AN INTRODUCTION To BROWNIAN MOTioN

T X — R ST T

AND BROWNIAN DYNAMICS

OBTECTIVE : Efficient {reatment of problems in which motion s
chavacterited by wide 1ime scaie sedoration
[ Large wumber of fast mouing degrees of freedowi, the dntuils
of whese mofion are r«alq#ue_{y oni rvi’eres%i'ng , coexist with
o smalier number of Sower dearees of Lreedom, ow whste

motion we wish fo -ﬁ)cus]

Besic  idea: Treat +he fo.n’- motion in o collective sense.
(fast degrees of freecom representes oy a combinato,
of vandom force and fnchional terms orsing  due w
inleraction af slower a'cqree: of {reedow; . or "Browrian pﬁrﬁ?lﬁ!

with a beat baﬁs.)

HiSTORY : Pobert Brown (I82~7). Frrafic motien in  Juspenzions of {ine
Parﬁdzs, net of organlec ongin.

A Einstein (1905) : "Uibe- die vow der molebular- kinefischen Theon's
der Warme 3e{orderfe Bewegang von in  ruhenclex Flissigkeiter

Suspudier(“en Teilchen'

Smoluchows ki, Fokker  Plandk, Kyumers, Chandrerebhar, Zwanug, Moy




{. The Brownian Motion Model.
" Brownian particle, mass m.
: : O:/!/ BG‘H‘ 0{ SO,VO—n{' MO‘QCulQS, fgmperg{ura T.

Slow change of posifion and veloaty of +the Brownian  particle:
characterishc  time tm.

Fast, frequent collisions between Browniaw parficle and bath parficles:
choracterisic  time 4t

tm V) dt ¢ Twe widely disparate  timescales.

Randomly fluctuating {force, R (¢) (collisions )
Particle [ Bath inferachion: { E -

reliorsel o< V[t
Frickonal  force , ~ £_)/ Parficle velocity.

Ramdow,

{"“:o t
Rx“‘) | i Sl
5t o g L fnhn:ecl.‘a#e tiwme JAc:(_p; <A:
<V.t0)%))[\n_l such that  Jt << -
0 -t




The Langevin Equation (190%)

A stochastic equq'fiow o( mo‘h'ow Y[or Q Broconian Par{fde

mv() = -Tmyt) + R (1.1
N prd
-{n‘diou coefficient RANDOM
(dimensions: {ime") (LANGEVIN)
S e’
0 ol FoRrce

FRICTIONAL FeRCE

This is a stchastic d ifferential equa fion.
It does nef dercribe a definite  tmjectry. Ik solukion, subject fo given
initial condifions, s q vandom funchion of fime.

Properties of the Random Force

<B“)> =0 (No DigecrioNAL  PREFERE NCE ) (1-2)
\emeub(e
average
<R 3(°)> =0 (NO CORRELATION WITH vewcm) (1.3)
Autocomrelation  funchion: 4~ Dirac delfa fuuchon (1.4)

CRUvs) R(D> = Ry I14)
i constant (um'h of -(ortzzx {imc)

Physica | inferpre'faﬁon: 3(4) hay an inﬁ‘nh‘e.iimlly Short memony 4
( { m.cd«'qfelcj bewwmes uncorrelated  wi th ihz({ )
" Underlying Markovian Hypo#hesis” |



NOTE . Tl')e Power Jpec+mm o{ *H\e mndom {oyte, 2. +he Fouyier '{Yam?ém

of i fime aufoworelation function, is @ constant:

Some simple. Consequ ences o{ the Lmih equaﬁ'on.

Formal solution, subject  to Hhe comndifion  v=V(o) ot t=0:
[compare solufion of  Ist order ODEs] :

2
mv() - m () ep(-Et) + exp(-§¢) /exp(gs) R (s)ds (1.5)

» There K & comection between { rictional and rendom {o‘n:u
(f and Ro).

Square eq (I5) and ewsewble average:
¢ 0 (13

z<|\'U’)| Pe M"(W(")P) exp( 2F¢) +mexp (2f¢) Je,xp(fs) (M)}J

+ oxp(-24) f.ts [as exp [ECs+5)] C RE)- RETY =
0 Ro (55

mr v exp(-25¢) + zﬂé [1-exp(-280)] (16)

In the &imit 100, the parhcle wil become_ 'H\lmally equilibmfed’
with the bath: '



(1.6)

|yl = 3T f Ro_
m 2im?

equil ensemble

average kinefic
energy LigT
per d¢9m of {reed on,
fonce, £=_B '. B P/(R(é) R(0)> &t (1.7)
€m ke T Gm

a "FLoctuATioN- DIssiPATION" theoren

Eq. (I-?) relates the mogni"ude oF {(ucfuqﬁom m the roandom -ﬁ'rce f the
frichon  coeficiont. Both the fnchoval and fhe Lawgeui, fce have
the Jame physical Ohgin, ie. mferackons with Hhe fast Cfeyme; o'[

{reedon. Eq. (1-7‘) ten ale be -ﬁund in  fhe ftmq

(RO RE) > = 6%5 o) = 2 <pr> BtY)
equil. euiemble
quﬂ\’:yj of porkele sq. wpove Quftom,

There is o relakion behween § and fhe Self- d:‘{ﬁw'm'ﬁ; = N

Langew‘h 2quodion (11).  con be converted ink a d,'/[erenﬁ'nl equar‘/oa
in the outemble averaged Meaw fquaved  diplacement :

(ll) => mr.!‘ + Sm r! s B =)
> om (3 4.::!2'!2) (Tlfll‘rl)= £2

Ensewble averge :



€

0
.
Fuaod r )P = m K YWD + LR
2 i | i ) 7 g X
— /4(

dt
¥ kB T , asiume equilbrum .
i l - Eke T
dft <'r("” > +€ r 3 <|£u”z> o m3 o

with inifial conditions < [r(e)|*> =0 i <|z(+)l‘>i=° = 241 (o). v(o))-

Solution: <|r(+)|"> = (GE_“':I) ({ _é_ $ -é-exp(-sf)) (1.9)

3ksT { B < !z> .tl
m (fr!e Payaticle mO‘HOH)
T + - 6Dt

Short dimes (74 ((l): lew|'>

Long times (Ft >>1): <|[(ﬂ|z> =

ok Pl gm (‘Jl'”uﬁve mohion )
where D- k_BI ( Einstein relaﬁ'on)
m
Estimate of F from  Continuuom -
hycrodymamic  anadysis
- Bowniaw parhde diawmeter
g = M (Stotes ) “shick”
m
i < zﬂm"'d "slip" lps +

Typical HOD Jimulohow retult

Geod corvelabion of  experimental dofa o D, y,
evon for  Jiwple  Liquicl !




-

The ue[oo'(y auto correlation fuucﬁ'on of a Brwniay, parfile
decays exponentially.

For a Brmwnian parfcle in  equilibriuw with the heat bath,
eq G.S) 9:'U¢J:

¢ o
4
Cov () = Y1) YD = Lv@)'> e (-F¢) + exp(—jf)fef’ < REs) ).
"o’w'h'bn‘um 0 /
or Cov(H) = 3KT op (-5 t) (1:10)
S /
. E" - mD s a corelatim time.
ksT

Exponential  decay of time covrelation funchons  is  characterishe of

Markov processes.

NOTE . Cyg in & h'qw'd doey lof_ decp)/ exponewh'ally,

(Short 4imes . o molecule experiences few collisions with b uelg hbors,
basic asscomphions of Lowgesin thamy do wof hold. Lomg Himes:  cosperahive
wobia, of woloules Leods "va fue fails’,  Cyy ~é'y‘)

The Fokker- Planck and the Chandvasekhar equation.

The Llangevin  equation provides Q stochashe descripton of the
mofion of o Browniaw  partbiele.

Aw equivalent  descriphon  com be prouided in ferms of di//znnﬁ‘a/
equafions 3ov¢rnin3 the pmbqb)h"y densify of the pan‘v’clz

in p’mse space,momemfuh Space, or auﬁyumﬁm S pace..




Consider the case of a free (ie. wot Jubject fo extomal fields )
Brownian  parficle . Lot W(v, t) be +e dersiky  funchon chorocfew'a'u]
ow ousemble of xech  parfeles  in wowenfum  Space.

In othor wordy, under given inifial couditions, W(y,t) dv iy the
probability  of -(indt‘ng a parbcle  with velocify veckr yto vidy
al fime ¢.

Lot At be o time infewal bomg evough fo Hhe  randow fovee
RtH) % undego many fluctuntions  but chevl euagh, o y(t) cloes
nol change eppreciably . Lt

V (v, Ay) = the probability #hat v underoes a change 4y

in the infeval At

For @ Markew process, the coune of fhe Sy.n‘eu at fime ¢ dependr
omly wpn the iwskentaneas shfe o He wilew af fime Z, awd

no{ Lepow i/J Prwia.d hiJ/my, Sudn Q s'/ocho.sﬁ'c Proce.rs cohﬁvw :6 a
fundawerte| Cquatinn of the  for

W(g, L+4t) = fW(g-Ag,{) \P(g-Angg)J(Ag) (2.1)
{ compare n‘:"i Z % Paw  in diserefe Morkow chains }
Eq () is knoom as fhe  Chopwou- Koluogorow eguation.
Now, expand W(v, +4¢), w(v-dy, +) and W(v-av, dy) in Taylor

seney.
(2) => W(y,¢) + gﬂ A+ O-(8¢) =

402 " 1W
ow oW Avt + 2 2 Qv Avg +
m (ou)dlaig 48u5) [W(y.6) - % 3—;; "3 % e :'-d § o< P 9Vd°w2¢
' A 2% Awd
e 102) x [reiex) - );_35‘!. g Lok «qu T



Now, infroduce e &Lbrew’m"’om:
C Ay = f Avy ‘P(g,-dg)cl(u)
"9 qoo

Ay S - / dvi Y (v;ay) d(ay)

(2.2)

%9 4s0
{dw AVF / vy, AVP \b(y) A!) 4(4‘_’).
Thew, W At , O(8¢) - - 2_ 2W ¢ 4y, 3 W MED 4
ot i ) “av.z< d>+29<zav.¢2< «?
T MW cavavey - Zw AW T ) iy W
i d<B JVadvp B a OV X dVa 5 Vd)aw 5

7w 2<dwdwnd> | 1 T 2 LAwtDW 4
op DV oV 2 4 Wt <
A ot (Avudvp>
s
«<p 2va OVp

hid v be wiffen  wore dilup‘, af

.gTW ot + 6(Af) = - 4 3%‘;(\/\/<AV¢>) + % - 2" (W(Av.())

4 3V¢

ot < .
2 e (W(Av.(Av,,)) + (2:3)
NO“’; ‘ov Q Brawniau porﬁ‘dz fol(owciq ‘l“e Lonynw'n Qqum""au, Hee
edutin of the velocky vecdw i) givew by (I.§) Wswg i equatiar
betweow  tfiwes + and £+4f, we have: ¢

5 By > = < vtad)-y(0)> = YO [exp(-§88)-1] + exe(-§¥) [e"P(f‘) R) ds

G.VMQQ. in

Mmooy [ep(-fad-1] +epl-F) j e ([s) <REDS ds
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o CAVY> = Wy [e'g“—ll = - v At + & (4+*) (24)

Aimilerty, uding fo precursor o( 29 (I.Io) behooou tiwmeo + and 14t
LAV> = [y (tad)-y(O]"> =< (tat)| ">+ )"y - 2Lu(Har)v(F) D =

9 VAP S -2LIly® P> exp(-fM) + O (AF) =

= 2. 3_1%7' [1- exp(-§44)] +6(4): 2. Il pat + & (s+)
hewae  LAVE Y = %(4\_;‘7: 28T At 4+ O(s") (2.5)
m

400, asluu}ug flat fo caupawnﬂ o( B (\‘) Qre uhcavm/m‘ed, one ob'/aihs

{8vidvp> =0 x#B. (2.6)

Using equations (23), (24), (2.5), 2€), one obhins:

W 2) 2 T = 3° w] o (At
2 geso00) < (i72 (W) + § UL T WM S )

whid, in the Limit 4t -0, becaues

%\2_’ .t P (wy) EkeT y2 W (2.2)

Fokker- Plawck equabion , queming the ovolubion of fhe probabilihy

Jeusiﬁd in  wmowmenfuwm Jpace.
Essewbially , diffusion  2quation b W
Stehonay Jolubm:  Marwell- Bolt2wann.

in  velocihy Jpace.



1

Assuming thoct the evoluhm in phese spece i Markovian

geverdlization of fhis argument for a parhicle  expevencimg an extezua|

(sqplematic ) foce frell  F=-Y V" (see McOuarre, Chapter 26) Loacts o
an oquabe  fuw the probabilily  density in  phate space, p(r,v, t).

(£.0¢) +£.0, plr,v0) - ‘
(2.3,

P
o L T
- § Ve [pext)y] + 2oL T plryt)

Chandrase khor  equation, gaverning He guolution of te probabiliky

density i phate  Jpace.
(T‘m. ferns " ’(o(w07omu': Cquation”, " Swoluchowski equation ' are led

&owb;; Q) dgnonyus o{ ”Foﬂer- Planck" aud  "Chondvasekhar” )

For dimes At >>8&  the evolubim o/ a Pah‘ic,& in configuration Spec
Markou process. Under thee cadiboy, Hie

be viewed a5 a
zqua{\'ﬁ in c«@unﬁ'm Jpace leadh b Gn anaﬁﬁv

Chapmou - Kol wogoroy
for the  probabilify  dowsik P(!,t):

o funchion of pesition.

7 -
D%P(!,f) + ke%' _z'(ff(r,f)) =D V!:P(rlf) (29)

D= keT
m

Swmoluchowski equq(m\, a  (Oumon dn’ffuliaa Quqf)'a« I auﬁ‘gumﬁm Jpace.

(stahmany  Solubion: P(!,{’) o QKP(-V(_'Q)
‘ ’, keT

.
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3. Microscopic Bosis  for the  Brownion Hofion Model :
The Prjection Operafor  formalism.  (Zwanzig ,Hori )

Reference:  Deufch, J.M.; Oppenheim, 1. Faraday Discuss. Chewm. Soc. 1787,
_8_3, (-20; Allen and Tildesley, Chap.9.

OBJECTIVE :
o Derive a ﬁvmah’sm similar P the Brewnian  motion wode/ {mw

the oxadt evdlution Lguafion AeJm'bing the ymamics of a molecular

inl-em.
. ]Jem‘i(pj conditions,  under which  Brownian mohion  model s a

reasonable  vepresentation of reality.

APPROACH :
Consider o dysfem of N particles (e.g. wlvent wmolecules and

Brownian povh‘cle) , dewribed in phase  ipace 57 | G i

~

Let  of - (.w/,,.., sfy) a et of dyamical Variables, clepending
on r¥ p

The QUOIH’:’% o{ of desouibed  exacHy 53 the Liowville equaﬁ‘on,

~

N

A (e, p) = 1L of (), p0) (3.1)

wkm l.z = Z- 2" Vr'. - 'Z h.-Vf. = !:"~r + f VP L(mw‘lle OP&N!'H/

~

Forval solhm b (30). o (279, P19) = ap(i 4t ) of (r0),2"0))

This Pmulakion is o fime reverible
. Cumbersome o we (iwdve, all clegrees OIWJM)
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DEF. o B, Orfho]onol, if <a{, Bi > o

% ews. querage

The pre ‘echion opera{uv fwmhm allows arw‘wnj {rmq #e Liawlle
equabn  fo  an  equatio of wofia, mvoluing 4 and o other
dynamial vayiable This i done by pmjecﬁny ang dynamical voreble
onh i‘( , i-e.  vemong Hhoe parh #al are orfhegoval % i{

PeSuﬂ-'mg  exact equation o( oo blon
' U{[p (4, »~/+ )
A (#) = igdﬂf " / M(é),v/[éf)df’-pa{(é) (2.2)

& Mverie

where  $2 - frequency watix ;1§22 <of of > <ofo >

dimensiay dyadic)
time !

14({') = “randow, force" = the pord of L{ thet iy initally orthgona/
i to ‘:{[D) awd evolve, b a5 to ré:qain or#ojone/ fo ef[o)

ot all Jebreguont  Limes: N
<At Slo)> -0

MH) e "memvy funcHon matvix"

MU= (ol 1) of (> <o of >

The meuony kea 4, related fo /‘uz aub cavelabon  watrix CH) = (A [+)a{[0)‘
by C(H=i8 C(t) /Mu) C (t-+) dt"

°

The uhlhy of +hr approach Liey iy that I_-_f(f) may clecay much lqal'f'g
rapidly fhan C({-) Thes, o dinple shchashc wodel for a{o[/) (e.q9, white
welie) may give a quJ{ac{mj desuiption of the Jyiten  dynamic.



1y

mass Browuion favkd(,/vo{uwe, Browwity parhic

An example:  Porticle  of mas  m , densily {:J/ diameter d

in o bath o porhcles of mas mb , density p,af femp. T

\ fokal Mmaus Parﬁ'c(b_) o(‘c"
fotal veluwe of bats.

(Momeytan of lorge porﬁcle)

delect # -> P
Then, u{o-.» f; (a ronchow fovee! )
For &= (_M_b_)'/z «< i, Po £ |, the prjected equaka of  mohioy
m F '
' ¢ =
reduces fo () = plt) - [ ptee)( L <EE@Y)d&
2 ~ i m

: =
MEMORY FUNcON M ()
where F = fore m Loge parfile die h both porkcles
subsoipt © : demokes @ dyifews  of Jwall porficle, ot fxect  poviba of
{he loge parficle
G(T) indicate, fhe fwe that wodd be exerfed on the farge
% parficle ot fime T, il fe force on the leme parbecle
of five O were F avd +the lage parbcle remaimes
thfivay Jine tfime 0, Jo that He whele wpten ewdlved
accoveling o He tawiltonian of e vuall parfices

I, in addifion, P£b (¢| the equatim  Yeducel (:tor#\w fo
p f;[(') _Z_L / <E-B(9) Jr} pet)
~ 3m

pf) =
~ B
Langest, \Y&fch‘m coeffcient f
(7 B
7  da* : a = range infermol ecular force
Furtlenwove, if & (<], with > A‘agau:e( betoeen bath parbicles

e
> d
209% (Stokes)

hen £ =
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4. Brownian Dynamics Simulation: Numencal Solufion of +the

Langew’n EQuaﬁ'Ou.

4.1. In/'egmﬁ'on 01[ the Lomgevin eqbuafiom n Conﬁ‘,umfl'on and Momentun dpac

The problem: Integrafe  mv (¢) = -m& v(#) + £(r) + R() (4.1
subject b given ¥lo), ¥ (o). Next. freld.

»  Equahion (4.() is Stechashe. 0nly representutive -Im/'ecfon'e.: tan be

3emeron‘e d.

e The vandom ferce R(¢#) is  invariably assumed f be a Gausian

white noise. , with

CRI)> =0 (.2)
CRE):-RM =6EmkT J(¢) (42
(alowy each coodimate, <Ru(0) Ry(#)> = 2Em kg T 8lt) by
CRW.¥0@)> = 0 (R Vp))y=0 ) (13)
4 f“’)~ Flo)> = 0 ((R:(ll-) Fp (o) Y0 ) (4.3)

Al higher momenb of ff") are det by b jecoud woment.
For wch an f(*), i{ q>(+) IS any -ﬁ«c/'fan o{ time,

{I\e QKQV!H{’ t+at (At eq"?c relahve 1o fiwe sl
of fluctuations of g({'), {mall

(A ‘PR«)G : f¢(f') R«(f') dt’ riaive b €

¢
is @ rendom variable {n/lowing a Gauyiow distibuboy ik ks

mean ( (AtPR.()G > =0 and vaenante <[(A¢ Q,()G_r') = dmf kT /q:"(f’)é
Qol(*‘) Camna".’ ¢

(D4>Ro()a can be readily Jamp(eaQ, e.H'kouyk



All nuwerical approaches rest wpon infegratng Hhe  Lawgeun equatiac cver
o owall inferval  At.

lé.

Simple Predid'or a)goril—hm (Emak, 1776) —.F(!@)/m
rt+at) = r(¢) 4 (;- e S8) At v(t) + Lo L (e f“*)]u at
i fAt Zat
+ Ar€ (44)
v ($+44) = Y (+) e L (l-e'f“) At 4 (t) + Av® (4.5)

£ot

where ArG (randewm ch'splquaw{-) and A!G (mndom ue/od{y ckauje)
ave J‘m«p‘ed {mm a set o{ -/‘QVEQ biveviate Geusslqu cid t‘h’lm/‘:’ons s

wil tevdD weanS , vanances

&y ¢ (Ar,f')l> s B4 I::“T 54* [2- ~(3 4e “*+e-(ii‘;
o, & & (Av,,‘)l> : % [{- 3-25“) (4.7)
and ctovariante
Cop 0 = W8 BE (1-e 54*) (+.7)
m EA#

)]

For techmigues o Jowple @ set of corelated Guausian roucdow veriables

ace  Alen and Tildesley, app.G.3 -

Lackihg a Correchr s»‘ep, the Ermak algon'#m I8 second order in
accuvacy, awd mecesiktes  the use of a Jwall 41, e, FAt <L
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Verlel- 1‘)'Pe algoriHnm 5

Example:

Flt+at)= r(#) s Lo (1-e5%%) st vt (. L (-5 st ate) «
SRERINE T e e )’~)+m[; (e o2 )

¢ Ar€

~

vieend) = vi) 8 f;f [g'u T o,'fM]Aé al¥) «

—_—

M. TR YR

gat ('-e'f‘*)]u a(++st) + v
fa+

(49)

Extension o[ Vevlet qum'l'hh t Brownian dynamia:
van Gunsferen , W.F.; Berendien, H.J.C. Holec.Phys. (782, 45, €37- €47

Extewsion of Verlet [eop-(my algon i o Brwnian Dynamico.
van Guwiteren, W.F.; Berendaen, H.J.C. Holec. Strmal 198€ 1, 173- )85

Verlel fype algovitins  affrd the uie of w b lo Hiwe Lamer infegrabia,
fime sfeps  thaw Evwak algoviton.

Ver(e‘-*ypg afymﬂ'f‘ms caw be cauplod  a SHAKE- '/7Pe Jchome ﬂv Jeq//kj
with intrawmelecular constrainb.

4.9 In#egmhon n Con)[(g(cmﬁ'on Space onlg.

In wawy problems, ome is inferestect only in  hoow the Jyifen.  will
Cwlve in co«\('gum‘iou Space at Adomg times.
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Consider the Lawngeyin equation,
e e e R (4.0

n the Lwit of Ly Fme steps, A4S 43

+ The relayahon time of He wvelocty i.s~’/§-. For 445> Ve, e maker cwhet
vi4) wes, v(ts ) will be Sawpling velues from a Maxwell- Bolfamany
(equ.ill b n'um) distn buhion.

v The ewlubion of r(t) te ik equilibrium distibubon is wmuch shwer
than ‘H\Q+ °( ,\[U’)- [F"' a 1"‘“ Pﬂvkdl, [[f) g vows in an unbounded fo:h:’oqj

e I{ we are inferestest m Hwe Jcales D> L, an onter of magnitede
anolysis of the  fen Ferwu i (440  involving velocity gives:

|m UO| v Lo L m B g v

ie. for 41> '/5) the inerbal term of eq (4.1) becoues iun‘gm'ﬁ'coqf
relafive fo the {n‘ch’ou m‘eru.. ("ho",h {n’cﬁon Eim)f”).

The Langew’h 210.0(*"0" Can then be  Subdituted 6} the
"Pa.si\lfon ./.qng\euin equh'm" (adc'qbql\'c elimination o/ fan‘ vomen frene Varabl

r(t) = fo . re (4.11)
~ - “

where f(*) , a "randow Uelow‘)' process

is a white noite with  autocovre lafka.  dunchion

SAGRACN R %gl 8(f) bup = 2 D Slt) dup

Numerical in#egmﬁ'on o{ (‘I.H): : oo o AI‘ seloctedd independ
_'_’('HA+)= rU’) + L f“')A{ + 4rx ly from Grawussian did(’n"uﬁ'oni :JH’"
G ("“1) 2evo mean and vanance <(ll x ) V =2D4A
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5. Sysfems of Inferacting Browniaw Particles

H )/droc[yn amic  Inferactions:

Nt s 't’_: : . :6"-} S
Motion 0{ Par\‘ide i mocli{u'es -F/ow freld  (induces solvent .flow)
This induced flow will exert a frictional (hydmwdynomic ) fovee on

anofher par{-/de J
This  hydrodynamic  inferaction decays only slewly with distance

(xT'_ at lavge r)

conscaueNce  Frichion coefficients £ should depend on the posifions and
momenta of all parh‘dgs.

SIMPLIFICATION Drop dependence o( E on momufu, ond concentrate oy

e{{w‘a of ton figuration.

Smoluchowski eqc(afian /a'r inferqcfin9 Brownian particles:

2prt) + T2 Vo Dij (r) flplr.t) =

= ke T
o b/AHy . b Fwie o:{:j dye to
abil TR y iwteraction with
JCNSI‘)“Y " 3x3 lel‘u‘o’, meatri oFher Par/,';je) and ex,».&'e/cl_\
cmfig. Space for the pair of particles (i) (- V,.J. V)

Con be viewed as & submatns
af a 3N x3N oiffusion matvix 2 4 {wndi'a, g{ @ﬁ:’“mﬁ” /

- Z L. "'V-.( ' Bu (r) ~ij f[.!','é) (51)

for oll parficles.
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TERMINOLOGY I:;D' = mobilify matrix, M
. T ==
8 }&Pend on all porhcle posi hons,
D™ = R = resistance matux 6:2)

of inferacti ug Brownian parhicles:

Pasition - Langevin dlescviption
(useful in Brownian Dymamics .rimula/r'au)

nteest) = pite) + Z Ril) L)oo 7 Dy (o) ot a5
Y

J keT  ~
rawndow displace-
Properties of +the vandom displacemenks Ay‘-G . menf. Usually
. o felected a3 Gaussian,
Selected from o mulfivariate Goussian distribution, with (5.3)
G
4r" > -0 , < Ar° Arf> - 2 Dy at (5.4)

(special sawpling fechniques required for the generafion of iuch
coreloted Pandow numbers. fee Allew + Tildesley, Appendix ).

D iy obfainable, in  principle, from wmacresopic hydrodynamics.

It is known exactly for T Jpherical porfv'c/e.r at all Ccenter- center
Scparafiows (Sdu"fovv fo Stokes flow Prab[em)_

Dominant behauior at long divkances:
particle diameter
35“—5 73 @i
Q'.l' 5 " . _ /inkrparh'cle distouce vector
WT (1 + 5ty ) fii] Oseen Terser
SnV' nJ - r”l :

For current  jdeas on the caleulaton of hy drodynamic forces and thew

applicabion  +o Suspewsions, ee J.F. Brady aud G- Bassis, Anw.Rev. Fluid Hech,
1999 ) 20, M-152  (Stokesian Jjnamia '{echniqug),




An example:

B rownian Dyn awmics
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S?“uc/y of Pol)/mer- COV\F"MQA‘OVIQ{ Transitions

Helfand, E. Wasserman, 2R, Weber, T.A. Macromolecules [780 , |3 526- 533,
AAAS !
He[{and, E.; Wasierman, Z.R.; Webey, T:A. J-Cten.Pltyg. 1331 | 75, d44(- 44450

THE PROBLEM

What is +he mechanism of conformational isomenzahion of flexible

chains in  Solution?

Torsional barrier

polymer
goo
400
™
E o0}
z
::,‘_ 200}
=
10.0
00} 53
-10.0
-T 0
¢
¥ t 9*

E* =3 K8 KT

Skelefal bonds spend mast of
their time in the vicinify o{

mnima o the forsional  potential,
undergoing forsional oscillations.

Occasionally,  they  pass frow Hie
w‘a’nif«/ af ome  Minimuw ( torsiong [
shfe) fe Hat of ancthor minimunm
by oeveoming the evemy barver
Sq:on\‘ing the Miniwg.

Conforuational +Hransifions ore

‘i n{requen/' events"



o Rofation avound dimgle bond of a pelymer in Solution would be
accowponied by an ewergehcally  expensive  "thrashing'" motion of

chain tails.
&y Con{omaf'iowq[

transifions muwst involve

Caopemfiue motion 07( many bonds.

o Rotetion aeround a single bond would imply achvation energy = E¥
(E” - trans-gauche bum‘er.)
Simdtaneas, "kramkshafi- Like rofakiow oround Seveval comsecutive boncls
wadd imply aw aclivakon emergy equal kb G mulbiple of EY
2s this  obsewed?

o How does the flenibility (deformability) of bord Lengths and bomd
angles around  the rb'fqﬁnj bond offed fhie cmformational
trawsibow  rate’

22

EXPERIMENTAL EVIDENCE (NMR, dielectric relaxation, ultrasonic affenvahion, dynamic
Might scaffering, {luoreicence depdavivatimy, excimer {tuomuua_)

- Cheracteriske  fime o\[ relayghon  processes in solutioy : 0.1 4o 10ns”!
. Rate  umies iwesely with e  viwosihy of the mediuw.
| (Brawniaw  mofion  acrost @ polential barrier i the high Jrichon Limit.
- Adivabin eneryy = 20 kTfwof. Of this, ~I10 tol due T-dependence of
solvent Ui.lco,ﬁfy. The relum‘m‘n} 10 kT /ol i Cou«pqmb(e o M
frans -gaucke bawier



23

A note on the Kramers model -ﬁr rate Processes.

vy Ve __z! W (x-b)*+ g% ’ Brownian Par\"l'cle. Mouing

acrass @ polential ewergy bandfer, E*
Subject fo inferachon with @
both of tewperature T and

Wpxen, ‘FYI‘CH&A CD&A"&'QN(’ g

XY coondinate"

Pocal deseription Ve §kalx-28)* Imagine ensemble of Juch
of the potential. B G i
oF o A par s at  equilibniom .
2
Rl et kl'-bj . Number of 4rensitions Stede i State j per unit fime
Number of Systems with parhcle in state 0. ()
Microscepic revevsibility (defniled ba/qnce) h"’j s kj i Py (5.7_)

equil pmbf:;l.'ly of being in Jiute i.

Resutt o( kmuers ana fysis [lwo) tn the harmonic appmximaw‘la.:

k & kisj) = ¥ (W-C} QxP{‘%) (6.3)
with Vo= 3‘,-7- vg (natural frequency Ba( otcillahon in hanuonic region of L.,QN')
g = _;_ 3 'i\_‘; (dimewsionless  fockon  coeffeient)
Low frickon  Limit: T<<d, k= v exp (- ‘%_) (Transikion State Theovy
High frchon Limit:  Z>> 1, ke ;T-, exp(- %T) . é_ Vw?.. exp (- _%)

tpmpmh‘mw.l to ""“"“"’.1
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THE MODEL

e

200- carbon  cenfer ring chain (fo make all bonds equiuo(enf).
Harmonic  potentials for  bond 'fengf'h: and bond angles.

( bend Spring consfanh weakened 6)/ 2-3 orclers o{ HQym’/uc/e i bond
angle casfanh  weakened by a factor of 3, t veduce te yhffnecs of
the muwen'cal in‘v,mﬁm problew, ).

Phantom chain 5 no infromolecular inferachon  apart {rowm brsional potenthal.
No pentane 27%&.’ q (3* 9~ €omformahion , highly unm favorable in realify,

not disallowed heve),

Solvent  vepresented by o Browniaw bath. (Relofive masses of segmenh /
solvent alove  wodd nof  jushfy fhis. ¢ is asiumed Jhat connectiviky alouy
#e chain makes polymor wmobionr sluggish enagh fo  jushy time Jcade

separation vequirement:).

No hydrodynamic  inferacthions

({elt Hhat  they would not afect the relatvely rapid process of
conformahonal  isomentation  ccupring Locally  aloug the chain).

SIMULATION TECHNIQUE:

Numerical  Solubion ef the Po:iﬁ'au Lquj.gulu equahion (vo inerkal '&w«:)
for all chain afons  Subject fo forsional , frickon, and rendown. fores,
with a Runge- kutn  method.

Trichou coeﬁC-a'euE £ 1075 pns! (establihe, o Yime Jeale)

.qwf'egraﬁ'on fime slep At - sxt0ns - 5 {s
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Interprefation of resutts: Fint passage time awalysis

no fransifiow recornded

(dymamical recmstng event

/'mnsi#on

/ recovde
Coum‘»'ng of well-tb-well trnsikons on(q. \\/\ W .

Overall rafe  for all +ransitions 3= 2P, "+-9 + 2 Fy k’;é obtoined,
and  mdivdual  rafe constanh  extracted by inuoking detoiled balauce .

Delermination o{ J b)/ Ha%om:( Pate 4nquu'.s.

let  F(+) = probabilify that a pond will underge a Fremsifion in fime
t or Jtess since ih Last  Aransibon.

Hazard rafe h(t) - _I . 4dF (€.¥)
I-F(¥) dt

hi#) dt = probability that a bond , which underwent no Frmsibon for a
time ¢ Jince ib Lot tansibon, has a transibn, bekocen +eand {+di

| B
Cumulative hatard H(4) f h(t) d¢. (ex)
(/]

By defubn,  F) s |- M (s

For a Roisson process [Juccem'ue Francihons o-[ a bomd uucm/af!d),
H(H) = a¢ , wik g =rate of cof. Hransifions. (6.7)

HH) can be accumulated ven easily by recoveling the fmes it fake bondts 4o

pass from a gien safe fo aen adjacent chate. (Jee Weliom, W. Jawmal of

Qualiky Cavkol, 1969, 1, 27 -52)
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20 r 4
T= 372K ',/'/
Findings: oy E
, ! T st / 4
3
o Hit) inih‘aﬂy curved ot shovt fimes, =§ /
(Short-time rate appears enlmnced) S tof A_Jl
This is because the vhort-time - 4
S
region s qucHd 5)/ angles Hat & ok |
do wot Hherwalire in destination ' :'

shate but quickly crss back

inh  origin tfate. | 0.0 tinit : .
Ny L, * SN e P
J . :.:2:& Transition fime (ns)
portion.

* Long - fime dchavior  Linear , permib exhmchng a reliable roke coustnt .

Rgpmew fobve  transibon rafes:

T(k) -)l'a ('ns")

425 7.7

372 4.6 (Lm‘nne exhibih 29.6 m")
330 25 '
297 S

o Achvation energy  exfrucfed fiow  simulakons is  dlightly Larger than
one bamey hgiyhf : (I.IQ t0.0?.) EY
This eliminq(a, the Posr”u'/i/y o( fimultoneas Hvansition o/ Jevera/
honcls cver bawiens.

« There is cooperatinhy  in *e wmofion of neighboving toraim  angles. Athough
ome bowd makes if over The barrer af o fime, #e  neighboing bowely

distorbions  that fadlifate This.

will underge



2

o There is correlotion between the fimes o{ fransibon of nelghboring bowds.
Al#vugh frowsifons o wok  ocrur J#n‘a‘ly Simultan easly I‘Mouedim‘eéy
after a tmnsifion  occurs there i an ewhaweod probability that  qwother

will ocer In a neavby  bond. ( tronsitions of neighbowsy  benety octeer
within o Jew picosecondy fow  eack oﬂerj

Particularly stong  correlation  hehoeew  secnd - neighbor bowds  deparated
by @ frans:

Cvont ke tounterrotakona! transibous:

/\///\// i /L "kink "

& pr
t &t git3+
gt tt ttgl |

* The vreachon coordinafe. in  the neighborhood of the fransition ytate
is & locolited wmode. As the Fromsf orming bond refafe, ever fhe
energy barrtev,i ;\—eighban‘ng degrees of {reedowm underge dlistions
which ore Juch as fo Lood * Jeuea:inj Qmound o( wohion away
from e cewler of ochon. Effechvely, owly a few neighboring  degreey

o( {recd’ou« Move .

o Tucreasing the hiffnesy of bowct Lemghs ond, wore Significaubly, boud angley,
decvease, the wfe of cafonationa! ilomentation. (406% deceease iw huny -
fauke vafe with a feufeld incease in  bad angle bending cousfant)
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