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Convex Sets and Convex Functions

@ Set S C RY is convex, if Vx,y € Sand VA € [0,1],

A+ (1-XNyesS
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Convex Sets and Convex Functions

@ Set S C RY is convex, if Vx,y € Sand VA € [0,1],
A+ (1-XNyesS
e Functionf : S — Ris convex, if Vx,y € Sand VA € [0, 1],
M) + 1= Nf(y) = fOx+ (1= Ny)
f(y) = f(x) + Vi(x)(y —x)

@ Function f : S — R is a-strongly convex, if Vx,y € S,

Fly) > f(x) + VF(x)(y — %) + M
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Local Search - Local Opt is Global Opt

Input: convex set S, convex fun. f : S — IR, initial x; € S, radius e > 0
Neighborhood: N.(x) = {y € S: ||x —y| <&}
Foreacht =1,2,...do:

o If 3x € N.(x;) with f(x) < f(x:), set xp41 = x.

@ Else return x* = x; as minimizer of f(x) in S.
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Local Search - Local Opt is Global Opt

Input: convex set S, convex fun. f : S — IR, initial x; € S, radius e > 0
Neighborhood: N.(x) = {y € S: ||x —y| <&}
Foreacht =1,2,...do:

o If 3x € N.(x;) with f(x) < f(x:), set xp41 = x.

@ Else return x* = x; as minimizer of f(x) in S.

€

Local Optimum is Global Optimum, under Convexity

If set S is convex and f is convex on S, local optimum x* is minimizer:

f(x*) <f(z),forallz € S.

v
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Local Search - Local Opt is Global Opt

Local Optimum is Global Optimum, under Convexity

If set S is convex and f is convex on S, x* of local search is minimizer :
f(x*) <f(z),forallz € S.

v

Proof (by contradiction):
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Local Optimum is Global Optimum, under Convexity
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v

Proof (by contradiction):
@ Letz* € Swithf(z*) < f(x*). Wlog. z* & N.(x*).
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Local Optimum is Global Optimum, under Convexity
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v

Proof (by contradiction):
@ Letz* € Swithf(z*) < f(x*). Wlog. z* & N.(x*).
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Local Search - Local Opt is Global Opt

Local Optimum is Global Optimum, under Convexity
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v
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@ Lety € (M + (1 — A\)z")xgp,) with [ly —x*|| = e.
@ Sincee >0,y = \.x* + (1 — A\.)z*, for some A\. > 0.

@ By convexity of S, y € S and thus, y € N.(x*).
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Local Search - Local Opt is Global Opt

Local Optimum is Global Optimum, under Convexity

If set S is convex and f is convex on S, x* of local search is minimizer :
f(x*) <f(z),forallz € S.

v

Proof (by contradiction):
@ Letz* € Swithf(z*) < f(x*). Wlog. z* & N.(x*).
@ Lety € (M + (1 — A\)z")xgp,) with [ly —x*|| = e.
@ Sincee >0,y = \.x* + (1 — A\.)z*, for some A\. > 0.

@ By convexity of S, y € S and thus, y € N.(x*).
@ By convexity of f,

f(y) :f(AEX* + (1= Ae)z")
< Af () + (1 — Ao)f(z%) convexity of f
< Af () + (1= A)f(x™) = f(x") contradiction!
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Gradient Descent

(Projected) Gradient Descent

Input: convex set S, convex fun. f : S — IR, x; € S, step sizen > 0
Foreacht=1,2,...,T do:

o Update y;11 = x: — nVf(x¢)

@ Project x;11 = arg minyeg ||x¥ — yi1|
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Gradient Descent

(Projected) Gradient Descent

Input: convex set S, convex fun. f : S — IR, x; € S, step sizen > 0
Foreacht=1,2,...,T do:

o Update y;11 = x: — nVf(x¢)

@ Project x;11 = arg minyeg ||x¥ — yi1|

Ignore project step for the analysis: ;11 = x; — nVf(x¢)
We let g, = Vf(x;), for brevity. Let x* be minimizer of f in S.
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Gradient Descent

(Projected) Gradient Descent

Input: convex set S, convex fun. f : S — IR, x; € S, step sizen > 0
Foreacht=1,2,...,T do:

o Update y;11 = x: — nVf(x¢)

@ Project x;11 = arg minyeg ||x¥ — yi1|

Ignore project step for the analysis: ;11 = x; — nVf(x¢)
We let g, = Vf(x;), for brevity. Let x* be minimizer of f in S.
By convexity of f, f(x*) > f(x) + Vf(x:) (x* — x;), we get that:

T T
Losscp = Y _(f(xr) = f(x™)) <> gilxt — x*) 1)

t=1 t=1
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Gradient Descent

(Projected) Gradient Descent

Input: convex set S, convex fun. f : S — IR, x; € S, step sizen > 0
Foreacht=1,2,...,T do:

o Update y;11 = x: — nVf(x¢)

@ Project x;11 = arg minyeg ||x¥ — yi1|

Ignore project step for the analysis: ;11 = x; — nVf(x¢)
We let g, = Vf(x;), for brevity. Let x* be minimizer of f in S.
By convexity of f, f(x*) > f(x) + Vf(x:) (x* — x;), we get that:

T T
Losscp = Y _(f(xr) = f(x™)) <> gilxt — x*) 1)

t=1 t=1

We show that Lossgp/T — 0, as T — oo the average of
f(x1),....f(xr) (and f((x; + - - - +x7)/T) converges to optimum f(x*).
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Gradient Descent

From the update rule x;41 = x; — nVf(x;), we get that:

1 — x| = 2 — nge — x|

= |l — 2|2 = 2ngi(xe — %) + P |lgil* =
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Gradient Descent

From the update rule x;41 = x; — nVf(x;), we get that:

1 — x| = 2 — nge — x|

= |l — 2|2 = 2ngi(xe — %) + P |lgil* =

g —x%) = g (llxe — 2|2 = [l — x* %) + 3 gl (2)
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Gradient Descent

From the update rule x;41 = x; — nVf(x;), we get that:

241 — [P = [lxe — nge — x*|?
= |l — x*|* = 2ngi(x — x*) + 17|81
ge(xe —x*) = o (e — 2|2 = [lxepr — x*|1%) + 3l 2)

Substituting (2) in (1) results in a telescopic sum. So, we get that:

T
« X
Lossop = 3 () — flxy) < X0 7 Z Igil?
t=1
2
< <5 —nTG (G BGVT
217 2

Similar bound with step 7 = ci\ﬂ’ because Zthl % <2VT.
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Gradient Descent

From the update rule x;41 = x; — nVf(x;), we get that:

241 — [P = [lxe — nge — x*|?
= |l — x*|* = 2ngi(x — x*) + 17|81
gi(x — %) = g (e — 2" = [lxes — x*|%) + 3 gl 2)

Substituting (2) in (1) results in a telescopic sum. So, we get that:

T
« X
Lossop = 3 () — flxy) < X0 7 Z Igil?
t=1
2
< <5 —nTG (G BGVT
217 2

Similar bound with step 7 = %ﬁ’ because Zthl % <2VT.

So, Lossgp < ¢, for T = BG?/c?, where B = max, s ||x — || is the
diameter of S and G > ||g;|| bounds the norm of f’s gradient.
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a-Strongly Convex Functions

Using a-strong convexity

fO) = fon) + V() (6" —x) + § 1" — 2],

we get that:
T T
23" (f(x) <> (2glm-x) —alw-x17) O
t=1 t=1
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a-Strongly Convex Functions

Using a-strong convexity

fO) = fon) + V() (6" —x) + § 1" — 2],

we get that:
T T
23" (f(x) <> (2glm-x) —alw-x17) O
t=1 t=1

Substituting (2) in (3), we get that:

T
2Losscp = 2 Z(f(xt) —f(x"))

t=1

< an —wP (2= hma)+ Zntugfw

t—1/(04f)
24 G*(1+n T)
«

Dimitris Fotakis (Very) Basics of Convex Optimization



