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5. Mean Field Approximations in Statistical Mechanics

5.1.

Introduction.

Equilibrium Ensembles: powerful, general formalism for denving
thermodynamic properties from wolecular-tevel information.

In prackice: Exact, analykical solution of this formalism impossible
for all by the simplest micrascopic models.

Approxima-l-n'ons Necessary fo arrive at closed- {orm Jolutions.

One source of difficully : Need fo sum over a verny Large wumber

of system wmicrostates, or configurations. eq. Z(N,T)= Z. exp[-F V(onfis)]
all Cbnft'g.s

Meay field opproximations: Negleet correlations between different

parts of the system at some level, and t+hus avoid weed 4o consider
o multitude of confiqurations.

Common strategies:

. Define a variable ("order parameter”) that provides a collective

description of +the configuration (e.g. magnetization, density, concentration).
Derive an approximate expression for the Helmbolls or Gibbe energy
in terms of the order parameter. Minimize fo impose equilibrium.

. Approximate system of interacting particles by an equivalent

system of noninteracting particles subject fo an external field
Field represents effects of other particles on given particle (mean field")
Derive thermodynamics by imposing self- consistency condition: Response

Lhat the mean field elicits from & particle must be consistent with
the average stafe of sureunding particles that shape its value.
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The ferm “mean field" is used rather locsely to denote a spectnim

of approaches , ranging from the most Si»iple-minded fo the most

sophisticated ! BeHer avoid "mean field) and call approximation by
iti name (eq., Bragg- Williams ; Quasichemical ; Flory ; Debye - Hiickel, e\‘c-)

In +his discussion we will Pre:enf fwo examples :

° qug- Williams appmxima-h'on on a latlice, to derive a simple
regular Solution model for binary systems.

o Derivation of +he ven der Waals equation of state.
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52 SIMPLE MODEL OF A SUBSTITUTIONAL METALLIC SOLUTION:
BRAGG - WILLIAMS APPROXIMATION

Laftice model

0000 :
__lojojojo it of substitutional solid solution
:8}_8 3%_—_ (also used for Liguid solutions! )

o Coordimation number z.

O A Energies : o Sites can be occupied by atoms
OO Wy, <0 of mefal A or mefa| B

©b OO0 wez <o e No myltiple eccupancy of sites
OO0 wp <o o Nearest-neighbor atfractive infer-

actions. Characferishc energies
Viaa > Wag, Was

Composition dicfated by numbers of atows Ny, Ng
Na +Ng = N

Mole fractions o = NA/N , %= Ne/N (&.r)

F excelS molar Gibbs Onery
0BIECTVE : Devive +hermodynamics of miXing : 953 95 (T, m)
(Phasc da'aymm, ac#w’ly Coe#,'a'enl:, )

Note: The |aMice wmodel we are Qluployl'na allows mo volume
(Jmn?e Lepon Mixing: AQVmix= VE =0
Tf':erefore, mixing -l'hemdywam/g will be P- independent.
As a Comsequence, aé < 35 at any T, Xa. ( 5.2)

Choose o ofudy system af comstant Na,Na, T (canonical ewsemble) .



Simple counfing relations.

Zet : Naa AA =k :
Nag tota| number of BB hearest neighbor pairs in a given
Nag AB con figuration.

Then, Na+Ng = N
2 Na = 2Naa + Nag ( 53)
2z Ns = 2Ngg + Nas

Potential enevqy of a givea configuration:

(53)
E = Nas Waa + Nes Wgp + Nag Wag =
= 3—_’;—“ Wap + 3—'1,3 weg + Naa (Wag - 5’ Waa - “’BB) "
5.4
:EA+E5+%NAB(A) ( 54)
Ea = igé. wag = tolal pofential energy of a pure laltice of Na afows,
Eg = zﬂig wgg = Tofel potewntial energy of a pure lothice of Ng o fous.
lw =2 (w%- War “’B_B) INTERCHANGE ENERGY
‘ 2 2
se0 cee PRPEP oo ® Total cnergy change per
eoe + o006 ™ o0 T o000 exchanged atfom:
o 00O ® % [ N N o ® .?2‘4')#5"2“’44-2“,33_
5 -
Negative w<0 ' Pesitive w0
Deviations (unlike otowm inferachions Devi atons ( Like atow interachony
{MMidcnlﬂy Mmore {avomble than {M idcqh'{-y wore fnuoreb(e than

ke atom inkmcﬁbns) unlite atowm ml-emcﬁom)

Typically, for dystems mlemchng thragh van der Waals -f’wczs
was] =(1wnal |wesl)"2  (Lorente- Berthelot rule)

So w = i/2 (lw‘gllz—lwggl/l) ‘U [(zoilw“l) (z l'wggl)&]z:
=or [ (leal ) (leslya )t ¥ [ ()™ led )4]*
AV sv
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or w = U* (54 - ;B)Z where v* = volume occupc'ed by an Q*O“'

[El/V = cohesive energy douiihy
J = MHildebrand soluebility parameter.

System partition function:

Q (NA/ Ns/ T) Z— QXP (-B E“"/-'g-)
all thf‘l'q.i

z_g(NA,Ns,Nga)exp[P(EA+£5+ w)} (5.5)

Nag

number o{ con{n‘gumh‘om m*a"m’lg Nag wnl'te Ppairs.

/

Up fo  now, -ﬁrmula-F(b‘ is exact.
We want 4o obviate fthe need fo comsicler all possible con figurations.

Mean Field Appmmmaf:on

At cquilibrium , far from critical points, Nag for a wacrescopic .ryn‘eua
will be strongly peaked amund ih auernge value, <'Nas):

Substitute Nag in exPonen-h'al of (1-4.5) by thiy aversge value:

Q#NA,NB,T) = exp [-}3 (Ea +Ep + ;'> w)] NZ- 9 (Na,Ns Nu) (5.6)
AB

Note that ,in doing b, we have thmon sway luchuations in Nag,
Now:

Z. g(Na,Ng, Nag) = tofal mumber of letficc (mfigumbions of N A wolecules
Yas ond N8 B woleecwles om N ULattice sites.

{ y
Z. 9 (NA,N;, N45) — N.
Mas Na! Ng! (5.7)

R - < Ae>
Then,  QNaNo,T) = Zomi— exp [-B(Ea+Es + w) ] )
( 5.9



4¢
W‘OQ"’ is < NA3> 7

Bragg- Williams apprximation of random wixing:
"There is o shorf- range order apart from that which follows
from long - range orcler”

<NAB> - NA: = Np.2 ( N_B.) {rockion of latice sites ocupied

\.N\ by 8 (lovg -romge order-](s.,)

avg. number

of AB ““'f“" demoles ronclow number o f Mumber of I°H"'f—‘ it
neighbeor pairs wixfure (wo energehs) A molecules aranl an A site
(indicahe o{ad )

{ 1
§ hort- range T’\e aPPYOX"“"'hM ognorcs

® . smwred ' neavest-neighbor i # s

e 0 o local Composition ejrec
ewironment , of upaosition
. In reality, w <o —>Nag)y NAB

equal o overall coupasition
of the System. w >0 —» (Ng)< Nu

Mean- field  expression for the portifion  function:

A‘ Na!

Que (Ma, Ne, T) = pr[-B(EA-;. Es +L“_‘lﬁN_8 w)] (§.10)

Tl\emo&ynomics m e wmean -fi'eld:
A (NA; NB/T) = é '6‘ QMF {N‘1N3/ T) =
& N N )
= keT[Na &‘(—h‘;—) + Ne »&(-’—?-)]+ Eas £y + NaNs (5.1)
Helmholtz energy of mixing:

AAwis(Na, N, T) = A(Na,Ng,T) - Ap (Na,T) -Ag (Ns, T)
e S ot
Same a3 Eg Jame a5 Ep

(no entropic contribution,
A molecules md:shn,uuhable)

ix(Na,Np, T N Na N
LAt S ORS R
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Molar Helmholtz cuevgy of mixing :

da,,;, (%, T} = w + Xp [hXB) + Ny W XaXs (5 .12)
AQ«:&: call wl
or(5.2)
a®(*,7) = g° (xa,T) = W' X X8 (5.13)
NOTES:

o Excess Gibbs energy is purely enthalpic:
be(‘XA,T): D(GE/T) = w'xan => §% be- QF =0

-

o(Y/r) ®
(No deviation from rondom organization of wolewde, ellowed)

o Solution is regular: sf-o0, OF:=0
‘Ul ¢ 4 T —— - -1 |
. AC{‘lUl'{q Co&//faem('l ¥ ["(YA = ﬁ: oxal ; ‘enJ,B = k:,T XA (5' l'-l)

(Two- Juffix  Mergules wodel)

« Phase diagram( w>o case )

T one
hase
Tﬁ;‘:— | ST Symndn‘c, with  UesT ot YW .
e ke Te
° Xa |
1 Jon Ge PYN 2
o Iwinite dilulion qchin olfs: In = ) ;h ) -

For +his wodel, obYs

_ 2% )x;-ao
(fest 4o how well +4he wodel wauld it experin,eu{o,l data ﬁr veq( alloys:

See  Lupis ,C.HP. Chemical Therwodywamics of Hatewals , Elsevier: Amsterdam,
19¢3 )

= =2 Luy”
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An improved mean field approximation for the latice:
The Quasichemical Appmima‘h‘on:

( Bethe - Peierls a pproxim ation for  Lsing modcl/GuggenBeiu' approx. for mixture,
OBJECTIVE: Take info  account Pocal choSi'Hon ef{eds

Exact  partition function:

QNa,Ng,T) = 2. g (M, Ng, Nas) exp [-P (Ea+ E + =2 NAB )] (5.15)

a8 \number o( wnf.aumﬁth
containing Nag unlike nearesf- neighbor pairs.

BAsSic IDEA :

- Develop an appmxim‘afe expression fov 9 [NA,N;, N")
o Using that expresion, defermine the maximal value of the
term g (Na,Ne,Nas) exp [-B(EatEp + ’VZLBw)], and The correyponding

value of Nas.
o Substifute partition -{uucﬁon by i maximum term. (mox:mum fern

appm:almﬂon, jusfified in the thermodywamic Limit, far from crifical
points |.

QUASICHEMICAL  APPReXIMATION TO 9 (Na,N, Nag):

Assume.  random wixing of AB, BA, AA, BB pairs, vather thon of
monowmers (correlations cut off af a bigher level).

I
3 (Na, M, Nag) = A(NA,Na) (Naa+ Neg+ Nag)! 4 [32an+~5)]|
Nan! Noa! (2e2)! (Nas)( \ N..!_ Nea! (42 )
corvection factor, counting relations
depending on Na,Ng (5. 3)
but nol ou Naa,Nes, Vag (5’-!6)

plw @™

(1



Comection factor caleulated by demanding that (7.6) holel in Hhe

Case where A,B {or-« a rondom wirture al the sawe conporition:

[%2 (NMNB)]!

g, No, N ) = (MasNe): .y (ya : (5
Na! Ne! Nas! Ngs ! [(ﬂ,_i)-'lz
2 2 > 2NaNs
¥_ 2 M - 2 Ne , Nag = =——
where  Naa® = T Ty Nse 2 NatNs Na+Ne

From (5.66), (5.17), i
(Na+Np)! (Ned)! (Ngs)! Ua‘il N“)'] [ 5.9)
NN (g )t (- ) ]

g (Na,Ng, Nag) =
expressed  solely in  ferws of constant and Nag

Search -ﬁ)r the value < Nagdy thal maximizes the partition {qnchb.,
term g (Na, Na, Nag) exp[- B(En+Ea + ,-v?w)] and fr the asociated
values <Nnad, <Nagp, obfainable frow, Fhe Combig rvelations ((5:3),

feads 1o the inferesting  vewlt:

| 2
(4 <Mas>)
{Naa> <Nge>

(5.1)

= exp(- 2P %)

Eq. (5.K) can be viewed a5 o condition for ‘chemical equili briuw’
for the "reaction”
AA + BB — AB+BA “AG‘”) = N,qw, (2(1)48 - Wap - u)ag)= zleq

The origin of +he name “quasichemical approximation” Lliea in +his
observation.

Using the maximuou tem approwimation,  the mixture thevuodyramic
¢can be deduced. (4e J.en.leumih, Molecular Therwodynamics of Fluid -
Phase  Equilibria ). o
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5.4  Derivation of +he vander Waals Equation of State

Jo’nm\u Diderik. van der Waals ; Ph.D.Thesi, leiden, (273, Nobel Prn'2e (910 .

Starting Point:

. - 2L E 20 2 ) (5.39)
d oY )T,N i Y )T,N
Z(NV,T) = /exp[- pY{(r, - _rN)]J’r‘... dry (5.39)

Pairwise addtivity aﬁprmsjmqﬁ'on:
Ving, . e & 2 Voir (l!.'-q]) 2 Z‘Z‘VP,,-.- (i;) (520)
oy

izl J':I‘H

Vpair v;-r,:” Imighh of vaw der Waals:
® Pair potential consish of a hqrxhlj

repulsive and a smooth atfractive part.

. = T o Fluid stucture governed wainly by
m harsh rzpulsim (wu;.

Potewtial  cousideredt &v clevis a i of vdw 29«0‘/!'« 0/ State:

(5.2)

”- by "
\ 7 ~¢ cenbers of other
-~ ..}' molecules caunol

po (ome info sphere

; of radius 0" around
h‘di z’.“f.'ﬁs‘:“‘“"’) glven welecule.

'V " { Vp:\t (V=00 , €0 < hard iphere of diameter o
pa =

'yp:t (r) » ¥ O
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Con Fc‘gu rational Infegral :

Z(VV,T) = [exp[-BY ™ (5, 20)] p[-BVH (1, )] dFy.dty (522)

\
rep

alf
Z - yair ('7‘,) Z z 'PF"." (nj)
i<y r <J

Mean field {veatment of affmctive interachions:

Substitute eonfiquration - dependent ferm 'VQ”(_Y;I...,'!W) by an average
term

N
va“(rh.rtr"l rN) = 7;: = Z VQH b g QHN(A\& Péi‘!uf,ql QNOVW

MF, ¢ | felt 6y wmolecle i dua o (’5.23)

A it intemchons witty all other
corvech for wiolecules in the spten,
daublecaunting of
peirwise alirachive
interackions.

\& alf
& Fr the caleulation of 'V,,,_._i :

T S < Consider centers of all ofher wmolecules as
N conshifuting a “smeared ' background of uniforu
c(ensi(v/ p at all distances o ¢r oo
This +reatment ignore s any oo - Bon correlations
at difances vy o
att r at (5-24)
7’“,',- = r4nr‘4r P Vpair (v)

o et
¢ nuwberof woleculss in Jpherical Jhell
behweew T and ridr from ceukerofi.
From (5.22) 4o (524): . " :
Z2(n,V,T) = exp[-BIN_ [4artdrp v,..,..(-)] ]cxP[-pV"’(n‘...,r,,)]dr‘...ir,, (5.25)
T
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ov
Z(N,v,T)= 2™ (nv r) ZMP(N,V) (5.26)
' oo
where Z°H (v, v, T) = exp [- B N* % /)7,,::*.. (r) r‘Jr] (5.27)
- o
ZYQP (N,V) = '(QXP['BV"P (!'“.../r”jdi’... J:N - /Ji.... J:‘,‘ (5.2?)
?T' 5 " all mon-overlapping
— ; Con{n'gurah'ons of
N hord Jpheres
m  voluwe V.

Approximm‘a Caleulation of zr (N, v)

© Z" can be wrilen as @ product of "free volumes", available for addifion

of +he Isf, 2nd, ..., N particle:

% dr, dv, dv dr ... dr
dm, d, v, dr, dv, rdr, .. dry N )
Zer (v, V) [ Ja Y, ne overlep Woovevlap . R : s I vf
i (4% [ 4%, dr,  § ¥, d¥, - Ty iz
: " v;u) no ?::‘;P no NC:;;‘PN) ( 5.29)
{ V{ e

where

volume available for adding the conter o[ an ith havd sphere
info @ nonoverlapping (onfiguration of (i-1) havet dpheres n a toho
volume V so +hat a non-overlapping configuration of i Spheres

is created , averaged over all possible nonoverlapping configuration,

of (i-1) Spheres.

—_~—
~
L=
(]

V.((S)= Voluma o,( Jheded regn'on (l'\uic(e V,

e.q.
oulside all excluded volumu) averaged

over all  nonoverlapping  comfigurations

of 1,23,4.
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jﬂf{: Ve = %. no? (excluded volume of one fphere) (5.30)

Clearly, — Vg™ = v
wtz) w Y- Ve

Van der Waals approximation for V;a).- V{d) = V- (i-1) Ve (5.31)

e Approximation [5.3l) underesfimates V,Lu)) as it fails fo recognize +hat
He excluded voume spheres of particles [, 2,..,i-l wmay actually aucrlélp,

&\_ eq. For the configurotion on the left, the wvolume availoble

-------

&GQA\ {w addition of a +hird particle s grem‘er than V- 2Ve.

o Approximation (5.31) lgnores +hree- body and higher correlations
behween particles.(All +hat is accounted for is Jwe- body exclusion),

* Appvoximation (5.31) becomes satisfactony at Low densities:

!NVe <<V , or pVe <« 1] (5.32)

We will assume  thal wndition (5.22) ig fulfilled in our analysis,

Combinlng (5.29) with +he approximation (5-3/), we obfain :

N
Z"P (N, V) - I [V-CG-NVe] = V" i’:’, [l-(i-l) '—\’}] , oF
2™ (w,v) .
RN =
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In  view o,[ the condition (5.32), we can expand the Pmlud n eq

5.3 and refain only the first order term in Ve

\'

sk 4 v v ) W V. 2
e f—[7¢+27‘ +---+(N')7‘]=I-V‘[I+2+---+(N-l)]-

Ve (DN . q_ Ve _NVe
Y 2 V%L = ! .

where  the last substitution

(1 NVQ (5.34)
is again jushfied by (5.32).
Our dmal result for the Z™ tenu can be cwnifien:

2y s v (1o WR )T v (1 B 2409)"

- £ (5.35)

Now, wmireduce +he mofation : az= -2n N‘w, fv i (r) rdr | (5.36)

b = Mo 210? = Nag, Vs «Nan Y| 5.57)

| : el

wolecular
Equations  (5.26), (5.27), (535) 4o (5.32) give: ,:';‘:fj‘;‘;:( excluded
volu me volume

Z(NV,T) = e.xp(+ 5“-”——) VN (l VNm)

VI (5.39)
or an(N,V,T) = NV + N &y (1-— _N_L_) T N*
VNave kaT VNAVo
Using (4 .22), .
2 2
= k 3111?) - kT [ﬁ N* b o ke o B ]
P BT 5V /A e Vv + VZNae |- Nb ksT VzNAvo

V Nave
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Realizing  that % = v, woler volume of the fluid,
we obhin from (5.39)

Pe BT L :_IRE Wy TR RS AP RGN e T
.[V , v ,__b_] v -0 |- b v? v-b vz
v v

oy
(P+ %‘-) (v-b) = RT vdW EOS ( 5.490)
NOTES

o Although quantitatively inexact, +he van der Waals equation wunified
all experimenfal kwowledge of fluid behavior aof the fime of ik
dewelopment by
- acounting for deviations from the ideal gas law.

- prediding §es- Lquid oquilibriuw and +he exidfence of a critical point.
- providing  Support o the woleculey hypothesis.

® The concept of short-range repulsive and LImg- range offractive forces
between  mlecules ,and the idea  +hat -F/Lu'cl struchwe s dictated
by the former, ave veny importanf. I a denie, ven der Waals inbrodced
the ]C,;-;{. perfurbation Hheory using the hard - fphere fLluid as a
veference fluid.

® Much wore acwrate eguations of State exit thdey fo hard -sphere
{luicts than the ove obfained {rom fhe van der Uhaly Louation

for a-=o.
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€. THE GRAND CANONICAL (hVT) ENSEMBLE

Statistical microscopic representation of an open system of
qiven volume , capable of exchanging enerqy awnd particles

with its surroundings.

6.1. Derivation of the Probability Density from Microcanonical Ensemble

"Heat and Mass" reserveir B Sysfem

3/'=Z+8B B>> Z

Velume Vg = const.

E""qy Es at constant
Sysh. 3, vel. V
myc'.:n?hr:'v Ne particles Ns-= N+ Ng N fluckates
Energy Ev
Ny particles Vi V+ VB V const.

E;~ E +Vs E fluckuates

Specification of & micestate for I entails specifying N and E
Consider system 2 being in  pavhular Sfafe v, chevacferized [y Ny, E,

Number of microstates occessible fo tofal system under these conditions is
§0s (Ni =N, Vo, Ez-=Ey) ,on for brevity, S?B(N}:’-Nv,ﬁgl-fv)

Total system Z° is isolated, +herefore descyibed by +the microcanonical
ensewble. All the microstates of Z° are equiprobable , each with

probabi ity {
&1 (Ny, Vg, E5/)

Pribobility Tt X ol be w e v @

P, - QB(Nf‘Nv>Ez"EV) = Const. S8 (Ny=Ny , Exi- E ( 6.1
v 2 v (Ne Ve, ) ons Q ( I Ll e ¢ v) )




S5F

Using the fact thaf B is wmuch larger +han Z. ,

Py = Comst. Qg (Ny, Ex) exp [ 4n Qy (Nr Ny, E,oE) - €05 (N, E1)] =
= Const” e.xp[-Ev 2@) - Wy .?LQB) ](G.
oEs Ne=N;', Ve oNe /Eg=Ez/, Ve 3
Now (microconenical ewsemble -Fomqh'&u')

2n§2s g B ( 4.5 )

>Eg )NB,Vs kBTB‘/Muponw‘um .

hemical potenhial

Ao, set i cperm;:rh'l:b.e"

B&Qs) " L2§_B.) o St ( 63)
N Jes,Ve ke  9Ng /g5, vy ke Te

{NOTE: Eq. (6:3) is consistent with +heModynamics : For af- component gy stem,

dV = TdS-PdV +pdn 5 25 ; ® = E . The chewical potenhial
an v, 3
of statishcal wechanics is absolute , rather thaw relaHve, and expressed

)

per molecule ,vather +than  per molc}

The quanﬁfiu Ts, ns characterize the reservoir .

AdeHing Tp=T=Ll., pg= p , the probability distnbution becomes
9 b
8

vT
P\,r = eonst! exp (:-lBEu + FI“NV] , or

Pobabifity ~ PY'T . ©xP[-BEv + Bk Nv] ( 6.4)
=V, T)
GRAND
- = (wVvT) = Z exp[-BEy "’BP”\’] PARTITION FUNCTION
id ( 65)

Summalion over all nuwbers of porficleg Ny
awd fov all energy Jtafm for emch N,
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Classical Formulation:

Microstate specified as N, % K

L4

Probability dewsify

P""T(:,")f'*) ="-‘(:-.v,1) hw‘m Q'P['PN(SN‘-PN‘ ") +PFN] i

66
H‘(I‘ V,T) l,.s~‘m 2N exp[- B ¥ (4" p", N)] e
— ' Yy .

where  Grand Partition Function is

o0

= (et s ! iy & sl " p¥ .
|_.(l4 ) NZ=:> o [ q dp exp [-B¥(g ,f.N)+ﬁPN]~
all phase space
accessible o
N porhicles
-
g W
N:o ,,.ill~l f 9 d¢ exp[ pqu P N)] i
all phaje ipace
accessible fo
N_particles
=)
i Q(N,V, T) (6.7)
N=o

mnomco( parbifion funchiom

and 2= exp (BK) , ‘ackivib’  (ompre p-p*=RT4ma ) (6.2)
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6.2. Comnection with Thermodynqmics

Definition:  S2(w, V, T) = -~ kT £n S (1, V, T) : GRAND POTENTIAL
In a howog eneaus  system,

-y

§2 ("‘o V,T) = - ke T 2w = (kvT) ( 6.4)

[Hakes sense:  Hoximum tevm approximation on ( 6.7) gives
-g T b E(p.,v,T)z-k,‘w Mz —RTMQ (N, V,T) = -Nu +A-= -G+A=-rv]

Averoge number of porticles in the Jystens:

N - PN, = Qb E.) H 20w 2 (6.0
< >,‘y1’ %— y v 2 —a: e keT —3}4 )T,v )

Eliminating f between (6.9) and (610) ,one obtains aw equatia of shie.

Gibbs energy: G = (N>R = N> KT nz = kT _2?3) ( 6.11)
TV

-
Helmholf2 energy: A = G-PV = AN>p - ke T S = kaT[ %E.)T‘v_lna
‘ (€ .1)

Formulaﬁon {or a W\UI‘HCOMPOVICVII' sy.sl-eM en CO'mPonew"s

N= Ny + Np+... +Ny

e N, N,...,N uctuating ; My, pin .rixcd‘
F"'vh- Ma VT (..N) PN ‘ N':Nlr'-/N") = ! n { L

e Fb’(r"f", Ny N;,.-.,N.,)-g- B(FINHMJNU"'*PnNn)

J

1
S (Wi pasee, pm, v, T) h3% NN ... N,/ (6.13)

s o ; I dr dp Gxp[- BM (L% P Ny, N )t BN fan)

E(,‘uk“.../ Pn,V,T) = ‘%b N“o" - 3N N ING! ... Nn-‘

where

Mg



(4]

6.3. Densiéy Fluctuations in the Grand Canonical Evsemble

Variar"Ce in  number o{ pan‘fcles n a ona—componeml .sy.n‘em.
(Ml averages of constant lu,V,T):

C(ENYY = {(N-4ND)'D = ¢ND>-<NY ( 6.14)
From eq ( 6.10): (N = kT ?""3) (6.15)
ok It
hence
NS . 1 FAE ¢ A AR =
oM )T,V P 3}42 )r,v B ol [3 op )nv]'r,v
- RANE - RS U (6.16)
[ch 3;42)py { B _ﬁ)p,v} ]
Now, 3 - ; exp[-BEv + Pl Nv] , SoL 32_';“__)= B ; szgxP[-BEwBFNL]
— a"u N4 ;gxp[-PE‘)-ﬁﬁHN)‘]
( i 2
or — o — = N > 6!
- P‘)p,v ) i

u:na (615) and (6 17) in ( 6.6), we obfain

2(NY) _ B [<NE> - <N ] ( 618)

ok gy

The left- hand side of (6.18) can be obtained from classical
thermodynamic :

2V
? (N)) - NA:o & NAv: x Navw* & NAuoz .3_5/7";
on Ity T [ 9 (uNaw) (a(.su+ vJP)) v b_P) v oV
[a(<~> )]TV on TV o o on ltp
NAVo :

NZ n?l N?. P)
PR IS



el

or 'B(N)) & LN
T,V

o
2 ~ el (6.19)

Kr= - L 2!) - [SOTHERMAL
T COMPRESSIBILITY

Combining ( 6.18), (6.19):

intensive
o an In :
L +hermodynamic prop

)

K(IN)*> = L(N-<NSYD> = kg T SND*

NP2 ((N-AND) D" [N -<nF | ~(ﬂ K)'/,. |
{NY b <N> 3 NS i S

(compressibility equation) ( 6.20)

CONCLUSIONS from (6.20)

e KrHY0 for a -fhermodywamimlly stable system.

e The ratie X 5<NN); . vanishes in the thermodymamic [imit:

The distribution of N values becomes extremely peaked at <NJ,

and the grand canonical ensemble Jormalism yields the same
results as canonital ensemble.

2 \
o Fluctuation in molecular density p: LT v "= P(.k:/_-r)ﬁ.)/" ( €.21)
At the witical point of a Substence, Ky —>0Co

Dewsity  {luctuations  fromy point 4o poind im o Jluid become unbounded.

This cawmes o pure Subsfance. fo beawme HLurbid at the crifical pomt.
(criTICAL OPALESCENCE)

voriance of dielectvic comtant

: 2
[ Explanation: Rayleigh scaering : 1(6) _ m*Vi<L(de)" > (1+='0)

To 2)4 R2 - )z>
w , P IR siicith
But %;=Af (elawius- HosoHi) => — Lde)*> = (¢ .)qfem *
E.‘ QHM I(o) T = 9”3 2 2
Hewce (1',, of = R“sinbdod¢ = 9794 kgT (e-1) (e+2)* V %y ]
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6.4. Application of the Grand Canonical Ensemble:
DERIVATION OF THE BET ADSORPTION |SOTHERM
FOR MULTILAYER ADSORPTION.

RE(@TEVICQS .

Brunauer, - EMMQH, PH.; Teller, E. J.Am.Chem.Soc. [338, €0 307
Hill, T.L. Statishcal Mechawics | Me Graw- Hill , 1956 | Appendix .
Hill, T.L. T. Chewm. Phys. (946 , 14 ,2€3, 267.

The BET Equation
System : Gas/soh'd surface. Gaos adsorbs on surface, .{orming

muliple wolecular [ayers.

Isotherm: An expression for the adsorbed amount as & funchion

of ambient gas  pressure at  given fempenture,

Cm “°?E)('-P%+5F':) (P¢Ps)

c B(P/Pr.) | (6.22)

c: adsorbed amount per unit mass sorbent, mol /g

Co: odsorbed owmount thaf would correspond o full coverage of
the surface by a monelayer.

P: qos. phose  pressuve

P,: vapor pressuve of mfumfec{ Siquiel  sorbate ot the prevailing

temperalure .



General Shape of the isotherm :

('Type I in

Brunauer classification)

Wlilify in  caleulating specific surface  areas of poraus solids:
o Perform measurements  of sorbed aweunt using a wnonpelar gas (N2, Ar)
af !c'quid Mh‘w’en ’t'elupemhm: , ar a rame of presiurer 0.05 £ FP (03§

o Pt expew'mem‘nl resulbh  in the ﬁm:
P veesw) _P

¢ (Ps-P) Fs

Accordivg 45 BET  isothora, plot hould be  linear :

c(}:-P) , c.'n_é[(b") (f)*’]

e Obtain Cm, b {vrom slepe and infercept.

( 6.23)

. khowhvg the Jurfoce area acupied by q wolecule of the gas,
translote Cw (wol Sorbate /g Jorbent) info @ Jpecihic  surface areq

(cw® infermal + external surface / g sorben t ).

Absolute speci(ic Jurfoce ereas can be defervived b witbin 207

by this wethod.
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Model  Assum ptions.

GAS (p,"') ¥ Say.(qce_ consists Of an array

é of identical sorption sites.

2. Gas wolecules can adsorb directly
on the surface fo form the first

q
§tg - : layer. Gas molecules can also
‘.I.... 0® ! layer adsorb on fop of edsorbed gas
soLID (B sites) molecules, fo form layers 2,...,m.
(We will assume fm the wmoment

that up to n layers cay be fomed)

3. There it no Lateral interaction betweew sorbed wolecules in Layer|,
apart from the requirement that no two molecules caw ocrupy
the Jame  Sorption site. In the Jtatisheal wechanical fanmla#on,
all wolecules iw +he s+ Rayer can be modelled as independent
entities, each with ifs own partition function 9, -

4. Molecules in Jfayers 4,..,n form a phase which is Similar fo
a Saturated fiquid aof fewperatfure T. They, teo, can be
treated in the Jormulotion as  independent entities, each with
il owm Par(‘i{im {mﬁ'm Qu' The quanl'H)' 6 @ the fame
-(or all  fayers 2,--., M.

5. The presure i uffiiently Low that the gas phase  can be
treated ay ideal. J3f the Jorbate  molecules have interma!
struchure, they are characterited by an infernal  parfition fenchio

9.
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Formul ation

Treat the Pmblem in the Grand Cavonical Ewsewble pavﬁ’culevl(j

conveviont  for  lovphion a pplica#ons),
o Lef qas chemical pofem‘iql be Le.
Note :

comnection with au-,?h&{ presiuve

= kgT Sn (PP ) | kT £ P/A’ ( 4.45)
b= kT S '2‘*)= 6T n(W‘) .45

o By virlue of phase equilibrium, chemical poteutial wmust be p Hhrougheut
the adsorbed phase.

* Focus om a Section of the Jurface (onfaining E sifes.

+ Msorbed phase has given spatial extent [ B,n), chemical pofenhal,
and  Tewperature. Grand (anonical Enseble  applicable.

What goes info  the pan‘i((on func/v'on 9 7

o For molecules with internal struchre, contributions from yibrational wotion
of bonds and bond angles, forsional and ocverall vofational motion.
(what goes info ?GM Velues of these coutributions in the Jovbed Jsfate
may be quite differont [from gas phme).

o Polential eonery y of adsorptive (surfece- molecule) —interaction,

o Conbributions from center of was  vibration around  equilibiun
posifion of  sorphion ( uninhibifed franslation on surface mo [onger

possible).
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eg. For JPhen'cal (Hrudure/m) molecule kept 1o o Site by a solid-molecule
pofential  , (r)
Sorption potential aroumd  equilibriun
_— vib rations

around . posifion (¥o,y0,20) it well appreximated by
-@Quil. position

equiliba
p:u‘lioq :; Vs = %0+ Lo (r-r,) + L 3"5’ (x-x)*
“’Pﬁ"'\ ("0,)'0, io)fro a’: .0

(minimum of VS) 0 (potenhial fumwchion
has a mini muw at 'B)

1L 2V LY 2)2
+ 4 D”:{ (y-ye)*+ 4 a:I (2-)

Hawiltonion  consists of potential evergy  Vso <o pPlus three indepenclent havuonic
cillafor  Hawillonions | witt, fregquencies

v V I’ ) V V "V
e ‘bx“ ~ ay-: " za:
Partition fumction of wolecule  sorbed i layor {:

- e -ph) SHEPRY) eo(45X)  apl-ph )
. [-ep (Bhwy) [-exp(-Bhiwy)  I- exp(-Brioe)

%

(6.29)

[ 9 uibratio, frequencies  are loww euough coupared fo toT  {he

= exp(-BWo). _kQI 3. . > in the classical fimit
L h Oy wywe

Similarly,  partifion  {unction 9, reflects (local envronment in ome of the
loyers  Sorbed  on dop of the it [ayer.
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Grand Portfifion Function

Le" Nn, Nl, ey Nn +he number o,( woleculey in the IJ//..., n'H’ [oyer,
(Thete fluctuate , in response fo a fixed chemical pofenkhial | )
For oll physically acceptable configurations,

-

O ¢ Nu ¢ Nt & €N, €N €B (@ molecule must sit on omething!

Grand FParfition  Funchion:

W % Nn- N | Noot !
_ 'k - n-i.
C.(Pps;":T) s Zl ZI Z Z’i (B-N,)' N (N-N2)! Ny! (N~ Nus)! Ny! g
Nzo Ngzo Njzo  Maso z
ways of armanging :’:ﬁ;{“’

Ni neninteracting : N, now -
wolecules in B laHice inkerach

Sites molecules
on Ni wmolecules

(6-25)
¥ .N' N),f an
9" 9 exp (e +~»>w]}

. il by

. h ind
each I'\de.PthCn/’ ::;“;“?:ﬂ’:::{’ ;’:/::‘;::(’
wolecule in (Qytrl of the [qy"; i3 evenyuk
comtvibutes ik 2,..., m tonhibute, K ol
indlvidual parhfiay ih indiviceal
funchon, g, partition fundion, 9,

E (p.B T) can be caleulated awaly fically !
Call  q, exp(By) = ( 6.2¢)

4
L
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B N

M
2 : / [ Ny Nyt ¢N
it B .2 8 L ML Beal eV e
= (P’ : ) N=0 MNz=o. Nnzo (B-N:))! Ny! (n-N2) ! Ny (No-Ny)! Nn! (2 )

(6.27)
Do +he innermost  (umwmation frist - Nuad

E:_ Nt ! ,x"» . Z. (N»-a) .XN" % (H-’()NM Binomial

Nnz0 (Nn-Nn-o)! Nal Nazo \ Nn Theorem

Do +he Sumwmation ower Npy next:

No-2 , g
- (::—l.;v T x™ (H*)NH : [}+-x(l+¥)] % [I+x+x"]
Ny-120 -2 =Nnq): ey, _[X (V-—‘Hﬂ]“" "

Jummation over Ny will give:

Do the outevmott (ummation Pest:

[

= (K, Bn,T) = - W T L L VP ITTON )
l—l("l n ) oo (BRI (g:r) [H-‘xn+ +X [ ( ]

B
bl

oY !

E([A,B,»,T) = [l - Jx(l-xn)]B (6'28).

I-x

The Querage mc\ube‘r of adsorbed wofecules of equilibrium  can be

-fa.md Qs:

D g & Y2 "') L Mma . PaE
(N> = KNeNpe-ttn) = lgT _53;\: BT B L X JgmrT X Tox s
B X
i -| VUH_( ’) N+'
o oy o [regn (1] p 2



63

Sl) . ,;\x[l—(n+:)x"+ nx"“] ' ( 6.29)
B (1-x) (1-x +2% -2 x"*)

Eq (6.29) is realy ow adiorptian iofhens. By definition.  we cau ideuthy
adsovbed aw b,
e o
B

CM‘\ adiwbest awt. ( 6. 30)
wmpm@'nj o
full wonowolewlqr Corrage

As regards  the quamkly X, in order b gie if a fougible inferprefotia,
we Hink @ ﬁ:llows.-

Comsider Hie  auerage wuwber of wolecute, in fthe QZM‘ Layey, <>,
Fow  He form of He qrand parhhon  funchon, eq (6 .2F) we have:

m A =
" e'J".%'%T): 9 D?‘;‘-' )'x,B

Jubshtuting Jrom ( 628), we obfein:

> gx (1-xY) (6.31)
B 3 f-x+)x-x"

Cowbining (6 .29) ana (6.31),

N> 1= ()X 4™
<N (1-x) (1=x")

C"“"‘l"/ noo, the Jysfem @ the qas -plmsz presiure fends foward, e
saturation presure  Ps.  Jn  that Liwit, all Loayers  Will be fillec
with Jakurated Diquid, awd Hhevefore
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(629,631)

As P- PS, iN_Z =y => l—(n{»l)‘x"-d-nx = n(,__x o +x"'”) s

- [-M,)ﬂﬂ,ﬂ"e n-nx -)ﬂ(.p)rf"(' =)

=) A4-x" = p(I-x) = (I~x)[l+x+---+x""-n] =0

Now, the only pessible real Solutfion fo fue above eguatian iy x=].
Therofwe, we conclude:
As P-Ps, x-1. (6.32)

Recall, vow, that , by eq (6-26), (4 .45):

’ .33)
A= 4 PA (6.3
e keT?m#

Takwg the  Limit (6 .32), g (6 .33 q1ves.

. e Y (6:34)
keT 9" : - Ps )}
Thw, we tucnaged o affibufe o cacrefe weanng o Hea porfhia,
function g, . Combining (€ -33) ond ib Liwiting fovw, o9 (6 -34) we
obfeun il«uvediafe[y : |
R A & (€.35)
P
M view of eq (€.30) (6.35), e (6.29) cay be recast ink

the form:

e [ (P) [l-(m-l) (ﬂ)"+ n(%)"”] o q B A? ( 6 -36)
Cm (l- Fs [l-— "'J": - L)lﬂ'(] ke-,-%'uf

(BET equahm fov adsovption Vlimited b n Layevs _\
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Furthermore, if we (et fhe mumber of loyers n-sss, we obtai
frow (6.26) the  Jinpler 2guabia

P
- Pb( /P‘P) P oo :'“‘-; Losg
- r o L T (L]
e TR F+b k) 8T 9¢

whidh is the  BET equation we Jiated af the beginmig of
thi, e/mmp’ﬁ‘-/

Note {hat cwe have wanaged fo amie at a wolecular inkrpmhﬁln
o{ b. (Cupare (6-23), (5.24)]. The Coeﬁ'c.'e"# b i5s a /uncﬁ'q a{
tewperalure. . For a  struchureless (iphenical) Sorbate, it is shaped by
¥he Surface- sorbate ewergetie and e wan of He Jovbate wolecle,
I He Jokate has infermal deqee, of freedow,, perkwbatiou iu theie
degueer of freedom wpa Jopba ol affect b

For m=l, +He general equabm (6€.36) eoduce, fo

b (P 3
Ci = ( /PJ)‘, : 65J= q'&A_ (6.3?)
. [+ b (P) ke T 5"

whith is the Languui~  isothere for  wonolayer adsorption,



9./ DISTRIBUTION FUNCTIONS [N CLASSICAL
MONATOMIC LIQUIDS

941. n- particle density and n-partecle distribution function
in the canonical ensemble.
System: Fluid of N wolecules in wolume V at {ewperofureT.

Probability density in conﬁ'guraﬁbn Space :

-BV(r, - 1v)] [
P (Il, . !"N) - prl' g exp[—PV(L.---,ru)]
/ _/exr['ﬁ’)‘(ru---,rnr)]ﬁ‘u---ﬁu Z(N,V,T) _—

P{r“..,,[,y)J?‘, J?‘N = PVObQBI'/i“y 0[ {«'mﬁug Parf-'c/-t [ atf Pﬂiﬁm Lt nedl,
parhicle 2 ot potim I, fo f+dr,, - ’hy#cle N at posifion

Yn fo Y+ dry

3
Then, P' R N /P(r,,..., re) dr,,, J:?.m_... J?'N is such that

e 3
B (5o £a) 7 dfy = probability of énding partide | at paiifion £t Litdr, -
parbicle n al paiiom pu o Pusdr,.

In prachce, we are wore inferesfed in expressing the probabilify of
{inding a parbcle of 1, o redr, a porfcle ol r, % redr,, ...,
a parkcle at  Yp o Nedr, , irvepecive of the idenhtiey of theie
parhecles. The probabilify lensify b +hi s tropor’f.ioml fo

boor / I-ehg
N(N-') (N’""') P n{-rl)'"l!,'n) = —N— f [r“---,!'n).
/4 . —~— —_— bability d '1y,~-”)!
wayi Choosing ", hosbiia PRV oot pre i vt
lit parhde ’ ezy:;l;,mﬁ uc:#{ ng i“':"‘._“S for a purichdar sebof n Purh'clb.; fo be af rido Litdry, ...,

Cato Lu¢3ln.



Thus, we define the n.parficle density by

A e n) e bl T IL Tl SR
= m N-n)! -~ Z(N,v, T)

N positions in Jpace.

; propertionalify, not equalify!
( 3 3 = e
P‘) ( ) J", e @ ¥y ecpmbabch*y of {lndinj Q thﬁ'gurqﬁ'on wiFh a Por}l{h

&CO{CJ bcbpp" r‘ and !".‘.J-r“ Q Por‘\'(,‘ﬂ IOLAl'Pd be/wum _"L ond _"‘4-4_"‘1...

a parkide located bekweew r, and 1, +dr,

Nonuq“tqh'on: /PN(“ (r,, ver, r..) 43‘, “-4331 s L (93)
(N-n)!

In the $pecial Case o[ an ideal gas, p(!h"vru) =0 and ZNVT)= v

Then,

ig(n) (r ) N! ! " N! - ~
SRR R

We defne the n-parhcle  distribution fnchou by

™) M(p

n (s tn) = 22 P(:' 1) (9.4)
3~(n) measures the eoxtewt fo which the sfnchve of a fluid deviakes

from  couplete randomness (4hat would prevail in an ideal 9q.|),,

9.2. wm- particle densify and n-parkicle distribubon funchom in  tHhe

gmhd canonical e@uewble.

In the grand canonical ewsewble, the nuwber of parfcles Lluchates



under  constant chemical pofential , or achuly z =exp(Bl).

The n-parhcle dewsity is defined by

4

"" i ORI FCR . ( Sy dny Xt BV () BN
N=n (N-n)! NIANE )
{n-u inkeg ration of PHVr over
momentun, degrees of freedom of
N pavriicles.
or
(n) | S gV . W (r )]d-: - (9.5)
P (ru ) ., : "P["pN %07 IN CYVRER Y g
| S Nen (New)!
with - exp(Bk)
A?
Norwali2afion : / (")(r dr,...dr, = N! (9-‘)
P % = < (N"l).' >\9"l*\d Quowicq/
a‘urq’;_
In the special cate of an ideal gay,
= on u 3.95)
N-w
PIQ(N)(‘.““. ) ™ NZJ\ oL Y . &[.LAB
& 4
N=° N.’

We c(e]che the wn- porticle  disfribution {unch'ou' by

MU Al AL (5.7



9.3. The Pair distribution funcﬁ'on.

Definitions
(2)
W g(mn) . P Bn) o N(N-D [exp[- BV, 1) ] 4¥, - o5,
p? pt Z(N,V,T)

(9.%)

"VT: 9(1) (!“rz)z P(z)(!nfg,) = W5 (N!Z).n’m”)]b&?[‘pv (fu /-N)JJPJ Jm
2

P 2 S(viT) (9.9)

N MVT-ave raged
wolecular density.

Normali2ation

[p,i‘)(ra,z,) dridy, = p* ]9“)0‘“5) dndr, = NIN-1) (9.10)

[ un) drdn = p [g¥(,n) dnd = KNO-DY < Nty - N>
€9 1)

Asymptohc [wit at large iepavations  |h-r,| »o0

Structural correlations disoppear; Shucture becowes iuclishnguishable fiow that of

ideal gas of Jawe dexsity.
v N(N-I)

fim (2) (r v - PN;’(Z) (!I/ !z) P W

AR gu h -t) = P" = P'-N = | - ‘n (9,[3@)
. ig (1)

Lim o (r,n): £ Wokid: oW i (9 .13b)

gl * P P



Important conseguences of the definition of 9(r, r)

-E—z") 9;2) (£, %) 43’3 43’1 = Probability of -{fndiny a molecule_
N(N-I
IL(\“(,,,\M;N G within yolume element r to . +dr,

factor and another molecule within vdume
element r, to r, . dr, .

Lot o (r;, ,{}-\ be any function of the positions of Hwo

molecules in  a fluid

Then, +he canenical ensemble Querage

(i z S (5,5) ) /43 [ ) 67 (5,n)

/ ; < (9.2)

(IMPORTANT ~RELATIONSHIP FOR THE
TRANSFORMATION OF ENSEMBLE AVERAGES)



In a homogeneous medium : Shudure is the Same around
any Poin{'.

9 (r,5) and 99 (r,5,) depend only on relative position

Uedw Li-1p: no dependence.
on +hi:

9 (1, 1) = g™ (£, 1 +5-1) g% (r-1) = 9P (1) (woros) (8.14)

o In an isofropic medium, structure depends on the magnitude,
but not on the direction of the infermolecular Separation vecter

(spherical symmetny):

Indovmol. Sepe

g(In-r) = 9(na) = g(r) (rsoR.)  (9.15)

9 (1, 1)

A Physical inferprefation

DEF: f(’z ; 9’51) (z, fz.) 43,-1 J’rl e Pmbgbi{i{-y o]( -/;‘nch'ng a molecule gt
N(N-1 ‘

X, to h+dr, and another molecule
at r, o p+dn

In homogenesus fluid, Probabilc'l’y of finding molecule at I fo 1,44,
s . (s

W
(2) 313
pr I (fm:z) drdn . Probobility of finding a melecule at rto
N(N-1) Jr,/v ro4dn provided c molecule Has beenm

_ placed af 1, fo r+dr,
|



£ (N-1) g (5,5) &' & = Expected  number of molecules in
— 4 /v volume clement ., fo 1, +dr,, provided

a wmolecule has been placed at
rn fo n +dr.

~

|
‘l

Use N/V-‘P, dsndaqg clr‘Jrn_:

P 3N)(~l1~z) d’n, = Expected number of molecules in volume element
r, 4o L, 4dr, of the {luid, defined relatie

to pasifism [, Provided there is a wolecule at I,
\{

P g ,:z) (r,r ) - Expected elensiﬁj (number of wolecules per unif
volume. in  wolume element 1, fo Ky, +dra
araod posifion ) where there is a wmolecule.

In isofropic  {luid, R
P(r) i, i g(r) = Loaal densily of / "ALeocal clensity
molecules within < /s ptr) = Pgl")
spherical shell of radius
v fo r+dr, cenfered adosils

ot o given molecule
in the fluid, and averaged
over all cjon(igumi‘ions. (9.16)



AV'R qurna-Hua n {ev‘P r~e+q~f-|'r~m,

o, 3,52) (fuf;) df, 4% = Probabilihy of {finding a melecule
st at r fo r,+dn , and a wmolecule
af .ﬁ.ﬁ’ !i*drz
0

_LL). j43ﬁ J Br,,_ 3,51)([,,[‘1) = Probabiliﬁj o( f,hc’w’»ya pair
NN o{ molecules ot dufence rho r+dr

rdig|dr+dr
’ from each ofher.

(isotropic Syslem )

rtdr

By {Jsm. 3A¢(l)(rn.) - £ J‘“’"fz dh. 3/4‘1)('7'-) =
N(N) N-| |

r(rr)_("#—lr r
. B Aw clrg(r) & 4nr2’9(r)elr~
N-I H=l ¥

Probabt'(il'y o(- {lhding @ pair o(
molewules at distance v fo ridr
from each other. (4.1%)



Typical behavior of 3(r)

V,.;.. ’

vdW Jiande‘r

- Ly
¢.q9. Lennard- ; A c\2_ [c)f ’
9 na JO"@S f’u d, ypmf s 45[(7) = (F) ] li2e
‘ v \/ g
ams -€ --[- :
5 4 " o wu" l colision dtameter
g(r) e olle depth
'fx GAS Vcn’ (ile shucture
po -
‘(’ivsi“utvﬁ-\‘*"“ -
shel velination
c& e .
g(r) { @‘3 hachure washel *7
4 of lovge disbast:
T P . W LieuId Shorf- range oveter
[ 4 20 3;' E
g(r)
of loge dilecs

- 4

K ¥ 7

Sharp peaks , otue o
rcgulor avmu,cnmf

of atows in wgotal lalfice

Lowng- range order
Cq. in fec crystal
peak ckpcd-ut at
Yeosli2 , Vo= .52, T/ 2224,



