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Aoxnon 1: Acvumtotixn Extipnon

No toEvopioete TIg TaQoxdIw CUVOQTHOELS 08 0Eovaa. 0elRd TdEns ueyéous. Boelte dniadn did-
&N g1, 92, g3, - - - TET0WL BOTE g1 = O(g2), 92 = O(g3), %01,
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1 10 loglogn logn log log n
log(n!) log' n n Togbgn
3 n n2 logn
log n logn log®n n
3nb e” V! (D

Noa emONUAVETE AROUN TI CUVAQTHOELS TTOU £X0UV d1aL TAEN HeyEBovg.

Avon. H oepd »o1drang eivou:

logn
toxn log n? log! ()™
et 10n log(n!) ﬁ;rn
Z) InS ploglogn nan

e V! n! 22"

Tt Ty %aTdToEnN UToQOTBIE VoL YONCLUOTIOLCOUUE OTL:

Av nEI—lI—loo % =Lpe0< L <ootdte f(n)=0Qg(n)). Av0 < L < co 151e f(n) = O(g(n)).

Axdua yoriouues elvar ol axchovBeg oyeoelg:

log(n!) = ©(nlogn)
n n! n(n—1)(n—-2)(n -3
(1) = gty - D)

4 n—4)! 41
n\”
| = — 1l 4 : :
n!=0 ( 27n, (e) ) (Stirling’s approximation)

ploglogn — plognloglogn (4 geworicoupe guowroic AoydoBpoue)
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loglogn
"Evou éyovue ot
logn
log log lo; loglogn
u = elog n—loglogn >ao‘uum:umzd g n(l__lg(ﬁﬁ_n) = logn
logn log logn



logn (1+4¢)logn

_logmn
Tog 1 ) ) ; ) Tog |
log)ﬁ)gn T = 0(1opm )- Enuerdvoupe STy ndOe otadeod.e > 0, (lolgol%) sosT

RO CUVETTNDG (

= w(n), Mhadi av Foromhaotdoovue Tov x0T pe omoLadijote otabeQd neyohitepn e wovd-
dag, N TAEN peyéBoug TS ouvaTNong AAACEL ATTG VTTO-YOOUMXY] O VITEQ-YOCUMAT. O

Aornon 2: Exihvon Avadgoprdv Xyéoeonv

(o) Noat Mioete v moaxdTem ovodQomxy oxéon xwoig xoron tov Master Theorem. TN amhdmta,
va vtoBgoete GTL to N elval duvaun tov 3.

T(n)=2T(n/3)+29n, T(1) =7

(B) H mohumhordmnra 1oy akyoiBumv yuo 1o 0to modfinua divetan oms TS ToQorATm OVOOQOMARES
OY€0ELS:

1. Th(n) = 5Ti(n/5) +n/logsn, T1 (1) = ©(1)
2. To(n) = 2Ty(n/4) +n?yn, To(1) = (1)
3. Ty(n) = Ty(n — 1) + 1/n, Ty(1) = O(1

No Adoete TIg 0VOOQOMHRES OYECELS ROL VO, TOELWVOUOETE TOUS TOELS CAYOQIBUOUS (G TTOOS TNV CITo-
domndTrd Tovs. TTotol and avtois XONOomoLoY T HEB0dO “diaipel-nat-Bactheve” now Yo,

Avon. (o) Egyoalonaote pe my néBodo g emovalnyng:

T(n)=2T(n/3) 4+ 29n
=2(2T(n/3%) + 29n/3) + 29n
=2(2(2T(n/3%) +29n/3%) +29n/3) +29n = ...

=21 T (n/3Y) + 29n i(?/iﬁ)k
k=0
=2 T (n /37 4+ 87n(1 — (2/3)"H1)

T i = loggn — 1, égovpe 6m n/3+! = 1, nou:

T(n) = 29827 T(1) 4 87n(1 — n'°8a 2/3)
= Tnlo832 1 87n(1 — n~!T108s2)
= 7nl°832 4 87n — 87n'0832
= 87n — 80n!°%22 = O(n)

(B.1) Kar’ agyds va movue 6t dev umopoipe va yonowomomjoovpie 1o Master Theorem yiott m
n/logn gival AOVUITOTIRG MRQGTEQY TS 7 GAMG 6L Molvevuuxd! Oemovue yio amhdtnra Gt 10
n glvow dvaun tov 5, di. St n = 5™ yia HATOLOV AREQALO 172, HCL EYOVUE:

m

5
Ti(5™) =5T (5™ ") + —
1(5™) 16" + —



Av Béoovpe T1(5™) = S(m), ne S(0) = O(1), éxovue o

5m
= —1)+ =
S(m)=5S(m )—I—m
m m
:525(m—2)+5—+5—:...
m—1 m

m—1
m m 1
=5 5(0)+5 kzo—m_k
=5"0(1)+ 5" (lnm + 6©(1))
=0(5" Inm)

Me avriotpogn aviatdotaon, €xovue 6t Th(n) = O(nloglogn).
(B.2) EqpaopdCeton 1 Toit megimtwon tov Master Theorem, xow éyovpe 6t Th(n) = O(n’/2).
(B-3) "Exovue om:

1 1
:T3(n_2)+——1 + ==
n—2 1
=T5(1) + Z —

k=0
= O(logn)

MGavo oL B0 EMTES YONOLUOTOLOUV “diatipel-au-Bactheve” ol omdve TO 0YIHG TESPANUA O€
EMUEQOVS TEOPAUATO VTTOTTOAAOTAGOLOU peYEBOUG. O

Aoxnon 3: Boeite o Kaimuro Nopopa

“Exovue 12 voutopara, 1o €va amd 1o omolo efvor ®dAmxo. ‘OAha Ta yVHoL Vouiouato €Xouvv To
(OLo axnppwg pdpog. To ndimiro vououa, el amd T YVNOoLo UGVo Mg TTRog To Bdog, dAld
oev yvwpiCoupe av eivor ehagpoitepo 1 Poautepo. Tia Tov EVIOMIONG TOU RAATIXOU VOUIOUOTOC,
YONOLUOTOLOUPE (oL CuyooLd. axQIeiog mov eAEYYEL av €va GUVOAO VOULOUdTWV lval eAcpUTEQO,
dLov pagoug, 1 PopiteQo aTtd €va AAO GUVOAO VOLOUAT®V (puotrd, To. dU0 CUVOAD TOETEL VoL Elvan
Eéva neta&o Toug), ahhd dev divel koo AN mAngogopia Yo to fagog Twv vopoudtov. Ot Cuyloelg
UOG TTQETEL VOL OPOQOUV OVO VITOCUVOAXL Twv 12 voopdtmy mov €xovpe ot dudbeon pog (dni. dev
UIoQEl Vo CUUMUETEYOVV OTIS Cuyioels voulopata exTog Twv 12 deyrdy mov yvweitovue ot ivan
YVNOLOL Y| ROATOLRAL).

1. Na deiEete 6t pe 3 Tuyioelg pwoQove va. avatohPoupe TO RAATIRO VOULOUO. XOL OV 0UTé Eivon
€AapEUTEQO 1 PaUteQo amtd T yviolo. Naw 8elEete axdun 6t vdm T€1010 dev elvou EPIrTo Pe 2
uévo Luyioelg.

2. Av elyape ot dudBeon pag 2 uévo Luyloels, molog lval o PEYIOTOS 0ELBUAS YOULOUATWY avAIETo.
oTaL 0molo B PITOEOVoAIE VoL EEXYMOITOVIE TO KAATIHO RO OV AVTO E(vVOL EAAPOUTEQO 1] BaQiteQO
a6 o yvhola; Towog efvon o aviiotouyog auds yia n = 4, 5, ... Luyioeig;



A Ay A3 As| Bi B, B3 By

At Ayt Azt Ayt
Bi— By~ B3~ By

A Ay A Ap-
B+ B+ Byt Byt

Ci+ Cyt Ci+ Cyt+
C— Cp— C3— Cy—

As+ Agt Bi— C+ Cyt+ Cit+

ymue 1. "Evag “akydoBpog” o ue 3 tuyloeig Poloret To ndhmxo avdueoa og 12 vopulopomo, ®ow av outs eivon ehagpitepo
1 papitepo. O “akydolBuog” xweltel apyxd To voulouato o 3 1etpddeg: Ty tetodda. A ne to voploporo A1, As, As, As,
™mv 1e100d0 B e To. voploporta Bi, Be, B3, By, nol mv 1e104d0 C' ue 1o voulopata, Cq, Ca, Cs, C4. H avostapdotaot Tov
olySoBuov fooiletal ot €va Toadns d€vipo ovyrpioewv. Kabe #dpupog (ex1dg amd tar guiha) dnidver dm o voplopoto.
oto. aQLoTeQd. Luyillovra pe tar vopioporto. oto 8e€d (mt.y. M olla dnhdver ST o vopiopato. thg teTeddog A Tuyiloviol ue
ovtd TS TeTdd0g B). Av 1 Cuyaold yeipel auotepd (ovt. degid), omohovdeiton 0 apLotepds (ovt. deELdg) #AAd0g, »oL oV
1 Tuyopd 1woEEomoeL, omorovBelton 0 pecaiog ®Aadog. Ze ndfe ®hddo onueudvovion To Bavd evieySueva pe faon mv
SraBgoun minpogopio amd tig Cuyioes. H avopopd oe €va vopopa dnhavel ot outd PItoel VoL eival 10 ®AATILKO, KOl
70 + (ovt. —) dnhadver dm Ba sivor PoEutego (0vT. eAaQPEUTEQD) OIS TOL ROVOVIRA (TL.Y. TOL EVOEYOUEVH OV OVTLOTOLXOUV
OTOV YNAGTEQO OLOTEQRS ¥AGS0 £lvon ®ATTOLO ot ToL Vouoporto. ™S teToddag A va sivou ®dAmuo ®ow faQuteQo amd To
HOVOVIRA, 1] RATIOLO 0TS TOL VORIOUOTO. TG TETRAS0S B vor gival AATI®o nal eAagpoiteo omd o vavovird,). TTeplopiCovrog
Sradoyund tor evdeydueva og vdfe ®¥hddo, notohjyovpe o HOVAOILG OmOTEAEOUO O ®ABE QUALO.

Avon. Kdbe “olyéoBpog” mov yonowomoletr b Cuyioels yio vo eviomioel €va, vdAmno avAueca, o
7, VOUOPOTOL UIoQEl vo avarmapaotafel pe €va toladiks dévigo tuyicemv Mpoug h to omoio €yeL
TOVAAYLOTOV 21 UM, OU0 Yol ®AOE VOO 4, TTOU OVILOTOLXOUV OTCL EVOEYOUEVOL TO VOLOUA % VO
elval ®AATHO ROL EACPOUTEQO QTG TO. ROVOVIRD (CUUPOAILETOL UE 2—) ROL TO VOUOUO ¢ Vo €lvan
RAATURO RO POQUTEQO 0TS TaL ROvOVIRA (OuufoAiCetar pe i+). To d€vigo elvon TELdS YaTl ®dOe
Tuyron pmoget vo. €yl tolal amoteAéopara: 1 LuyoLd YEQVEL 0QLOTEQT, LOOQQOTEL, 1] YEQVEL OEELAL.

Aot €voL ToLadIxS dvrpo tpoug b €xel To ok 3" @ilha, 0 HEYIOTOC AEUBUGS 1y, VOULOUATOV
OVAUECH OTCL OTTOL0L UTTOQOUIE VO EVIOTICOVNE EVOL XAATUXO VOULOUOL (ROl atv cuTd glvoil eAapQUTeQo
1 Baitepo amd To xavovird) e h Cuyloeig elvow ny < (37 — 1)/2. Suvende yia 12 vopiouoma
yoewlopaote Tovidytotov 3 Tuyioelg. O mmo yvwotdg “ohydoifuos” yuo 12 vopionata e 3 Tuyioelg
gaivetal oto Zynuc 1. Zm Buprloyoapics avapéeovton ®ol 0QRETOl dALOL, £vog ndioto ®aBoilel Tig
Cuyloeig mov Ba ndvel €8 apyns, xwels autés vo eEQTOVTAL OTTO TC OTTOTEAE GUOTOL TV TIQOTYOUUEVOV
Cuyloemv, deite oty dievBuvon:

http: //www. sciencedirect. com/science/article/pii/S0020019002004830

O péyiotog apLBUos VooudTmy ny AVAUECT OTC, OTTOI0L UTOQOUUE VO EVIOMICOUIE TO HAATILXO
VOLOUOL (oL OV AuTd ivol eApoUTeQo 1 Poutepo omd Ta ®avovird) ne 2 Tuyioelg eivon ng = 3.
O A6yog mov ng < 4 givaw 1L av oty et COVIoN cuupetéyouy Gha ta 4 VOIIoUATO, €XOVUE
uévo dvo evdeydueva amotehéopara (n Cuyoold dev pumoel vo 1ooeQomoet). Av oty Ty Coylon
CURUETEXOVY UGvo dUo vopionara ®o 1 Suyaold 1ooQQomnoeL, Oev Nmoovue pe pia pndvo Tiyion va
Boovue mold amd Tor dhha OG0 voplouato eival *AATI®O ®ol AV ouTd ivar ehagpoiteQo N Papitepo



amd Ta ®avovird. Mmogouvpe BERoua va eviomicovpe To ®dAmro avdueoa e 4 vopiouara ne 2 novo
Quyloelg elte av yvwpilovpe €va yviolo vououo axo ta 4 eite av €xovne 3 eMTAEOV VOUIOUOTO TTOV
yvwpiCovpe 6t gtvar yvnola (delte m.y. Tov necaio xiddo oto Zyruct 1).

[Mopdpoa amodewmviovpe 0Tl UEYLOTOS OELOUOS VOULOUAT®V 13 (OVT. 14) OVAUESO. OTCL OTOLOL
UTTOQOUUE VO EVIOTICOVPE TO RAATIIXO VOULOMOL (ROL AV 0UTS lvol €hopouTeQO 1 BoQUTteEQo O Tol
rovovied) pe 3 (avr. 4) Cuylosig etvaw n3 = 12 (avt. ng = 39). Ta va eviomicovpe 0 RAATLRO
vopoua avapeoa og 39 vouiopata ue 4 Tuyioeig, ymeiCovpe aoymd 1o voplopota og 3 opddeg tov
13 vououdtmv ®o eQyalouaate pe Thv Aoy Tov Synuarog 1.

Tevixdteal, amodelkvieTal OTL O PEYIOTOS OLOLOUOS VOULOUATWYV 70, AVAUEDC, OTCL OTTOLC, UTTOQOUVUE
VO EVTOTIIOOVUE TO RAATILRO VOIOUO. (%ot oV autd elvor eAapEUTeQo N POQUTEQO OO TCL KAVOVIXA)
ue h Cuyioeig eivon ny, = (3" — 3) /2. 0

Aoxnon 4: Mérgnon AviiotQogov

"Eotw ay,a9,...,0, Mo anorovdio n SLOOQETR®OV axeQainv. Q¢ UETEO TOV TACO ATEYEL OUTH M
oxolovBiat amd 1o va ivol TOELvoUNIEVY og A ouoa OELRA XONOULOTTOLOUIE TOV QQIOUS TV QVTIOTQO-
@av. O aQLBPGS TV OVTLIOTEOMMY Yo THY aroiovdio. a1, as, . . . , a, €lval 10 TAMNB0S TV Cevyapudv
oo elwv a;, a; ue 1 < j ®ow a; > aj, Oh. 10 TABog Twv Cevyopudv ooty elny mov Bolonovial eXTog
OaToENG. T'uo mapdderypat, 0 0QUBUGS TWV AVTLOTQOPMY YLoL TNV onorovbia 6,5, 4, 3,2, 1 etvon 15 (Sha
Tor Cetyn etvon %106 dLdTaEng), 0 aptBuds TV avVILOTROPMVY YoL THV axokovbia 5, 1,2,6,3,4 eivon
6 (to Cevyn (5,1), (5,2), (5,3), (5,4), (6,3), nan (6,4)), ®ow 0 AQWOUSE TWV AVTIOTROPADV YLCL TV
TaEvounuévn axorovbia 1,2, 3,4,5,6 etvan 0.

Noa drarumadoete olyooLopo “diaipel-rkou-factheve” mov vToloyILeL TOV OQLOUS TOV AVTLOTQOQGV
wag axorovBiog n dagopeTndy axepaimy ot xodvo O(nlogn). No arttohoyHOETE TQOOEXTIHA TV
0006THTO HAL TNV YEOVIXY TOAVTAOKITNTO TOU ahySQLOHov.

Avon. H Wéa eivon dra pe avty g Mergesort. "Eotw ot €xovpe pioe axorovBia pe n otouyelo.
Entorywytrd vrofgtovpe 6t 1o medfinua €xer Abel yuoe ty vraxorovbion A = (a1, as, . . . ,a%) ue to
oTovyelal Twv n/2 medTwy BEcEMV Tov Tivaxa (€0Tw OTL £XOVUE UETEYOEL T4 AVTIOTQOQO. CeyN Yo
™y vmomohoubiar A) xaw yia my vroorovBicn B = (an 1,419, ,an) NE T0 OTOYED TOV /2
tehevTalnv O€oewv Tou mmivaxa (€0Tw OTL €XOVUE UETONOEL 7' B AVTIOTQOMOL TEVYN YL TV VIarohOVOioL
B). Emiong vmofgtovue 6t 1oL otoryeiat Twv varorovOudv A waw B eivon taEvopnuéva. To miBog
TOV AVIIOTOOPMY CEVYHV YLoL GAN TV oxolovbio elval = r4 + g + 74pB, OOV 7 4B TO TAHOOS TV
avtiotpogwy Cevydv (a;, aj) we i < n/2, j > n/2, nava; > aj;.

T va etixovpe morvmhondmra O(n log n) mpémel 1o merging v yivel g xodvo O(n) (Buunbeite
10 Master Theorem xau v Mion g avadoouris e€lomong T'(n) = 2T (n/2) + O(n).)



Acoxnon 5: Polaouéva Avgotijpata

Alvovtat ToL un #evd ®AELoTd SOOTHUOTA PUOLRAY AQUONGY [S1,L1], [S2, t2], - - ., [Sn, tn]. YTOOETOVUE
om 51 < g2 < ov0 < sy, EVO RATOWOL A0 TOL S; ®ow f; urwoel va elvor dua. Avo dwootiuata
Aéyovian poitaopéva dtov 10 €va elvol varootvolo tov dhhov. To Tnroduevo elvol vo vrohoyi-
OOVUE TO Af00g TV TEVYHDV POALOUEVOY dooUdTWwY OTo [S1,11], [S2, t2], - - -, [Sn, tn]- TLy. OTO
[1,8],[2,3],3,4],[5, 8], [6,8],[7,12] vrdoyxouv 5 Letyn pwmaouévoy dwothudtwy, ta [2,3] C [1, 8],
[3,4] C [1,8], [5,8] C [1,8], [6,8] C [1,8], »oun [6,8] C [5,8]. Na datumdoete €va 600 10 duvorrdy
MO aodoTRG AlySLBUo YL autd 10 TESRAUA. No cuttohoyioete v 000GTNTA %Ol TV YOOVIXY]
TOAMTAORGTNTOL TOU AtAyoQiBIov Gog.

Avon. Agov ta s; elvon taSvounuéva, axel va vroloyioovue yio téoo Cevym ¢4, ¢, pe ¢ < j, 1oyveL
on t; < t;. T #dBe tétol0 Cevyos B, 5, €xovpe 6n s; < s5 xow t; < t;, doa [sj,t5] C [s4, ).
To mMiBog autdv Twv Cevydv umoel va vmoloylotel og xpdévo O(nlogn) dnmweg oty mEonyotuevy
daonnom. O

Aoxnon 6: Bides ot IloEpdoia

Atvovtal €va »outi pe n Pideg now €va xouti ne n maBpddio. ‘Oleg ot Bideg €xouvv dLopoeTInd
uéyebog, Gha ta Tauddia £xovv dapoetid NEyeBog, xat ®doe Bida TanpLdiel ue £va uévo ToEudol.
To Cnrotpevo elvol va Toupudgouvpe Gheg Tig Pideg pe ta maguddia tovg. Ymdoyel SUeS 0 TEQLOQLOUAS
Ot 08V NITOQOUUE Vo ouyrQivouue ToL peyeédn do PLoddv oUte UTOQOUUE VO CUYRQIVOUNE TOL UEYEDN
00 mapadudv. Mmogoipe PAvo va cuyxrgivouue To. HeYEON wag Bidag xow evog moEpadlon, ®ol



va. mpoodogioovpue av 1 Pida elvan peyohiteon, rQEOTEEN, 1 ToQLALEL ue To maEadt (xon BERona
avToTOLYOl, OV TO TTOEUADL €Vl IRQEGTEQO, UEYAATTEQO, 1] TOQLALEL UE T Pida).

AedoPEVOY TOV TOQATAVM TEQLOQLONOY, VA JLATURWOETE OavoTinG okyGQLOUo Tov TaQLdlet
Oheg g Pideg ne 1oL TOERAdLAL Tovg ®a artatel ®ord péom i O(nlogn) ovyrpioelg Tov peyétoug
wog Pidog ue to péyebog evig makpadot. Syuciwon: O alyoQLBUoS cog TEEMEL OTWOOHTOTE VO,
XONOUWOTOLED TUYOLSTNTC, GPOV O VIETEQUVLOTIXOS OAYOQLOUOS OVTIOTOLNG TTOAVTAOROTNTOS EVolL
onuovTixd QUOROAGTEQOS %Al XONOWOTOLEL PaBUTEQES TEYVIXES OV 1) ROATAVONOY] TOVS VIEQPaiver
TOVS OTGYOVS TOU NABUATOS.

Avon. AxolovBouvpe v Aoy tov akyépBpov Quicksort. Aev umogouvue BEPalal Vo EPAQUCOOVUE
v Quicksort avtovola, yiatt 0ev umopotie vo ouyxpivouue g Pideg ne tg fideg nou Ta maEpudola
ue ta moEpddra. To medfAnua eviomiCeTon oty ¥OHoN Tov pivot yio 7oL S0 aivora. ‘Opme nrogovpe
VoL TTOQOXAPPOVIE AUTO TO TEAPANUG 0 eENG: Alohéyouue otnyv Toxn €va ma&uuddt, 1o omoio Ba
xonowomomBel oav pivot yia To partition twv Piody (oot OV UTOQOVUE Vo GUYRQIVOUUE TG Pideg
UeTAEY Tovg, Bal ouyrpivoupe g Pides pe To TOEWAdL), ot folorovue (0g yoauuro xodvo) Ty Bida
OV TOVU OVTLOTOLYEL, %Ol 1 oToio 8oL yonowomomOel oav pivot yia to partition tawv ma&uadiiv. Ao
70 partition TV dU0 CUVOA®V e autd TOL Pivots (08 YOOGS YQOV0), TQOXUTTOUV dU0 VITOCUVOLAL
ue Pideg ®at T avtioToua VITooUvoha NE To TTOELUAALT, oTa omolo epapuotouue Ty Oua droduxooio
avadgomrd. O yodvog extéheons eival avriotouyog g Quicksort, dnhadi O(n logn) ot uéon mei-
TTTWON). O



