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Kepaiawo 1

Xopor LP - Xapor /P

Eivatl yveotd 611 évag peydiog aptBpdc cuvoptinoemVy TOv ¥PNGUYLOTOLOVUE GE
S1épopovg kKAESovg Tov padnuotikdy dev sivon Aetec (Sniadn, C*, k > 1), moAég
@opég oev givar ovte Kav cvveyeic. To yeyovdg avtd emPdiet tnv avantuén g
Bewploc Tov LP ydpwv. e avtd 10 Kepdiowo Oa Oewpricovpe tovg LP ydpovg,
OMAON TOVE YDPOVE GLVAPTHCENMY T®V OTOi®V oL p (p > 1) SLVAUELS TOV oTOo-
Mtov Tiudv Tovg givor Lebesgue oAokANpOGCILES, ®GTOGO KATOL GTOLYEUDONG
eowceimon pe ™ Paocikn Bewpia pETpov Kot orokApwong eivatl arapaitntn. Ot
m10 onpavTkol tvan icmg or L won L? ot omoiot ivar amapaitntol 6Tov opiopd Kot
oTIG 1010TNTEC TV oepdv Fourier, aALG kot o1 vTdAOUTOL Eivort TOAD oNUAVTIKOL
yopot. Ot LP ydpot givor TAoVG101 68 KOAEG 1010TNTEG Kol avTO €lvar Evag onuo-
VTIKOG AOYOG TTOL aVadEIKVOEL T1 GTTOLOOLATNTA TOLG OAAG KOt EKELVY] TOL OAOKAN-
popatog tov Lebesgue. H muokvémrta, n avakiootikdtnto, 1 dStoyopiopndra,
N dvikOTNTA KaBmG Kot 1| TANPOHTNTA Elvar 01 110TNTES TOV KAVOLY QVTOVG TOVG
YDOPOLG 11HTEPA YPNOIUOVG. XE VTO TO KEPAANLO Ba TOPOVGIACOLLLE TN POGIKN
Bewpio VTOV TOV YOPOV KOODS Kol KATOES amd TIC 1010TNTEG TOV GYeTIlOVTON pUE
M Bewpio ohoKApwONC.

1.1 Xopor L

Opropig ko Idotteg TV Xopov LP, 1 < p < o

YvpPoiilovpe pe € éva avorktd vtocHvoro Tov R™ epodiacuévo e To HETPO
Lebesgue dz kot pe L1 (Q) 10 ydpo Tov 0OLoKANPOGIU®OY GUVAPTHGEDY TEVE® GTO
Q pe ipég oto R.
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Av f: Q — R givan puo petpnoyn cvvdptnon Bétoope

T /U’\m

Av dev vrhpyel eveydpevo clyyvong cuyva ypagovpe avti Lt avti L1(Q) ka
Jo f (o [ f)aved [, fz)de

[Tapdro mov oto €€Ng oe TOAAEG Tepittdoelg Ba epyalopacte pe LP cuvap-
TNOELS OPIOUEVEG G £va, avolkTd VTosvvoAo €2 tov R™, Ba opicovpe tovg LP yo-
poLG Kol Bo LEAETNGOVLE TIG PACIKES TOVS 1010TNTEG GE Eval EVPLTEPO BePNTIKO
TA0iG10, SNAaON GE €va YeEVIKO ydpo néETpov (X, A, i) kot ot cvvéyeo Ho mapo-
petvoope og éva 2 C R™.
Opwopog 1.1.1. 'Eoto (X, A, 1) évag xyopog pétpov, p € R ue 0 < p < oo Kot
f+ X — R wa petpiown ocvvdptnon. Tote, Bétovpe

1/p
Ithm=:(LUWM> .

* H ovvéptnon f Aéyeton LP ohokAnpooun (1 Aépe 0Tt givar o LP oovap-
on N omhd Ot gtvor LP) av || £ 1p(x) < +o0.

* O yopog LP(X) opiletor ®g 0 yHPOG TOV HETPNCUDV GUVOPTHCEDV [ :
X — Ry g omoieg || fll 1o (x) < 00 N 10080vapa, [f|P € L'(X).

Av f: Q CR" — R 161€ T01€

1120 = éu@wm

Ko av | f[ 12(q) < 00, n cLVapION f AéyETOL TETPOYOVIKAG 0LOKANPOGIUN GTO
Qxaro L? (Q) AEYETOL XDPOG TOV TETPOUYOVIKMOG OLOKANPOGILOV GUVAPTHCEMV.
O L? givoi o povog amd toug LP ydpovg 6Tov omoio opileton e6mTEPIKO YIVOUEVO.
Av f,g € L*(), 161 10 £60TEPIKO TOVG YIVOpEVO 0pileTar pe TV

=/E@M@Mx
Q
Av f: U CC" — C, 16t¢

Whmm=¢éﬂ@ﬂﬂw
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ko av || fll 2y < 00, m oLVEpTNON f AéyETOL TETPOYOVIKAG 0LOKANPAOGIUT OTO
U.
Av f,g € L*(U), 161€ 10 £60TEPIKO TOVG YIVOUEVO OpileTon pe v

(f.9) = /Q e

g

Haparipnon 1.1.1. H | f| 1 x) elvor o norm ywo ke p € Rpe 1 < p < oo
(BA. Oedpnua 1.1.4), evd dev givornorm av 0 < p < 1 (BA. [Hoapdaderypo 1.1.1).

Mapatipnon 1.1.2. Zopewva pe tov Opiopo 1.1.1, 0 LP(X) yopog, 1 < p < oo,
nepE)EL OAEG TIC petpnopeg cvvaptioelg f = X — R ywo tig omoieg ot | f|P givan
OAOKANPOGIUES, dNAAOT, fX |f|P < oco. Av yu 800 cvvaptioelg f, g : X — R
éxovpe | f — gl x) = 01 w0odovopa [ [f — g’ = 0, t6te awtég mapiotévovy
10 1610 oTOLYElD TOV YDpOoL LP(X) Ko ypapovpe f = g o.m. ( f ~ g). [ mopd-
dELYHAL, M YUPAKTNPIOTIKA cuvaptnon X v pntev apibpay tavtiCeton pe my
undevikn ovvaptnon otov LP(R), apov j[% |Xq — 0| = 0. Emopévog, o ototysia
tov LP(X) elvan 6TV Tparypotikdmta KAAGES 1soduvapiog (givar mpopavég Otu
N ~ gival oyéon 1odvvapiag) OTOv 01 GLVOPTNGELS TOL AVIKOVY STV {d10L KAAoN
dpEpovy o€ éva cLVOLO HETPOU 0.

Ynpueioon 1.1.1. Xto €€ng Ba Bewpodpe pdvo tovg LP ydpovg émov p > 1. Onwg
Ba SamoTdoovpE 6T GLVEKELD ot LP ydpot, 6mov p > 1, epodlacpévol pe tnv
LP véppa givar dtavoopatikol ydpot kdtt wov dev ovpPaivet av 0 < p < 1 (PA.
Ocopnua 1.1.4 xon [Hopdderypo 1.1.1, avrictorya). Oo pedetnoovpe emiong Kot
TNV TEPIMTOOT P = 00.

Ynpeioon 1.1.2. Xto e&ng, av dev vmapyel tpoPAanua cvyyvong, Oa copforilovpe
i Adyovg omhotntag V|| - || 1o x) HE || - [ 2o 7 xOL || - .

Hapatipnon 1.1.3. Onwg avapépape Tapondve ot o onuavikol icwg LP yo-
pot eivan ot L' xan L2, emerdn) eivan draitepa ypyoipor 6tig oeipéc Fourier. Eidikd,
o L? givon évoag yOpog LE EGOTEPIKO YIVOUEVO Kal HOAMGTo TARPNG (dnAadt, xd-
poc Hilbert) eivai 0e o uoévog LP xdpog pe e0mTEPIKO YVOUEVO Kol aVTOG Eivor
évag axopo Adyog Tov ToV KAVEL TOAD GTULOVTIKO YDPO. TNV povodldotan mepi-
TN 6mov GLVHOW®S YPNGILOTOLOVE TOV akOAOVOO OpIGUO Y10 TOVG LP ydpovg,
0 omoiog etvar Tpocappocuévos ot Bewpia tov celpav Fourier.
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Opwopog 1.1.2. ‘Eoto 1 < 7 < co. M cuvaptnon f : [—m, 7] — R ()] C) aviket
otov LY [—m, 7], av

1 ™ 1/p
Wirinn = (52 [ 0par) - <oc

Inpeiowon 1.1.3. Erewdn, av f € LP[—m, 7] 101 | f(| o[_r, - < 0O KOLOVTIGTPOOQQ,
o mapayovtog 1 /27 kabdg kot dvvoun 1/p dev givor timota mepliocdTEPO Ad VO
nopapeTpot Kavovikormoinong. o mapddeypa, av f : [—m, 7] — R pe f(x) =
TOTE || fll o] = LKOU[A S Lo ] = [Al, A ER.

g

Hapatipnon 1.1.4. Ioydovv o1 akdAovOeg 1IGodVVapiES:
Iflrp =0< f=00mxu|f—g|,,=0< f=go.m.

Ocodpnpa 1.1.1. O ydpog LP(X) pe 1 < p < oo givar €vog YPoUUKOG YDPOG,
OnAaodn, 1oxvovv o1 11OTNTES:

(i) TakdOe a € Rav f € LP(X) tote af € LP(X).
(ii) Av f,g € LP(X) tote (f + g) € LP(X).

Arnooeiln. To (i) eivar mpopoavég, ondte Bo amodeifovpe to (ii). Eivon

[f @) +g@" < (f@)]+]g @)D"

[2max {|f ()], |g (=)[}]"
2r max {|f ()", |g (2)|"}
20 [|f (@)" + g ()] ,

OTOTE LE OAOKANP®ON KATA UEAT 0TOV X TOIPVOVLE TO OTOTEAEGLAL.

<
<
<
<

Mpotaon 1.1.1. (Avicotyta Tov Holder) Eoto p, ¢ mpaypatikoi apiBuoi tétota
oote 1 < p < +oo ko 1/p + 1/q = 1. 'Eoto, eniong, 61t f € LP(X) ko
g € LY(X). Tote (fg) € LY(X) xon 1oy0er N avicdtnTa

I £l < WAL gl -

Ot Beticoi ekBéteg p kon ¢ ovopdlovrar ovluyeig exkbétegav 1/p+1/g =11
oodbvapa p + g = pg.
Ao v avicotta tov Holder mpokdntet dueca to axdAovbo cuunépacua:
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Mopwopa 1.1.1. Av f,g € L? 161e 0 (fg) € L.

Mo v amddeEn g avicodtto Tov Holder Ba ypelactovpe v akdAovOn
pdTaoN:

Ipétaon 1.1.2. 'Ecto p, ¢ tétowa dote 1 < p < +oo kot 1/p + 1/q = 1. Tote
v k0B x, y > 0 woyvet
Ty < — + —.
p q
Andoeiln. Mopatnpodpe 6ttav z = 01 y = 0 n avicdtra 16Y0eL, ondte VILOHE-
tovpe Ottr > 0 ko y > 0.
Awpdvtog v avicodtnta kot péAN pe y? maipvoovpe

T < P 1
yil T opyd g

Kot av Bécovpe oty terevtaia ¢ = xP /y?, Moym g 1/p + 1/q = 1 naipvovue
pq — p = q, OTOTE TPOKLITEL OTL

T P 1/p P 1/p P 1/p "
_ _ _ (- — 41/p
ya-1 B (y(q—l)p> B <ypqp> - <yq) =t

KO TOPVOLLLE TNV OVIGOTNTO

11
Pt 4+ - t>0.
P q

1 1
H cuvépmon f(t) = tY/P — =t — =, t > 0 eivau Sagopiciun pe
p q

’ _1 —1/q _
f<t>—p(t 1), t>0.

[Mopatnpodpe 6t [/ (1) = 0, f/(t) <0 Vit > 1w f/(t) >0 Vte (01)

ondte
fO<f1) =0Vt>0

KOl EMOUEVOG

1 1
e — Z¢ — =<0, V>0,
p q

OToL N 16oOTNTA 1oYOEL OVO OTaV t = 1 < aP = y4. U
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Améoeien g avicotntog Tov Holder. Oétovpe

A=|fler B=A=]glpa,

omdTE OO TNV TOPATAVE TPOTUOT] Yio TOVG aplBpovg | f| /A ko |g|/ B maipvovpe

Al 1 (1Y, 1 (o LA el
AB “p\A g \ B pAP  qBY

H televtaio pe ohokAnpmon katd pHéEAN divel
1 1 / , 1 / . 1 1
AB/X|fg| pAP X| | qB1 X| | P q

1£9ll . < AB =[], 9l .-

onoTe

i

Hopwopa 1.1.2. (I'evikevon g avicotntog tov Holder) ‘Ecto f, f5, - - -, f
cuvaptoElg Kot p; , j = 1,2, - -, k mpaypotikoi apipol. Av f; € LPi(X) ya
KOs j = 1,2, -, k xou

1 1 1 1

P P11 P2 Pr

T01E, TO Yvouevo fi fy - - - f, € LP(X) ko

11 Fore oo Fille < NFillpeallfallpes - - [ il pow-

Edwa:
Av fe IP(X)NLY(X)pel <p<qg<oo,10t€ f € L"(X), Yo ke p < r < ¢
Kol 1oy0eL N akOA0LOT avicdTnTo TG TOPEUPOANS

1l < 1 NSl full e

Omov
l—«o

24 ,0<a<l.
P q

1
T
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I[Ipétaon 1.1.3. (Avicétnte Tov Holder ywo nenepacpéva aBpoispata) Eoto
p,qTétolndote 1 <p < +ookarl/p+1/q=1.Avay,a,,...,a, Kotby, by, ..., b
TUYOVTEG TPAYUATIKOL 1] pryadikol aplBpol, Tote

" 1/p n 1/q
Z\ajbj|<( \aj\p) (Z\bﬁ) .
j=1 J=1

J=1

n

3

Amooeiln. (Aoknon)

IIpotaon 1.1.4. (Avicotnta tov Minkowski) Ecto p tétotogwote 1 < p < +00
kat éotw f,g € LP(X). Tote (f + g) € LP(X) xau

If+ gl <AL, + gl
Anooeiln. Eneidn eivon (BA. Osopnua 1.1.1)
|f +glP < 2°([f1P + [glP)-

HE OAOKANPMOGT) KATA LEAT TNG OVIGOTNTOS OVTNG TAIPVOVLE

[ir+ar< (/X|f|p+/Xlg|p)

kow enedn f € LP , g € LP émeton 6t (f + g) € LP.
‘Eoto 0 culuyng exBémg g tov p. Tote 1/p+1/g =11 (p — 1) ¢ = p, ondte and
mv avicdétta tov Holder maipvoope

1/p 1/q
p—1 < P p
/X\f!|f+g| (/Xm) (/X\f+g|)
1/p 1/q
p—1 < P p
/Xlg!|f+g! (/Xlg!) (/}(!Hg\)

[TpocBétovtag katd pEAN TG 000 TEAELTAIEG OVIGOTNTEG TOIPVOVLLE TNV OVIGOTNTA

[+ < [( / !f|p>1/p+ (/ |grp)1/p] (f |f+g\p)1/q
OmOTE (/);’f—i—g‘p)l—l/qg (/me) 1/p+ (/X W) 1/p

Kot
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Ao v tehevtaia enedn 1 — 1/q = 1/p maipvovpe teMKd TV ovicOTnTO

(/X|f+g|p)1/p< (/X|f|p)1/p+ (f |g\p)1/p

If+ gl <IflLs + 19l -
U

1
Mapdaderypo 1.1.1. Av0 < p < 1,16ten | f], = (fX |f|pd:v) r dev givar voppa
otov X.

Arnooeiln. Oa amodei&ovpe 0TL dev 1oydeL N Tpryovikh avicotnta. Eoto X = [0, 1]
epodlocEVO pe To pétpo tov Lebesgue, Eoto, eniong, f = X 0,1) Karg = X 1.1)-
Tore,

If +gl =1

1/p 1/p
nfup+ugup:( / mp) +< / ‘g,p) IRy
[0,1] [0,1]

17+, > 1£1, + lgl, -

potaon 1.1.5. (Avicotnta tov Minkowski ywo merepaopéva abpoiopata)
‘Eoto p tétot0g dote 1 < p < +00. Av aq, a,, ..., a,, Kot by,b,,...,b, TOYOVTEG
TpoyHaTiKoi 1 pyadikoli apifpoi, tote

(ilai +bi)1/p < (i\%\’) 1/p+ (iwi;p) l/p.

=1 =1 1=1

Kot

"Apa

Amooeiln. (Aoknon).

Mopaderypa 1.1.2. Kdabe ppayuévn covaptnon f : [0,1] — R eivor LP yuo kGbe
p > 0.

Mopatipnon 1.1.5. O yopog C(2), Q@ C R™, n > 1 nepiéyeton otov LP(12),
dnaadn, C(Q) C LP (), yu kabe p > 1.IIpaypotikd, sivor

/ |[f(@)[Pdz < m(Q) max |f(x)[” < oo.
Q xre
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To avtictpoo dpw®s dev oyveL, dniadn, LP(Q) ¢ C(£2), apod o LP covap-
o ogv opeidet va etvan cuveyng ovte kot epayuévn (PA. Tapadetypota 1.1.3
Kot 1.1.4).

Mapaderypa 1.1.3. H cvvapmon f : [—m, 7] — R pe
0, t e |—m,0),
ro={ % e

1, z €[0,7]
dev givar cuveyng, alhd ovikel otov L2 [—m, 7).
Mapaderypa 1.1.4. H cvvapmon f : [—m, 7] — R pe

_ |t’71/47 te [_ﬂ-: 0) U (077‘-]7
ft) = { 0, x € [0, ]

avikel otov L2 [—m, 7], apo?

™ ™ 1
/ |f(t)|2dt = 2/ ;dt = V1T = 47 < 0.
—Tr 0

Opwg, n f dev givan cuveyng (00Te Kav epaypévn) oto ddotnua [—, ).

Mapaderypa 1.1.5. H ovvapmon f: [0,1] — Rue f(x) = 1/xyakdbe z € (0, 1]
kot f(0) otdnmote dev ivan LP, yio kabe p > 1.

Amooeién. T p = 1 épovpe

[0,1] [0

a=0" Jig,1) T a—0* a g0+t
Koty p > 1
1 1 !
/ |f(x)[Pdr = lim —dz = lim {_—1] — 4o,
[071] a—0* [071] Z‘p a—0t (p —_ 1) :Up_ a

Mopaderypa 1.1.6. H cuvéptnon f : [0,1] — R pe f(z) = 1/2", r > 0 yuo kéOe
x € (0,1] kou f(0) otidnmote givan LP, yuo ka0 pr < 1 kou dev givan LP, yio k@Oe
pr > 1. Ia nopaderypa, av f(x) = 1/y/z, t0te f € LP[0,1] yio k60 p € [1,2)
ko f ¢ LP[0, 1], yio kGOe p > 2.

Ipétaon 1.1.6. Mia cuvapton f € L t6te kar pdvo tote 6t0v 1 | f| € L.
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Amooeién. Etvan

[i=[e= [ [in=[r-]s

omdte av f € L' tote f+, f~ € L' v enopévag f+ + f~ = |f| € L.
Ouoto, av |f| € L tote f € L. O

Mapatipnon 1.1.6. And v Ipdtaon 1.1.6 mpokvmTel OTL v 01 GLVAPTNGELS
f,g € L' t6te xaw suvapon (f+g) € L1, opog urnopel ot suvapticeig f, g € L
ko ovvéptnon (fg) ¢ Lt (BA. Hapéderypo 1.1.7).

Moapadeypa 1.1.7. Ocwpovpe ) cuvapTNOoN

B %,xE(O,l]
ro={ v s

Eivay

/01|f(x)\dx:/01%dx:[2\/E]é:2<+oo

Kot emopévag f € L.

AN
1 11 1
/’f(x)‘2d$—/ ; :lniL‘O—O—i—oo 400,
0

omote f2 ¢ L' xon cvvenag f ¢ L2.

Xyéoeig petad 1OV yopev LP

1o [Mapdoderypa 1.1.7 amodeiytnke 6t pmopel pio Guvéptnomn vo oviKeL 6To
L' xon vo unv avikel otov L2, 061060 T0 £p@TNUA 1OV Ti0ETON £Va YEVIKOTEPO
Kol aopd TV vmapén 1 Oyt (oG oxéong LETaED TV YOpwv LP. X10 mopdoetypo
OV OUECMG 0KOAOLOETL OdEKVOETOL OTL YEVIKA OV LITAPYEL oYEoN HeTAED TV
L? ydpwv, ot cvvéyeto Opmg Ba amodeitovpe 0t av u(X) < cokarav 1 < p <
q < oo, t0te L1 C LP (BA. Ocopnua 1.1.2).

Hopaderypa 1.1.8. Oewpovpue 1o pétpo tov Lebesgue oto ddotnua (0, c0) Kot
™ ovvapmon f(z) = x®. Tote, £povpe

1 o)
/ xdr < a < —1, / zdr < a > —1.
0 1
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‘Eoto tdpa 1 < p < g < oo ko b této10 dote (1/q) < b < (1/p). Tote, oOppmva
LE TIC TAPATAV®D 160SVVaieS | cvvapTon = X (0,1) GVNKeL oTOV LP ahhd Sev
avikel 6tov LY, To omoio onpaivel 6t LP ¢ L9. EEGAhov, ) cuvéptnon 22X (1,00)
avikel otov L7 adda dev avikel otov LP, 10 omoio onuaivel 6tt LY ¢ LP. Enopé-
VG, OV VTLAPYEL GYEOT EYKAEIGUOD HETOED VO LP yhpwv.

Ocopnpa 1.1.2. Av0 <m(X) < ook 1 <p < g < oo, 1018 LY C LP.

Arnooeiln. Epappolovpe v avicdmro tov Holder ya tic cuvaptioeis | f|P kon 1,
OTOTE TAIPVOLLE

() o) )

Apo, av f € L9, 101¢ f € LP, omote LY C LP.

[dwitepo evolapépov mapovasidlovv ot Ttomkd LP-0AoKANPOCIIEG GUVAPTY-
GEL1G 01 0Toieg deV €lval OVOYKAGTIKG OAOKANPMOOIUEG G OAOKANPO TO TTEDIO Opt-
GOV TOVE £YO0VV OUMC TTOAD YPNCUES 1O1OTNTEG.

Opopog 1.1.3. ' Eoto 1 < p < oo. Aépe 6t ovvapmmon f : 2 — R eivan
TomKa LP-0hokinpdciun i avikel otov L (£2) av eivon LP-ohokAnphoiun o€
KGO ocvpmayég vrocvvoro K tov Q 1 wwodvovapa av fX, € LP(Q2) yw kabe
ocounayéc K C €.

Mopadsrypa 1.1.9. H otabepn cuvaptnon f(x) = 1 eivor tomiké ohokAnpdoiun,
opwg 6tav opileton og 0AOKANPN TV Tpaypatiky evbeio R dev elval ohokAnpm-
o KaBdg to pétpo Tov R givon dmepo.

I'evikd:

Ot o100gpéc GLVAPTHOEIS EIVAL TOTIKG. OLOKANPOTIUES.

Hapaderypa 1.1.10. H cvvapton f(z) = 1/x, € (0,1) givon Tomicé olokAn-
pRown oAAd dev givar odikd  oloxkAnpocyn oto (0, 1). [paypatikd, yo kabe
KAg0To Stotpa [a, b] C (0,1) eivon

1
/ \f(x)]dx:/ —dx =1Inb—Ina,
[a,b] la,b] ©

EVOD .
/ |f(z)|dz = lim —dzr = — lim Ina = +o0.
(0,1)

a—0* (a,1] T a—07t
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Hoepdderypa 1.1.11. H cuvapnon

1= { Y 228 e

dev elval Tomkd OAOKANP®OGIUN G KavEV oo THOTO TOL TEPE)EL TO 0, ®6TOGO,
elvar tomikd olokAnpdoiun oe kdbe ddotnua mov dev o mEPEXEL. Anradn, N

1/z € L (R\{0}).
O yopog L™=

Mmopovpe va gnexteivoope T1¢ LP norms otnv mepintmon 6mov p = oo. Oa
YPELLCTOVE TPMTO TOV OPIGUO TNG OVGLOGTIKA PPOYUEVNG GUVEPTNOTG.

Opropog 1.1.4. Mia petpnioyn covéptnon f : X — RAEyetal ovolooTikG Qpay-
pévn otav vrdpyet M > 0 tétowo dote |f(z)] < M oxeddv mavtod oto X 1
wodvvapa 0tav m{x : |f(x)| > M} = 0. 4

Opopog 1.1.5. '‘Eoto (X, 1) évag petpnoytog yopog, kot f : X — R pio petpn-
o cvvdptnon. Opilovpe

| £l (x) = inf {M : m{x € X : f(x)| > M} = 0}
N (Aoy® tov Opiopov 1.1.4)

|1l 2o (x) = ess sup [£(x)].

xeX

O ydpog L>°(X) opiletar og 0 ydpog TV HETPNOIH®V cuvaptioeny [ : X — R
Y100 TG 0moieg || f foo (x) < 00
H || f[| oo x) €lvan o voppa (BA. Ocdpnpa 1.1.4). O

210 €€Ng av dOgv vtapyel TPOPANa chyyvoNS Yo Adyovg amidtnrag Ba cupl-
PoriCovpe TV | - oo (x) ME || - oo 1 w01 | - ||

Mopatipnon 1.1.7. H L°° — norm Afyeton kot 0061MIES supremum g | f| Ko
0 L°° Aéyeton MPOS TOV 0VGIMOMG 1] 0.7. PPUYUEVOV GUVIPTICEMV.

Hapatipnon 1.1.8. Ioyder n wodvpopia: ||fl|;« =0< f=0o0.7..

Mapatipnon 1.1.9. Evkora pmopei va dtomotmbel 6Tt otov L 16yvovv 10 Oc-
opnua 1.1.1 kabdg ot avicdtnTeg ToL Holder kot Ttov Minkowski:

(1) O L givar ypopputkog,.
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(2) (Avicotnta tov Holder) Av f € L! xar g € L™, to1¢

/ ol < 1flallgl -
X

(3) (Avicotta tov Minkowski) Av f, g € L>, 10te
1+ gl < flze + lgllze-

Oecopnpa 1.1.3. Av0 <m(X) < co ko 1 < p < oo, to18 L™ C LP.

Arnooeiln. ' Eoto f € L™ (X). Tote ||f||,, < oo. Emiong, €& opiopov givan | f| <
| /]l 0.7 otOV X. > Apa, Bo £xovpe

/ P < / 1712 = m(X)|£]2 < oo.
X X

Apa, av f € L, 10t f € LP 0. k4Be p € [1, 00).

210 TOPOOEIYHOTO TOV OUECHS OKOAOVOOVY (aiveTal 1 GYECT TOL £XOLV Ol
LP(R™), 1 < p < oo pe tov L>=(R™) aAld Ko peta&d toug.
Mopaderypa 1.1.12. 'Eoto f: R™ — R pe f(x) = 1. Tors,

1f Lo (rmy = 1 < 00,
onote, n f € L= (R"). Onwg,
”fHLP([R") = 00,
ondten f ¢ LP(R™) pe 1 < p < 0.

Hopéaderypo 1.1.13. Eoto f : R® — R pe f(r) = 1. Tore,

1+|z|

[l oo (gn) = sup [ f(2)] <1,

zeR

omote, M f € L®(R™). Opog, yio x > 1 éyovpe

< 1 |
> dx > —dx =
[ir@1= [ e [ gde=+oc
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omdte, f ¢ LY(R™).
E&GALov, givar

1
X 2 r = —QaX
/R|f( )2d /R(H,x,)zd
1 1
B Lgl et / Tt e ™

< / 1dx +/ %dm
lz|<1 lz|>1 T
1
b—o0 X 1

onote, M f € L2(R™).
Apa, 0 L2(R™) ¢ LY(R™). Avtd 1o amotéleopo eivar Siapopetikd and T mepi-
ntoon 6mov etyape L2(Q) C L1(Q), ue Q C R™ nenepacpévo.

Hopdderypa 1.1.14. 'Eocto f: R™ — R pe

[ 1VE 2 e (0,1
f@)_{ 0, z ¢ (0,1].

Tote,n f ¢ L°(R™), ywti dev ivan pparypévn kovtd oto 0.
H f € LY(R"), ywati

[ s - / Lde <o

/R]f(x)\de:/Ol idx:oo.

Hapatipnon 1.1.10. TiBeton To epdTNUA, VAT (IO GUVAPTNGT OTOTVYXAVEL VOL
aviketotov L (R™). Yrdpyov vo Adyot yia tovg omoiovg cupfaivel avtd. O mpo-
T0G AOYOC lval TO TOGO YP1YOPO EAATTMOVETOL 1 TN TNG KOVTA 6T0 dmepo. [
napaderypa, N covapmon 1/(1 + |z|)? elottdvetar apketd ypiyopa doTe avt
va aviket otov L1 (R). Avtifeta,  ovvaptnon 1/(1 + |z|) dev ehattdvetan 1660
yPRyopa 660 ypelaletar dote va avikel otov L(R). O dghtepog AOyog eivor Ot
N ovvéptnon umopel va gxkpryvoutal (amepileton) o€ kdmowo onueio. I'a mapd-
detypa, n ovvaptnon mov givar ion pe 1/|z| av |z < 1 xon pe 0 aArov, teivel 6T0

H f ¢ L*(R"), ywti
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00 TOGO YPNYopa MOTE Vo amoTuyyavel vo, aviket otov L (R™). Qo1660, N Guvép-
mon mov eivan fon pe 1/4/[z] av |z < 1 kot pe 0 0Alod, Teivel 6o 0o 1600 apyd
®ote vo, ovikel otov L1(R™). H suvapmon 1/|z| dev avikel otov LY(R™) yati
GUVTPEXOLVY KoL 01 0VO TOPATAV®D AOYOL.

Ocopnpa 1.1.4. O LP givar évog ypOoppKOg xdpog Ko || - || » givon pa norm yio
kdbe 1 < p < o0.

Amooeién. Hypappikomra tov LP tpoxintel and 1o Ocopnua 1.1.1 ko v [Hoapa-
mpnon 1.1.9(1). To 6tin || - || 1» €lvon pia voppa Tpokvmtel amd Tig [opotnpioeig
1.1.4 xou 1.1.8, ™ ypoppkotnto tov LP v [pdraon 1.1.4 ko v Hopatrpnon
1.1.9(3).

Yvykhon otovg Xopovg LP

Ocwpovpue v anewovion d : LP x LP — R mov opiletor yio OAeg TIC GL-
voapmoels f,g € LP and ™ oxéon d(f,g) = |f — gl - Amodewvieton gbkora
(omodei&te T0) 0TI d givan par peTpikn, omdte o (LP, d) ivar £vag PHETPIKOG Y dPOg,
TO OTO10 HOG EMTPENEL VAL 0OpicOVUE GVYKAION 6TOVS LP YMDPOoLG.

Opwopdg 1.1.6. 'Ecto (X, m) évag petpiiotpog xopoc, { f, 152, € LP, p € [1,00)
pio axorovBia kot éotw f € LP.

(i) H{f,} etvar ma LP? axorovBio Cauchy av ywa kébe ¢ > 0 vapyet ny € N
TETO0 OOTE Yo KABe m, n > ng t0te || f,, — follr < €.

(ii) H axolovbia { f,,} ovykiiver otov LP (7] cuyKkAivel KoTd norm TaENG p) 6NV
fav lim £, = flz, =0,

(i) H {f,} éxet opoynévn LP—Swowopaven av 3, 1 foer — Fulir < oo,

®a dmoovpe Tdpa dV0 TapadeiypaTa Tov deiyvouv otL, Yo 1 < p < 0o, 00TE
N onuekn cvykion cuvendyeton v LP—cvyKAon ovte 1 LP—cOyKAion cuve-
TAYETOL TNV CNUELNKT] GOYKALON.

Hapaderypa 1.1.15. Oewpovue Tig svvaptoels f,, : R = Rpe f,, = Xy, uq)
4 kéOe n = 1,2, ... Tote, lim,,_,  f,,(z) = 0 xou

n+1
ol = / fo=1, ¥pel,00).
n

Apa, n f,, = 0 onuewxd, aArd Ot otov LP.
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Hoapdderypa 1.1.16. Ocwpodpe v akorovbia

Lo Lo, X1i1p Lo, 2p Xz, ap

I[No k60e n € N Bewpovpe Tov povadtkd euotkd apBud k yid Tov omoio 1GyveL
2F <'n < 21 kan Oétovpe

I =

n

1
[n 1’n+ 4]

7 b
Tote, f,, = X', omote o 1 < p < oo woybet | f,ll» = 27k/P xan ene1dn kabdg
T0n — 00 K10 k — oo émetan ot lim,,_, o [ £, £r(0,17) = 0. Onog, m £, (z) dev
ovyKAivel onuetaxd yid k6be z € (0,1) oto 0, ywati Yo kéOe = vEdpyel drepo
manBoc ¢ € N pe f,(x) = 1 ko dmepo tAnbog m € N pe f,,(z) = 0.

Oa anodeifovpe otn cvvexewa (Pr. Osdpnua 1.1.5) dtro (LP, || - |) eivon évag
y®pog Banach), 1016t ta 1dwaitepo onpavTikn Kot ypnoun.

Ozopnpo 1.1.5. O (Lp (X)
X®POG.

; ||~||LP(X)>, 1 < p < oo, givar vog TANPNG HETPIKOC

Arodeiln. (1) 'Eoto 1 < p < co. Oewpovpe pio akorovdio Cauchy {f, }2°, otov
LP. Mropovpe va vroBécovpe, yopic PAGPN g yevikdtntog (e£dyovtog pio vo-
KoAovOia av glval amapaitnto), ot

1
||fn+1 - fn” < 2_n

Opilovpe v axorovbia {g,, } 7 | mg e&nc:

g1 =0, In = ‘fl’ + ‘f2_f1’ +oet ’fn_fn—1’7 Vn > 2.

H akoiovbia {g,, } eivon yvnoimng adéovoa kot eneidn

0o p
/X & = ol < (\rfluL,,(XﬁZHfi—fimmx))
=2

p
< (Millpoix +1)

etvar opotdpopea epaypévn, ondte and to Osmpnua s Movotovng Zoykiong
TpoKOTTEL 0TL P — ¢P o.m., g € LP xon g,, < g G.T.
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E&dArov, yua kdOe k > 1, elva

|fn+k: - fn’ = ’fnJrk - fnJrk’fl + fnJrk:fl +o = fn+1 + fnJrl - fn|
n+k

S Ui il

1=n+1
In+k — ns

N

onoteE g,, 1 — g, — 0, Kab®dG 10 N — 00 G.7..
Apa, f,, — fo.m..
Enedn,

n
ol STAIED Ifi—fial <g,<gV¥mneN
1=2

éneton 0Tt | f| < g 0.7,
Apa, |f,]P < gP ko |[fIP < gP xou |f,, — fIP < 2¢P xou and to Oedpnuo g
Kvprapynpévng Zoykiong mpokvmntet

lim/\fn—f!p=/ lim |7, — fI” =0.

(ii) 'Eotw p = oo. Oempovpe v axorovdio Cauchy otov L>°(X). Tote, yo kabe
k € Nordpyet N(k) € N této10 dote

1
ess Sup |, (#) — F(x)| < 7, ¥ m, m > N().
reX

& ka0 Cévyapt (m,n) pe n, m > N(k) ovpPohrilovue A, ) (k) 10 chvoro
UNOEVIKOV HETPOL TTOL TTEPIEYEL OA TaL € X Yid T Omoial 1oYVEL

() = frn ()] <

| =

Oftovpe
A= Uk>1 Afm.n) (k), m,n >N (k).

Tote, 10 pétpo tov A givan emiong ico pe 0. Xto X\ A 1 akorovbia { f,, (z)
OVLYKAIVEL OpOLOROPQO e piot cuvapTnon f, Kabmg Yo m, n > N (k) woyvet

00
n=1

swp [, () — fn ()] < 1

zeX\A
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n axorovbia { f,,(z)}o2; elvon onpetaxd axorovbio Cauchy oto X\ A. Enedn to
A glvar pmdevikov pétpov, n akorovbia f,, cvykiivel onuetaxd 6.1 6to X, ondte

etvan petproun (PA. ....).
E&GALov, Tov m — oo mpokHmTEL OTL

esssup | f, () — [ (@) = sup |f, (@)~ f(2)| <

reX zeX\A

ENE

Apa, n f,, ovykiivet oty f otov L>=°(X).

Ocopnpa 1.1.6. 'Eoto {f,,}°°; po axorovdio tov LP kou f € LP, tét0100 OOTE
I.f,, = f = 0. Tote, vrépyer vraxorovbia { £, }52 4, TéTow HOTE

(i) fn, — f, oxeddv mavtod oto X.
(i) [f, | < h(z), o kabe k € N, pe h € LP.

Amooerén. o p = oo 10 amotéreopa eival Tpopaves. YroBétovpe 6t1l < p < oo.
Eneidn n axorovdio { fnk} etvar Cauchy, pmopovpe vo emavalapovpe v amo-
de1&n Tov Oewpnpoatog 1.1.5 ko va e&aydyovpe o vrakorovbia f,, 1 omoio cv-
YKAVEL 0.7, G€ (oL GLVAPTNOT £6TM TV f*, Yo TNV 0moia 1YVEL

|, (@) = [7(2)] < g()

oyeddv Tavtov oto X, pe g € LP.

Enopévag, f* € LP o.m. kou f, — f* otov LP (@edpnua tov Lebesgue). Apa,
f* = f o.m., ondte amodei&ope to (i).

INa 1o (ii) apkel va emié€ovpe h = f* + g. O

Xnpeioon 1.1.4. Eivar ypnowo va vrevBupicovpe Kot va tovicovpe 0Tt givon
aropaitnto vo yvopilovpe pepikd Pacucd anotedéspota e Bewpiag oAokAnpo-
one, onwg 10 Osmpnuo Movotovig cvykiong tov Lebesgue (BA. Osdpnua ?7?),
10 Oedpnua Beppo Levi (BA. Osdpnua ??) to Aqupa tov Fatou (BA. Osdpnpa
??) ko 10 Oedpnpa TS KupLapyuévng cuykaong (PA. Osopnua ?2?).

1.2 Xopor /?

I'vopilovpe 6TL por GNUOVTIKY TEPITTMOT UETPIKDV YOP®V ELvar ot Ywpot £7,
1 < p < oo. Mmopodpe, 61060, va S0VUE QVTOVG TOVG XMDPOVG GOV ELOIKY| TE-
pittoon tov LP, 1 < p < oo yopov. Ocwpodpe 10 x®po pétpov (N, i), 6mov
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w1 etvar 1o apBunTcd pétpo otov N. Xeg avt v dokpity TePinT®OT, (ol Je-
TpNoun ovvapton otov N givan pa akorovbia {f,, : n — R, n € N} kot 10
olokAnpmua tov Lebesgue givat 1o 1010 pe to dOpotopa TG avtictoyms oelpdc,

onAaon
/lenl ~S Il

neN

Opwopdc 1.2.1. Av p € [1,00), n fP—norm pog axorovbiog {a,, }°° ; mpaypott-
KOV (1 Ko pryodikodv) optpmv opileton amd ) oxéon

o 1/p
I H = (Z |an|p) .

Mua /P axorovBie eivor pia akorovbia {a,, } TpaypatiKdy apBudv yio v omoia
wyver Y a,|” < oo, 3Nhadh o aBpotopa |a; [P 4 |ag|P + - cuyKhivel

Hoapdaderypa 1.2.1. YrevOouilovpe 6tim p—oeipd Zzozl 1/nP cvykhivel tOTE Ko
povo tote av p > 1.

Apa:

H axolovbio {1/nP} eivar {1 av kou uévo av p > 1.

T mapdderypo, 1 {1/n2} etvon £ evad o {1/n} Sev eivar. Qotéco n {1/n} eivar
2.

Mopadsrypa 1.2.2. H axorovbio {1/n"} eivor P av kou péovo av p > 1/r. Emo-
uévag, n axorovdio {1/4/n} givor £3 oAré Sev gtvon 2.,

Mapatipnon 1.2.1. H 6An cupneprpopd T@mv okoAovbumv g popeng 1/n? eivor
opota pe eketvn g ouvaptong 1/ 610 [1, +00). Hpoaypotikd, stvor 220:1 la,|” <
00 LV KOl LOVO OV floo 1/xPdx < oo . To yeyovdg antd Oyt povo dev ival Tuyaio
AL vLapyetl 1oyvpn BewpnTikn oxéon HETAED TV 00O TEPIMTOGEMY. AV amofd-
AOVLE Y10 AyO TNV OO LOTIKY) 00GTNPOTNTO, WTOPOVLE VO AEUE OTL TPOKELTOL Y10l
v 1010 TepinTwon LdVo oL aVAAOYQ LLE TNV TEPIGTOCT KAVOLULE AAAOTE AOpOoloN
Kot GAAote <cvveyn GBpoton>.

Ozopnua 1.2.1. Av1l < p < g < 00, 101 KAOe P akorovBia eivan £ axolovbia.

, , , , o P , ,
Amoderln. EG:E(D {a,,} wa P (XKO?\,ODGI(X. T’ors, ny. |a7}] GU?/KMVSL, onoTeE
a, — 0 kobodg ton — oo. EWwodtepa, vadpyet n, € N tétoo wote |a,| < 1
Yo OAa ToL > . Emopévag, |a,,|? < |a,|P v Oha tan > n, ondte 1 Z;’;l la,,|?
ovyKAivetr, onhadn N {a,, } wa £2 axolovdio. O
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IIpétaocn 1.2.1. (Avicotnre Holder Yo akorovOieg) Eoto {a,, 152, ko {b,, }5°
dvo axolovdieg mapaypatikdv (1 Kot pyadikdv) aptpumy kot p,q € [1,00) té-
oot wote 1/p+1/q = 1. Av {a,} € 7 ko {b,} € (9, 161€ xou M GEPA.
zzozl a,,b,, cvyKAlvel amoAdTmS, Kot 16YVEL N avicOTTO

S lan] < (zmnv) (zrbnw)
n=1 n=1 n=1

Arnooeiln. Enedn {a,} € P xou {b,} € (7 and v I[Ipétaon 1.1.3 npokdmtel n
ovieoTnT

1/q

n oo Ur /o 1/q
Z |a;b;| < <Z ’a¢|p> (Z |bi|q>
i=1 i=1 i=1

4 7 Ve 4 e n 4 s
om6 v omoia cuvemdyetar 6TL N akorovdio s, = > |a;b;| eivar cuykiivovoa
(g avéovoa kar epayuévn), ondTe AV TAPOLUE TO OPLO YOl N — OO GE QLTH TNV
avVIcOTNTA TPOKVTTEL 1] {NTOVUEVT AVICOTNTOL. U

opropa 1.2.1. (Avieétnta tov Cauchy-Schwartz yio akorovdieg) Eoto {a,, }5°
Kot {b,, }°° ; 6vo akorovdies Tapaypatikdy (1 Kot pryadikodv) apOuov. Av {a,, } €

02 xou {b,,} € £2, t61€ KU M GEWPA. Zzozl a,b,, ouyKAivel amoldTmS, Kot 1yvEL 1
ovieoTnTo

- - 2, 1/2
z|anbn|<(z|an|2) (zw) |

n=1 n=1 n=1

g

IIpoétaon 1.2.2. (Avicétnte Tov Minkowski yia axorov0isg) Eoto {a,, }5° | kot
{b,,}52; 800 axorovbieg TpaypatikdY (1 Kot pryadikadv) apBumv ka1 < p < oo.
Av{a,} € P xon {b, } € P, 161 ko ) akorovBia {a, + b, }°°, € (P Kot woyvet
N avicOTTO

oo 1/p . 1/p o 1/p
(Zlaﬁbj\”) < (zw) + (mef’) :
=1 =1 =1

Amooeiln. Av p = 1 n avicdtta givor Tpopavng, ondte éotw p > 1. Emedn
{a,} € P xar {b,,} € £7 omd v IIpdtoon 1.1.3 mpokvmtel N avicoTnTa

. 1-1/q - 1/p ~ 1/p
<Z|ai+bi‘p> < (Z‘aﬂp) + (Z|bi|p) .

i=1 =1 =1
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4 r A 4 r 4 n s
An6 Ty avicdmra avt mpokvmtet 6t axorovdia s, || = > . |a; + b;|” etvon
GLYKATVOLGA (¢ 0VEOVGA KOl PPAYILEVT) KO ETOUEVMS OV TTOPOVLE TO OPLO 1 —
oo maipvovpe ™ {nroduevn avicodTTA. U

Opopog 1.2.2. O yopog /°° opiletor mg 0 YHPOS TOV ATEIPOV PPAYUEVOV OKO-
AovO1dV TparypaTikdY (1] Kot pyadikdv) aptOumy {b,, }>° ;.

H ¢°°—norm piog akohovdiog {b,,}°° ; mpaypotikdv apbpdv opiletor and ™
oyxéon

[{b} g = sup{[b, |, n = 1,2},

Ocopnpa 1.2.2. O (P, | - |m), 1 < p < oo, givan évag ydpog Banach.

Amooeién. (PA. [...]).



