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{0. MOLEC ULAR_ SIMULATIONS

0.4. Intreduction

- Difficuldy m applying statistical mechawics : Despite +he existones
of a power{ul , rigoreus formalism for +he calculadion of macrescopic
properties given the Hamiltonian of o system, an amalyheal
solution o this formalism is impessible for most wmatevial sysiews
of practical interest.

- Analytical theories (eg. inteqral equation theories, perturbafion -theov:
Bragg- Williams approximation for the Ia#ice),a’es:‘gmd to provide

closed - -ﬁm Solutions must  necessarily infroduce QPmeima'h'oyu‘ inte the
shisfical mechanical freatment .

- Alternative Approach: Nuwerical  Solufion of the ﬁ«ll statishcql mechawics
given a model o{ molecular geomd‘ry and energdv'cs.
Simulations cam provide , in principle, "exact results (subject only to
numerical error).
In practice, Simulations may invoke approximations , which , hewever, @ve
wuch less drastic than 1hese invoked by amalytical — theories.

- Main problems i applying simulations fo real- fife maferials sysfews:

( * Our knowledge of interaction pofentials is limited. (GQuantum

| wechanies  caw help here!)
)

]
| o

Required computer times are very long (use of Supercompurers
or dedicated wovkstations).
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Molecular Simuiah’ons Qre Compul’er Experimenfs.

macroscopic properties
— g

“molecular geometry of melecules
medel” I (Phermodymamic, tmmsport, ... )
potentials of intevachion MOLECULAR . ORI T
—
SIMULATION
-
- microscopic  structure and dynamics

external constraints,
defining an ensemble
(eq. N,V,T, .. )

Micrescopic mechanisms  underlying
macroscopic  behavior.
(what do molecules do?)

Comection between experiment  theory, and computer simulation.

(after Allew 2 Tildesley)

MODEL
MATERIALS

REAL

MATERIALS s

MODELS

PERFORM CARRY 0VT CONSTRULCT
EXPERIMENTS COMPUTER APPROXIMATE
SIMULATIONS THEORIES

[ EXPERIMEN
TAL RESULTS

EXACT

RESULTS
FOR MoODE

COMPARE

COMPARE

THEOREN(4
PREDICTY
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10.2. Construction of a Molecular Medel

10.2.1.  Molecular Representation.

Level of defail may vary, depending on the objectives of the

n V¢J"1'9 afor.

Pairwise additivity  {requently wsed.

'y(r,,...,r,,) =

——
coordinales o{
interaction sites
(?-g- afomic coordinates

Sy
¢ <y
paiv polevtial

2 (I‘IIJ) "

i<<

% (Ei, LyP fg) il

three-body pofenfia(

Approximate ¥ as a sum of effective pair pofewtials:

Ve, o) ZZ ?)j“(

- !’.',!'4')
t<y

Thvu-body term is Sn‘gni{icanf
at Liguid densities , and even
so in the Jolid safe.
(1oh of lotice energy of
solid avgon i due fo higher .
+haw-paiv  interactions ).

morve

In prachice, three.body and higher
ore included in “effective”

paw Po{enl'iall which way thus thow

ferms

some cependence on p, T.

150¢
100 ¢
“F
0.6 o7 0.8
0 ; } S

r(nm

'Vz!#/ks ()
Effeckive 12-6 LT potent
Works well in £(q. simulaho

Y [ke (K)

Borker- Bobetic- Maitland.Smith
(BBKS 5 19%0,%1)

Very aceurate, based on molecular bean

tcaltering, Spechroscopy of argon dimer,

Wveviion of T-clependence ©f 2nd virial

coefficient, solid stake properties , theore-

tical colculations.
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Molecules with mo pronounced separation of charge can be represented
as seh of LT interaction sites.

¢g, alkanes: - ® s “explicit vepresentation”
o Each C, H afom treafed
as an individual LT
interaction sife.
P R / “united afom representation
i Each CHy, Clhy qroup treated

Bond potential:

Bonol angle potewfial:

Tovsional potential :

T
Al /\

dihedral (toriien) angle qD

e a Single inkeraction site .

o‘l

Vo (&)= Lk (L-€) ,or more elaborate forms.
. "~ Requil. bond Lemgth

I s Iaf-i.l{adwy fo comsider bondy as fixed ( kp o2 ) 5

unless vibrofional spectra are desired.

VQ(B) = ilko [0-0")" , or wmore elaborate forms
t equil. bowd angle

Bond angles {rcquznl'lq faken o8 fired. (kg >0a)
Bond anglz variation s 'kuyhf fo be ‘Imporlonf'

for the dynamic of [Lexible molecules. (MD).

(Marechal 2
Ryckaert, 198

— 1,475k (2.95 ke
mo

— 350k (0.7ka

i [b) T
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A lst of atowm-afom LT inferachon Pammvefen that can be wuded to
constmet  crude finf- quess infermolecular polential funchions 1s givew by
Allen % Tildesley, p 2.

Lorenta - Berthelot  combining rules caw be wsedd fo esfimate  Cvoss-interachon

parometers from  Self- inferaction paramefters :
€jj = (6“ €jj

Y%
O'IJ : ?'(O'u +0:”) 5 )2 (lO.I)

Polential pavameters  can be refimed by comparison to experimental data,

2g. - decond vivial Coe/ﬁ’a'en.fs 8(7)
- intemal energies at given P, T3 DH"*P; solubilily paramefer
- presiure af given p, T

- lolhice evemy of onytal
- Q;Pen'menk.f ouph! strucfure , Latfice Pamiuef!ﬂ-

Molecules with expressed Separation of charge (polar molecules) are
descuibed in terms of LI inferaction sites and  partial chorges.

Values of partial charges may be based on:

* axperimentally measured dipde momenh (quadrupole moments, .. )

o electronic density distribution from ab ito quantum mechanics.

(e.,, Mulliken population analysis of Harbree - Fock results ).
o {illing ab inikio caleulated  infermclecular evemy behween fuwo

molecules at representative orentations.

Partial charges interact  via  Coaulomb forcu:
V2 (r) = 28 10.2
(i) dne, ¥y e
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“transferable infermolecular potentin(s”

Example: "TIPS" model of water ( Jorgensen, 1981)

+0.40e
v T ¢ =0.95724 H,0 represented Simply as a sef
e of ove LI cenfer [ox]gen) and
LI oxygen 40.40e 4"”& Parﬁa( Chavge,.
e/k5=5?.7°k
c=3.22A

Note: Model diple moment = 2.25D
T expt. dipole moment = {.85D

Mabiuoka - Clewenti- Yoshimine wefer wodel (J.Chew. Phys. 1976, €9, 1351)

fit o obintio caleulation of potenfial hypersurface of water dimer based ow
confiquration - inferaction (CT) method. :

' 9 Mg Dimcr £nergy:
-29 -2 H
H? OS Q q 3 4
€- 9 (._ = _L + L + .L) + 9
Hy | ns Yy s "M Fag

-29 ( Ak 9 a e L-) +q,2xp(~b,f:,“
g g £ yz

10 potential parameters: + nl[up(-b,m)f exp(- bz"m)* exp(-byri3) + ‘e"P(“’a"zv)]

v |
9, @ ,b, i, by, Qs b3, " Q‘[ﬂp(-b;n‘) +CXP(- b,r“) +€XP(-65 er)+ erp(-b,n,,-‘

a, b,, R(0s-M7)
=y ICXPI-‘W hig )+ exp(- by "26),* exp(-by s )+ exp (-by¥ys
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102.2. Summation of the total potential energy function

o (efective) pair potential, e.g. L7

Vi, ) = ZT o)
i<y

' %
Pofenfials cawnel be summed o infinite disfance !

It is practical fo We a fim'fe range wodifi cation o/ v(r) m
Cuf’o# distance re (2-9. Fe & .?.56').

ProBLeM: Cutoff generates infinite forces af re. Energy conservation detenorates in M

SOLUTION .

a. Shifted Pof‘c«sﬁ'al
o does wot affect forces

o PROBLEHM : fom discontinuous

at Y (instabilities)

b.Shl’{\hd foru. Pol-w.h'al

e discontinuity only in

the first derivative
of force.

o PROBLEM: Interaction
has been changed.

Thermodynamics of original

system vecovered by perfurbation sCheme .

c. Other Hodc'{t'cqh'ons

(continuous v, dv “")

_,.—

dr®
e.,, R"— 1.4So
Ry= 2300

(1) « {D(r) Vet fo (r-T), ren If" -{ -f

r>r

vfr) f(r)
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The contribution t 9 from the omitfed "taits" of the pair

potenthal
function is calculated by direct integration: :

60 usually =1 at ry r

ai ¢ £
Vel L anNg f [v(r) - 0™ )] g(r) ridr
r. \;fofo simple potential cufoff, this is zero

Rdistance abeve cwhich v(r) and pmodified () differ.

nore: Pofenfial truncation is a poor nppmximnﬂon fa" Long- range
potentials (eg. Coulowb,x !4 ). Special summation techniques
(eq._ Ewald Junmafim) must be used in this case.

10.2.3. Model Syh‘bw Size and Periodic Boundayy Conditions.

Number of molecules in o common Simulation: [0< N 10000

Limitations on System size imposed by:
- storage requirements

— Speed : Force[potential calculation Loop vequives time O (N?)

System size - independence of results must be confirmed.

For low-molecular weight fLiquids , Simulation averages are veny weakly
deezndent on Jdystem Size for N3 l00.

Except for caes where the simulation of a very Imall awmount of
molevial s desired (dwplef, microcry stal) , PERIODIC BOUNDARY CONDITIONS
are wed. In +his way, the Strong Surface eoffect +that wauld be.
present clue fo the umall size of the Jample are avoicled. ( For I000
molecules arranged in a l0xI0XI0 cube, 488 wmolecules appear on cube focces!

)
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Primary bex envisioned as surrounded

B ® °
2 50l*00|* g0 by images of itelf (26 images around
C o} ad® central box in 3-d).
: g :':‘o ,,:”3",‘) o Priwmary box pqu a role of a uw’l- cell.
°© o o‘\\g_‘_d o w,nneuev, in the courte o{ Simulation,
B ® an afom coxih the box, an (denhieal
*'ool*eg9l*e®
" - b ofom enbers through cpposite face.
, 0
- 2 Periedicity does not perhurb the fhermo-
- ‘dynamics Jignificantly, if potential is Jhort-

ranged ( For LJ ofomy, if Le6c, o parhele
doen’t “tense” +he periodic geomeby )

Peviodic  boundavy condifions cuf o,[/ [ong - wavelowgth Lhechuctions (J_emi‘y
waves with wavelength SL). This, Jmulation near a ceitical point i @ vewy

difficalt fask. PBCY wmay alo infroduce spurios info. on tfime come lafia for fimes > %
Systew ~size- independence. of resufh mush always be confirmed. t

Jound
'}(v:"'-d’fj

Consider fwo afoms, 1 and 2, in the primary box.
In three dimensions, there arve 27 images of 2 in the primary box
and the Surrounding boxes that Caull infevact with 1

,pol-uh'ql cutoff distance (polewhal O beyasd re)
If L/2ay Yo, then aof most one of the Images of 2 cam interact

with 1.
U
v (1 1 inferacted with Hwo images 2,2°, thew 12°412 &¥etr =21,
1 but by trangle inequalihy 127412 2 LY 2r. | which s nok
possible,)

‘The image of 2 lying cluest to 1 is called minimum image.
When L/2 »re, the simulakion obeys the HWINUM (HAGE CoW VENTION.
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SiMplz code for calculation o{ minimuw (mage didfence:
Do I= 1, N-I
RXI= RX(I)
RYT= RY(I)
R2I = R2(T)
Do J= [+, N
RXIJ = RXL - RX(J) 7
RYLJ = RYI - RY(J) acfual dishance vechr J b I
R?IT = R2I - R2(7) (
RXIJ = RXIJ - BOXL % ANINT (RX1J /BOXL)
RYIT = RYIT - BoxL % ANINT (RYIT /BoxL) ( minimum image vech
RZI = R2 - BoxL ¥ ANWT(R2rr [eox) . ' FF
R1JSQ = RXIT %42 + RYIJ**¥2 + R21Ix¥2 Screening of Jquared
1F (RIISQ.LT. RCUTSGR ) THEN } :,‘:i:?n;::fved dc‘::}’;a_
Compute 1-T inferachon - .. disfance.
accumulate  energy and forces ..
ENDLF
END DO
H, if o0.5¢x<!
Note:  ANINT (x)= [ 0, if -05<x <05
-1, i} -1<x<-05§
Nole:  TF ulafement in innermest Loop prevents vectorization.

On o (RAY, can use ‘'‘Comditional yeclr Mmerge" JSfafement
fo eliminate IF (see Mlen and Tildesley, p32).
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{0.3. MONTE CARLO METHODS

Ref.  Allen and Tildesley, p 110 (Chapter 4)
Kalos, M.M.; whitlock, P.A. Monte Carle Methods , Vol I : Basics , Wiley, 19

Name Monte Carle applied fo o class of mathematical wmethods [M/
by suewlisks  working on the  olevelopment of nuclear weapons in Loy
Alawes, in  1940s.  Estence of the method is the invention of games

of chance , whote behavier and oufcome com be uied fo fnd the volubin
fo a mathewmatical  problem.

{0.3.1, Tke roofs o.( Stochashic prerimenﬁ: "Wt or Miss HMonte Carlo”

G. Comte de Buffon, 1777 discovered o theorem in geometncal probability
()&m(*?‘iz B“(?"”‘

¢ eovges - Latis Leclere
an-:q“ A needle of fength £ is thrown
sj:z% ‘:;j rimwg }‘/ d rancowmly onfo a set of equally
::;;L{p’m;nMQ i P spaced parallel Lines , d apart (d>e).
nzm:t' 1= __.‘ "__ b
i;?'m:) ¢ The probability that the needle

will crou o Lbine is LE 4
md

Lazzerini, 1901: Performed @ ghochashe experiment, by  spinning round
ond dmwpping a needle Ny = 3407 times  and counting +he
number of times Npits thal the needle croied a Line. He wled thy

rejutf to estimate T
T= 28  Nirials
d Nhits
A machine can wow eMimate T fo 3 signifiout fiqures by perferming ¥
tnals on the Buffon neectle experiment. Erroy of edfimate i &(N*'I"'J-I/z)
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Ano'“ler "hit ond miss” ewperimen‘l‘:

Estimate T by counting the vaindrops 77N oo 4. Nhib
N trials

ollected in o circular pan inscbed
N

in a Jquare pPan.

103.2. Monte Garlo s an  Integration Method.

{
Problewm:  Cempute the integral

B i, T y £
g I- [ f(x) 4x

; | X
‘X.t 111“1F3 e One Joluh’m: “Mon#c Cor‘[o \(ample H-eaq
Yrandom Jshots" Infeara fion"
at the interval e
(X“X;)
—Generate a random number Rm € (0, 1)
R
P( ) : Form Xm =% + Rm (X;'X,)
° R ]
Calculate {(x..,)
PCX) """ pre—y - ‘L- Accamulm‘e Sum Z. {(XM)
: ; 1%, m
S l
After performing the experiment  Nivaly times, one hos on aitineate
of the infegral as: —
I & (X;-x,) Z {("m) (Tl\lm#cq{ J'ulﬁ'f"COh'cn: Hean
value “heovem ).

N{n‘al: M= |



133

By applying this wethod 4o fhe funchon  {(x)= [I-X')'/" betveey =0 and
o2l one can obfain T HJo within 4 Significant -ﬁ'gure; in 10F #nals.

Saup(e mean imleth'ou COnno(- Compd'a with conventonal nNumen'cal
integration methods (fimpson, Gauss) in one or hoo  dimensions. IF becomes
Superior fo thew  when one has b perform  multidimensional infegrations.

. A e Example:
".' et Caleulate the configurational integral
N ey g Z - /43"r.9xp[ p)?(r”)]

{(r" §ls., 1. ..
for N molecules in Oo/mue V a# femperature T.
This is a 3N- dimensional integral.

For N- O(IO) , an 25k mate o{ Z caon be obfained as

Nirum

Z:v_ = "P[Py(-.‘")» ,r‘"")]

Nirials
Q mndmufy selected point in the

3N- dimenyional Ccu;[v;?umh’m. Jpace.
(ie. N tripleb of randow mambers within (o,L) ),

A Simpion  technique  Woulet zaquie evaluating {r*) ot all wnodes of a regular
qrid Hhough the  Cofiquration Spoce. & 10 poinh (wodes) per coorclinate

ave used, thi would enhit (0" {unchon evaluctions. Wik  Houte
Corlo infegratin, ome can gef o reejonable esfimate for Niviaty  much

Loss thaw tHhat .

Such a ddrect calculabia of 2 by Monte Carlo integration becomees
impvw,ﬁ'cal for N =0(I00).
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2.33. Importance Sampling in the calculotion of Ensemble Averages.

We have seen that imporfant thermodynamic  properkies canm be expreied
al enfewble auernges, of +he fomm

" ens /N
Ef. s [ f() g™ ) (10.3)
IJ’: Pcu!(rN)
eq., with ™ (1") = pT(r*) = exp[-pV(r)]
foF &L, = U, excess jnlemal ewergy, ie. U(p,T)- U'3(p,T)
f:%Z!;;FLi'IL > <.F >NVT = PV‘ Nks T VI\\N'Q{ ‘ﬂ'@"@l" VFW Pre.uure
L

{= exp(-PVtest) » <4 Duvr =€'m&f evcess Chemical potential, ie. P(P;T)-H"(fﬂ

One could 1wy to cofimate <f> by applywyy HMonte (Covlo integratia,
b both the Mumevator and the demominato i-e.

an‘ou
eu.f(m)
<f>= n%‘Wmi(M) P wheye w Label ranclomly
2. pTm) generafed  Configurations(poinb in
mel

Configuration  vpace)

Thiy, however, would be vety inefficient .

Why?  Jome regions of the multidimensional Space ( [n NVT ensenble, the
-@iom of Luw V) contribute much more o the auerage than others.

Jf we pick the Sawpled poinh by JAooHng randlomly af e fi' guration
Space, we have an overwholming probebilify of hilling states (ie. coufigura -
tin))  with veny high owerpy , which would counbube aluoit  nothing
fo the Quernge .
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Instead, we should Jample our configurotion Space  Nonuniformly
So that wore probeble itafey (fow evergy conﬁ'guraﬁom) are Jampled
more {requentty than feu probable  stafes (high energy configurations ).
Such & Jawmpling iy Called  IMPORTANCE  SAMPLING

In fact, e should Jawple stotes so +hat
Frequency of Jawpling o Jfebe o fe"" at thel vlate.

Y we manage b do this, then calaxlating <F> Qround + %okv'ng
a Jimple arithuehc average over the Jaupled microsfates.

Nm‘au
(FY= A 2. Fm) (lo4)
N+n'al1 -y

An  ingening algorithm  for gempling a mullidimenion| Jpece accorveing *o

a (nomuniform ) brobabiliby  distribution, ond for caleulafing Querages

with relpect o that distnbution, hes besy mbwduced by Hetropdiy ef o
Befove deswblng, +he Hdmpolu) olgomth  we will ey a few thing
about Markev chains.
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10.3.4. Markoy Chains.

Markos chain: A sequence of  frials (stchaske proces) that Jatishes

fwo  Condlitions:

a. Outome of each tral belongs fo o finite set of outcomes, called
the Jhate Jpace.

b. Oufome of each trial depench only on outteme of (mmedietely
Preceding frial. (memory qoes only one Step  back).

Cevtrul in Markov chains:  Concept of  transition probability.

- = Probability that a 4vial produces the Jfate n,
fo/ “from  given haf +he previeus thal  hos resutled in ytate m.

Pan, epends only on +he values mn but i) independent of
where within  the Jequence e considered {nal Lies. (i.z. om "time"

or number of #nals),

By Couec""ng values of Pam for all possible n and m we can foriq
a transition probability matnix. This  matnx  contains all information
abat  the 'dynamics' governing  the evolution’ of the  Markov chain.

Example.  (after Allen + Tildesley) :

The reliability of our cowputer fo([oco; a cerfain patfern:

o If the computer i up and running o one day, it has o 66 )i
Chavce of ruming covreCJLﬁ, on the next day.

o Ifitis down it ha 767 chance of alie being doun the
next day.
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Two Sfates n slate space: U, D.

Transifion probabilities:  Pyy =0.60 , Py, = 0.40
2N
to from

PDD = 070 ), Pup = 0.30
v (S’"

Transition  probabilify matnx U [oeo 6.30

to

T

Importont no& Z. ww =1 ¥m (10.5)
Coluwws o/ {-vunuhm probability motnk Jam o one (the witew must
be in wme Jtoke of the end of the wmext tnal),

Tho propeshy makes P a  SocHAsTic  MATRIX.

Suppose thaf, whenw we receive i, the computer has 507> prebabilify
ol being up. We can then write Jor the state probabilitie, in Fhis

initial  Jhate: &
(0) /4.,’}_ 0.
3 5 L9, | 4 0.8

What are the  probabilikes fhe computer will be upfdown om mext day?

( (o (> 0
QU)z %) Bo + qo() Pop q(c)_ Poo PUD)(%”)g quf’)

, OF g 0 -
9" = %(o) v + ‘Io(o) Poo ol | Foo Fod /| g,

Slmi!orb,, on the mext dﬁ# 9(1)= Pq( = ;.P (c) /expone#

axd, in geveral, ow the €™ day: q“) q(“’) _Pfg(") (10 .6).
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Note ¢ Q is a weclor of a prion probabilities, while P is a makk
of Conditional probabilitie,.

How 40& q euo(oe?

~

1=0 ) 4=/ t=2 t=3 t=d Vf=75 ) f}‘j & f7=720
0.45 IO-'“S ’0.4305 !0.4271.]0-‘41’,]0.02,‘, /0:‘/18( /

|

1, | 050 | 05T | 0565 |0.5695 |0.6%0 0,513 |0.57Y oMY |
{ ' ] ' ' . ' ‘

O bservation . The Markoo Chain approaches a fimi:‘:‘mg probability diytibud

n- fim ot (1o.7)

tace ~

That Limiting probability  distribubion Safdfe the equabon:

p = g (J{-eadq Jhake cM'(ion) (IO.B)

—
- ~

Thiy weans that M i1 on eigenvector of the Jlochoahe madzx P
Corresponding fo Qhn .u'genu:[;.e o{/ L 3 g
Noh‘(é that N & ca«plefe!q defermined b}' =P, ond il not af all
influenced by ke an  Jeried (ie. by j“’}. Al weuony of fhe mikal
sate hay  beew zﬁ[a(nf.

Markou chains in  which one can Ulfinately g0 Lrom any Jtale fo any
other #ate ave alled ergedic, or irreducible. Such Chains always have
o fimiking probabilifty dwtn'bution  (Pervon - Frobenius +heorem).

I{ dromsition  Probabilify waaix is block dingonal , chaiw i) g

b7 fransibon  probebilily wmodux i) ull , Chain i) ergodic.
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10.5. The Metropolis Monte Carlo algorithm : A numerical method for
calculating Overages with respect 1o o multivariate probability

cdensity function.

The Mathemahcal Problem.

Given: A probability distribution in a multidimensional space.
Distribution defined by  probabilities [lw for being af
each point m of the multidimensional space.

[&4}: multidimensional space may be discrete ([, = a Probabilit‘y),
or  continuous. (nm= 0 (Xm) X, where p(Xm) is a probabiliy
density, and X an elemenfary wlume in the Mulfidimensional
space cowtered at 3(,.,2]

M’ : Aw efficient wnumerical procedure for sampling the multidimensional
space , according to the probability  distnbution ( ﬂh},
By “tampling’ we mean picking o fmite sef of points (states)
m, mg, ..., Mg, ..., mmmu
where a given Shle wmay appear more than once iy the
sequence , such thaf the probabitity of {i'ndiny eacl shte m,

th  fhe Jequence s Pmcficnlly equal fo "mt

It we wanage to dccowplith  this  Sawpling (9emerate vuck o JSequence,
thew we can immediately taleculate the average of any
{und‘(on defined om the Jpace of inferesf as:
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Nivials
{F> = / 2 F(my) (10.9)
Ntrials  t=1

{rue avevage average over finite sawple of generated states.

Teller, A-H.; Teller, E.

Me+ropolis) N.; Rosewbluth , Aw. ; Rosenbluth , M.N.;
computer. MR*T*

J. Chew. Phys. 1953 , 21, 1087-92 , Lo Alomas MANIAC

Solution

et of poivh as a sequence , each

Generate  the representative
certain  sfochasfic rules:

from the previous owe, acconding to

a Markov chain.
b dk . ol g g e i mNtrial:

Select +he 4vamsiion matvix of +the Markou chain ag:
Com » if NMadTllm, nim 3
i 3 {
W Now [ Com Do, if e P, nim
n > (10.10)
Prm e I= PR th /]

h#m
Sochaskic  matnix Chm = Cmn (I.O.”)
Z;- Coam =1

where € 1t a  Symmetic
(underlying matvix of Markov chm'h)

£rom stafe m Eo Sate w.

Cmn = probobilHy o{ a‘#emp'h'ng Qa Mmove
Usually, woves are alempled only between clote- lying Sfates in  the
wotf of the elewenh of C are 2ero,

multidimensional Space. That o,
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except a few corvesponding to paivs of stafes which Lie very close
to each other. Usually , Cnam is uniforme im & dwall region of +he

space avound stafe m. (AHempt a move from m to any of the nearby states v,
with equal probob«’h’l-y).

°

¥
min(l, My ) = probability of accepting a move. (10.12.)
Mm "MeTROPOLS SELECTION CRITERION'
\f",m

* If new state, n, is more probable +han the state m from whick
we started, then ‘'accept” new shafe n as the wext state in +the chain

e 1 new state, n, is Less probable than the sfafe m {rom which we
started, them ‘“accept' new shafe n  with probabilify Mn/nm <.

If new Shte, n, is nolt ecepled, then jlate wm is refained af
the wext Sfafe im  the chain , and ik characteristics are entered

agein  m the averaging Procedure .

Properh‘es of the  framsifion matrix _F

* P is stchastic: 2. P =1 (10.13)
n

(By construction, See 9. 1010)

Uj

o P sofisfies the  condition of "microscopic reversibility

Mm B = Mn Pan )
71
to Jrom
Probability of Probability of
occuvrence of occurrence of

Move m - h meove WM
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Proor:  Assume  +thet, for the duo sfates in guestion, Tl [Mm. Then, from eq (10.10

nm P”M s nm C”m
N Pan = My, (Cnm nn_"') = Cmn Nm = Nn Cmy
A ["m 4 ﬂnz 5

Fm ‘”" ‘ym"‘\ﬁbi, 0( gcl e? ('lo‘”)) C”ﬂt: Cmn
Proof for M <NMm  proceeds idenhcally (wle of 1am reversed).

=) nmthz T7n P

o M is the limiting distnibution corresponding to the tramsition matrix P
ki 9 P 9 =

Prook For 11 % be  the [imifing distribution  comelponding b P,
ove wusf have Pn.n.
The it clement of Pn s
stochasHc nahre of P, (10 -13
N, £ = Nu

mi'croxopic reversibility, (10 A4)

z an nm ={ z. Pmp‘ nn = nn Z-PM?\
m m m

(4

Tl\eve,ram, cow bining the equations for all elements, f L‘l = N. (10.15

Eq. (10.15)  guavontees that, whetever the storfing dfafe i the generated
Markov chain, a chain  fong ewagh  will  Qipuptofically Jample the
Probability  distrbution of inferest , olefined by .

Note :  In the definition of fhe transifion wmodny P by equahions
(10.15), we only need & knawo [ up %o a “multiplicative constant.
This is  becawte only probabilify  rafia appear jn the Metrepdis
Schewe .

This aspect of MR*T® algorithm & Parkicularly convenient iw Statistical
Mechawics applications.
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Flow o[ calculations in He)‘ropoh‘.s Monte Carle

Initial state m

11

" AN ELEMENTARY Attempt 4o move 4o a (ne:ghbonng)
. sfate n , with probability  C, “ " i fom
ATTEMPTED

[Usually, n is Selected nndomly among
states i the meighborhood o{ m. In other words,
Coam defines a unform distnbution withiy

a region of muyltidimeusional gpace cenfered at m].

'

Compare & priori prebabilities [y, Ty

/ "

My > Nm My ¢ MNm
Stale n is faken as the next‘ Generation of a random number.
shafe in +he Markov chain. Comparison of vomdom number
State n +Hhus becomes the against the vatio [1, /Nm
rand. wumber
camentstae T g N )
it - Slafe n talen Stafe m refained
" ELEMENTARY as the next chate in as the Current
i M the chain with state of the chain
TV probability Tn/Nm. with probabilify |- _3_
m
Stede »n becomes the I ELEMENTARY MOVE
current stafe. e ianiide
‘ | 3y

Current stote used in cowputing averages.

.
- Has desired nuwber of states been Sawplec!]

{ves
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10.3.6. NVT McC o{ a simple Liquid by the Heﬁupdi: algorithm.

(Assume liquid argon , represenfed by pairwise LT interactions)

OBIECTIVE : Generate a sequence of con{r'gumﬁon; of N molecules
in volume V thal asymptotically Samples the probabilihy
dentify of the canonical (W) ensewble.

Transcription
Multidimensional spaca = Configuration Space  (x, .., ry)

Stafes  ( poink) > Configurations.
;. -"P“ Z;":?..,d"')d’"r ( . elementary volume element iu coufig. spac
nn/ Mo e P(lvr (r‘(n )"_"!.N(m) /anr ﬁ(")""'ff?) - PN.:T /Po::r

Ni&! PNVT (Z’.(M)' s !‘~W) = ?:‘vr= ¢XP[—W(I.‘”2---, rN‘M)).L = __—_QXP('F))M)

Z(NIVIT) i z (lﬁ")
and  Oa"" _ exp[-PVn] _ exp[- B (n - Vm)] = exp[-P AV,,,_,,,]
P NVT "‘P ['F vm]
. (lo.%)
Thevefore, oacceptance probability
nﬁ:r L, if VH £ Vim (G'ownhill move aceepted Qlu.m_ﬂ)
min (1, P ) . {
P N )7 V (u hill move atcepted
i Av >N ] P P
Vold exp[ e 1 i e sometine;) ((o.1#)

METROPOLIS SELECTION CRITER(ON: Involves omly potential emergy.

Elementary  Move : Translotion 6f a vandewmly chosen molecule by a vandom amount .
Componewh of Fandow displacement vectr uniforuly distributed

O o © within _ He mieral (-Oax , OTax ). Disbibution of aHemples
new pesitons S uniforn within a cube of edgelength 26Vmax -
Q%__,A r: wunber of molecules Number of pecsible new posifions in cube R
i v Coam = _‘_ _'-/ ar ¢ R BY CoNSTRUCTION
O 1 {D i’ = " 2 (10.19)
e mo > R ov 4R € Is SYMMETRIC.
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Flow of Calculations in NVT Monfe Carlo o,f Ligquid Awgon.

(End of previous step)

Configuration m

MOVE
ATTEMPTE D

-

:

METROPOLLS
SELECTION
Trial wnhg.
accepted ﬁ
with probability
Ay

min (l, e kT )

Leop back,
faking m

as +'l\\3¢ current
confiquration.

NO

Ranclow selection of one of +he N molecules, of pesition r.fm)

(Generation of a random humber)

Random selection of a displacement vector Ar; for +he molecule.
(Genevation of +hree random numbers)

Caleulation of new Hn'a() position 'ﬁr wolecwele i: .".-‘"‘: L-(MLAL'
A new Configuration, v, s formed.
Calculation 0{3 change én total pofential emergy 14
between old configuration and +rial configuration
(change in emergy felt by displaced afom)

AY - f(")' V(m)

VES g : .

ml €01 e e

configuration “ACCEPTANCE"

Formation of exp(- %)

Generation of a random number s € [, I)

{
s £ exp (- AV ) = Confiquration n accepted

-
i l ? as the current configuration.
"ACCEPTANCE"

Trial configuration n vejected.
Configuration m kept as the

current  configuration
"RETECTION ! \

The characterishes ot the cuvrent Configuration
are wed 4o occumulate rurning averages

Has desived wumber of cowfigurations been Created?
YES
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In molecular systems lementary woves should chavge all  configurakiona|
chreos o( -(’ reedow. «

* Rigid translation of randemly chosen wolecule by randon vector

« Rigid wotation of rondomly chaen molecule by roandem awgle | or

rondowm choice o{ a hew on'cn{'qﬁ'ow,
» Rofation arwund a randowly chosen bond ﬁx a flexible welecla.

Boldness of wmoves (a,,,;rm.,)
Sheuld be choten So as fo give wmaximal efficency in the exploration
of coufiguration space (e9., waximal meen squared displacement of weleculey

,for given  nuwber of moves. )
Rule of thumb: Choote Vmay o that 507 of affewpted woves are

- e - o - — - -

accepfed (507 accepfance yatio).
There are indications that bolder moves (with Jower probability of acceptauce

+haw 5070) are wore efﬁ'a’en{-.

Starting  (onfiguration
Advanl'ageour fo chte a stferfing cpnﬁ‘yum/ion of high probability

under the coudifions of inferest, fo  minimite fime Jpent in equilibration,
Traditional a pproach : Start from an fec  Laflice , and "melf’ it f

obtain @ liquid. Ewures non-overlap of molecules.
Ancther approach: Rawndow inserfion of wolecules in box, ond relaxakon

of overlaps with eneryy wminimitation.

Last configuration from @ previas MC vun can be wied os dfarfing
configuration for vew nm under comparable conditions.
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Equilibration

I“i\"‘w"y, the P.'obnbilo'ly distvbution o{ the sawmpled wicrestatey in (q‘f'yurq_
tion space s q“) = (0,0, ..., 1, ..., 0) [syshem in initial configuration ].

~

As simulation goes on, the divibution of sampled wickostate, apprache;

the Jhationany  distnbution of the  Mefropdy transifion  matux, giveu

bg the Jimudated ewjemble: Lin q“’) = I
t

»00 ~ .

(Gewerated Markou chain of wmicrofates asymplofically sawples  ensewdble
of inhveﬂ-), ,

Iniial  period of the dimulafion it an  equilibration period, and meyf
wol be Jaken info  account in the  caleulodion of averages.

At Hhe ewd 0-/ He equih'bmﬁon pevied, all memory o( the jnifial
configyuration shoeld have  beew lost.

Moni#oring equilibrahon:

- Monitor pofential @nergy and presiure : Equilibration peviod thould
be extendect wunhl +hey show mo Jysfematic dnft, but oscillate
abouf steadsy weaw values.

- In the cate of a Lol itorting configuration, enwre that all
vesfiges of order have disappeared. ( translational and o enfafiona/
order parameters shald ohow me  order i fluid ).

- For & fuid Jimulakon -, make Jure that mean oguared displace ment

of molecules grows roughly Linearly with fime (diffusive behavior).

Rule of thumb: For Low- wolecular weighf Jgifems, 500N - (000N sleps are
suffiient for q«ih’bmfv’m. More fime is required if one starh  frow a Latfice,
or if a phase frawsition is close.
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10,3,7. Isotherma| - Isobaric (NPT) Monfe Garle  (Wood, 196%)

Convenient : Corresponds fo +the way thermodynamic Properties

are wealuved zxporimem‘ql(cj.

Not tubject fo Ha problem of two phaes appearing in

the yjame dimulation cell.

Freuiiity -~y , Hucheates
p(rv) = cxp[B(Y (r0) +PY) ]

ZNeT

A prbler in wsing  (x¥v) as configurational  deg rees of freedom is that
e limilh  behween which the (omponenb of r take on values depend on V.
To auvoid thiy inlevdependence awong degrees of freedowm, infroduce

2 i) { £ . &
sl ey S8, %, -, Sn) W Be S . B0 [
(l0.20)

L ~

p(s"V) &5 dy= ple” v) &r dv= p(xv v) L™ .

p(s"; v) . &% [-B(V(s"V)+ P‘))] VL exp[- B (V(s%v) +PV)+N&aV ]

ZNPT

Zner ¢lo.21)

Rokio of shte probabilifies:

B . exp[-B (VatPVn )¢ NbuVn | ex,,[_p(v,,-«:;‘+ P(V,,-v.)-iln://_n)]
P @xp [-B (P +PVm) +tNOxVm] P m

-

- V+PavV- N gV :
QXP[ F(LA ik 3 e“vi)] (l0-22)

N — g—

used in place of AV
in Hehopali Jelection Chiterion

Nole: “Toil “ contvibutinn % V changes upon volume ,f/ucﬁ«qf(a-, awd -qure/,ye
wuib be computed af each dlep.
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Move s
ACCEPTANCE
‘ : PROBABILITY
. Translation o,’ rancowly :
" Selected wmole cul min (1, exp[-B&V]
elected mole cule. { L :
=%

mn/l CXP[ F(A"}PAV- = fn Yue. Vuew
P Vold

.
- - - -

- o - e emn wm - - -

Dilation Jcontraction of box, undler
preservation of all  Stalecd ccovelinates
(offime tramsformation of afow centers)

Caleulation of emergy change upm volume {luctuation;

vm: de L z .- )u- e Z 2 / ) d ('l) Vn“) (10.23)
' J>' Lm S(m) N J Si I. S'(m) ’
qurcd Jtpomfeuj_

Vn : me) (?_)n + Vm“) [t_"’>‘ [.kaltd toovdinates nol chony:d] ((o.z‘l}
n h

(The above presupposes thal there i ouly one charactervfbc length in fhe
Pofemkq( funchion .. v wolecular  Jyitewes, whole P must be recelcalal-ed).

Relative {nqueucy of {ranslatian (rotation, Conformationl chonge) aud Volume (echyelengh)
fluckuodion  woves wust be sef So that equilibration iy fastert {w a gien
awount of €PU time. Jorgewsew: {veluwe fluchuabon every EN  movES.
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10.8. Grand  Cawonical Honfe Carle {[-lVT) (Norman and  Filinev, HG‘I)

p(r*iN) = L exp(Npw). exp[-#(n,-rv)] Lo

N! A3N

Again, ¥ and N ave inferdependent. Introduce o set of Jaled Govlinates,

(i, ) §a),  where Swij= V1, 0€su gl
plrn) dr = p(sn) 5 o plstm) . VY plrnn)
or P(SN’.N) " 2XP[;P (}’[g)-Np)-lnN.' - 3NMA +NtYV ] (10.29)
-

Whereos the dimewsions of P(r"’;N) depend on N, p(s™;N) is dimensionles,
Tﬁh"\g the ratio o( koo p[,{”,’N):

P“ " QXP["F(V;'I'NHF)“HNH!°3NHCHA +NneHV] -
Pm B QKP [‘5(9m-Nm}i)-€.\ Nm' '3Nm Cu/\ 4Nm(nV ]

= exp[- P (Vn-Vm) +BK (Nn-Nm) - £n ':_nl' - 3 (Nn-Nm)&nA + (Nn-Nm) &V |
m.
(to.26 )

In  particulay, if  Nw-Nwm= | (creation of a mo/ecu(e‘),

-gi = QXPI'P (V.,-))..) - P,.a - ln(N.,,d)- 34nA 41“\’] =
ke L

—exp[- B (Va-Vm) 4+ ln(: v )] wheve 2- exp(BK) | (t0-2)

mt! A3

& constant of the JSimulahion.
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Tf{ Nn- Nm= -| (desbuction of a mlecule)

&. = &P[—P(Vh-ym) -PF + M Nm + 344N -‘e)\V] -

Pm
- QKP[‘F(VN'VM) + Ih(N"' )] where 2= 2*23(/3/-') (I0.28)
2V A
Move s
ACcePTANCE
PROBABILITY
o o Molecule i (,) exp ('FAV))
o trawslation |
e
0
© 0 | | ©© | Hleue min('l exp(-pOV + 4o (si)))
© equtnl Q o (reation N+l 7,
probability
/

(micvose. revevs.)

< Molecul : "
o © Du::;,., e 1 e""("w*e"(EV)))
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Adans wodification ( H?‘l):
deparate e inb. ideal awnd excess parh:

}‘= PQK + Pld " FQK + Fi ‘e" ((CI)EVT A;) - F(X-‘- kaT l“(N>l4VT + kBT‘e“ (v‘/‘_s)
e, —

.29
TE (10-29)

Simulation 1 pevw at tonsfent B, Yy, T.
k can be calculated by calculating <N during the na, and  +hey
sing the definition of B.

NO"’QI 2= QXP(PH) - QXP (B)' As/v - QXE (B) 5 O }V = QYP (8) (‘9-30)
A3 A3 \

Hewe dhe vabio of probobilikea appeaving in the Jelochar

ctlevia  becowes

up[-pAV + I _’%_B',)] molecule ceeaha (0. 3)
exp|-BAY Mw [N olecule deshruchion, .32)
P[F + n[zs)] molecule destruch (10

Aw aduantoge of GCMC weflod 18 that it pevuih  the dived (aleulata
of free euepy quanbibe, as iy def.

Method i vewy ap’mpm‘alt {w the shdy of Jarpt‘v'm equilibna  (Surfaces,
pores).



