o

9 A 4 Experimental Heauvement of g(r) : X-vay or meutron Diffraction,

RADIATION

COLLIMATORS,
MONOCHROHATOR S
1(e)
— } diffraction | | DIFERACTED
( ;'E \\ awgle O INTENSITY
3t b DETECTION
R
“w
N
h

Simple calculation of the

diffracted infensity {mu a

At

unit

" collection of N SaMerers:
vector in 3 5
the divechom ;
o incidet* 75 ) 6 e Incident labng Field) directed
pailialon 4  tae direchon hWGden! wave (om lqlm, fve irec
S o satteres )
a scafferer gt alowg wnit veefor wu, .
u
@". 25in © Diffracted wave shudied of ow angle 6 ;
U N
t““l"" veclor

unit vechy along diffrmcted wave is

i<

Incident radiakion has sawe phate over plane A.
Scallered vadiahon of jowe wavelenghh ) as
imcdewd is consideved. (clastic scalfering ).

1 : pesikion of ome of the ycaterers relotive
to e origin, 0.

Radiation arriving ot B /s wo Icu,er in phase.

Path length difference betw. beom throwgh ; and beow tragh o

= Li(4o-u) -2 M 2sin® 1-2 ¥y sin

(9.2)
wheve 1 = wnit veclor in the direction of u Uy

-~



"

Phase difference befw. beaw Scallered by y and beaw thragh onigm af 8:

¢J=¢?u%-‘- :-fJ-B%"_ Snnie :-q'.k [9.!9)
where k- g’. sze. %< _432 sm (u W] = “Scal/en'ng vecfor ! [9.20)

Electne freled at B due o Scallenng by EJ = A C01[2"Vt’ ¢J]

a.h.pll-uca "radiakio {"7"“‘7
Toha! e(tc‘m'c Feld  due fo Jcatlerens:
Z. A cvs[.?nvl' ¢J] (9.2)
J=t

Jn#cmﬂg of scalered rodiakion is preperfional % ez,quemged oer one pened:

W
I(e) = Ko/ e’ . KvA? J(icorpnvbﬁ])zJé =
/ dt g T

N v
kvA? Z Z [Cﬂ[lnvl'-ﬂ] os [vt- ¢ dt -

isl ja

* %
= kvatl Z Z. ] icos(‘lnﬂ -i-¢i) + cos (¢i-9;)] dt =
el "‘l
N N n W
¢ Lod® L ?;' '7_' cos (- ¢J) & :_ Z’ % cos ($-4y) -

NN
LAY ofr;-r:
k4 ,--.Z.,ZT; cor [ k- (ri-x;)]
Now, as 60, 1(0) » k%‘.Nz
The rako of I(O) 40 1(0) becomes:

1) . ZZ Cos[k (ri-r ,)] (9.22)

1(o) N" i=1 J=!

(scabteved radiation af angle B-0)
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T‘u above anlyn'; was valid {w a given Canﬁ',umﬁ'on o( the N Jcattezer,

‘Umging over all  Conpguratios, for a homogeneous and isotropic fluid,

Lo . 1 (Z 3 a[krn)]y « L (21 3L a@ftmg)]>:

(o) =l = N? i=l o=;1}y=l
)
Jefomlnm O“ 9(: % ( )
™~ )
:;4'.1, _Nf_ j ) (.o.![k (r; rJ)] JJY Jr :
- ¢ LzV{ 9(rii) cos[ k. rji] Jr =
: ',!I + _S Ig(;) cos (E.r)ﬁ- (9.238)

Given +he Jphevical .fgnmd‘by o{ j():), e inkqm' o,( (9 .23) cau be

wiiflen: - M n
Ig(!_'\ cos (k.1 )dr - ffur IJP Ssim(-ld q(r) cos (krcose ) =

~ - ° m © ° - -
(ﬁ"::; ':‘”'ﬁ':“ . f!nr‘g(r) Jrk_lr d (tressa) cos(kreosat) = f&v_rzq(f)dr fcmy dy -
wation . -
m a..u:,mo{.-.. 9 .23) 0,, . . o © i
) r
e !_gn,tﬂ(r), # dr. [smy] o = ]lmr‘ 5";‘£*') qlr)dr
0 0
T‘\ereforc, oo
"Scab‘ering Funchion" ll'% = _'% [f +P I4nr (t") 9(r) Jr]
° (9.24)
Moreovev, if one considers the integral ve kr
o 2n ? .
IS(I) sin [‘!:) ‘.I, E !r‘.lr OIJP !;,‘M da 9(r) Jln(krcou) :J&;‘;’. g(r) Jr!:myly

1}
o
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Hence, we cen wute (9 23) as

%ﬁ% - % [{ +p fg(r_) [Cos(!'r)-isih(z-r)] Jdr ]

n

':T [14- p fg(:) &t 5 ] ( 9.25)

We Je{ine the shatic structure factor S(k) by

S(k)= | + f’fﬂ(!)e‘i!'r dr = {+p {4nr" 3"';({.“') q(r) dr

! 0 .26
isotropic -ﬂuid :S(k) s S() (9 )

[n view of the aboe discussion, we realite the 7Ql/u.ui»a:

e The shructure {qclor is clircc#ly meajurable expen'meu/-nlly by diffrachon:

STr) = Diffracted infensiby in clirection k

Dif{ractest }n{-en&l"-tj in Jame direchion,
it scalferers formed an ideal gas.

(9 -27)
o The quqnh'l»y SQ)'I is the FPourier "mm/om o{ 9(!)

A o comsequence, g(r) con be obfained  fron +he expevimentn/
observable  S(k) by on iwene Fourier fransform :

o0

(f)= L ikr)[S(k)-1]dk = L f4 K@ sin(ke) [s5(x)-1] dk
Fs ) (2n)3 (Q!P( )[ (~) ] ~1 (20)® ! ke [ ) ]
iSotrepie o (9 '28)
. fluid’ g(x)= o ()
Given +hat fq_f“f'.! dr= (k) ~, eq (9:26) is oflen written as:
s-1= p [l 1™ Ay (kte) (9-21)

1 the O(x) ("forword scaHering*) tern i3 ignond', 20 (9’-‘29) Can be tokew i valid fwall k.
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General features of the Stmucture Factor

k= 4n ¢in® ,  S(k) =< I(0) Jous et
A 2 . Contfain
o to {om;, m}ﬁ: g
S(k)-1 =p !4nr* Sink(kr) [g(r)-l] dr ; 9(r)-1 = 'z [k M’»(kr)[s(k)-l]
o (9.27) e (9.8

S(k) will exhibit a peak at ky 2n ‘,where.. Ar +he separation
r

between Successive peaks in g(r).

The small=k (“small angle") region of S(k) contains information abeut
stuchiml features with lame chamc teriifc (engths ; The large-k ( “wide angle" )
region of S(L) confoins information aboué short-range shucture.

"Wide-angle" X-my, neubwn, or elechon diffachiar expewmenh are needed o

gek 9(r)in Liquicts.

Examples .

At , powdered solid A¢, Liquid
923k 123K .
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Argon , =125°C

Ll pammd‘c 1

{Pc'ngs' C.J. Chewical Engineering Educotion , Winter ”70, P.l? ) 0= 3.38t006
€/, =134 210
2
| 4 3
~ T LW Pgo.qszg“

g(r)-1

pro7eo L

-

. 9
Ji A praam L,
\
[ [ 1 i | -
3 o |
b £ 7;0 8 20%.% 830 3;5 ko ‘s : 5 716 . -
k(&) o\ %
. F(A) "
| 5
0.7809/cw’
0.290 9/cw?
. /'.‘l".l 3 -2 g VO SR T R Yo T
10 v °
r(R) y rf) .
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9.1.5. Thermodynamic Properfl'es {rom the pair distribution {uhc‘h‘on.

Internal energy

We focus on +he excess infermal evergy |

confs ,unf\'«ql average

VN, v, T) = Oy T) - VI T). 2 <V (x,. .,-~)> (9.30)

Assuming  pairwise additiviby of inferactions, with a paw pofeutial

Veair (v), we have:

Ve, VIT) ( Nuw ber of molecule.l) Z ("Puhd nunbc;-oml‘u:lc; «:_nﬁ-: J"e”) vp«» (r).E’.

all distances r
from a given wolecule o el
doublecaunhing
interachouns
or, in view o[ eq (9.6),
oo
VN V,T) = N Jpg(r) 4nridr Vhair(r). % , or
° " '
UE(NV.T) = U(N,,T)- VNV, T) = gf,/‘lnr" §(r) Ypair (v) dr (9.31)
o

. energy equation”

PV‘CSIHP;

We have Jeew (vivial theorew for parwite addifive polential):

P= pheT 4 5‘7 4 “Z 2 (ri-x) Eij> = pleT + i <ZZ(" 5)-Eii Y

izt g=ivt all pairs

(9.32)



I?

Nos, for a pairvise additive polential giving rise fo central force,,

Lij i OVpair
S g B
av ; ri or r=ri
"' A V..J: )’P.'r( ) _a_r&' l rer;j Tu:- o ——
ond (":"J' > rll'r")
(!"'IJ')' f’l B !.,‘. . 'J - bypmr ﬁ: " r ?Vpair (9 .33)
3 r rs rfj rfj' or r=r; J
In view of eq (9.17), 29 (9.32) and (9.33) give:
[¥)
P= pkeT ! fN(N-') . N L anet gf)dr [.r pair
o * 3v 2 Nty 9(2 L[ or ]
° g S
*‘3( Number o( 7("‘“"’“ of pairs Cositububion Yo viwal
Pairs in Jyshen al divkance rfo ridr fow given pair.
or oQ
T - Ir— Vi dart o(r) dr (9.34)
?
. 0 i " pressure equation”

Isothermal Cpuyressibih'fy

An im‘eresﬁng comnechiow behueey +the isotherwal Compreuibi/i/'y and fhe
pair  distribution fimchion can be awived af, starfing frow fhe

novwalization condiion (9.11) in the Grand Cawomical ewsewble:
( homg. syst., 2.1¥)

p* f‘jm(r..ra) dr, dr, f sz Ss‘*’(;,z) dr, = <N}>-<N> (9.1)

Owm “‘C O“‘QY hahd, an qu'y.ﬁ.\ 0{ WG‘NQHWJ n Hte G)ﬁk‘ CQM‘CQ' &MWLIC
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2 /

(BN)*> = ((N-<NS)D> = (NP>-<NY = kgT <3> Ky ( ¢.10)

Then , (ombining (9.“) awd ( 6.20))

f (Z)(.n) Y2 = ks T £3—>z Kr + (ND=N) = kT P’VIﬁ- + szz-pV

ov

pkeT Xr = ffq‘”(g)elg - pV 4l = H—p!g"’(r){r -pIJ,':

or

P ke T ki = 1+ F![ 3‘”(?‘ ] jf l+p I#nr‘[gm(r)-l] d
( 9.35)

"compre.uibilil‘y Rquation'

It iy rewmarkable +hat +he compressibilihy equabion does nol
Presuppoie  paivwise Qddifivily.

In viev of g (9.2?), Qa S#mighl/w”c‘ velatiowship con be ejfablishect
betweew fhe isofherwal cowpressibilily aud the zew. waveuectyr

Value of the Jfakc Structure factr (ignoring the foward - dcatfering
contribution )

S(0) = ft":oS(L‘) E FkaT Kr = % (9.3¢)
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9.1.6. Potential of Mean Force and Pajr Distnbution Funchon
Define a pair evergy quantily Ww (r,r.) by:
32) (:n .rz) = exp [" P w,f'l) (ru rz.)] (9 . 37)

By definition, (9.1)

N (N-1) f“P[' BY(x, -, r~ﬂ i’s---ﬁ‘u
- Z(N,V,T)

(2)

9" (Y‘“ !&) =

( ) - ) : P o ~
3 (r,r)= - .;_. Iu[ Nl:t' Z\;N,V,T) ] - % y ftxp [’P)’(Zh' ;.n)]td‘,', dry

I a howogcwms Jy.rlcu. we canw uLle Posh‘im 5L al an on'ya‘u. {w nusun'»j

Coordinates, i which case we obfuin:

wl NN Y? & f v ra, v ) ¥ b,
(rn)= - [ 5 Z(N,V,T)] —_ AN ”—"P[F {.'.'u,rs, X ) Y3

Taking the qracient with respect o 1,

V, W ke iy LT T ST, T
f‘*P[’BV[!u, ,-m)] dr,; .. -lrm

- ?r, v(r’ )V5 )9 rﬂ) F, ( TR LT Un ) total force experienced by 1 in given

system configuration

(rl, ) TR rN)
In a homogeneous system WN&) { r,r ) will depend only on the relative position vector ry,

ad  Frown?(r, ) ==V v, wN"(r.J



e,

2Q

V,. wlsl)(ru) . ffl exp[-BV(na, .., r,,,,)] dri;... drin

v (9.39)
j&p[-BV{[u,"v Im)] dxi; ... drin

From eq (1.6.32) it is obuim that w,f,z)(;;n) = - kgT 9:&)

con be viewed as a pofential thal generntes the face of inferachon
on a molecule 1 at fixed relative position r;, with respect to another molecule 2

in Jhe fluict, aveveged over all confiquvations of the rewaining

(N-2) welecules. Hemce the mame pofential of wmean force for wol (1)

(2)

I+ is vemarkable that wy’(r,) can be almctive over Jome

Separation ranges euen in caseS where +he pair pohnﬂa/ $

V'e’ Sive .  discontinuity
pu Y VCPM'I e dug 4 o“sﬁnﬂely Steep potential

Example: Hard Spheres.
9()

‘ S

Iwlerprefation: : K

2880 ,

© ) Pﬂh’nda’ns by - m ;

000 rest of the spheres “H::;wmf u {w,, iia
avound the couple ree energy"
cveates effeckive as oppoied {o

attrackion. an eneryy.


Doros N. Theodorou
Pencil
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9.7 Low-den:h‘_y Cimit o[ the pair distribution ﬂnc?‘:’o;«).
Appl:’cqh’on: Second Virial Coefficient in  terms o{ pair pofential.

When the dewsity p becowes very imall, +he intemchion behueen

two  wolecules fixed ot a disfance r apart is not offected by

dhe remaining (N-l) molecules.

-ﬂ"w, fhe pm‘equl o{ mean fwm Wf‘z) [!u.fz) - ))qur (.!'.,r;)

and
As p-o, (r) > exp|- Voair (1) T T
P J [ F pa ] of q[r) (9.42)
Appl«'cq#ow
ﬁmer#ng the  low - elemify expression info He presiure  equahioy (9.39)
one obfains:
o in#cgmh'h by I""”
BP | - -:Z—H-Pf’ IZXP[—Pvpmr(r)] r® dVpoir dr =
] gk r
= |+ .2_3'.'. P [ r3 d IZYP{'PVPN'(')}] =
] 60
= 4+ 3_3'1 P { [Y3exp }-p Vpair(r)}]:o - [exp [—ﬁ Vpair (Y)] 3r14r} =
0

3 . %
=1+ 2p Rm{'i“3!¢"P['P”puar(r)]r Jr} =
3’fr‘dr

- ’+ %",‘P 3 €';’:‘ j&[(-exp i-BVPm'(")}] V‘Jr ) Or
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o

P
';L = |- .‘an J[QXPi-PVrm'r‘(f)}-l]v‘Jr
(o]
or 14 = | + Bz(T)F Virol expansion, truncated at ijecond term.
P 5Q

SECOND

where B,(T) = -2n I[exp{-pvpmk(r)}-l] ridr vf;““_ ; (9.49
CoEFFICIENT

0

9.18. Pair Grrelation {unch’ov\ h(r) and Direct Covrelation funchon c(r).
Oenstein- Zernike equation.

Derinimion: Pair Correlation {unch'ow A(.!;,!,‘;) = 3(1)(!‘1,11)*-’

(9.45)
For a homogenlad, isofropic fluid, h(n.) - 9("‘;)-1

hiv,) is a wmeasure of the fotal influence of molecule
Il on wolecle 2 at a distance Wy, ("total correlation” betw. |, 1),

Orastein awd Zemike (1914): Division of h(ry) b fwo park:

a divect pert, ~ ¢(r2) , anAd' an indirect Pav'f.
1\ e A

/

I h 2

\ | is correlated with 2 becquse

§ T 3
oO—o0 : Q\.) T~ is directly correlated with 2, and
c 3" \

{ is directly corvelated to & +hivd
wolecule 3, which is correlafed to

- 2 divectly or indirectly Fhrough
h(ra) = c(m)+ PI ¢(63) h(rs2) drs omrmpzr:;t;:.m . (m;.ie)

ORNSTEINV - ZERNIKE EQUATION.

[w essewce, a definition of the divect correlation fumchon c(r)
(h(r) is a totl corvelation fumchom)
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Note that recursive use of the Orustein - Zemike equation Lead; f:

h("n.) = c(n) + f/C(";a) c(32) 4?;‘3 + Fz ﬂ‘-('is) C('}y) C(Qz) “'3?’34?"4 +

(sum chains of direct corvelations gomg through fluid parhetes
and fenuinating at | and 2)

The Ornstein - Zewnike equakon becamer parheulavly duple in
Fourier- 'l'mnsérued Space, ly ule o[ the convolehinn Yheovew,.

Lot z(l) = ! h(r) e -ikt dr | 2(&): fc(r) ikt J)sf

Thew, (9 .46) gives i\(k) = ¢(k) +p ¢ (k) i\\(k)
(9 .47)

or 'R(l): ¢ (k)
1 =p c(t)

Nofe thaf, from (9 .2¢), .
Structure factr  S(k) = | +p h(k)
howce fhore is a Siwple relotia, betweew Struchre facty and ¢ (k)

) = il (9.43)
I- pc(k)

In parbculer, Jhe coaupressibilihy equaﬁon (9-36). gives

¢ L= Y 9.4
f’(cmdr— o= PkBTr e i




o

Why introduce the direct correlation funetion c(r)?

General cbservabon: C(r) has the range of the par pofential Voir-

(ie. is  significantly different from zero over disfemces
commeniurate.  with  polential ronge).

Thiy weaws that ,in  von-ionic qquidl, c(r) will be .iiﬂ{icom‘ly Jhorfer-
wd thaw  h(r). Tk

fxomple: LT fluid.

20 i
tof o h()=9() - :
eng | h(v)
P e b
0.0 ' -
-0}
J [See alse ploh for lig. Ar
/. from dif{raction |
o 2.0 5 4.0.0

r/a-

In molecular Liquids, both inframolecular and intermolecular

corvelations befween afoms (Sites) muwt be consideved, Au extension

of the Ornslein - 2evnite  equabion 4o wolecular fluids ﬁvu-: the
basis of the Referemce Interachom Sife Model (RISM) of

Chewdler awdt Awdersen (1972).



29

An Aside: Determination of chain redius of gyration
-Hwough SANS

Envision a system of chains
in{ini!e[q ditute in a wmatrix (s<<L ).
e Chains  donf “see" each other.

Chains are Iqbelled so that +here

eg. polyethylene chains is confrast between thew and fhe
in matrix of matvix  with vespect o diffraction.
perdeuterated polyethylene
melt.

Small angle (Bw k-) diffraction experiment at ks< 2rwill reveal
intramolecular correlations al the length Scale of the entire chain.

In this cate, pg, . (r) = w(r) +?‘3(")

and (?-24') gives : w(r) + P .
n
S()-1=[amrt sinl) w(r) dr = S(K) =L S = 4'"(" ,)>
: kr ¢ L TR
intramolecular ' it
?""" f't S I h"v
funchon if -~

{ .
' f !\
Seqawmantk

For ks << , we can infroduce.  +he QPFWXI'MQ'HO%

4iﬂ(k'i|!') il [kl’,, - kY‘. w{.}:
kviy "~ kny 3' 9

= 41 - (_k_ﬂﬁz + (_krllﬂ + ...
6 120

Kmping fews up b Secomd order in kI,



l‘-l J 6 =1 j=1 3n iz j=t
-nn-1) <££(H‘,,)> "'£<ZZ'7:>
n sl =t 3n 1Ligjgn
1<
saffered intensity
or " :
"Debye scattering function” P(K) = I() Sk =] --L : <Z
(ks << 1) ’[(o) i . e
i : (fncl./‘[oh)a,ri
-‘»’.'.s.f.*ef‘lhﬁ)

(The aboe cieudopmen{' i§ nof :Peci{ic to a chain; it is valid for
any -qu‘-e La:(] chulmg o( Poml Jcaf/enen in the rarge of k
much Jwaller than  fthe ovemll dimewsias of the 6045:)

What is  the quanﬂ'{y i 4 <ZZ- rij > g
"l

I<|<J5l1

[_Qﬂ’tx_v.;; theorem (.’?; : \

Given o collection of n peinfs of equal wmass, Located ot positions ¥ (Icion

the qu.an'Hy "LL 2 2 r".".z , with rj- [t;-xi], equals the
1 £idjén

squared radius of gyvation $° of the collection of poink.

peevinon:  Radius of gyration for o collection of waferial poinb of equal mas
" :1 2
S = % (,.i- -:",‘——'J)
N = W!_i
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(e introduce Hhe motation :

. & .t > { ifi
. : i Yem = -y ;Z, (czn er o( mass  pos m)
.'/\I:M 2i = Xi- Lem (J"J"’M& vector O{l’ {mm enter o{ wau)
V& In fhis  mofabion,

s

g: L
n

=

-
—-—

F urfhorwore, we choose  fo express all 5 relative fo

Si= & + Li-5Li = & + %

n n (]
1: / S + 4 = L Z 31 1 Z. S, + E
s -;- 'z=; (bl ~“-) = " i (] + " ,.-1 a~l Al " ’=1'
From the foct +hat "
§J= Z[l-wr‘m =9 , we ‘&002 Z(S‘,+r'l)=0 =
2 J= =
n ”
=>n'§|+ Zz .uJ=O => 2,:- L Z 'J
J= i n =2 °
Then, '
2 ., 4y
e L 2T ot
”~ ”1 ‘-az ng A ~J
9 n m n
and — Z ‘§' 'r“ 4 3-‘ Z Z*" !,J
" it " 22  jea
-  toigid :
) ol r o r L r 2
nz '.=z J:z ~ It ~'J + ” 52 ~ll
2
Now, by the law of cotines: ‘X = Lt + r.,'z- Xij
and S0 2
2 { 2-"_ f 1 T _% n ]
e o ] r.
5= 2nt iz2 i=2 (-ll +~r'l LJ )+: %zn-u 1"1 (n l)z V‘u it (” ,)Z- r’J +
+ == Lis » L 2 = . L5 yp2 /
% i=9 j= J ~Il ~ll = - r +__ZZR‘L
sdlieieg o O . - e o T i ja



2 | - 2 . e B -
2
e 4 [ mp e LIE 200 oo LZ Fony
=2 iz2 j=2 izt jei
2 i 2_ - 2
or st- L 2_r'  aep

nt oggi¢ien

(A.JQ hOUe. Prth, -ntﬂore(ave, Hat ; {of Jcal'/‘enh] /rom I’Joqual
Po/ymer chains,

k<sty® <<l - Pk} SO)_p. K ¢s* GUINIER LAW
This relafionship  {orms the  basi for defermining  the

mean Jquared  radius o{ 3ymﬁa\n of chans through  Small angle
neutron Sm‘ff’erin%, using isofopically Labelled chains in melh or glagses.

It is also a basiv for defermining the rodius of gyration threugh
-ev'ghf Jcaf\‘evinﬂ in  Jolution.

Common ways of Ploﬁ‘ing expevimen-/al dota :

“slope < >
P(x) o '/P(k) * A slope <72/3
or /1)
I(k) \ /—-’" (2[mm ploé)
\Jlopg
—(S")/g
k2 "
n P(1)

or 3 \:[_
I(k ol " e
‘e" ( \.4!.'.[\5'- - ,’.5 / ( A{: ,_: ,:’, = é :' .'.‘

k‘L
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Benoit ot al. (1970s, Instifut Charles Sadron , Strasbaurg)

Experimental Confirmation of Flonjs random coit hgpothesis for chain

conformations in the amorp hous P""f"“”' bulk through SANS measuremenh
of <57 as a function of n.
F’r»'y 943

RANDOM Col. HYPOTHESIS
\ Local intferactions

(inlving mers In +he aMorphous butk

3& ;;r‘f_)b”‘“ chains remain unperfurbed

gt by monlocal inferactions

q, excluded volume botween distant segments.

e o Their wnﬁmaﬁon is dictoted
only by focal interachons

along backbene .

/ﬂumber of skel. bonds
Comequenc.z (n>>l); <y~‘: > - 6 {s*> = C“(y;_!)éﬁ.

_ \ \ \ bond lQhﬂHﬂ

wmean Squared Mean characleristic vafi

: red racrend miio.

ond-fo-end ditfone - 21‘; of  Describes equil. cmformationn
gyration "stiffness”

Dictated by Local interachio

UNPERTURBED = " random walk “- type be havior.

Important realitation:

The walidify of Floys vandom coil hypothesis q reaty Jimpli fies

the caleulation of the intramolecular pair densify funchon w(r)

given the chemical  couthifution of o chain: Single wnperfurbed

chains, JSubject only o Local interachons need be %:ﬂd%{ﬁ?* o)
: )

AR
[ ¥
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994. A note on the numerical solution of infegral equatic

1+ is +the excepf'iow, rother +han +he mule, +hat an analy Hc
solution Yo an infegral equation theory can be found.
Itevadive Jchemes for defermining the solution fo an infegra
equation +heory analyhically are thus necessary.

In a numerical solution fo an }m‘egm{ equo.h‘on, range o{ ris
usually divided info 2gual intervals by defining N points on the
r-axis. [Wual value: N=1024 - facilifofes FFT].

FUV\CHOYIS ‘1, ¢ can be P’Teaaydegp as UZC‘DV‘S
he (hn),..., blni), -, h(n)  (fevia +0r)
¢ (en),~ clri), -, clmw))

£ can be oblained {mm ¢ thragh the cloture relations, and vie versa.

Thes, either f_z or ¢ can be considered as the vector of umknowns
of the prblem. In practice, 9 =h-c s a beHer choica

as the uccfwo{ unknowns, as if “i smoother oy a funetion of r.

The Ornsten- Zewike equation,
Atr)- ct) = p (& h(r) c(lr-rl)

becomes a et o-f nonémear a(gebrcic cquaﬁons in 7.

-~

In practice, itis wuch more efficent o we the fawion 1 ranfasmod
fom of the Ornifein- Zevnike Qquo‘ﬁ'a'; t[k)-.c\(k) +'oh(k)2(k)

wheee 21‘ 5 e ave obfainable "y Fout Fovier transfomus from fl,g_.
" (O(Ntog,N) operabiens)

L
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Simple numerical scheme:  Successive subshitufion ( Picard scheme)

o Guess y;
f e Find ¢ from g from clowre eg. &3.,PY: yj_,-{:(r+r,’)[exp[-ﬁv,a;r,;)—l]

' e find 2J‘ thvacgh FFT: CI:, s C(k) = i%&' 2. 4""(’9' rei 5 ki= 20
| = Ndr
- Find ,;J- -from Ornsfein - Zevnike: }"\J = Pil;.

I-e¢
o find g thmyh il Y= ’_"JI; KE kfsin(kj"i) ;i y Wreidr, dk= 2
J ntr; j=‘ N¢

a3

Picard jchome is very inefficient. Coverges omly at Qow dewitie), high
tempemhres, "Hixing" o{ Juccessive appmximaﬁ'om fo [ ™oy bo wsed to prevewt
divegence. Even then, schewe inefficient (bunol’relr fo thauand of / fevationg

unhl  convergence , cvew  widh good inikal que-f.r),

Befler muwerica! uPPch: Solve Stluﬁeu o{ nondinear equations thmuqk
Newton- Raphson iteration  woith nupw"/-o
ProBLEM: NXN motix has fo be inverfed af eoch iterabion,

An efficent compromite: Gillans methed. (Mol Phys 1373, 38, 1781)

st

'Y Jecmupo:e& fh'h’ (* § -FMQ awd o Convie Par-l. ,"”“"' l
1= 2. 8x Px + Ay (x= 1,2, ) 3 oed
e {

ol=3
\
sy . s f’4/><><
2™
with Pz botis functions (eq., "o { -{'uncﬁon;" gt .. ¥ 5

-
—_— -

i=1 239 56 7 &%0nlz

.,sgh‘){qing Z Pq" dy; =0 ¥ o

De con posi Fiom : of a guew Y to defermive 8w, 8¢ is  fast and unique.
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e Tteration with Nowion- Raphion  under fixed A fi to defemive
do S0 that O-2 equafiou are safvfed.
[only vxv wmatrix has fo be inverfed- Jocobian readly Cq/aclob(a,]

o Tlevabom with Picard wmelind undey ﬁxa? 2y to defermine
A(y.' 5o that ©O-2 equatfioy are Jﬂ*ﬁ-ﬁed_

Construct basis funchions P«i
Construct initial guess gy

¥
Decompose inifial esfimate
To obfain inifial Qu, Ayy

)
) o We ax and 4y |,
to construct i
Use NR Equation i
Use Picard elementawy
:Zzalca‘-:ofe cycle Ho obhin mew elfimate ;! Replace Afy
Byi is not changed. Calculate Jacwbian wvf Ay by Ay,
v
? Decompose 4y’ *
to obfain a,”, Ay, , du = 8- a7
&

e

* Wel-wwerged voluhoy v
20 fo 30 iterahians

o Robust wrb. inifial gues
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9.4. A note on RISM: An integral equation theory for

molecular fluids. Application fo a polymer melt.

Molecular fluid consisting of one type of sites
(eq. polyethylene melt):

P Qe (D= wlr) +pg(r)
A

¥ o ! R
total paiv WY S T L {P}'lg.,14,_,{‘ lay
dens]!-«l el | . intramolecu g w0
" fis 4ri buctiow pair denmeil pair dis¢ributio
N Mo T PLATT (| Pair dey p j d 1 '
of site paie density |
L ,

o for a fluid of ngid molecules (eg. 3-site propane), w(r) is known.
for a long- chain pdgmer melt, W(r) can be readily esfimated {roue

analysis or  simulation of unperfurbed chains (Flory random coit
hqpaﬂ.esis).

Re{eranf.a Interaction Site Modal (RisM): Chandler , Andersen (1972)
An integral equation approach to wolecular {luids.

RISM starts {from an Ommstein- Zemike type equation
Inhoduce. h(r) =q(r)-1

A A A " d - &
Simple fluid 02 : Al)= c (k) +f c (k) h(k) Q‘V)f
RISM equation: 2 ”
l h 4 Want fo express tofal

2 correl ation between +Hoo
. Jeguents 1,2 on wo different
chains, Correlation may be mediqted

by segwenb on same or oberchains (3,4,
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RISM Equa'h'on

o 3
{

Side | is correlated +o sife 2 because :

(@) It is intramnclecularly correlated fo
itself andother sites on ifs chain (3),which
are directly correlated to sites(@)mthe

chain of 2, which are inframclecilarly correlated
M to 2 or coincide with 2
S Cobadin: W&

SN h(2 (b) W is i(nbramelecdaly correlated 4o
itself and other Sites on ity chain (3),

which are directly corvelated fo Jites (5)
on ofher chains than +the ones o which
{or2 belong. These other sifes (5),in
tumm, are correlated fo 2 thyaugh

total inl-ermo‘ec%‘.ar;\ canre,lqﬁ'on.(.
Contribution r we h

RISM  equation:
A(k) = @ (x) E(k) S(B) + f(:)’(k) (k) h(K)
oF Alne)= (W) €(ny) @) 4 Iy +p [S(n3) € () h(m) 475 47
where  w'(r) = ,;r(r) + w(v-) (includes self- Correla{-ion)
and w(K) = [ +5() the  Fourier fransform of W' (r).

RISM equation can be Jupp(emew/-ea(’ with o closure rg{qf.'ny h and c
(eg. Percws- Yeick) , to form an infegral equabim theowy for the
molecular  Jysfem.
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An example: Deferminalion of the stucture of molfen pelyethylene.
Homnell, k.G.; McCoy, 3.0.; Curro, J.G.; Schuweizer, K.S.; Narten AH.;

Habenschuss, A J,Chem. Phys. 1931 , 99, 4659 - 46€2.

. Polqmcr RISM  equation

PY closure

Hard- sphere represenfation of mers (< adjusw‘abl-a) i n= 6,490 mers
w(r) obfained asuming unperfurbed c hains, based on comed bonded
geometry and  Llocal comformatioval energetics (Rotakomal Liomevic State
enuweration with S00 cal/mel trans -gauche difference andl 2000 Alfuel for

Pznfanz eH ect )

Results: ;
g(r) <1; correlation hole"
- W effect (S —
v / ~ (k) =&~ |
0 "0-

0.6} h
9(") on ar oSt "A (L)

o4t \

a8 ‘({ -' s 0.0t \ / \jz ‘E_/\ J//‘\‘; -

0 JT Io s 20 - = :
. g 0 S o\ 0 IS
r (£) [<s*ye 1304 ] k)

@'(6) = m= 6429
P h(o) = -6q20 %
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Z.Ow

.S 1

1.0 1 Poink: X-ray dif{vxchivw

g(k)-] ©.5° Line: RISH with d= 3904

00 -

-0S 1
expt. —»

Y -1.0
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Basis of all perturbation theovies: Separation of the pair pofewtal

Voair () = Us(r) + wir) (1.6.66)
refereme ~ Perfurb ahon
Jng-em

A systewchic way of calculating the effect of the perfurbabon on the
therwodynamic properties is  provided by the 7y expansion

Tl\e - expansion

Consider o poi potental  Uy(r), of the form

va(r) = U (r) + W(7) ([6.61)
Ao < 3 (_Q’
J=)e > W,=0 , and V) =l reduces fo potenhial of reference Jyste.,
A2 » Y 0 the pokenthia/ of the Jngeu. of interest.

A= “eoupling parameter’ Varying 2 cm#nuouslc/ .frpml o 0.3, Quounb
f 7rudualbj "le'khina on'  +he Ph‘\‘urbah’on_

el V(1) thand fwtha fohal potevhial evergy of the syitew,
evaluoted with tae pav potevhal  Y(r):

N
V() = ‘qu v, (i.d) (1.6.62)
deperdevce on coontinabe, owitfed

Excess /rez energy A() s given b«,:
- pAG) 602 ()Y exp[-pYG)] 42/ vt]

depenets m NV T
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APPYOXim ahon:
90(") < y& (V') exp [' BUQ(")] (IE-?O)
/ N 501(“ repuliive
insensitive to exact C;’(":‘Z{ refevenca

form of potential.

A havet-upheve properky ;
Calculable, as Joow a)

d s known.

What i1 the best way fo choose the equivalent hard sphere
diamefer & ]Qr cwa

Choice:  Makh fhe isothermal compre.t:ibih'ﬁej o[ the reference fy sfew,
and 4the equivalont  hard ypheve yysten:

1.6.35)
Kr,0o = X4 E;Z‘) [Jr fyé_ exp{ Puo -l {Jr[ydexp(ﬁtu) Il
(16.70) ( 1.5.7/)
L
Eq (1e.31) is an oquabion iy d. '3-

2 gives the equivalent hard sphere diameter
as a funchon of tewperafure and densify.

oLl

d{ a Tt
dl=

1ol

The thecrebcal justification for
cowdition (1.6.71) oduqlly lies in q
funchional Taylor expawion of the

exces Heluholéz ouergy dewsiky in 1o
puwers of expl-p us(r) | ~exp[ -pu(r)]

(see Hansew + McDemald, PlS'é) b6 ox 1o b2 U4 16 13 20

Yo T
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