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Convex Sets and Convex Functions

Set S ⊆ IRd is convex , if ∀x,y ∈ S and ∀λ ∈ [0, 1],

λx + (1 − λ)y ∈ S

Function f : S → IR is convex , if ∀x,y ∈ S and ∀λ ∈ [0, 1],

λf (x) + (1 − λ)f (y) ≥ f (λx + (1 − λ)y)

f (y) ≥ f (x) +∇f (x)(y − x)

Function f : S → IR is α-strongly convex , if ∀x,y ∈ S,

f (y) ≥ f (x) +∇f (x)(y − x) +
α ∥y − x∥2
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Local Search - Local Opt is Global Opt

Local Search

Input : convex set S, convex fun. f : S → IR, initial x1 ∈ S, radius ε > 0
Neighborhood : Nε(x) = {y ∈ S : ∥x − y∥ ≤ ε}
For each t = 1, 2, . . . do:

If ∃x ∈ Nε(xt) with f (x) < f (xt), set xt+1 = x.
Else return x∗ = xt as minimizer of f (x) in S.

Local Optimum is Global Optimum, under Convexity

If set S is convex and f is convex on S, local optimum x∗ is minimizer :
f (x∗) ≤ f (z), for all z ∈ S.
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Local Search - Local Opt is Global Opt

Local Optimum is Global Optimum, under Convexity

If set S is convex and f is convex on S, x∗ of local search is minimizer :
f (x∗) ≤ f (z), for all z ∈ S.

Proof (by contradiction):

Let z∗ ∈ S with f (z∗) < f (x∗). Wlog. z∗ ̸∈ Nε(x∗).
Let y ∈ (λx∗ + (1 − λ)z∗)λ∈[0,1] with ∥y − x∗∥ = ε.
Since ε > 0, y = λεx∗ + (1 − λε)z∗, for some λε > 0.
By convexity of S, y ∈ S and thus, y ∈ Nε(x∗).
By convexity of f ,

f (y) = f (λεx∗ + (1 − λε)z∗)
≤ λεf (x∗) + (1 − λε)f (z∗) convexity of f
< λεf (x∗) + (1 − λε)f (x∗) = f (x∗) contradiction!
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Gradient Descent

(Projected) Gradient Descent

Input : convex set S, convex fun. f : S → IR, x1 ∈ S, step size η > 0
For each t = 1, 2, . . . ,T do:

Update yt+1 = xt − η∇f (xt)

Project xt+1 = argminx∈S ∥x − yt+1∥

Ignore project step for the analysis: xt+1 = xt − η∇f (xt)

We let gt = ∇f (xt) , for brevity. Let x∗ be minimizer of f in S.
By convexity of f , f (x∗) ≥ f (xt) +∇f (xt)(x∗ − xt), we get that:

LossGD =

T∑
t=1

(f (xt)− f (x∗)) ≤
T∑

t=1

gt(xt − x∗) (1)

We show that LossGD/T → 0, as T → ∞ : the average of
f (x1), . . . , f (xT) (and f ((x1 + · · ·+ xT)/T) converges to optimum f (x∗).
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Gradient Descent

From the update rule xt+1 = xt − η∇f (xt), we get that:

∥xt+1 − x∗∥2 = ∥xt − η gt − x∗∥2

= ∥xt − x∗∥2 − 2η gt(xt − x∗) + η2∥gt∥2 ⇒

gt(xt − x∗) = 1
2η (∥xt − x∗∥2 − ∥xt+1 − x∗∥2) + η

2 ∥gt∥2 (2)

Substituting (2) in (1) results in a telescopic sum. So, we get that:

LossGD =

T∑
t=1

(f (xt)− f (x∗)) ≤ ∥x1 − x∗∥2

2η
+

η

2

T∑
t=1

∥gt∥2

≤ B2

2η
+

ηTG2

2

η= B
G
√

T
= BG

√
T

Similar bound with step ηt =
B

G
√

t
, because

∑T
t=1

1√
t
≤ 2

√
T.

So, LossGD ≤ ε, for T = B2G2/ε2, where B = maxx,y∈S ∥x − y∥ is the
diameter of S and G ≥ ∥gt∥ bounds the norm of f ’s gradient.
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α-Strongly Convex Functions
Using α-strong convexity

f (x∗) ≥ f (xt) +∇f (xt)(x∗ − xt) +
α
2 ∥x∗ − xt∥2 ,

we get that:

2
T∑

t=1

(f (xt)− f (x∗)) ≤
T∑

t=1

(
2gt(xt − x∗)− α∥xt − x∗∥2

)
(3)

Substituting (2) in (3), we get that:

2LossGD = 2
T∑

t=1

(f (xt)− f (x∗))

≤
T∑

t=1

∥xt − x∗∥2
(

1
ηt

− 1
ηt−1

− α

)
+

T∑
t=1

ηt∥gt∥2

ηt=1/(αt)
≤ 0 +

G2(1 + lnT)
α
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