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21 oE1pd YPORTOV AOKNGE®V

(adyopBuikég teyvikég — adyopiBuotl ypapwv — apBuntikoi ailyopifpot )

Aoknon 1. (EAdyioto minBog otéoemv)

AiveTat KaTeLOLVOLEVOC YPAPOG LLE 1 KOPVQEC (01 TOAELS LLOG YDPOG) KOL 172 OKUES (OPOLOVG) TOV GUV-
déovv Torelg peta&h Toug. Agv cLUVOEOVTOL VTTOYPEDTIKG OAES O1 TOAELS e Opopo. Mmopel avapeca o
300 TOAELG VO LITAPYOLV OPOLOL Kot TPOG TIG OVO KaTeELBOVOELS, aALd dev glval amapaitnto. Ta Bapn
TOV OKUOV AVIUTPOCOTEVOVV TIG ATOCTACELS LETAED 000 TOAewV (amootdoelg Oetikég). Eva avtoki-
vnto Eekva amd v TOAN s Kot B€AeL va pTdoel oty mOAN t. To avtokivnto £yl avtovouia Kivnong,
¢ mtpog ™ Peviivn mov umopel va, amodniedoel, k yradpetpa. Xe kabe TOAN vIEAPYEL N dVVATOTNTA
avePodlacpov (vmdpyel akpPdc va Peviivadiko). Aedopévou 0Tt 1 KaBuoTéEPN oM Yo AVEPOIIAGLLO
glvar peydan embopodpe va Bpovpe 1o eAdyloto TAN00G GTACEMVY Y10 AVEQPOILOGUO TTOV YpelaleTal v
KAVEL TO OTOKIVITO TPOKEWEVOD VO PTAGEL GTOV TPOOPIGLO TOV, KO TNV avTioToyN dtedpoun.

1. A®ote 660 10 dSUVATOV TLO ATOJOTIKO AAYOPLOLLO Y10 TO TPOPAN A avTd. EEnynote tnv opBotnta
KOl VTOAOYIOTE TV TOATAOKOTITO, TOV aAyopifov Tov TPoTEIVETE.

2. No onueiwbei 611 dgv BEAove vo fpodpe TN S1OPOUN LLE TNV ELAYIOTN CLUVOAIKT OTOGTOGN,
OAAG QU ue Tig Aiyotepes OvvaTéS otaoels. AMGTE €vo TOPAJEYIO GTO OO0 Ol dVO0 OVTEG
OLOOPOUES VO SLAPEPOLV.

3. 'Eoto o011 Béhovpe emmAéov va Ppolue amd Tig S10dpopég UE TIG AMYOTEPES GTACELS QLTI TOL
€xetl eAdy1otn GLVOMKT OmOGTACN. ADGTE 0G0 TO SVVATOV O OTOSOTIKO AAYOPIOLO Yia TO TTPO-
BAnua ovto, eEnynote Ty 0pBOHTNTO KOl VTOAOYIGTE TV TOAVTAOKOTNTA TOV.

Aocknon 2. (20-EXZA ) @cwpovpe pun katevbovopevo ovvektikd ypaonuo G(V, B, w) pe Betucd Bapn
oTIG aKpES, Kot vrrobétovpe O0tt |[E| > |V kon 61t Oha Ta Bapn TV akpdv Tov G givor Stopopetikd
peta&y toug. 'Eoto T’ 1o cUvolo 6AmV TV cuvdeTik®dv dévipov Tov G kot éotw t € T éva eAdyioto
oLvoeTIKO dévtpo tov G. To Agdtepo EAapputepo Zvvdetiko Aévipo (20-EXA) tov G givar éva cuv-
detid dévrpo t' € T tétot0 dote w(t') = mingy eT\{ t}{w(t”)}. Me dAho Aoyia, 1o devtepo eMGy16TO
ovvdeTIKO 8évipo t’ etvan éva cuVdETIKO 8évTpo Tov G mov £xet Bapog peyoddtepo 1 ico amd to Bapog
tov EXA ¢ xon pukpotepo 1 ico amd 10 fapog Kabe GAALOV GUVIETIKOD SEVTPOV.

1. Na d¢iete 011 10 EXA ToVL G givan povadikd, kot 0Tt KATL T£T010 dEV IGYVEL ATUPOITNTO Y10 TO
20-EZA tov G.

2. Eoto t 10 EXA tov G xat t 10 20-EZA N deiete OTL TOL T KO t Sapépovy KaTA pio pHovo
acpr], SNAadH 6T VIGPYOLY OKpEC € € ¢ kare & ¢ tétotec dotet =t U {€'}\ {e}

max

3. "Eocto t éva ouvdeTikd 6évrpo tov G ka, Yo omotodnmote (evyog kopuedv u, v € V, éotm ey

1N oKp peyiotov Bpovg 610 6T0 POVASIKO U — v LOVOTATL 670 t. Na S1atummoete odyopiOpo
xpovov O(|V|?) mov éxeton mg £icodo To ¢ kot Tpocdiopilet TV akpn €™ yio, dha To, {edyn
Kopueav u,v € V.

max
uv



4. Na d1tvr®doeTe amodoTikd aAydpiBpo tov va vroroyiletl to 20-EXA tov G. E&nynote v op-
0otnTa kot Bpeite TV TOALTAOKOTNTO TOV 0AYOPiBLOL TTOV TPOTEIVETE.

Aoxknon 3. (Movondrtt pe eEldyioto TAN00G aKpmV)

Ozmpodue korevbuvopevo ypaenuo G(V, E, w) pe n kopueéc, m okpég kot OTIG LK w 6TIG 0KUES,
Kot por apyikn kopuen s Tov G. No SloTun®ceTe amodoTikd aAyOplOUo Tov Yo OAEG TIG KOPLPES
u € V, vmohoyilet éva cuvTopdtePO s — u LOVOTATL Pe eAdyloto TAN00¢ akpadv (peta&d dAwv TV
GUVTOUOTEP®V S — U LovoTaTidV). [Toto 1 VITOAOYIGTIKY TOATAOKATNTA TOV aAYopiduov Gog;

Aoxknon 4. ( EmPepaioon Anroctdcewv )

Ozmpodue Eva katevbuvopevo ypagnuo G(V, E, £) pe n kopueg, m akpés Kot (eVOEYOUEVMS apvn-
TKO) pnkog £(e) og kGbe axun Tov e € E. ZvpBoiilovpe pe d(u, v) v amdotaon Tmv Kopuedv u
Kot v (dnA. to d(u,v) givon {0 pe To PRKOG TG GLVTONOTEPNG dLadpopng amd Vv u otV v) 610 G.

Atvovtat n opBpoi dy, . . . , dp, 0OV KGOE Oy, (VotiBeton 6T1) WovTAL pe TV andotacn d(vy, vy) 6TO
G. Na dwtvndoete akyopiBpo mov og xpovo O(n + m), . ypopuikd oto puéyebog Tov ypoen -
TOG, EAEYXEL AV TO, O1, - - - , Oy TPAYLLOTL VTOTOKPIVOVTOL GTIS ATTOGTAGEIS TV KOPLPDOV OO TNV V1,

dniadn av yo kdbe vy, € V, 10x0e1 611 8, = d(v1, vg). Av avTd 0AnBeveL, 0 akydpOpOS GG TpEmet va
vroloyilel kot va emGTPEPEL Eva Aévipo Xvvtopdtepmv Movoratiov pe pila ) v1 (xopig o xpovog
ektéleong va Eemepdoet o O(n + m)).

Aoknon 5. (AlyopiBuot Aaipet ko Baoiieve)
[doxnomn amd to Piffiio Algorithms, twv Dasgupta, Papadimitriou, Vazirani]

Mia axorovBia otoyeiov A[l], ..., A[n] Aéue 6Tt £t éva mhetoyneody ctoyeio (majority element)
av TePLecoTepa omd T Lot ototyeio TG akoAovBing sivat idto. Me dedopévn pia okolovdia, o 6ko-
oG gival vo oyedlooTel vag amodoTikdg alyoptBpog o omoiog va tpocdiopilel av 1 akolovBia £xet
TAElOYN POV GTolyeio, Kot av val va Bpickel avtd to otoryeio. Ta ototyeio g akoiovdiag dev Tpo-
£PYOVTOL LITOYPEMTIKE 0O KATO10 SLOTETAYLEVO TESTO TIUDV OTMG Ol AKEPOLOL, KO TG OEV HITOPOVY
va Vapyovy cuykpicelg g popeng “woyvet Afi] > A[j];”. (Mo nopdderypo propeite va Osmpnoete
ta otoyyeia tng akolovbiog ivan apyeio GIF). Qotdco umopeite va anavtdte o otabepd ypovo oe
EPWTNOELS TNG HOPONG: “toyvel Afi] = Alj];”.
1. Acgi&re mog Oo Aoete avtd o Tpdfinua oe ypovo O(nlogn). (Ynodeién: Xwpiote ) oxo-
AovBio A cg dvo axolovbieg A kot Ay pe t0 piod péyebog. H yvdon tov mheloynoovviov
oo eiov Tov A1 kot As cag Bondd va Ppeite o mheloyneodv ototyeio tov A; (Av va, pmo-
peite va ypnooromoete pio Tpocéyyion ‘dlaipet kot faciieve’.)

2. Mmnopeite va Bpeite Evav akyoplpo ypoppukod xpovov;

(Ynodeién: okepteite v mopakdto Tpocéyyion ‘dwipet kot facileve’:

* Yuvdvdote Ta otoryeio tov A pe avbaipeto TpOTO, Yo va dnuovpynoete n/2 Levyn.
» E&etdote kdbe Cedyog: av ta dVo oTotyein lval S1opopeTikd, amoppiyte Ta Kot Ta 600. Av
etvan 1010, draTNPNoTE POVO TO Vel aId QVTA.

Agikte 0T petd omd ovth T dladikocio EYouv amopeivel To ToAD n/2 ototyeia, Kot Ot
&yovv éva TAloyMeovV otolygio og mepintmon mov 1 akolovbio A éyel tétolo oToLyEl0.)



Aocknon 6. (Eravarappovopevog tetpay®vicldc — EAEYY0L TPOTOV apliudVv)
(o) Tparyte mpdypoappo e YAdooa tng emhoyns oag (Ba mpémel va vrootnpilel paéeig e apBpodc
1008wV ymoeimv) mov va eAéyyetl av vag aptBpdc eival mpdtog pe tov Eheyyo (test) Tov Fermat:
Av n TpmTog ToTE Y10 KAbE a T.0. 1 < a < n — 1, 1oy0er

a" tmodn=1
Av howmov, yio dedopévo n Bpebel a dote va pnv 1oyveL N Topardve 16oTNTe TOTE 0 apBog n elvan
OTMGONTOTE GUVOETOG. AV 1 1GOTNTA IGYVEL Y10 TO GUYKEKPIULEVO @, TOTE 1 SOKIUN TPETEL VOL ETOVOL-
AnoBet pe véo a, kabBmg vtapyel mepintwon o aplBuds va givarl cuvOeTOg Kot Tap OAa AV TE 1) 1IGOTNTA
VoL 1GYDEL Y10 KATOLEG TIWES TOV a. Mo evdtapépovoa 1310t T AEEL OTL, v 0 1 glvan obvOeTog, N mho-
vomnta va woydet 1 wotnta givar < 1/2 (awtd oyvet yuo 6o to 1 ektdg amd Kamoteg ‘maboroycés’
TEPMTMSELS, TOL Aéyovtar aptBpoi Carmichael, deite epmtnpa (B) mopakdte). Etol, pmopodie va ov-
Enocovpe onuavtikd v mlavotnta emttvyiog (dnA. g emPePfainong tng cuvBetdTTag TOL POV
n) emovaAapuPpavovtog Heptkéc eopég T dokiun (Tumikd 30 Popéc) pe S1opopeTIKd a. Av OAEC TG Po-
péc Ppebel va 1oyvel N Tapomdve 16otTa TOTE AEUE OTL TO N “TEPVAEL TO test” Kol aVOKTPUGGOVLE TO
n TPOTO ap1OUd- av £0T® KoL Lo Qopd AmoTVYEL 0 EAEYYOG, TOTE lplaote BEPatot Tl 0 apBudg sivan
obvvbetoc.
To mpoypaupd cag Ba Tpémel vo SoVAEDEL CWOTA Yo aptBovg YIMAd®Y Yneiov. AOKIUAGTE TNV L
ToVg ap1fpovg:

67280421310721, 170141183460469231731687303715884105721, 22281 — 1

2nueiwon: 1o a2 -2 €xel ‘aotpovoprikd’ peydro mAnboc ynoimv (dev ympdetl vo ypoetel obte 6€

0AGKIMPO T0 chpmav!), evéd To a2 2 mod (22281 — 1) givan oyeTikd “pikpd” (£xe1 PEPIKES IMADES
JeKOOKA YNl uovo :-) ) omdte givar Suvatdv va To vToAoyicovue (e Alyn Tpocoyn).

(B) Yrapyovv (Alyor) ochvBetor mov Exovv Tnv W10TNTA Vo TEPVOVY TOV EAeyyo Fermat yia xébe a wov
€lval GYETIKG TPAOTO UE TO 1, OTOTE Y10 AVTOVG TO test Bol amoTOYEL 0GEG SOKIUEG Kot OV YivOuV (EKTOG
oV TETVYOVUE KT TOYN @ TOV OEV €Vl GYETIKA TPAOTO LE TO N, TPAYLO APKETA OmiBovo Yo ApKETA
peyéro n). Avtol ot apiBpoi Aéyovion Carmichael — deite kot http://en.wikipedia.org/wiki/
Carmichael _number. EAéyEte Tn cuvaptnon cag Le apketa ueyalovg apBpovg Carmichael wov O
Bpeite m.y. 01N GEAIdA

http://de.wikibooks.org/wiki/Pseudoprimzahlen: _Tabelle_Carmichael-Zahlen. Tima-
potnpeite;

(v) Melemote kou viomomote tov édeyyo Miller-Rabin (w.y. amd 11 onpewdoeic mov Ba Ppeite ot
ceAida Tov pabnuotog oto Helios) mov anotelel Pedtioon tov eréyyov tov Fermat ot divel cm-
ot amdvnon pe mhovotnTa TovAdyiotov 1/2 Yo kabe puoikd apBpd (omdte pe 30 emavornyelg
&yovpe apeintéa mBavotnta Adboug Yo kdbe apBud £16600v). Aokiudote Tov He d1dpopovg aptd-
povg Carmichael. BAémete ka1 mepiepyo; [ladg to eényeite;

(0) Tpbyte mpdypappa Tov va fpickel GAOVG TOVG TPDTOVG ap1Bovg Mersenne, SNAadN TS LOPONG
n=2"—-1pel <z <200 (onueudote 6TL av T0 x deV EvaL TPDTOG, 00TE TO 27 — 1 glvon TPMOTOG —
umopeite va 1o amodeitete;). Avmapafdiete pe 660 avaQEPOVTOL GTNV 16TOGEADN https://wuww.

mersenne.org/primes/.



Aoxnon 7. (Evpeon MKA) Oempnote Tov mapoakdto adyopidpo yio evpeon MKA mov givat yvootdc
¢ Binary GCD.

bgcd(a, b): (* voBétovpe a, b > 0 *)

- Av a = b emiotpeye a

- av a, b aptot eniotpeye 2 - bged(a/2,b/2)

- av a givan dptiog ko b mepirtodg eniotpeye bged(a/2, b), ko avtictorya av b GpTiog Kot a TEPLTTog

- av a, b meprrtoi eniotpeye bged(min(a, b), |a — b|/2)

(a) Amodei&re v opBdTa TOL Binary GCD.
(B) owa givail n TOALTAOKOTNTA TOL KoL YLOT,;

(Y) YAomomote TOV KOl GUYKPIVETE TNV AOS0TIKOTNTA TOL pe avtiv Tov Evkieideion alydpibuov.
Aokipdote Toug dVo alyopiBpovg pe tovddyiotov 10 {evyn moAd peydiov aplOpoy.

Aocknon 8. (Avvapkog tpoypappatiopds) Evag fatpayog kabetal oto vodeapo 1 kot 0EAel va ptdoet
670 voupapo n. To dipa tov Batpdyov eEoptdtal amd T0 voupapo 6to omoio PpickeTal kot divetot
and ivako Jump(l..n]:

Jumpl[i] = péyoto dApa amd to vodeapo i.

INo mapdderypa, av Bpicketat oto 4 kou Jump[4] = 3, 10t pmopet va whel omd 10 4 o€ 0mTOLdNTOTE
and ta 5,6, 7. Ankadn, omd to vodeapo i, uropel va etaocel uéxpt o i + Jumpli]. Yrobétovpe ot
Jump[i] > 1, yiaxdBei € {1,2,...,n}.

Y1606 pog etvar va Bpodpe tov ehdyioto aplfud aipdtov and m 8éon 1 ot Béon n.

(o) Aci&te pe avtimopadetypo (tivokoe Jump) 6Tt | GTANGT GTPATNYIKN VO KAVEL 0 BATPOYOG TAVTA
TO PEYI0TO GAp OV umopet dev 0onyel amapaitnta e BEATIOTN Avo).

(B) Me okomd Tov oYedocUd alyopiBov SLVOUIKOD TPOYPOUUATIGHOD, 0pioTE TN GLUVAPTNON TToL Bl
VIOAOYIGETE Yo KAOE VITO-TPOPAN LA

(Y) Al0TUTOGTE TV AVOSPOUN TTOV IKOVOTOLEL 1) TOGOTNTO TOV opicate oto (P).

(0) Awote YeudoKMAKA, Y10l TOV VITOAOYIGLO TNG GUVAPTIONG OV OPIGUTE.

IIpoBeopio vwofoing kot 0dnyies. Ot anoviioeis 0o Tpénel vo vtoPAN0ovY £mg Tig 28/12/2025, ko dpa
23:59, oe niextpovikn popen, oto Helios (mpoomadnote To tehikd apyeio va eivor peyébovg <SMB cuvoikd).
Amodextd format: pdf, png, jpg, gif, Kot zip 1} gz 1OV Vo TEPLEXEL KATOLN A0 TOL TPOT)YOVLEVAL.

Agv Ba d10pBwBovV epyaciec mov oTéAvovTon pe email.

Yoviotdrol Gepud va aplepdoeTe KOvO Ypovo Yo voL ADGETE TIG 0IOKNOELS HOVOL GOG TPOTOD KOTOPVYETE GE
omowodnmote gty forBeia (Sradiktvo, Bproypapia, cu{inon Le cvpuportntés). Xe kdbe mepintwon, ot omro-
vtoelg Ba Tpémel va gival ovoTnpd ATOMKES Kot Vo TEPIAAUPAVOLY avapopég o€ KABE Tty TOL (PN CLULOTOL-
GOTE.

T'o va faBporoynBeite Ba mpémel va TaPOVGLACETE GUVTOUA TIG ADGELG 0OG GE MUEPA KOt (Bpa TOL Ba ovakot-
vobei apyotepa. o amopieg / drevkpvioelg: oteilte ppvopa ot devbuvon focs@corelab.ntua. gr.



