Tepparicel. Ny | Mo | M3 | My D

m (D, D) avikel otnV H; M, | T | A | A | T T

M T | A | A | T A

M1 A | T | A | A T

My | T | A | T T T
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Napado&o Tou Russell

O ZuvoAa nou opifovTal Je BAon XapakTnpIioTIKN 1010TNTA
OTOIXEIWV TOUC Kal Xwpic avapopa o cuunav U.
0 S nepiexel ouvoAa nou dev €ival OTOIXEId TOU EQUTOU TOUC.
S = {A ovvoho: A & A}

B KaTa kavova, ouvoAa 8&€v €ival aToIXEId TOU EQUTOU TOUC,
n.x. N dev eival akepaioc, avBpwnoTnTa dev €ival avepwnoc.

B AAAG n.X. ouvoAo 10swv unopei va Bewpnbei 10&a.

0 Eival To S oToiXeio Tou €autou Tou; AnA. S € S;
B AvS eSS, 70TeS ¢ S.AvS ¢ S, T0TES € S. AvTipaon!

O Ynapxel kKoupeac g Xwplo nou Eupilel onoiovdnNnoTe dev
EupileTal povoc Tou.

B S(x,y): «x Bupitery». JxVy(S(z,y) < =5(y,y))
B Mn ikavonoinoiun onAwon! (Moidc Eupilel Tov KOUPEQ;)
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[Mapado&o Tou Russel

O Avaykn via a&iopaTikn 6gpeAimon TNC Oswpiac ZuvoAwyv
Kal Twv MadnuaTtikwv.
B >nuavTikeC avakaAuyelc kal enidpaon otn (HabnuaTikn) oKeyn.

0 OpIoPOC OUVOAOU PE XapakTnpIoTIKN 1010TNTA avaPePETAl O€
OUYKEKPIUEVO cupnav U,
S={AecU:A&A}
B AvSeS, t0TES ¢ S.
B AvS ¢S, 70TeS¢UnNnSeS.ApaS ¢ S.
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