Functional Analysis I
(Problem sheet 3)

Exercise 1. Let X be a normed space.

(i) A subset C of X is called convez if for all z,y € C and t € [0, 1]
tr+(1—tyeC.
Show that B(0,1) is conver.

(i) A convex subset C' of X is called strictly convex if for all x,y € C and
te(0,1)
te+ (1 —t)yeC°.

Is the closed unit ball of (R?, || - ||s0) strictly convex?
Exercise 2. Let g : [0,1] — R with g(z) > 0, for all x € [0,1]. If f € C[0,1]
we define
Ifllg = sup |f(z)lg(z).
z€[0,1]
(i) Show that || - ||4 is a norm on C0,1].

(ii) If infoep0,1)9(x) = m > 0 and sup,¢jo 1) 9(x) =< +00, show that || - ||y is
an equivalent to || - ||co-

Exercise 3. (i) Show that the unit sphere
S={zeX:|z| =1}
of a mormed space is closed.

(ii) Show that the unit sphere of I? is not compact.

Exercise 4. Let X be a normed space and Y a subspace of X with Y # X.
Show that the set Y is dense in X.

Exercise 5. Show that cog cannot be a Banach space.

Exercise 6. Let X = CY([-1,1]). Set ||fl1 = [Iflle, Ifll2 = IIf'lc and
WA= If1lL + 11 fll2- Show that

(1) (X, |- |l1)is a normed space but not a Banach space,
(ii) || - ||z is not a norm on X,

(i1i) (X,| - |) is a Banach space.



