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KE®AAATO 1

To 6GUVOAO TV TEAYUATIKOV 00UV

1.1 ®Pvuocwkoi, akégator ko egntol aQrluol

H avotnen depuedinon tov guvédov N = {1,2,3,...} tov @uotk®dv agbuwv yivetal uécw Twv
agioudtov Tov Peano. "Exovtoc Sedouévo 1o N, ustogovue vo §®dcouyue avGTnEn KATAGKEVR
TOU GUVOAOVL Z TwVv akepalwv aQliu®y Kol Tov Guvodov QQ Twv EnTdv aEBuwv. Oswpolue GTL
0 OVAYVAOGTNG elvol EE0IKELOUEVOS Ue TIG TTEAELELS KO TN SIATOEN GTO GUVOAL TOV QPUGLKKOV, TWV
OKEQULMV KOL TV ENTAOV 0Bi®dV. Od KaTayedouue OUms TS PAGLKES IOLOTNTES TOV QUGLKOV,
OKeQEAIMV KOl ENTOV aEOUdV amd TG omoles €mrovrial OAeg oL WOLOTNTES TV TRALE®WV KoL
wng Sudtagng. Agyitovtag astd Toug @UGIKoVS aBULovs, GTy eITduevn GUVTOUN TTOQAYQPO
ovgntdue dVo BackéS aEES TTOV SexOULAGTE YU AUTOUG.

1.1.1 Agyit Tov £AayiGTOV KOl OQYN TNG ETAYOYNG

Aoy tov ghayictov. Kdbe un kevé guvolo S QUGIKOV aplBudv €xel eAdylGTO GTOLYELO.
Andaén, vitdpyel a € S ue Ty i6iotnta: a < b yla kabe b € S.

H apyt tov ehayiotov €xel g cuvéTtela tnv €ENg TTedTAcN: Sev pwitopovue vo eTAEEOV-
ue daelpoug To TANBOS uOIKoUS aBuols ol otoiol va @Bivouv yvnoiwg. Ilpdyuott, ov
vTto0éGoUUE GTL VITAEXEL ULoL TETOLAL ETIAOYR QUGIKOV 0QLOR®OV

N> Ng > e >0 > Mgy > 00

TéTE Ao TV AN Tov gdayicTov To givolo S = {ny : k € N} €xel eddyioto Groxeio: ovtd da
efval Tng LoEENG n,, yia kAstowov m € N. ‘'Oung, fy41 < My KOL Byiq € S, To omolo elvan dtoTro.

Mua dettepn GuvETTELD TG AEYNGS TOV ghaylcTou elval n Ayl TNg £mAYWYNG:

Oeopnua 1.1.1 (apyt tng emwaywyng). Eotw A éva Guvolo QuGlkdv aplbudv ue Tis eEi¢
1610TNTEG:

(i) O 1 aviiker o70 A.
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(ii) I'a kabe k € A 1oyveL oti k+ 1 € A.
Tote, To A TAUTICETAL UE TO GUVOAO OAWY TV QUGIK®V apifuwv: A = N.

Agrodeién. 'Eato 61l To A elvan yviigio vitoguivodo tou N. Tdte, to S = N\ A (to guumiipmua
Tou A) elvaw éva un kevd vrogivoro Touv N. ATd tnv apyn tov edayictov, To S €xel eAdylaTo
otolxelo To omolo guuPoAicovue ue m. Aol 1 € A, avaykactikd éyovue m > 1 omdte m—1 € N.
AoV o m Atav 1o eAdyloto groxeio Tov S, érovue m—1¢ §, Snhadn m —1 € A. AT v
vItébeon (il) cuustepaivouue 4T

m=m-1)+1€A.

"Ouws toTe m ¢ S ko katoAigoue oe dtoTro. Xuvemog, A = N, O

Aglter va avagégovue dVo TTagarlayeég Tov Ocwprpatog 1.1.2. H agrddelén toug apnveton
GOV AGKNGN Yo ToV avoyvedotn (unbelte tnv sponyovuevn agtodelEn — yENGYOTIONGTE TV

aQyn Tov eAayicTov):

(i) "Eotw m € N kot €6Tw A €va GUVOAO PUGIKAOV 0ELOL®V Ue TG €ERC ILOTNTES: () M € A KoL
B)avk>mra ke Atéteoper 6t k+1€A. Tote, AD{neN:n>2m}={mm+1,...}.

(i) 'Ectw A éva gUvolo @UGIK®OV oUWV e Tig eeng Widtnteg: (o) 1€ A kat B) av ke N
kaw 1,...,k €A téte woyver 6Tt k+ 1€ A. Téte, A =N.

Hagpatripnon. H apyn tov ehayiatou kar 1o Oswdonua 1.1.1 efvon Aoywd 1codvvapeg mtpotdoels.
Av degytovue Tnv oQXn TNG €MAYOYAC witogovue va agtodelEovue Tnv oy tov eAoylctou
(doxknon: elvar evkoAGTEQO va Selete Tnv apyn Tou ehayiotov av Seytelte Tnv sToQallayn (ii)

Tov Oewenuatog 1.1.1».

"Ectm 611 yia kdbe n € N éyovue wa meotacn II(n) wou apoed tov @uowd agbud n. H
oY TNG eTMAYWYAS wag eTmiteémel vo amodeigovue 6Tl n I(n) woxvel yio kdbe n € N ggacpa-
Acovtog oti n TI(1) wyver (awTh elvan n Bdon Tne eraywyric) Kol 4Tl LoXVUEL N GUVETTOYWYA
(k) = Tk + 1) (awtd eivon T0 emaywyiko Priua). IHoapadelyyoato TTEOTAGE®VY TTOU AITOSEL-
Kvoovtal e tn «uéfodo Tng Labnuatiking emaywyng» o cuvavtdue oe 6An tn SideKelo TOU

woBnuoTog.

Oeppnuoa 1.1.2 uébodog tng emaywyng). ‘Eotw o1t yia kabe n € N uac Sivetar uia (wabnuati-
k1) mpotacn [l(n) wov e€aptdTal amo Tov uaiko n. Ywobétovue 61t n 11(1) ainbever kar 611

yia kdbe k € N éyovue:
av n TI(k) eivar aAnbrig, 16te kai n Ik + 1) eivar ainbrig.

Tote, n [l(n) aAnBever yia kdbe QUGIKO n.

Amodeign. To gvvolo A = {n € N : II(n) aAnbng} wkavoTtolel Tig VITOOEGEIS TOU OeWENUATOS
1.11. Ewouévwg, A = N. Auté onpaiver 6t n II(n) aAnBevel yio kdBe QUGS n. O
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Ioodvvapeg ye g TaQaAlayés tov Oewenpatog 1.1.1 elvor ol ToEAKRATH TTEOTAGELS:

(i) "Eotw II(n), n € N mpotdoeig, 6mwov kdbe I(n) efaprdton arrd tov euaoikd n. Av n I(m)
aAnBevel yia kdatoov m € N kow av yio kdbe k > m 1oxvel n GuveTtaywyn

II(k) aAnBever = Il(k + 1) aAnbever,

T61e n I(n) aAnBevel yio kAbe UOWS n > m.

(ii) "Eotw Il(n), n € N gmpotdoelg, dmwov kdbe Il(n) egaprdtal amd tov euakd n. Av n II(1)
oAnBevel kow av yio kG0e k € N oyvel n cuveTaywyn

ot I1(1), ..., II(k) aAnBgvovv = I1(k + 1) aAnBevet,

61e n I(n) aAnBevel yio kAbe @UOKS n.

Hagadsiynata 1.1.3. (@) Egetdote yio wolég Twég Tou @uaotkoy apliuoy 1 ayvel n avigdtnto

2" > pd,

Kdvovtag dokéc da mergteite 6t n 2" > n® woyvel yio n = 1, ev woxver yio n = 2,3,...,9
kol (LGAAOV) oxveL yia kdBe n > 10.
Agiyvouue ue emayoyin 6t n 2" > n® woxver yia kdBe n > 10: yia To £TAYOYIKS Briyo

vmoBéTouue 6L n 27" > m> woyvel yia kdgtowov m > 10. Téte,
2m+1 > 2m3

KoL, xenowotowwvtag thv m > 10 BAErtouye 4T
(m+1)3 =m® +3m? +3m+ 1< m® +3m® + 3m® + m? = m® + Tm* < m® + m®

=2m® < 2",

(B) Na Sewybel pe emmayoyn 6t yio kdbe n € N 16x0ouv oL TaVTOTNTES

1"‘2'|"~+n:m

2 2
12+22+...+nz:w
6 ]

1+3+ -+ (@2n-1=n’
(y) AetlEte 6L kABe GvUvodo S ue n agtorgeio €xel akEPOS 2" vIToGvUVOA.
OéMovue va Seltovue pe eraywyn 6t yo kdbe n € N woxvel n tpdtacn
II(n): Av 10 S €xel n grorgeia t61e 10 S €xel akEPDS 2" vIToGUVOAQL.

Av n =1 t6te 10 S elvor wovogivoro kar €xel arEPOS Vo vTTocUvoAa, To & KAl TO S.

Yvvemtwg, n I1(1) aAnbevel.
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YmoB<touvue 6Tl n [1(k) aAnbevel. "Eotw S = {x1, ..., Xk, Xr+1} €va oOvoro ue (k+1) atouyeia.
Becwpovue T0 GUVOAO
T =8\ {1} = {x1, .00 b

To T éxer k atoxeia, omwéte éxer 28 vvosvvoda. Tdpa, kKAbe VITOGHVOAO Tov S Da TEQLEXEL I
dev Da TeQéxel 10 Xky1. Ta vITOGUVOAQ TOU S TTOU Bev TEQLEXOVV TO Xkt €lvol OKQPOS TA
vIToGYVoAa Tov T, SnAadh To TAnBog touc eivon 28, ATé tnv dAAn TTAEVEA, KAOe VITOGUVOAO
TOU § TTOU TEQLEXEL TO Xkt TTEOKVTTTEL ATTd KAITOL0 VITOGUVOAO Tou T ue Tnv TEOGHNKN Tou
Xk+1 (avtiotEoga, kdBe vmwogvvodo tov T TEOKUVITTEL ATTO KATTOLO UTTOGUVOAO TOu S TTOU
TEQLEXEL TO Xg41 UE TNV APALREGT TOV Xg41). AnAadn, To TANBOC TV VITOGUVOAWY TOL S TTOU
TLEQLEYOUV TO Xj41 €lval 2k (660 eivan Ta virosUvoda tov T). ‘Emtetar 6Tl T0 GUVOMKG TARO0C
TOV VITOGUVOA®V Tov S elvar
2k 4 ok = 9. 9k = ok+l,

AnAadn, n IT(k + 1) aAnBevet.
Yuvemog, n I1(n) ainbevel yia kdbe n € N,

1.1.2 Axépator agiBuoi - SrarpetédTnta

"Eotw a,b € Z. Adue 6TL 0 a Sratpel Tov b ko ypdouye a | b, av vtdeyel x € Z kaote b = ax.
Ye avtn thv TeQimttoon da Adue dtL o a elvan Saipétne Tov b 1 dTL o b elvan TToAAATAAGLO
TOU a. Xov Ttaeddeyua e@apuoyng tng apxis tov elayictov da Sdoouue avatnri osddeien
™ng «TavtédTntog tng dralpeonc».

Oedonua 1.1.4 (tavtétnta tng dwalpeons). ‘Eotw a € N kat b € Z. Tote, vardgyovv povasikol
q,r € Z &dote
b=ag+r kar 0<r<a.

«JTewuetpikn amrdodeién»: "Evag astAdg yewUueTEIKOS TEATTOS Yo VO GKEPTOUAGTE TNV TAUTOTNTA
ng dralpeong efval o €ERG: @avtogduaote wo evbeio TAvw GTnv oTrola €xouue CNUELDGEL UE
KOUKIBES TOUG akepalovus. Xnueldvouue Ue O GKOVRES KOUKISeS To TTOAAATTAAGLOL TOU a.
Awadoykés oroveg koukideg €xouv amdcTacn akepadg ton ye a. Tdote, va amd Ta §vo
ouuPaivet:

i) O oképarog b TEPTEL TTAV® GE KATTOLOL OTTO QUTES TIG GKOVQEES KOUKIDES, 0TdTE 0 b elvan

TLOAAOITTAGGLO TOV a kow ¥ = 0.

(it) O aképorog b Peioketal avdpeco ce 6V0 SLadoykés orovEeS KOUKIBES, SnAadn avdueco
oe 8o Sadoyikd TOAMATAAGLO TOU d, KOl N OJTOGTOCN 7' AVAUEGO GTOV b KOL TO UEYO-
AUTEQO TTOAMATIAGGLO TOU a TToU elval WKEGTEQO ATtd Tov b eivar évag FeTikGS akéQOLOg
JT0V Sev EeTepvdel Tov a — 1.

H avotnen amtédetgn wov Ja Sdoovue Tapokdto Pacitetor ge avti tnv Wéa: dewpovue To GHvoAo
S TV «aTToeTAGEOV» b — as Tov b agtd TS oroVEES KOUKIdES TTov Belokovtal apiatepd Tov. Efacga-

Mgouue GTL elvan un kevd, dpa éxer eddyiato atowyeio b — ag. H koukida ag eivar avti mov Beloketan
OUEGWE TTEWY AT Tov b, KAl n aTtdctacn r = b — aq TEémel va elval wkedTEEN ams a.
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Amodeién tov Oeswpripatogs 1.1.4. Amodeikviouue TTEOTA TNV VITOQEN aELOU®dV ¢, r € Z TToU IKOVOTIOLOVV
To gnrovpevo. Opltovue Z* = {m € Z : m > 0} kaw Jewpovue 10 GUVOAO

S={b-as:seZInZ*

TOV U 0QVITIKOV OKEQALMV TG LoeeNng b — as. Aev eivaw §UokoAo va dovue 6Tt To S elval un Kevo:
avhb>20,t0tceb—a-0€S. Avb<0, t6te b—ab=1-a)beZ".

A6 Tty apyi Touv ehaxictov to S €xel eAdyoto GToyelo, To oTtolo Guupoiitovue ue r. AT Tov
opowd touv § €xovue r = 0 ko vITAEYEL g € Z wote b —aq = r. Mével va Selfovue O6TL r < a. Ag
vrroBécovue 6L r = a. Tére,

b-—alg+l)=b-ag—a=r—-a =0,
dnAadn, b—a(g+1) € S. Ouwg b—a(qg+1) =r—a < r, To omolo elvaw 4ToTO APOV O r ITAV TO EAMdYLGTO
otoyelo tov S.
TéMog, agrodeikviouue T LovadikdTnta Twv g ko r. Ag vtofécovue 4Tt

b=aq +r =aqs+rs,
6Tov 0 < 1y, g < a. Xwelg TTeQLoeloUd Tng yevikoTntag viobétovue 6Tl 1 = 1y (0mdte ¢ < gg2). Tote,
rn—ry =alq2 — q.
Av q1 < g9, 10T a(gs — q1) = a evd 1 — ry < a ([EoGHEGTE KOTA wéAn T r; < a kaw —ry < 0. "Eyovue

avtipacn, dea ¢; = gz KO 11 = ra. ]

Xnueiwon. A 1o Bedpnua 1.1.4 kdbe axépalog b ypd@eTol LOVOGARUOVTO GTN WORON b = 2g+7r
yio kdgtowov g € Z ko kdgtowov r € {0,1}. Adue 611 0 b elvan dpTiog av r = 0. Av r = 1, 1éte
Aéue 6TL 0 b elvan TTeELTToC. TTopatnenate 4Tl oTroladnItote duvaun TEQLTTOV akeQaiov elivor
TEQLTTOS OKEQOLOG.

1.1.3 Pntol agiBuoi

To gvvoro Q Twv pnTdv aEifudv eivon to

Q:{T:mGZ,HEN}.

n

Buunbeite 4T

’

m z
— = — av ko uévo av mn’ = nn’,
n n

KOL OTL Ol TTRAEELS + KO - 0Q{TOVTAL WG EENG:

m + mp mny + nmn m mq mniy

no m nng n o on nng
TéAog,

m ny ,

— < — av ka wévo av mn —mng € N.

n n

Yuvibwg Yo xenolwoTtolovue Ta YeAUUATo p.g, F Yo @nToug alfpovg.
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Angua 1.1.5. Kdfe pntog apibuds q yedpetar e «avdywyn uor» q = 4, 6710U 0 uovadikog
PUGIKOGS TT0V Slalel T0Go Tov m 0G0 Kal Tov n gival o 1.

Amobeign. Oemwpovue 10 GUVOAO
ra a m
E(g) = {n e N: vmdeyer m € Z date g = —}.
n

To E(q) elvar un kevd vitoctivoro touv N (yrati g € Q), dpa €xer eldyioto Gtowyelo, ag to TTovue ny.

A6 tov opuoud tou E(g) vrtdoyer my € Z dote g = ’:li:

Ac vmtobéoouue d1L vITdxel PUGKOS d > 1 date d | my kaw d | ng. Téte, vmtdeyovv my € Z rau
n1 € N odcte mo = dmy vow ng = dnq > ny. Tote,

mo dm1 ny

no dn1 n ’

dnAadn n; € E(g). Auté etvor dtomo, SidT ny < ng. O

Ot Baotkég 181dTnTEG TOU 1KAVOTIOOVY N TIpdcheon kol 0 ToAAATIAGGLOcUWOS 6To Q elvon

ol akoAovbec.

(o) I&éTntes tng spocheong.
e IlpocetaugroTikdTNTA: Yoo KAOE p,q,r € Q woyver (p+q)+r=p+ (g +r).
o AvtipetafeTikoTnTo: yio kK40e p, g € Q woyver p+q=q + p.

o Ymdyer wovadiké atoyeio Touv Q, o 0, date, ya kdbe g € Q,

gq+0=0+g=gq.

e T kdGBe g € Q virdpyer wovadkd atoryeio tov Q, 0 —¢g, daTe
q+(=q)=(=q)+q=0.

Ague 611 1o Q ue tnv TEdEN Tng TEGGHeong elvarl avtwetabeTiki opdda. Adue 6TL 0 —¢q elvan
o avtifetoc tov q. H agaipeon oto Q opltetan uéow tng mEEGHecng kol Tov avtBéTou, agd
Ty

p—q=p+(-q9) (p.qeQ.

B) I6ioTtnTes ToU TOAAATTAQAGLAGUO.
o IlpocetauproTikdTnTo: Yoo kAbe p,q,r € Q woxver (pg)r = p(gr).
o AvtipetabeTikoTnTa: yio k4be p, g € Q woyvel pg = gp.

e Ymdpyxer uovadikd atoyeio Touv Q, o 1, date, ya kdbe g € Q,

q-1=1-9=¢q
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e Ta kdBe g € Q ue g # 0 vdpxer wovadiké croyeio Tov Q mov GuuPoligeton ue ¢,
oaTe
-1_ 1, -1
qq =9 q9=1
0 ¢! eivax 0 avricTpopoc Tov g # 0. H Siaipeon 1o Q opltetar uécm Tou TOAATAAGLOUGUOY
KOL TOU OVTIGTEOMOU, aTtd Tnv

§=pq‘1 (p,q€Q, g #0).

V) H emuepiotixi i6iétnta cuvdéel Ttov ToAlaTtAaclacud ue thy mteécbeon: yia kGbe p, g, r €
Q, éxouue
p(g+71) = pq+ pr.

O@wouog 1.1.6 (cdua). Oempovue éva wn kevd GUvolo X epodiacuévo ue dvo Tedgels @ kat ©. Aéyovtag
6Tl n @ elvor TEAEN 6TO X gvvoovue OTL Yo kABe Teuydol X,y GToelwv Tou X UTTAEYEL OKEPDS Eva
gtoyelo Tou T JTov GuuPoiiteTan ue x ® y ko Aéyetan «dbpotoua» Twv X,y. H TmedEn mouv Gtéivel To
tevydpr (x,y) 6To x @y Aéyetan «aredcbeon». Ouolwg, Aéyovtag 6Tt n O elval TTEALN GTo X evvooulue
6Tl v KGBe tevydpr x,y otorelwv Tou T vmdexer akEPOS éva groelo Tou X Tou GuUPoAlgETOL
ue x @y ko Aéyetol «ywouevo» towv x,y. H Tedgn mou gtélvel To Cevydel (x,y) GTo x © y Aéyetan
«TCOAAQITAQLGLOGULOG .

Av 10 X €xel touddyatov dvo atoxela 0 # 1 date or TEAEELS @ koL © va €xouv OAeg Tig WLdTNTES
Tov yedwaype TTapamdve yia to Q, tdte Adue dT n toudda (X, ®,0) elvar éva odua. Miopovue va
dwoovue Topddetyua couatos (X, ®,0) gto omoio to 0 kaw to 1 va efvor To uéva crtotxeio Touv X
détovue X = {0, 1} kaw opltovue TEHGOHeGN KO TTOAAATTAAGLOGUS GTo X d€TOVTag

00=0, 0®1=1, 190=1, 1®1=0

KOl
000=0, 001=0, 160=0, 1601=1.

EAévete 611 ue autég i medgels to {0, 1} wavottolel dAeg TG BLOTNTESC TOU GOUATOC.

H toddo (Q,+,-), ue mig @uololoykég mpdgels mpdcheong kol TTOAAAITTAQCLOGWOY, (vl TUTTKG
Taeddetyua oouatog. Ta cUivola N kot Z Tov @UOIKOV KoL TV aKEQAI®V (LE TIC YVOOTES TTRAELELS)
dev kavomolovv OAeg T W8idtntee Tov cwuatos: oto N dev oplgetar o aviibetog Tov n (emiong,
cuupovicoue 6t 0 ¢ N) ko gto Z Sev opigetar o avtioteo@og touv m # 0 (ektds edv m =11 m = —1).

Ag dovue Alyo 110 TTEOCEKTIKG Tn didtagn oto Q. Autd To oTolo Taitel onuavtiké EéAo
efvan 6L €xovue éva GUVOAO deTikdv GTolyeiwy, TO GUVOAO

Qt := {@ :m,neN},

n

T0 GUVOAO TV ENT®OV m/n Tov TGO 0 aAEIOUNTHG TOUg M OGO KOL O JTAQROVOUAGTHG TOUG N
elvar uakol apBuol. To QF éxel Tig €ng 186 TNTEG:

e T kdGBe g € Q woyver akEPHOS €vo aTtd Ta. akGAoLOL:

q€Q+a q:O’ _q€Q+'
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e Av p,qe Q" t6te p+qeQF kaw pg e QF.

To cgvvoro QF oplter tn didtagn oto Q wg efng: Adue 6T p < g (lGodVvaua, g > p) aAv Kal
uévo ov g — p € Q*. Tpdpovtag p < g (oodvvaua, g > p) evvoolue: eite p < g i p = q. AT6
16 Widtnteg Tov QF émmovran ov Packés WidTnTeg Thg StdTagng:

e T kGBe p, g € Q woyvel okEPOS €va 0Ttd Ta akGAoLOL:
P <gq, p=949, p=>gq.

e Av p<grog<r, 10te p<r.
e Av p < g TtéTe Yo KGBe r woyVeL p+r < g+ 1.
o Av p < g ra r >0, 161E pr < qr.

Ootoude 1.1.7 Bratetayuévo ocoua). Tevikdtepa, éva coua (Z,d,O) Aéyetar SLaTeTayuévo av vItdeyel
éva VTOGUVOA0 O Tou Z, TToU AEYETAL TO GUVOAO TV JETIKOV GTOLYEIWY TOV X, OGTE:

e T kdBe x € T woyvel akEPOS éva attd to akdAovOa:

xe®, x=0, —-xe0.

e Avx,ye® 101e x®ye @ rar xOy € O.
To guvoAo O oplgel wa Sidtagn 6To GOua X ws €Enc: Aéue OTL x <y (lodvvaua, y > x) av Kol Lovo av
y6 x € 0. Tpdpovtag x < y (lcodvaua, y = x) evvoolue: eite x <y N x =y. A6 Tov 0QLouo,

x€® av ko uévo av x> 0.

A6 16 18idTnTEG Tou O £ovTon oL €ENG WidTnTEG TG Srdtagng <:

e TNa kdBe x,y € X 1oxvel akEPOS €va amd Ta akéilovba:

X<y, x=y, x>

o Av x<yra y <z, 10Te X < Z.

e Av x <y TOTe Yo KGBe z woxveL x Dz <y Dz

e Avx<yramz>0,101e xO7<y0Oz.

e 1>0.
H amddelen autdv Tov IoXUELGUOV AE@AVETOL GOV AGKNGN YO TOV OVOYVOGTN.
Avasrapdatacn Twv entov apifudv ctny evfeia. H 18¢a étL ot apibuol pirogovv va dewpnboivv
GOV «QITOGTAGELS» odnyel GE W GUGLOAOYLKN avTiaTolylon Toug ue to. onuelo wog gvbelag.
Oeweovye TuYoUGa gvbelo kol eTmAéyouue owbalpeta €va onuelo tng, To omoio ovoudgouvue

0, kar éva devtepo onuelo degid tov 0, To oTolo ovoudgovue 1. To onuelo 0 Taiger To
EOA0 TNG OPXNGC TNGC «UETENONG ATTOGTAGEMV» VA N attdgTacn Tov cnueiov 1 agd to cnuelo
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0 TT0Gdl0pIteL Tn «povdda uétenong agtoctdoewvs. Ot aképarol aeuol LIToEovv THE. Vo
TomwofetnBovv TTdve atnv evbeio kAT TTEOEAVA TEATTO.

Mitopovue emiong vo tomobetigovue gtnv gubeio dAoug Toug pntouvg apbuovs. Ag de-
WEAGOLUE, XWEIS TTEQLOELOWS TNG YEVIKATNTAG, évav JeTikd entd aQud g. Avtéc yedgeton
otn woeen g = 7, émwov m,n € N. Av tomobeticouue Tov % otnv gvbelal TOTE WIToEovUE va
KkAvouue To (8lo kot yia Tov g. Autd yivetal we egng: Jewpovue Sevtepn evbeia TTOUL TTEQVAEL
amd 1o 0 kol TTAve Tng Jalpvouue 1 (oo Stadoxkd evBiypauuno tunuata ue drea 1,...,n',
gekvavtog atd to 0. Bewpovue tnv evbela ToU evadvel To 1’ ue To 1 Tng TEMOTNG gvbeiag KL
@éevouue TTAQdAANAN TTEo¢ auTiv amd to onuelo 1. Auti téuvel to evBdypouuo tunya 01 tng
TEWTNG evbelag Gto onueio % (KOVAVAGC TV AVOAOYLOV yia dpota Telywva).

EiSaue Aowrdv 6Tt kdbe enidg abuds aviiotoxel oe kdirolo onueio tng evbeiog. To
Swatetayuévo ooua Q da ntov éva emaprés cuoTnua aEBudv av, aviictpoea, kdbe cnuelo
ng gvbelag aviiatoryovoe 6e KATTO0V ENTO aEUs. AuTto dumg Sev oyvel. ATtd To ITubaydeelo
Oednua, n vIroteivouca evis 0phoymviov TELYOVOU ue kABeTeS TTACVEES Wikoug 1 €xel UNKOG
X TTOV KAvoTTolEl TNV

F=1r+12=2
Av kdBe unkog uirogovae va uetendel ye entd abud, téte To unkog x da €IeTte Vo avTl-
gtolxel oe kATTOlOV QENITO g.

Ocionua 1.1.8. Asv vrrdpyer g € Q dote ¢° = 2.

AmédeiEn. YmoBétovue 611 vItdoyel ¢ € Q hoTe g% = 2. AVTIKAOIGTOVTAG, OV XOEWGTEL, TOV g
ue Tov —¢, wirtopovue va vitobécouue 6Tl g > 0. Tdte, 0 g ypdeeTon GTn WoEEN g = m/n, 6ITOV
m,n € N kol 0 povadikds @uokds apliudg movu elval kowog Stouétng twv m kal n elvan o 1.
A6 v ¢ = 2 cuumepaivovue 6Tl m? = 2n?, dpa o m eivor GETIOG (TO TETEAYWVO TEQLTTOY
elvan TeEUTTog). AuTté anuaivel 6t m = 2k yio kdatolov k € N. Téte n? = 2k%, doa o n eivon ki
oUTOS GETLOC. AuTd elvor dtoTro: 0 2 glval KOOGS SLOEETNG TWV M KOL N. O

Yadeyouv Aomtdv «pikn» o Sev uetprovvial pe entoug apbuois. Av 9éhouue évo cvoTn-
1o aELOU®V To 0TTol0 va, eTTOEKEL YL TN UETENGN OTTOLOGONITOTE ATTOGTACNS TTAvK GTnv gvbeia,
TdTe TEETTEL VO «eTTEKTEIVOUUE» TO GUVOAO T®V QNTOV OQLOUL®V.

1.1.4 H agyn tng minotnrtog

AT6 Tn GTIYUN TTOU GE €val SLATETOYUEVO GO0 X £Xouue 0QLOUEVN Tn SLATAEn <, WITOQOUVUE VO
WAGUE yloL VITOGUVOAQ TOU X TTOU elval Avw 1 KATO @EOAYyUEVAL.

Opouds 1.1.9 (Gve @edyua). "Eotw X éva Siatetoyuévo aoua. ‘Eva un kevd vitocuvolo A
ToU X Adyetan

o dvw @eayuévo, av vTtdEyel @ € X ue tnv idiidtnto: x < @ yio kdfe x € A.

® KATW QEAYUEVO, OV VITARXEL @ € X Ue Tnv WdTnTa: X > @ Yo kKdbe x € A.
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e @payuévo, av gival dve Kol KAT0 @RoyUEvo.

Kdbe a € T qou wkavorrolel Tov Tapasidve oploud Adyetal dvew @edyuo (avtiotord, KATw
@Edayua) tou A.

IMagatngnon 1.1.10. 'Ectw & # A C X vt €0Tw @ €éva dve @edyua tou A, dndadn x < @
yia kdBe x € A. KdBe gtorelo a; tov T mou eival peyoAtepo n {Go tov @ elvar emiong dvom
@edyuo Touv A: av x € A 161 x < a < 1. Tedelwg avdioya, av I # A C X kol av a elivor
éva, kAT eedyua Tou A, Téte KABe GTorxeio @ Tov X TTov elvan wikEAGTEQO N {Go Tov @ elvon

erriong kATw @EAyua Tou A.

Ogtoudg 1.1.11 (eAdoto dve @edyua). (@) ‘Eoto A éva un kevd dve @eayuévo vItoGUVOAO
TOV SlaTeTayUEVoU oipatos X. Adue OTL To a € X elvan eAdyloTo dvw @edyua Tou A av

e 10 a glvar dve @Edyuo Tou A kal

e av @ elvanr dAAO Gvw @Edyua tov A ToTE @ < .

B) "Eotw A éva un kevé KATo @Eayuévo VIToGUVOAO TOU SLOTETAYUEVOU GOUATOS X. Afue GTL
T0 @ € X elvan uéyloto kKdtw @edyua touv A av

e 10 @ glval KAT® @EAYUL Tou A KoL
e av @ elvan dAAO kKATw EEAywo Tov A TéTE @ > .

Hagatnenon 1.1.12. To eAdyiaTo dvw @edyua tov A (av vitdexel) elvow wovadikd. Amé tov
oQLoUod elvarl @oavepd 6Tl av a,a; elvar §vo eAdyloTa dve @Edyuata Tov A Téte @ < @1 Kol

a1 < @, Snhadn a = a;. Ouyolwg, To WEyLGTO KATH @Edyua Tov A (av vITdyel) elvor Lovadika.

Y1nv mep{mTmon Tov VITAEYoVY, da GuuBoAitovue To eAdxIGTO dve @EAyYUa Tou A e sup A
(to supremum Tov A) KOl TO UEYLGTO KAT® @edyua Tov A ue infA (to infinum tov A). Ta
inf A, sup A witopel va, OVAKOUV 1 v Unv OVAKOUV GTO GUVOAO A.

Opwoudes 1.1.13 (apyn tng wAnpdtntag). Adue ot éva dateTayuévo G X kavostolel tnv
apxn Tng TANEOTNTAC AV

Kd0fe un kevo kor Gvw @oyuévo vItocUvolo A Tou X €xel eAdoTo dve @edyua
a € 2.

"Eva Siatetayuévo aopa X mov kavoTtolel tTnv aQyi tng stAnotntoag Aéyeton wAnpws State-

TAYUEVO GaUa.

H emduevn mpdtaon deiyver 61 1o (Q, +,-, <), ue Tig cuvAbels TEdEelg Kol Tn cuvAbn

Sudtagn, dev ikavorrolel Tnv o)A TG TANEGTTAG.

Ieétacn 1.1.14. To Q Sev givar TANPWS SLATETAYUEVO CAOUA: VITAPXEL UN KEVO AV QEAYUEVO
vrroguvolo A tov Q To ogroio Sev €xel eAdyloTo dvw PEdyua.
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Amobeién. Osmpovue T0 GUVOAO
A={xeQ: x>0 ko x> < 2.

[apatneodue TE®TO OTL To A gival un kevé: éxovue 1 € A Grém 1 > 0 kow 12 = 1 < 2).
XQNGWOTIOIHOVTAG TO YEYOVSS OTL av X, y eival detikol pntol Téte X < y av Kol wévo av x? < y?
éyouue TNV €ENG:

Hapathpnon: av yio, kdaowov 9etikd entd y woxver y* > 2 1é1e 0 y elval dve
@edyuo Tou A.

"Emteton 6L 10 A glvar dve @eayuévo: yia Ttapddeyua, o 2 elvon dve @edyua touv A Aot
2>0 Kk 22 =4>2

YmoBétovpe 6L To A €xel eMdyloTo v @Edyua, £otw a € Q, kou Yo kataAnfovue ce
dtoro. A@ov dev uTTdEYEL ENTOS TTOU TO TETEAYWVO TOU VO IGOUTOL UE 2, AVAYKAGTIKG do
woyvel wio amé g a® > 2 h a® < 2
(i) YwoBétouue 6T a® > 2. Oa Ppovue 0 < & < a HGote (a — )% > 2. Téte Yo éyovue a —& < a
KOL 076 TNy TTaQatienon, o a — & da eivol dvw @edyua tov A, dtoTo.

Egtidoyn tov &: Zntdye 0 < € < a kal
(a—s)2 =a’-2as+&° > 2.

Aot &2 > 0, apkel va gfagpalicovue tnv @ — 2as > 2, n omoia eival 1Godvvaun ue Ty

a’ -2
2a

e

7 7z 2— z 7 7 z z z
[Mapatnencte 6Tl o “2a2 elvanr Yetikdg pntog apbudg. Av Aowmtdv emAéEouye

1 . a-2
E = —min<a, N
2 2a

1éTe €x0uue Poel ENT6 & Tou KavoTtolel Tig 0 < £ < a ko (a — )% > 2.

(ii) YwoBétouue 61 a? < 2. Oa, Bpovue pntd £ > 0 Bote (a + €)% < 2. Téte Ya éxovue a+ &> a
KOL @ + € € A, dToTto AoV 0 a eivol dvw @Edyua Tou A.

Eguidoyn tov &: Zntdue € > 0 kou
(a+$)2 =a’+2ae+¢& <2.
Oa emiAéeouue € < 1 omdte Ya 1oyveL
a’ + 2ae + & < a2+2as+s:a2+s(2a+1),

2

S16mL &2 < &. Apkel AowTtév va egacpaicovue Ty a® + £(2a + 1) < 2, n omoia eivon 1Godvvaun
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ue Tnv
2 — a2
2a+1

e

2-a®
2a+1

IMopatnencte 4Tl 0 elvan deTikdc pntdg apBudc. Av AotTtdv eTAéLouue

Tdte €xovue Poel pntd € > 0 Tov wkavottolel tnv (a + £)? < 2.

YrroBétovtag 611 To A €xel eMdyloTo dve @edyua Tov a € Q amoxkAeicaue Tig a® < 2, a® = 2
kar a® > 2. Emouévag, To A Sev éxel eddyioto dve @edyua (6To Q).

Hopatnenate 6Tt To «eAdXLoTO dve @EAYLO» Tov GUVOAoL A Gtnv amddeign tng Ilpdtacng
1.1.14 elvon akeipws to cnueio tng evbelag to oroio Ja avTiGTOLKOVGE GTO WAKOG TNG UTTOTE-
tvoucag tov opboywviov TEYOVOU ue kdbBetes TAsvEES (oeg we 1 (To omolo «Aglmrel» aTtd TO

Q.

1.2 TIIgayuatikoi a@iBuol - n aQyn tng wiAnpotntag
‘OAn n dovAeld mov Ja kdvovue e avtd To pudbnpa Bacicetar 6To e€ng dedpnuo emékTaong.

Oedonua 1.2.1. To Satetayuévo coua (Q, +, -, <) emekteivetal e éva TANPWS SLATETAYUEVO
goua (R, +, -, <).

To @edpnua 1.2.1 eivor TTOAY onpaviikd: wag €£00@aAiter 6Tl vITdEXel éva TANEKS Sla-
tetayuévo couo (R, +,-, <) To omolo mepLéyel Toug ENTOVS (GUVETTMOS KOL TOUS OKEQRAIOVS KoL
Toug @UGIkoVS). To R elvar To gUvolo Twv TTEayuatikey apibuwv. Ol Tedgels + kot - 6To R
egrerTelvouv TIC avTioTolKeS TTEALeEs aTo @, wavoTolovv Ta agidpata tng Teocbeong, ta o-
£LOUOTO TOU TTOAOTIAOGLOGUOU Ko Thv eTTLeQloTiki Widtnto. H Sidtatn < oto R emekteiver
Tnv Sidtagn oto Q kaw wkavostolel Ta agiduata tne didtagng. EmmAéov, ato R woxvel n agyr
NG ITANPOTNTAG.

Ayt TnG TTANQEOTNTAC YO TOUG TTEAYUATIKOUCS aQlBuoVs. Kdbe un kevo, dvw @Eayugvo
vroguvoldo A tov R Eyel eddyiaTo dvw pedyua a € R.

Ymdeyouv meQLeadTeQOL OTtd €vag TEATIOL e TOVS 0TTOTOVES UITOROVUE VO KATAGKEVAGOUUE
wo tétowa emtéktacn. Iepypdpouue ed® ev guvtoula tnv katackevn tov Dedekind, n omoio
Bacitetar otig Aeydueves Toués. Mo KOAR oy yio va Jteplyedpouvue avti tnv W8éa elvar vo
avtigtoyloovue oe kdBe pnté g € Q To gvvoro

a,={peQ:p<qg

TV ENTAOV Tov elval wkedTeEoL arrd Tov ¢g. Iapatnenacte étl o g TEoGSLoEiteTol TANEMS ATTO
TO GUVOAO a4 Uue Tnv €Eng £vvola:
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Av q1,q2 € Q kKau q1 # q2 TOTE g # Qy,.

ITedyuatt, xwELlc TEQLOELGUS TNGS YEVIKGTNTAS UItoovie va vItoBécouue 0Tl g1 < gz. T'vwplitovue

q1tq2
2

0QLGUS TWV GUVOAWV @y, KO (g, €XOVUE

6Tl VITAEXeL ENTOS ¥, TY. O F = , 0 omoilog kavoTtolel T g1 < r < go. Téte, amd Tov

reag, OMA 1¢ay,

agt’ 6TTov £TETal OTL @y, # @y, (Ylo Thv akQifela, 6e awTth Ty Teplmtmon €xovue OTL TO ay,
elvaw YvAGLO VTTOGUVOAO TOV @y, — EAEYETE TO).

H SwoucOntikin 8o tov Dedekind elvon 611 av dewpricovue €va conuelo tng evbelag to
ogroio dev avtiotoryel e EnTd aEWBud TOTE uroovue vo opicovue KATIO0 GUVOAO ENTOV TO
ottolo TTEOoGdLoEitel owTd To onuelo. Tavtdypova, To cvvodo avtd Jo elvor dve @EayuEvo
VTToGUVOAO Tov Q aAAG Bev Da €xer eAdyoto dvw @edyua ato Q.

"Eva topddetyua wog Sivel to onuelo M to oItoio ovtiaTolyel 6To WAKOS TnG VIToTE{VOUGaS
opBoywviov TEy®vou ue kGBeTeg TAsVEES unkovs 1. Av dewprncouue to GUVoAo

a={peQ:p<OU{peQ:p>0xrmp<2},

161e T0 @ €lval TO GUVOAD GAWV TV ENTWV TIOU «PEIoKOVTOL aQLoTeQd» amd To cnueio M,
oto omoi{o YéAhovue va aviigToyicouvye kdiotov (Gl entd) apBud. Tovtdypova, n Ipdtacn
1.1.14 Selyver 6L TOo @ eival dvew @Eayuévo vitogivolo Touv Q ko dev €xer eAdyloTto dvm
eedyua ato Q. Oa uirogovgaue AoWTGv va 0plGouue V2 auté ake®S To GUVOAO KAl VO, TOU
avtigtoryicovpye To onueto M.

Me avti Tn Aoywni, kdBe gUvoAo eIV aVToV TOu TUITTOU TTEOGSL0QIcEL €va gnuelo Tng
evbelag. Kar €tor Ja ugropovcav va srpocdiogiatovv Ao ta cnuela tng gvbelag - atn de
TepimTwon wov kdITolo onuelo avtiotolyel oe kAITOOV ENTS ¢, OVTG TO GUvoAo dev elvon
dAAo aTtd to @4 To TEéPAnua elvar 6L Ta onueio Sev avtiGTorovv akduo 6Aa ce apiuovs
KoL £X0VTOS WGVo Toug Entovg atn Sidfeon puag dev ustogovue vo dewprnoouye 10 GUVOAO TV
ENTAV OV elval WIKEAOTEQOL OTTO KATL TTOU Sev éxouue oplGEL.

AlaigOnTikd, ol BaCIKES WIOTRTES TTOV €YEL «TO GUVOAO @@ TV QNTOV TTOV PEICKOVTOL QL
oTeRd aTto €va onueio M» elvar oL €ERG:

o a# Jka az Q.

o Av p € a 16Te VIIAQEYEL I > p TETOLOG WGTE r € @ (TO @ dev €yel uéylgto GToLKElo).
e AyvpeEarmr<pIotereEa.

e Avpearmré¢atdte p<r.

e Avré¢ a kol s>r t01e 5 € a.

EAéyete 6L kdOe @y €xer OAeg avTég Tig WidTnTeg. Mo kaAn doknon elvou eTtiong va eAéygete
Tl av kAo VITOGVYVOAD Tou QQ €xel TiC TEELS TTEATES ATTO TIC TTARATIAV® WLdTNTES TOTE €XEL
OVOYKAGTIKA KOl TS TeAdevTaleg dvo.
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O Dedekind deddpnoe Aowmtdv tnv kAdon 6Awv Twv vITOcuvoAwv tou Q ta otroia €xouv
avtég g Widtnteg. Avduecd Ttoug elvou 6Aa To GUvoAa a4, g € Q, Ta omolo Pelokovtol
oe €va TEOG éva ovTIoTOLla Ue TOUS YVWGTOUS Hag EnTovs. YTIdeyouv Guws KL dAAQ TéTolo
GUVOAQ, OTTHC TO @ TOV TTORASEIYLATOS Hag, Ta oTtolo (eAstitovue 6T1) Ya TEOGSiopicouv dAa
To VTITOAOLTIO «Ghyela Tng evbelag».

Opouds 1.2.2 (touég Dedekind). "Eva vitoovvodo a tov Q Aéyeton Tourn av tkavotolel To
€ENG:

e a3, a+Q.

Avpea, reQrur<p, 16t r € a.
e Av p € @, vtdQxeL r € @ OGTE p < r.

H 7tpitn w8idtnta wag Ader 6tL wa toun @ Sev €xer uéyigto grotyeio. H Sevtepn €xer tic
€ENG dueceg oguvéTteleg TTov da @avouv YENGLUEG:

e Avpeaxmré¢a, tdte p<r.

e Avré¢ arowr<s, 10Te S ¢ «.

Znueioon. Xe OAn QUVTA TRV TTOEAYQEOPO YENGLLOTIOOUUE Ta eAANVIKA YOAWLOTO @, 5,y yid
TOUES (ZUEANOVTIKOUGS TTRAYULOTIKOUGS alOovs) Kot Ta AQTWIKA p, g, T, § Y0, @nToUS 0LBuovg.

Optoudg 1.2.3 (mpayuatikol agBuol). Opitovue R = {a € Q : to @ elvar Toun}. Avté da elvar
TEMKA TO GUVOAO TV TTRAYULATIKOV aELOLMV.

Ipémel TEO va opicovue TTEdEeES kal Sidtagn ot givoro R ue tétolov Tpdmo wate (o)
70 R va yiver mMipwg dtatetayuévo oopa kat (B) to R va emektelvel ue @UGLOAOYIKG TEOTTO
7o SwateTayuévo oadua Q.

Ipohta opitovue tn didtagn gto R. Av @, elvon 8o touég, tdte opitovue Gtu:

a < f & 10 a elvon yviGlo vITOGUVOAO Tov fS.

Acoknon. Amodeigte OtL av @, elvar Toués, TOTE WoYveEl akIPOS wia amd s a < B, a = S,
B<a.

Elvor 7ToAU GnpovTikd vo TTapatnerneouye OTL, ue auTtév Tov oQloud tng Sidtagng, arodel-
kvoetan dueca 6Tt To (R, <) kavoTtolel To agflwua tng wAnpdtnTog. AnAadn:

Av A givar un kevo viroguvodo tov R kat vitdpyet touni B € R wate a < B yia kdbe
a € A, T0Te T0 A €yel eddyioTo Avw PEAYUA.

Amobeign. Opltovue v tnv évwon GAwv Twv GTotelov Tou A. AnAadn,

y={geQ:da €A ue qgcal.
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®a Selgovue 6TL vy = sup A.
(@) To y elvan Toun: IlpdTov, ¥y # &: apol A # &, vidoxel @g € A. ApoV @y # I, vITAXEL
q € agy. Téte, g € y. Tpémel emiong va delfouye dtL vy # Q: Yrdoyer g€ Que g ¢ B. Av a € A,
161 @ < B, dpa g ¢ @. Emouévag, g ¢ Ula : a € A} dnhadn g ¢ y. Emtouévmg, To y kavosrotel
TNV TTEOTN GUVOAKN TOU OQLGULOY TNG TOWUNG.

To tn 8evtepn, é0tw p € ¥y kat g € Q ue g < p. Ymdoyer @ € A ue p € @ ko g < p, deo
q € a. Apov a C vy, émmetan OTL g € .

T tnv teltn, €0t p € y. YTdoyer @ € A ue p € . A@ov 1o a elvar toun, vVITdXEL g € @
ue p <q. Téte, g € y kaw p < gq.
®) To y eivar Gvw @Edyua tov A: Av @ € A, 1é1e @ C ¥y dnhadn a < vy.

() To y elvaw 10 eAdyioTo dvw @edyua tov A: "Eagtw Bi € R dve @edyua tov A. Tote 1 2 «
ylo kGBe @ € A, dSnAadn B 2 @ yla kdBe a € A, dSnAadn

ﬁlQU{a:aeA}=7,

SnAadn B = v. O

Ytn guvéyelo opitovue Tic mEdgels gto R. Aev da usovue GTIC TeXVIKES AETITOUEQELES, AG VO
@épouue duUwS Ta Pactkd Brgota:

(i) Opltovue wo TEAEN + (TTEécBecn) ato R wg €gng: av a,B € R, 1éte
a+f={p+q:pca,qepl

(i) Aelyvouue 6Tl T0 @ + B elvon Toun, kow eVkoA ertainBevovue dtt a+ B =B+a v a+ (B+7y) =
(@ +pB) +v vy kdBe @,B,y € R.

(@iii) Opfgovue 0* = {g € Q : g < 0} kaw delyvouvue 6Tt To 0* € R ko elvar To oVSETERO GTOLKE(D TNG
mpdcleong: @ + 0* = 0% + @ = @ vy kGbe @ € R.

(iv) Av @ € R, 10 —a opitetar 0¢ g
—a={geQ: vwhoyer r€Q, r>0ue —g-r¢al.

Aelete 6TL —@ € R kot @ + (—a) = (—a@) + @ = 0.
"Emeton 6Tt n 7edEn + oto R kavototel ta aguduata tng mwedabeong.

(v) To gvvoro O twv Jetikaddv gTolyeiwv Tou R oplteTan TwEA Ue GUGLOAOYIKS TEATTO:
reE® 0" <a.

EAéyete 6L av a € R, tdte woyvel akpipag uia amd g @ € O, @ = 0%, —a € O.

(vi) Opltovue wo TEAELN TOAAATTAAGLAGULOY, TTEAOTA Yid @, € @: Av a > 0" ko B8 > 0%, dérouue
af={qeQ: vndpxovv rea,seB,r>0,5s >0 ue g < rs}.

(vit) Aelyvouue 611 To af elvar toun kol af = Ba, a(By) = (af)y av a,B,y € O.
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(viii) Oplgovue 1" = {g € Q : g < 1}. Té1e, al” = "' = @ ya k4Be a € O.

(ix) Av @ € O, o avticTeoeog ! Tou @ oplteTan aTd THV:

al={geQ:¢g<0ng>0rum vidoyer r € Q,r > 1 ue (gr)" ¢ a}.

Agitte 611 @l € O kou ! = a7 la = 17,

(x) OAokAnpwvouue Tov 0QLGUSO TOV TTOAAATTAAGLAGLOY J€TovTag

aB = (—a)(-B), av a,B < 0"
af = —[(-a)B], av a < 0*,8> 0"
af = —[a(-p)], av a > 0",8 < 07,

KOl
a0* =0"a =0".
Mitopovue T vo dovue GTL IKAVOTTOLOUVTOL OAC TO OELOUOTO TOU TTOAAATTAAGLAGUOV, KOOMS
KOL N ETUEQLGTIKN 18LOTNTA TOV TTOAAATTAAGLOGUOY WG TTEOS TNV TTEEGOeoN.
Yuvoypitovtag:
«To R ue Bdon tnv mwoamdve kotackevn elval évo TAREWS SLaTeTAYUEVO GOU.»

Méver va dovue ue mowd évvora to R egrexteiver 1o Q. Ta kdBe g € Q opltovue ¢* ={re Q: r < g}.
Kdbe g eivar toun, dSndadn g* € R. Evkoda delyvouue ot

e av p,g€Q, tote p*+q" = (p+9q)*.

* av p,q €Q, 6te p'q" = (pg)".

e av p,g €Q, téte p* < g" av kar uévo av p < q.

Yuvemtdg, n amewdovion I 1 Q —» R ue I(g) = ¢° Swtngel Tic TEdLes tng TEAGOeoNg Kol TOU

TIOAOTIAOGLOGHOV, KaB®S kow Tn Sidtagn. Mitogovue Aotmrdv va BAéttovpe to Q cav éva Siatetayuévo
vocdua Touv R uéow tng tavtiong Q «— Q* (bmrov Q* = {¢* : g € Q} Cc R).

Hoeatiignon 1.2.4. EiSaue yla RKOTAGKEVA TOV TEOYULATIKOV oQBudv. Oa pitogovce €8¢ va
ovnouynoel kovels: av vItdyel KL dAAAN, TELGTIKA AAAL 0VGLWONS SLAPORETIKA, ETTEKTAGN TOU
Q o éva mAMpwe SateTayuévo oopa, téte Ja urtogovcaue vo wAdue yia §Vo Sla@oeTika
R ko, mBavdétata, §Vo Stapopetikols ATelpoctikoVs Aoyiouovs. Mitopel duwg kavels va
delgel 0Tl LTAEYEL «UOVo €var TANEWS SlateTayuévo copo (N eméktacn Uitopel va yiver ue
évav ovalacTikd TEOTT0). Avo TTAME®S Siatetayuéva couata eivarl tgopopea. Emouévog,
otroladnItote dAAn kotookevn Tov R (kow vITAE)XOUV TéToleS) odnyel GTo (Slo aITOTEAEGUAL.

Toea, YENGWOTOLOVTOS TNV aQXR TNG TTAnNQAOTNTAC, witopovue vo detéovue 4Tl n e&lcwon
x% = 2 éyeL MHon GTO GHVOAO TOV TLOYUATIKAV CLOUOULDV.

Ieotaon 1.2.5. Ymdpyel yovadikos detikoc x € R date X2 =2.
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Amobeién. Oewpovye T0 GUVOAO
A={xeR: x>0xrmx’<2.

[apatneodue TE®TO 6Tl To A eival un kevé: éxovue 1 € A Grém 1 > 0 kaw 12 = 1 < 2).
XQNoWoToldvTos To Yeyovog 0Tl av x,y elvarl detikol rpayuatikol apiuol tote x <y av Kol
uévo av x% < y? éyovue tnv €Eng:

Iaotignon: av ylo KAImolov JeTikd Teayuatikd y oxvel y? > 2 1éte o y eivon

dve @Edyua Tou A.

"Emteton 611 10 A elvar dve @eayuévo: yia Ttapddeyua, o 2 elvon dve @edyua tov A agpov
2>0km 22=4>2.

A6 v agyit tng TtAnedtntog, to A €xel eAdyloTo dve @edyua, £€0Tw a € R. TIpo@oavdg,
a > 0. Oa delsovue 6T a? = 2 amokAelovtag Tic a® > 2 kow a? < 2 :
(i) YmoBétovue 6L a® > 2. Me To emyeipnua tng amédeieng tng Hpdtaong 1.1.14 Bpickouvue
0<e<aoto R oote (a— 8)2 > 2. Téte, a— e < a var amwd tnv [Hapatignon, o a — € elval dvw
@Edyua Tov A, dtoTro.
(i) YmoBétouue ot a® < 2. Me 10 emyeionua tng amddeieng tng Ilpdtacng 1.1.14 Beickovue
£> 0 o10 R date (a+&)? < 2. Téte, a+& > a ka a+e € A, GToTwo apov o a eival v eedyua

T0U A.

AvaykacTikd, a = 2. H yovadikétnta eivar oItAi: 3enGWOTOIGTE To YeEYoveg OTL av X, y elvon
9eTikol TTEAYULOTIKOL 0wl TéTE X = y av Kot uévo av x% = y2. O

Opwouds 1.2.6 (Gdopntor agbuol). H TTpdtaon 1.2.5 Seiyver 6t virdpxer x € R, x > 0 dote
x? = 2. Amé 10 Oecdonua 1.1.8, o x Sev elvon enrég apBuds. TuVETI®S, VITAEXOUV TTEAYUATIKOL
opwBuol ot omolot Sev elvar pntoi. Autol ovoudtoviaw dpentot. To cuUvoro R\ Q eivor to
GUVOAO TWV 0QEHTWV.

1.3 TIQ®TES GUVETIELES TNG AEYNGS TNG TANQEOTNTAS

Y& aUTA TNV TTOEAYQEAPO, XENCLWOTIOLWVTAS To oflwua Tng TAnedtntoag, da agrobdeifovue
KATTOLES PAGIKES WBLOTNTES TOU GUVOAOU TWV TTEAYUOTIKAOV aQBUdV. Eekivdue amd tnv UTTaQEn
UEYLGTOU KAT® PEAYULATOS Yo KAOe un kevo, KATw @ayuévo vrogivodo tou R.

Ieotaon 1.3.1. Kdfe un kevo kdtw @eayugvo vitocuvolo A tov R el uéyioro kdtw @edyua.

Amodeign. ‘'Ectm A un kevo kdtw @eayuévo vtogivodo tou R. Oswovue to govoro B = {—x :
x € A}. IToagatneovue TTEOTO 6TL To B elvar un kevo: vTtdeyel x € A kow 16te —x € B. Emiong,
T0 B dvw @oyuévo: to A elvor KAT®m @eayuévo kol av dewprnoouue Tuxdv kAT @Edyua  Touv A
ugtopovue €VKOAA va. eEAEyEouue OTL 0 —t elvol dvw @EAYUO TOL B (EENYNGTE TIC AETTTOUEQELEG).
A6 10 afiowua tng TANEOTRTAS VITGEXEL TO eAdYLOTO dve @Edyua s = sup B tov B. ‘OTtwg
TEW, ooV 0 s elval dvw @EAyua Tou B, ustopovue evkoAa va deffovue Tl 0 —s elval KAT®
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@edyua tov A. Av y > —s, 101e —y < 5. AoV s = sup B, vitdoyel b € B tétolo date —y < b.
Téte, —b € A var —b < y. Andadn, o —s elval KATO EEAYLO Tov A KoL av y > —s TOTE 0 ¥ Sev
efvar kATw EEdyua Ttouv A. ‘Emetor 611 —s = inf A. O

H emduevn mpdtacn Siver €vav TTOAD XENGLUO «E-YOQOKTNELGUO» TOU supremum evdég un
KEVOU AV @EOYUEVOU VTTOGUVOAOU Tou R.

Ieotaon 1.3.2. 'EGtw A un kevo dvw @eayuévo vitocivolo tov R kat étw a € R. Tote,
a = SupA av kal uévo av 1gyvovv ta e&rig:
(o) To a eivar dvw pedyua Tov A,

®) Ia kabe € > 0 vrrdpyel x € A OOTE X > @ — €.

Amobeién. YmoB€tovue mEodTA OTL @ = sup A. ATté TOV 0QIGUS TOU supremum, KavoTtolelTol
70 (o). T to B), éo0tw & > 0. Av yio kdbe x € A {oyve n x < @ — &, 16Te 10 @ — € Ja nTav
ave @edyua Tou A. AT Tov 0pLeud Tou supremum da £TEeTE va Exovue

a<a—-g Onhadn £<0,

70 omoio elvaw dtomo. Emouévwe, yia To Tuxdv & > 0 vmtdeyel x € A (To x ggopTdtan BERara
OITtO TO &) TTOV KAVOTIOLEL ThV X > a — &.

Avtictpopa, éotw @ € R mov wkavomoiel ta (o) kaw (). Eiwdikdtepa, 1o A elvar dvo
@eoayuévo. Ag vrobBéoouue 6Tl To @ Sev elvar to supremum tov A. Tdte, vitdoyel B < @ 1O

ogroio elvan dve @edyua touv A. Oétouvue € = a — B > 0. Tote,
x<P=a-¢
yio kGBe x € A. Auté €pyeton o avtipaon ue to (B). O

1.3.1 Agywndscia dré6tnta

Ipoto pag Prina eivor va detgovye 6t 1o N dev eivar dvw @eayuévo vItocuivolo tov R:

Oewpnuoa 1.3.3. To guvoldo N Twv QuaGikdv aplbudv Sev eival dvw QEAyUEVO VITOGUVOAO TOU
R.

Amrodeién. Me amayoyn oe dtoto. YmwobBétouvue 6Tt To guvoro N elvar dve @eayuévo. Amd
70 aglwua tng TAnoTntas to N €xel eAdyloTto dvew @edyuo: €atw B = supN. Téte B—1 < S,
dpa o B —1 dev eivan dvw @edyuo touv N. Mitogovue Aowrdv va Peovue n € N ue n > 8- 1.
"Emteton 6T n+ 1> B, dromwo apov n+1€ N kot o B8 elvarl dve @edyuo touv N. O

Iodvvayol TedTTol SratiTtwong tng (8lag apyng elivor ov €ENG.

Oedonua 1.3.4 (Aguundeia W8LOTNTO TV TTEAYULATIKGOV). EGTw € kat a U0 TTpayuatikol o-
pBuoi ue € > 0. Ymrdpyer n € N dote ne > a.



1.3 ITpwdteg Guvémteleg TG aQYNS Tng JTAngotntag - 19

z 7 7, a 7 7 7 Ja z
Agrobegn. Az6 to Oewenua 1.3.3 0 £ dev elvon dvw @edyua tov N. Xuvemtog, vitdexer n € N
WoTE n > ‘E‘ A@ov g > 0, émetan 6L nE > a. d

Oewonuoa 1.3.5. Ectw € > 0. Ymdpyet n € N wate 0 < % <e.

Agrodeién. Amé 1o Oedpnua 1.3.3 o + dev elvanl dvw @edyua tov N. Zuvemadg, vmdoyelt n € N

S h=m =

WoTE N > é Aot g€ > 0, émetal 0T - < &. O

1.3.2 "Ymoe€n axkegpaiov pépovg

Oemenua 1.3.6 (VTtapgn akepaiov uépovg). I'a kdbe x € R vardgyel povadikos axépaitos m € 7.
ue v 1610TnTA
m<x<m+1l.

Mo tnv amwdédetgn da ypelacTovdue €va MUULO TTOU TTOQOUGLALEL OVEEAQTNTO EVOLAPEQOV
(onuewwate 0Tl GTnV AITOSELEN TOV YENGWOTTolElTOL N oY TNG TTANQATNTAS).

Anpua 1.3.7. Kdfe un kevo kot dvw @Eayuévo GUvolo axkepainv aplludv gxel UEYLGTo GToL Elo.

Agtodeién. 'Ectw A éva pn kevé kol dve @EAyuévo vIToGUVOAO Tov Z. AT6 1o afiwuo Tng
TAnEdTnTOCS, VTdQYXEL To a = supA € R. ®Oa deifouvue 6Tl @ € A: AITG TOV YOQRAKTNELOULS TOU
supremum, vIdExeL X € A dote a —1 < x < a. Ava ¢ A, 161e x < a. Autd onuaivel 6Tl o
x 8ev elval dvew @EAyua Tov A, oTtdte, £PAQUATOVTOC TTAAL TOV YOQAKTNQELGUS TOL supremum,
Bolokovue y € A wote a—1< x <y <a. "’Emetar 611 0 < y—x < 1. Avtd elvan dtoTo S16TL oL x
kow y elval aképatol. O

Amobeign tov Oewpripatos 1.3.6. To gUvodo A = {m € Z : m < x} elvar un kevd (aTtd tnv
Agyundeta 18idtnto — €EnynoTe) ko dvew @eayuévo asd to x. ATd to Anupuo 1.3.7 1o A €xel
UEyLeTo gToyelo: acg to mouvue my. AoV mg +1¢ A, €xovue my + 1 > x. Emouévmg,

my < x<mg+1.
INao tn povadikdTnta ag viroBEcouvue 4Tl
m<x<m+lrom <x<m+1

6tov m, my € Z. "Exovue m < my+1 doa m < my, ko my < m+1 dpa my < m. XUVeTtdg, m = my.
Od

Opoudg 1.3.8. O aképoarog m TTov pag divel To reonyovuevo Jedenuo (ko 0 0Itolog eLapTdTon
KAOe @oEA aTtd TOV X) AEYETAL AKEQALO UEPOS TOU X, KoL GuuPoAiteTow we [x]. Andadri, o [x]
TeoGdopiteTon aTtd TIg

[x]1€Z wxar [x]<x<[x]+1

lNa woapddeyua, [2.7] = 2, [-2.7] = -3.
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1.3.3 IIukvoTNTO TEOV ENTOV KOl TOV 0QERTOV GTOVUS TTROYUATIKOUS alOpuovg

H UYmtopén tou akepaiov uépoug kal n Agyundela t80TnTo TwV TTEAYUATIKOV 0QBU®V Log
egacpalicovv v srukvornta tov Q oto R: avdueco Ge oTrolovednatote §V0 TTEAYULATIKOUG

apBuovg urropovue va Beovue €vav Ento.

Oedpnua 1.3.9. Av x,y € R kat x <y, T0Te VITAP)EL PNTOS g UE TNV I6LOTNTA
x < q < y.

Agrodeién. ‘Eyovue y — x > 0 kow amd tnv Agyundeia ibidtnto vmdyel euaoikos n € N odate
n(y — x) > 1, SnAadn

nx +1 < ny.
Té1e,
nx < [nx]+1 < nx+ 1< ny,
SnAadn
[nx] +1
x < <
n

Ao o g = @ elvaw Qntog, €xovue TO gnNTOVUEVO. O

Oewpnua 1.3.10. Ot dppntor sivar tukvol cto R: av x,y € R kat x < y, t0te vmdoyel «
dpontog ue x < @ < y.

Améseisn. “Exovue x <y, doa x — V2 <y — V2. A6 1o Oedonpa 1.3.9, vidoxel ontoéc g ue
x-V2<g<y- V2

‘Emetal 011 0 @ :=¢g + V2 etvon dpentog (egnynote yotl) ko
x<a=q+ V2 < y.

1.3.4 ’"YmoQ€n n-o6Tig @icacg

To Swwvoukd avdsttvypa. o kaBe n € N oplcovpe n! = 1-2---n (To ywouevo SAwv Twv
@UGIKAOV até 1 wg n). Tvpenvovue 6Tt 0! = 1. TTagatnerote 6t n! = (n — D!n yia kdBe n € N,
Av 0 < k < n opltovue

n\ n! _nn—-1D---(n—k+1)
k] kK\n-k)! k! '

IHopatnencte 6T

yia kdbe n =0,1,2,....
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Anppa 1.3.11 (tplyovo tov Pascal). Av 1< k < n tdte

(=06

Agrodeién. Me Bdon toug oQuouovs TTou SMOGALE, LWITOROVUE VO YROAPOUUE

(n—1)+(n—1): (n-1! N (n-1!

k k=1 kin—k-1!  (k-D!n-k)!
_ (m-Dn-k .\ (n-1%
Kn—k-D(n—k) = (k—1kn—k)!
_(n-Din-k . (n-1)k

k!(n - k)! k!(n — k)!

_m-DIm-k+k _ (m-Dn
- kl\(n —k)! Ckl(n—-k)!

SnAadn to gntovuevo. O
Zvupolicucs. Av ag,ay,...,a, € R oplcovue

n

Zak:ao+a1+~~~+an.
k=0

Hapatnenate 6L To dBpotoua agp + ap + - - - + a, UIoeel 1IGodvvaua va yea@tel wg eEng:
n n n+l

o= Saw= S

m=0 s=1

k=0

H mtpdtn oétnta woxvel yiatt aAddgape (OItA®g) To «dvouo» Tng UeTOPANTAS oTté k oe m. H
devtepn yatl kdvaye (AITADG) Ty «0AAOYR UeTABANTAC» § = m + 1.

Meoétaon 1.3.12 Brwvuuikd avdsttoyua). Ia kdbe a, b € R\ {0} kat yia kdbe n € N ioyvet
= (n
+b)' = nkpk.
(a+Db) ; (k)a

Agrodeién. Me emtayoyn: yio n = 1 n gntovuevn 1goTnta YeApeTaL

a+b= (l)albo + (1)a0bl,
0 1

n oola oYVeL: TTARATNENGTE OTL ((1)) = (i) =1,d"=0=1, a' =a v b' = b.

(a+b)' = Z (Z)a"_kbk

k=0

YmoB<étouvpue OTL
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kol Selyvouue 6Tl

n+l
(a+by"' = Z (n ' l)a”“_kbk :

k=0 k

Ipdyuart,

(a+b)""' = (a+b)a+b)" =(a+b)

> (o]

0
& n - n
— . n—k 1k . n—kyk
=a Z(k)a b*+b Z(k)a b
k=0 k=0
n n
— (n)an+l—kbk + Z (l’l an—mbm+l
k=0 k m=0 m
n n—1
— an+l + (Z)an+1—kbk + Z (n)an—mbmH + bn+1
k=1 m=0 m
n n
— (Z) ARk Z (k n 1) gDkt
k=1 =1 \"
n
— an+1 +

n n n+l—k .k n+l
(k)+(k—1)]a b+ b".

A1t6 to Anpua 1.3.11 érovue (”ZI) = (Z) + ( " ) doa

k-1
= (n+1 Ein+1
(a + b)n+1 — an+1 + ( L )an+1—kbk + bn+1 — Z( L )an+1—kbk
k=1 k=0
AvTS 0AOKANQAOVEL TO ETTAYWYIKS PR KoL TRV aTtdSelgn. |

Oeppnuo 1.3.13 (UTtapgn n-octrig picac). Eotw p € R, p > 0 kot éotw n € N. Ymdpyet
uovadikos x > 0 gro R dote x* = p.

[O x cuvuPoiiteTan e o n P, popavdg wag evlapépel wévo n mepimtoon n > 2.]

Agrdderén. Ymobétovue moodta 6Tl p > 1. Ozwpovue To GUVOAO
A={yeR:y>0rm)y" <p}l

To A elvan un kevo: €xovue 1 € A, Toapatngovue 6Tl kKAOe PeTkds TEAyRATIROS aEBUdS @ e Tnv
wdtnta @ > p efvor dvew @EEdyua tov A: av y € A téte Y < p < @" kai, agov y,a > 0, guurtepaivouue
6Tl y < a. 'Eva 1éto0 dvw @edyua tou A elvor o p: agtd tnv p > 1 émetan Tl p” > p.

Aot 10 A glval un Kevd kol Ave @EAYUEVO, aTTé TO aflmpa Tng TANEGTNTAS, VITAEXEL 0 X = sup A. Oa
deléovue 6T X" = p.

(@) "Ectw 61t X" < p. Oa Peovue € > 0 dote (x + &) < p, dnhadn x + & € A (Gtomo, yiatl o x €xel
vTtoteBel dvw @Edyua Tou A).
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Av vtobécouvue aTtd v ayn 6t 0 < & < 1, €xovue

x+&)'=x"+ Z (Z)x”_ksk =x"+e&
=1

Bh)]

Ba €xouvue AowTdv (x + &)" < p av emAégovue 0 < € <

5 (e

<x"+e

p—x"

OIS EmiAéyouue

1 —
E= 3 min< 1, np—nx
k=1 (k)xn_k
O ¢ givar eTikdg TEAYUATIKGS aEBUds BLdTt p — x" > 0 ko 31, (’;)x’"k >0) kaw (x+&)" <p.
B) "Eotw 61 x" > p. Oa Beovue 0 < & < min{x, 1} daote (x — )" > p (Gromo, yrati 1é1e 0 x — & Ja itav

dvw @Edyua Tou A wkEATEQO aItd To sup A).
T kGBe 0 < & < 1 €ovue

n

x—&)'"=x"+ Z (n)x"_k(—l)k k= - 8[
= \k

>x-e| ) (n)x’k]
k=1 k

4 (Z)xn—k(_l)k—lgk—1:|

SoTL
n

n\ -k k-1 _k-1 o (1 —k k-1 - (n n—k
-1 < < .
(et < B et < B

k=1 k=1 k=1

Oa éyovue Aoy (x — )" > p av emmAésovue 0 < & < % EmmiAéyovue
k=1 \k.

| X' =
E = 5 min < x, 1, —npk
n —
k=1 (k)x"
O & elvar detikdg TmEayUaTIKOS 0BRSS BéT X" —p > 0 KoL )7, (Z)x"‘k > 0) kow yia Tov JeTikd
TEOYUATIKO aplBud x — & woxvel (x — )" > p.
AmokAeicaue Tic X' < p kaw X' > p. Xuvemdg, X" = p. H govadikdtnto elvon amiin: maatnencte 6Tl

av 0 < x; < xg TéTE X} < X Yoo KGO n € N.
1

1 1
P .

Av 0 < p <1 éypouue = > 1 kar, aItd To TTEONYoUUEVO PBra, VITAEXEL LOVOSIKOS x > 0 date x* = 5

Bewpovue Tov i Tote,

TéAog, av p = 1 Yewpovue Tov x = 1. O
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1.4 Aso6Avtn Tun - emekteTausvn evbeia - dracTnuato

1.4.1 AswoéAvTn Tyun

Optoudg 1.4.1 (améAvtn twn). Ta kdbe a € R Y€tovue

a oav a=0,
|lal =

—a av a<0.

O |a| Méyetan agrodvtn Tiun Tov a. OewEOVTAS TOV @ Gav cnuelo Tng gvbelog, GREPTOUAGTE
TNV agtéAvTn TWA Tov Gav Ty «amdcetacn» Tov a agtd To 0. IHapatnphicte 6Tl | — a| = |a| ko
lal = 0 ywa kGBe a € R.

Iedétacn 1.4.2. Ta kdbe a € R kai p > 0 16yver
lal <p avkaituovoav -—p<a<op.
Amodeign. Awaxeivete meputacels: a > 0 kat a < 0. O
Meétacn 1.4.3 (teiyoviki avigétnta). Iia kdbe a,b € R,
la + bl < lal + 1.

Emiong,
llal = |bl| < la—=b] ko |lal = bl < la+bl.

Amobeién. Améd tny Ipdtacn 1.4.2 €xovue —|al < a < lal v —|b] < b < |b|. Xvvemtwg,
—(lal +1b]) < a+ b < |a| + |b|.

Xonowomowdvtas mwdAl thv Ipdtacn 1.4.2 guumepalvovue 6t |a + b| < |al + |b).
T tn 6evtepn avigdtnta ypdpouue

lal = |(a = D) + b| < |la— D[ + |b|,
omdte |a| — |b| < |a — b|. Me tov {810 tedTo PAETOLUE OTL
bl =1(b-a)+al <|b-al+lal =la— bl +|al,

dea |b] —lal < |la - b|. Apov
—la = bl < lal - bl < la - bl

n Ipdtaon 1.5.2 delyver ot ||a| — |b]| < |la — b.
Avtikabiotovtog tov b ue tov —b gtnv tedevtalo avigdtnta, PAETTovue 6T |lal — ||| <
la + b. 0
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1.4.2 To emekTeTOUEVO GUVOAO TOV TTQOYUATIKOV 0QLOU®V

Emektelvouue 1o givoro R twv mpayuatikdv apiiuoy ye dUo akdua otoiyela, To +0o Kol TO
—00. To gvoro R = R U {+00, —co} elval TO TTERTETAUEVO GUVOAO TV TTEAYUATIKOV AQLOUDV.

Emektelvoupe tn Sidtogn kot Ti¢ TTEAELELS GTO R w¢ €ENG:
(i) Opltouue —oo < a kAL a < +co yia kGBe a € R.
(it) Two kAbe a € R oplgouue
a+ (+00) = (+00) +a=a—(—o0) = 400

a+(—0) =(-0)+a=a-—(+c0) = —oo.

@iii) Av a > 0 opicouue

a-(+00) = (+00)-a = +o0

a-(~0) = (~00) - a = —.
(@iv) Av a < 0 opitovue

a-(+00) = (+00)-a=—00

(~00) = (~o0) - =+,

Q

(v) Emiong, opicouue

(+00) + (+00) = +00 (=00) + (=00) = —00

(+09) - (+00) = +00 (<09) - (~00) = +o0

KO
(+09) - (~00) = (~00) - (+00) = —ox.

(vi) Aev opigovton oL TTaRACTAGELS
(+00) + (—00), (—00) + (+0),0 - (+0), (+0) -0, 0 (—00), (=) -0

KOl
+00 +00 —00 —00

s s s
+00 —00 +00 —0

TéNog, av éva un kevé givolo A C R dev elvar dve @eayuévo opicovyue sup A = +oo, Ve

av dev efvar kATw EEAyuévo opitovue inf A = —oo.
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1.4.3 Awoctnupota

Oqtoudg 1.4.4. 'Eotw a,b € R pe a < b. Opitouue

xeR:a<x<b}
(a,b) =
[a,b) =

= {
{xeR:a<x<b}
{
(a,p] ={xeR:a<x<b}
{
{
{
{

xeR:a<x<b}
[a,+)={xeR:x>a}
(a,4+0)={xeR: x> a}
(—00,b] =
(=00,b) =

xeR:x< b}

xeR:x< b}

Ta, vITOGUVOAD AUVTA TOU GUVOAOU TWV TTEAYLATIKOV aELOU®V Aéyovtol StacTruaTa.
Y10 emduevo Auuo TteQLyedpouue ta cnuelo Tov kAelgToU StacTRratos [a, bl.

Anpua 1.4.5. Av a < b oto R 107¢
[a,b] ={Q-Da+1tb: 0 <t <1}

Ei6ikotepa, yia kdbe x € a, b] égovue

b-x xX—a
a+

b.
b-a b-a

X =
Amobeign. Evkola ehéyyouue 6T1, yia kdBe ¢ € [0, 1] woxvel
a<(A-ta+th=a+tb—a)<b

Snhadn {(1—Na+tb: 0 <t <1} Ca,b].
Avtictpopa, kdbe x € [a, b] yodeeTor GTn LoEen
b—x xX—a

+
b—aa b-a

X = b.
Hoagatnpavtog ot £ := (x —a)/(b—a) € [0,1] kaw 1 —¢t = (b — x)/(b — a), PAémovue ot [a,b] C
{A-ta+th: 0 <r<1). O

Ta onuela (1 —t)a + tb tov [a, b] Aéyovion kvpTol cuvdvacuol twv a kou b. To uégo tov

[a, b] etvan TO
a+b

2

=(1—%)a+%b=
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1.5 Baowég avieoTnteg

Ye ouTh Tnv ToEdyea@o Selxvouue TEES Pacikés avicdTntes: thv avigdtnta tov Bernoulli,
tnv ovigétnto Cauchy-Schwarz kol tnv avieéTnta aQunTikov-yenuetekoy uécov. Kdioleg
AANES PACIKES AVIGOTNTES EUPOAVITOVTOL GTIS AGKNGELG.

Ieotaon 1.5.1 (avigétnta Bernoulli). Av x > -1 107e
1+x)">1+nx yakdbeneN.

Amodeién. T n = 1 n avigdétnta 16xvel og 1eétnta: 1+ x = 1+ x. Aelyvouue T0 emaywykd
BrwoL:
YmoBétouvpe 6L (1 + x)" > 1+ nx. Apov 1+ x > 0, éovpe (1+ x)(1+ x)* > (1 + x)(1 + nx).
Emouévac,
A+ >A+00+nm0)=1+m+Dx+n® > 1+(n+1Dx. O

Hapatripnon. Av x > 0, umtogovue va deigouue tnv avigotnta tov Bernoulli yonootoldviag

TOo StwVuUkS avdatTuyua: yia kKdbe n > 2 €xouvue

1+x)"= Z (Z)l”_kxk =1+nx+ Z (Z)x"_k > 1+ nx,
k=2

k=0

apoy dAor ou meocBetéol GTO ), (Z)x"‘k elvan Jetikol. Ouolwg, av n > 3 maigvovue Thv

L1oxVEHTEQN OVIGOTNTA
-1
1+ x)" >1+nx+(g)x2 =1+nx+ %xz.

Heotaon 1.5.2 (avigétnta Cauchy-Schwarz). Av ay,...,a, kat by, ..., b, givar swpayuatikol
apuol, tote
(arhy + -+ + apbp)* < (@ + -+ a2)(b? + -+ b2).

Amobeién. Oa Swcovue §Vo astodeigels. H mpodTn facitetor Gtnv TeXVIKA TNG KAVOVIKOITOIN-
ong. Oewpolue TEATA X1, ..., Xy KOL V1,...,Y; Ol OTTO{OL IKOWOTTOLOUV Th GUVONRKN

2 2 _ .2 2 _
X+t y, =yt +y, =1
lNo kGBe k =1,...,n éxovue Tn GTOLELOON AVIGHTNTA

1 1
byl < §(|xk|2 +[yil?) = §<x,% +y9).
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YUVETIOG,
1 9 9 L 9 9
Mm+~wwwu<mm+~4th<;a+h%w~+§%+m)
1 5 9. 1 9 1 1
= §(X1 +---+xn)+§(y1 +oty) = §+§ =1
Oewpolue TOEA TUXOVTES day,...,d, KL by,...,b, ato R. Mitogovue vo vtofécouue 4t af +

st a # 0 kar b% + oo+ b2 # 0 BoTL, aAMGOS N AVIGETTO, IGYXVEL VIO TETEIUUEVOUS AOYOUS —
ov, Yo TToddetyua, af +--- 4 a,zl =0 téte a; = - =a, =0 xat éxweton OtL a1b; + - - + ayb, = 0,
SnAadn 1éco To apLaTeRd OGO Kal To Se€ld UEAOS Tng avigdtntag TTov JéAhouue va Selgouvue
elvan {co ue undeév).

Opltovue

I 2 ) 2
s=qJaj+--ta; v 1= \[bf +---+ Dby

Katdg, détovpe

ag bk
Xp=— KO yp=—, k=1,...,n.
s t
Hagatnenote ot
24 ... 2 24 ... 2
2+...+ 2_u_1 2+...+ 2_u_1
X X, = = KOL Y} = =1

12
Emouévac,
(b1 + -+ -+ anb,,)2 =(tsxpy1+ - + tsxnyn)2 = tzsz(xlyl +.00 4 )cnyn)2

2.2 2 2\( 1,2 2
<ts”=(a) +---+a,)(by +---+by).

AgvUTeQog TROTTOS. MItogovue, 6TTHS TTORATTAV®, va vItofécgouue T af+- +a? # 0. Oewovue
TO TELOVULUO
p(x) = (ax + b))% + -+ + (apx + by)*.

Hagatnenate 6Tt p(x) = 0 yo kdbe x € R (yio kdbe x €yxovue €va dBpoloua TETEAYDOV®Y, TO
0TTol0 €lval TEOPAVMOS Un AEVITIKG) Kol OTL TO p(X) €lvol OVIWGS TELOVURO: €X0VUE

px) = (af +~~+a,21)x2+2(a1b1+--- +anbn)x+(b%+~'+b,21) = ax® + 2Bx + 7.
H Swakpivovca A = 482 — day Sev uaropel va eivon detin, doa B2 < ay. AnAadn,
(arby + -+ + apbp)? < (@ + -+ +a2)(b? + - + b2,

omwe JEAaue. O

IIeétacn 1.5.3 (avigétnta agbuntikovV-yewueteikoVy uégov). Av n € N kat ay,...,a, gval
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deticol payuatikol apBuol, Tote

a+ags+---+ay,

= Aaag - - ay.

n

¢ . _ — ; _ Gk _ ’ ‘
Agrobegn. Oétovue m = {faraz - - - a, waw oigovue by = 7k, k=1,...,n. Iogatngovue 6T o by
elvan Yetikol meaywatikol aglBuol ue ywouevo

Apxel AotTtév va delEovue thv akdAovbn TrpdTacn.

eétacn 1.54. Av n € N kat by,...,b, eivan detikol mpayuatikol aplBuol ue ywouevo
by-- b, =1, 1016 b1 +--- + b, > n.

Amodeign. Me etoywyn o¢ TTQ0o¢ To TANB0OS Twv by: av n = 1 téte €xouvue €vav uévo albud,
Tov by = 1. Xuvemdg, n avigétnta eivon tetouuuévn: 1 > 1

YmoO<toupe 6TL yio kKABe m-Ada VeTOV 0QLOUDVY X1, .. ., X;m UE YIVOUEVO X1 - - - Xy = 1 1o)x0EL
n ovigétnta

X1+ -+ x, =2m,

ko Selyvouue OTL v by, ..., by elvan (m+1) Jetikol eaypatikol agBuol Tou €xouv yvéuevo
bl s bm+1 =1 téte
bi+---+bys1=>m+1.

Miropotue va vrtoBécouue 6Tl by < by < -+ < bpyyy. Hagatnpodue 6T, av by = by = -+ =
b+ = 1 16T n avigétnta 1oxvel Gav odTnTo. Av Oxl, AvOyKAGTIKA €xovue by < 1 < b4
(egnyriote ywati).

Bewpovue Thv m-Ado JeTikdv aQLou®v

X1 = bibpi1, X2 =Dba, ..., Xy = by
A@oV X1 Xy = b1 by =1, ATT6 TRV eTTAYOYIKIA VIT6BeGN TTAipvouue
(bibys1) +bo+ -+ by =x1+ -+ X, = M

‘Ouwg, amd tnv by < 1 < bypq €metan 6T (b1 — (A — by) > 0 SnAadn by + b1 > 1+ byi1by.
Emopévmg,
bi1+bpy1+by+---+b,>1+bbyy1+by+---+b, >1+m.

"Exovue Aowmtdv agtodelgel to emmaywykd Prua. O

Hapatripnon. Av ou aj,--- ,a, €lvor Aol (GOl TOTE N AVIGOTNTO AQLBUNTIKOV-YEMUETEIKOV
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uécoov oxvel we wodtnta. Av ov aguiuol ai, - - ,a, Sev elvow OAol {Got, TOTE n aITédeLEN TTOU
TeonynBnke Selyver 6TL n avigéTnta elvar yviglia (egnyncte ywatl). AnAadn: ctnv avicétnta

0ELBUNTIKOV-YEMUETEIKOV UEGOV LGYXVEL IGATNTO. AV KOL WOVOV AV @] = -+ = dj,.

1.6 Aoxnoeig

Eoeoticeig katavéoneng
Efetdote av oL Topakdte meotdoelg eivar ainbelg n peudels (AUTIOAOYRGTE TAME®WS Ty ATtdvTnehi
GOG).

(i) "Eotw A un kevd, dvao @eayuévo vtocgUvoro tou R. T kdbe x € A €xovue x < sup A.

(ii) "Ectw A pn kevd, dve @eoayuévo vtocivodo tov R. O x € R elvar dvew @edyua tov A av kot

uévo av supA < x.
(iii) Av To A elvar un kevo kol Gvw @EAyLEVO vIToagivolo Tou R tdte sup A € A.
@iv) Av A eivar éva pn kevdé kol Gve @EAYUEVO VTTOGUVOAO TOU Z TdTe SUp A € A.
(v) Av a=supA ra &> 0, té1e UTTdEYEL x EA ue a—e < x < a.
(vi) Av a =supA ko € > 0, t61e VTTdEYEL X EA ue a—e< x < a.
(vii) Av to A efvon pun kevé kow supA —inf A = 1 téte vTtdEyouv X,y € A dote x —y = 1.

(viii) Tw kdBe x,y € R ue x <y vmdeyouv dielpol to mAnBog r € Q Tov IKAVOTTOWVY Ty X < 7 < Y.

Emtayoyn

1. Na SeiyBel ue emayoyh 6Tt 0 auds n° — n eivar TOAAATAGGLO Tov 5 yia, kGBe n € N,

2. Egetdate yia qoles TWES TOU @UGLKOU alBLoy 71 IoXVoUV Ol TTARAKAT® OVIGOTNTEG:
D) 2">n®, () 2'>n? (i) 2">n, (V) n!>2", (v) 271 < nP

3. ’Ectw a,b € R vou n € N. Amtodeigte ot

n-1
a =bp = (Cl _ b)zakbn_l_k
k=0
Av 0 < a < b, amodelgte 611
bt —a
nan—l g nbn—l
b-a

4. Agrodeitte pe emayoyn étu yia kdbe n = 1 1oxvouv oL aviGOTNTES

1 1 1
I+ —+—+-+—=22Vn+1-2
2 V3 Vn
Kol
1 35 2n-1 1
2 4 6 2n Van+1l
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S. '‘Eotw m > 1 puokds apiBuds. Agtodeitte pe emtaymoyn 6t yia kGbe n > 1 woyvel n tavtdtnta
n
+Dn+2)---(n+
D kk+ 1) km=1) = nntDn+2) - n+m
m+1
k=1
6. 'Ectw a € R kot éotw n € N. Amtodeiste otu
(@) Ava > -1, té6te 1 +a)* > 1+ na.
B) Av 0 <a < 1/n, té61e (1+ a)" < 1/(1 — na).
) Av 0 < a < 1, t61¢
1- <(A-a)"< .
na < (-a)' < 1+ na
7. 'Eotw a € R. Amodeigte otu
(@ Av -1<a <0, t6te 1+a)" <1+ na+ "(%‘l)az ylo ke n € N.
B) Ava>0, t6te 1+a)" > 1+ na+ @az yia kdfe n € N.
8. () Av ay,...,a, > 0, agodelste 1L
I+a)---A+ay)>21+a+---+a,.
®) Av 0 <ay,...,a, <1, t61€
l—(@+-+a) < (I-a) --(A-ay)
< 1—-(y+--+ay)+ (aras + aqaz + - - - + a,_1a,).
9. Amodeiste 611 yio kdOe n € N woxvouv ol aviedTnteg
1 n 1 n+l 1 n+l 1 n+2
1+-] <|1+ — KO 1+ - >(1+ .
n n+1 n n+1
10. (o) Amodeiete tnv avigdétnta Cauchy-Schwarz: av ay, ..., a, vaw by, ..., b, elvon TEaywotikol alb-
wof, téte
n 2 n n
k=1 k=1 k=1
(B) Amodeigre tnv avigétnta Tov Minkowski: av ay,...,a, ko by,...,b, elvor TEayuatikol apelbuor,
TétE
n 1/2 n 1/2 n 1/2
(Z(ak + bk)z] < (Z az] + [Z bg) .
k=1 k=1 k=1
11. (Tavtétnta tov Lagrange) Av ay,...,a, € R xau by, ..., b, € R, 1é1¢
n n n 2 1 n
(Z ai) (Z bi] - (Z akbk] =3 Z(akbj —ajb)’.
k=1 k=1 k=1 k.j=1

Xpnaoomolwvtag tny tavtdTnta Tov Lagrange amodeigte tnv avigdtnta Cauchy-Schwarz.
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12. (Avigétnta apliuntikoV-yewueTElkoy UEGou) Av xi, ..., x, > 0, TOTE

Xr+ o+ X \"
XiXg Xy K| ——— | .

n
Igétnta 1oyveL av KoL LWOVO OV X; = Xg = -+ = X,.
Exiong, av xq, X9,...,x, > 0, téte
n
n
XXy Xn 2|7 1
= + . + -_—
X1 Xn
13. 'Ectw ay,...,a, > 0. Amwodelgte 611
1 1 1 9
(ag+ay+---+a)|—+—+---+—|=n"
ay a9 ay

14. XEnoWoToidvIag Thy oviGOTNTA aQBUNTIKOV-YE®UETEKOV UéGou agtodelEte dtu: yio kdbe x > 0

KO Yo, kKGBe n € N,
T+x+x2+2x3+- 422

2n+1

n

15. ’Ectw n € N ko ay, . . ., a, detikol mwoayuatikol apbuol T€Tolol dGTe ay-as - - - ay-1-a, = 1. Amodelgte
om
A+a)d+ag) --A+a,) =>2".

16. Amodeigte 61U Yo kGBe n € N,

Supremum kot Infimum

17. Amodeigte 6Tt Ta TTARAKAT® oxvouv oto R:
(@) Av x <y + €y kdbe € > 0, 161 X < Y.
B) Av x < y+ & ya kGBe € > 0, téte x < Y.
) Av |x — y| < £ yio kdBe £ > 0, TdTE X = Y.

©)Ava<x<brma<y<b, 6te |x—y|<b-a.
18. Amodeitte 6TL KGOe pn Kevd KATW EEOYUEVO VTTOGUVOAD A Tov R €xel uéyioto KAT® EEAYUOL.

19. 'Eotow A un kevd vtocUvodo Tou R kol €0Tw ag € A ue tnv W&idtnta: yio kdbe a € A, a < ap.
ATodelgte 6L ag = supA. Me dAAa Adyia, av To A €xel uéylato gtolyelo, ToTe AUTO lval To supremum
Tou A.

20. 'Ectw A, B 800 un kevd kow @eayuéva vrtocvvola tov R. Av sup A = inf B, amrodeifte 6TL yia kGOe
&> 0 vtdpyovv a € A kaw b € B date b—a < &.

21. (o) "Ectw a,b € R ye a < b. Bpeite To supremum kot to infinum tov cuvodov (¢, b)) NQ ={x e Q:
a < x < b}. Altloloynote TAREWS TNV AITdvInen Gog.
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®B) Tw kdbe x € R opitovue A, = {g € Q : g < x}. ATtodelgte 611

x=y&e= A=A,

22. 'Ectw A, B un xevd @payuéva vitocUvola tov R ue A C B. Attodelgte o1t

inf B<infA < supA < supB.

23. ’Ectw A, B un xevd, @payuéva vtocivola tou R. AgrodelEte 611 To A U B eival @payuévo kot
sup(A U B) = max{sup A, sup B}, inf(A U B) = min{inf A, inf B}.

Mgtopotue va stovue kATl avdloyo yia To sup(A N B) i to inf(A N B);
24. 'Ectw A, B un kevd vitoouivola touv R. Amodeigte 6t supA < inf B av kow pévo ov yia kGbe a € A

KOW Yo kKGBe b € B woxvel a < b.

25. 'Egto A, B un kevd, dve geayuéva vrtocivoia tou R ue tnv egic w8idtnta: yia kdbe a € A vrtdoxet
b € B wate

a < b.
ATtodeiste 6T supA < sup B.
26. Na Beebovv, av vTtdeyouv, To max, min, sup kot inf TV TAEAKATO GUVOA®V:
@A={x>0:0<x*-1<2,,B={x€Q:x>0,0<x*-1<2},C={0,1,3,1,...}
B)D={xecR:x<0,x*+x-1<0}, E:{}—l+(—1)”:neN}, F={xeQ:(x-Dx++2) <0}
(y)G:{5+% :neNU{7T-8n:neN}L

27. Beelte To supremum kot To infimum Twv GuvoAwv

_1n+1 1 1
A:{1+(—1)”+—( ) :neN} , B={—+—:n,m€N}.
n 2n 3m

28. Amtodeigte 6L TO GUvolo

n+m

A= {(—1)"m cm,n = 1,2,...}

elvan payuévo kar Beeite ta supA kar inf A. E€etdote av to A €xel uéyioto n eAdyloto grolyelo.

ZUUTTANQWUATIKEG LGKNGELS

29. Amodeigte 6L ov apuol V2 + V3 kar V2 + V3 + V5 eivar dopntot.

30. ATodelEte 6TL av 0 PUGIKAS aEOUSS 1 Bev elval TETEAYWVO KATTOLOU QUGIKOU aplduol, TéTte o Vi
elvar Gpentog.
31. 'Eotw A, B un kevd vitogvvola tov R. Ymobétouvue dtu:

(@) yio kGBe a € A ko yuo k4B b € B woyver a < b, kou
(B) yio kdbe & > 0 vtdpyovv a € A kaw b € B dGte b—a < e.

Amodelgte 6T supA = inf B.
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32. "Ectw A, B un kevd, dve @oyuévo vitocgivoda tov R. Agtodeiste 1l supA < sup B av ko wévo
ov yia kKGBe a € A kot yua kGBe £ > 0 vitdeyel b € B dote a — & < b.

33. ’Ectw A, B un kevd virocivoia tou R Tt0v kavoItolovv Ta eENg:

(o) yio kdBe a € A kaw yua kdBe b € B woyvel a < b.

B®)AUB=R.
Amodeiste 6L vTtdpxer ¥ € R tétolog dote gite A = (—00,y) koW B = [y,+0) 1 A = (—co,y] ko
B = (y, +0).

34. 'Ectw A C (0, +00). YmoBétovue 6Tt infA = 0 kot 611 To A Sev elvan dve @eayuévo. Na BeeBouv,
av VTTdEYouv, Ta max, min, sup ko inf Tov Guvéiov

B:{L: xGA}.
x+1



KEDAAAIO 2

AxkoAov0Oieg TEAYUATIKOV 0QLOU@DV

2.1 AxoAovBieg TTEAYUATIKOV 0QLOu®dVv

Opioudg 2.1.1. Akodovbia Aéyeton kdbe cuvdptnon a : N — R (ue medlo opiouot) To Givoio
TOV QUGIKOV 0QBUOV Kol TWES GTOUS TRAYULATIKOUS aiBuovc). Avti va cuupoAigovue Tig
Twés tng akolovdiag a ue a(l), a(2),.. ., ypdoouue

ag, dz, ag, . . .

KoL Aéue OTL 0 aELOUos a, elval o n-06ToG 6pog Tng arkoAovbiag. H (Sia n akoAovbia cuupo-

Agetan ue {an};? |, {antnen, (an), (a1, az,as, ...) xweis avtd vo TEoralel cyyvon.

Hagadeiynata 2.1.2. (@) 'Ectw ¢ € R. H arkorovbia a, = ¢, n = 1,2,... Aéyeton crabepr
arkodovBia pe TWN c.

B) an = n. Ov wpwTOL 6oL TNng (a,) elvar: a; =1, ag = 2, ag = 3.

1 ’ ‘ ’ . _ _1 _
) an = 5. Ov IEwTOL 6QOL NG (ay) elvaw: a1 =1, ag = 5, ag =

W=

©) a, = a", émov a € R. Or wpwToL 6ot tng (a,) elvav: a; = a, az = a®, as = a®.

€) ap = 1 vt ays1 = Vi+a, n = 1,2,.... Avth n axolovdia opltetan avadgouikd: ov
yvweitovyue Tov a, TOTE WITOQOUUE VO UTTOAOYIGOUUE TOV ayi1 XENGLLOTTOLWVTOS TNV dpiy =
VI +a,. Aedouévou 8Tl €xel 8oBel 0 TEDTOG TG 600G, N (a,) eivar KAAd opleuévn (KAVOVTOG
n — 1 frgata uiropovue va Peovue tov a,). Ot mpwTtol 6ot tne (a,) elvaw: a; = 1, az = V2,

az = 1+ V2, ag = \J1+ 1+ V2.

@) a1 =1, a2 =1 R apy2 = Ay + ans1, 1 = 1,2,.... Av yvwpitovue TOUG @, KOl dpi1 TOTE
UITOQOVUE VO VITOAOYIGOUUE TOV dj42 XENGULOTIOWOVTOS TNV AVASQOULKH GXEGN Apto = Ay + Ayyl.
Aeboyévou 611 €xouv dobel oL TTEdTOoL 8V0 Got, n (a,) eivor kald opiouévn (kKdvovtag n — 2
prgata uitogovue va Peovue tov a,). Ouv tpwtol dpot tng (a,) elvan: a3 = 1, ag = 1, asg = 2,
a4:3, a5=5, a6:8.
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© a, = % av n =2k v a, = % av n = 2k — 1. Ta Tov VITOAOYIGUS TOV n-0GTOV 6EOV a, OEKEL
’ ’ ’ 7 Z . 7 — l — l
va yvoeigovue av o n glvon AQTIOG N TEQLTTOC: Yo TTaAdeyua, dg = g Ko a7 = 5.

Oqpwouds 2.1.3. ’Ectw (a,) ko (b,) 800 akoAovBies TEOYULATIKOV 0QLOU®DV.

(o) Aéue 61 (a,) = (b,) (01 akolovbieg elvon igeg) av a, = b, yio kdBe n € N. AnAadn,
ay Zbl, as =b2, as Zbg,....

®B) To abpoicua, n Siagopd, To0 yvouevo kol o TTnAiKo Twv akolovBiwdv (a,), (b,) elvon ot
akolovbieg (a, + by), (a, — by), (ayb,) v (a,/b,) aviicToryo (yia Tnv teAevtola TEETEL va
kGvouue tnv emiatAéov vitéBeon 6Tl by, # 0 ywo kGbe n € N).

Opwouds 2.1.4 (Gvvoro twv 6pwv). To Givolo Twv dpwv Tng akolovbios (a,) elvar To
A={a, :neN}L

Aev Ja meémel vo guyyéel kavelc tnv akolovdio (a,) = (ai,as,...) e TO GUVOAO TV TUWV TNG.
Mo Tmaeddetyua, to GUVOAO TV Tng akolovbiog (-1)* = (1,-1,1,-1,...) elvor to Sievvoro
{—1,1}. Hopatnenote emiong 6Tl §U0 SrapoeTikég arkoAoubies uitogel va £xouv to {(dto GUvoAo
Twov Bwate TTOgadelyuata).

Optoudg 2.1.5 (tehkd tunua). ‘Egto (a,) wo akolovbio meayuatikdv agbudv. Kdbe ako-
Aovblo e woeENS (m+n-1),y = (@m> Am+1, m+2,-..) 67OV m € N Aéyeton TeMko TuRUQ NG
(ay). T wapdderyua, o akoAouvbieg (5,6,7,...) kar (30,31,32,...) elval TeAikd TUALATA TNG

a, = n.

2.2 XdykMon akoAovOiov

Bewpovue Tig aroAovdieg (a,) kau (b,) ue n-06ToUs 6ROVS TOUG
1 n
a, =— o b, =(-D".
n

INa «peydies» Twés tou n ol 6ot 1/n tng (a,) Pelokoviar (6Ao kat o) «kovid» Gto 0. ATo
v dAAn sAgved, ot 6ot (—1)" tng (b,) dev MANGLALOUV Ge KATIOLOV TEAYLATIKG aQliud. Oa
Aéyape 6Tt n akolovdia (a,) cuykAiver (€xel 6plo To 0 KABMS To 1 Telvel GTO ATELPO) EVA N
(by) 8ev cuykMivel. Me dAla Adyla, €élovue va ek@edoouyue avaTnEd Ty JTEATUCN:

«n (a,) GUYKALVEL GTOV a av Yo UeydAes TILES TOV 1 O a, €lvol KOVTd GTOV a».

AvTo TToU TIEETTEL VAL KAVOUUE GOPES £lval TO VONUO T®V PRAGEWV «KOVTA» KoL «UEYAAES TWESH.
INa Toeddetypa, av kATTolog dewpel 6TL n asmdéatacn 1 elval kavoTtonTikd wken, T1éte n (a,)
€xel GAOUG TOUS 6POUG Tng kovid atov 1/2. Emiong, av kdsolog dewpel dTL n ppdon «ueydieg
TIWES» GNUOLVEL «OQKETES UEYAAES TWES», TOTE N (b)) €xel aPKETOVUS 6poVS KOVTA GTov 1 aAAd
KOl 0QKETOUS 6Q0US KovTd gTov —1. Zuuewvolue vo Adue OTu:
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«n (a,) GUYKAVEL GTOV @ av G 0OGOSATIOTE WIKQEN TTEQLOYXN TOU a PBeliokovTal TeMKA
6ot ot 6ot Tng (a,)».

H évvoia tng mepioyric evog moayuatikol apbuot a opifetor auatned ws €Eng: yio kdbe € > 0
T0 avolkTo didotnua (a — &,a + €) ue KEVIEO Tov a kol aktiva & elval wa TreQloxn tov a (n
&-greplo)1 TOV a). XQENGWOTIOLDVTAS TNV £vvola TNG &-TTEQLOXAS KOl TnV €vvolo, TOU TEAKOU
TUAROTOC WaS akoAoVBlOG, KATAANYOULE GTO €ENG:

«n (a,) GUYKAMVEL GTOV a av KABe e-TTeQLOYL TOU a TTEQLEXEL KATIOLO TEMKO TUAUOL
™mne (ap)».

IMopatneavtog 6Tl x € (a —&,a + &) av koL WGVo av |x —al < g, wiropovue va dwcovue Tov ENg
oVGTNEOG 0PLGUO.

Opwouds 2.2.1 (60 akorovbiog). ‘Ectw (a,) wa akolovbio Toayuatikov aglBuoy. Ague 6TL
n (a,) cuykdiver gtov TTEAYULATIKG 0QBUS a av teyvel To €Enc:

TN kABe € > 0 VITAEYEL PUGLKOS ng = no(e) ue tnv Wdtnta: av n € N kow n > ng(e),
©o1€ la, —a| < &.

Av n (a,) cuykAiver gTov a, ypdoouvue lima, = a i lim a, = a n, o awAd, a, — a.

n—oo

Hagatngnon 2.2.2. Xtov TAQATIAV®O 0QLGUG, 0 SelkTng ny £50QTdTAL KABe POEA Amd TO &.
‘0G0 duwg wikEod KL av gival To g, uwrogovue va Peovue no(g) wate GAOL Ol 6QOL @, TTOV £ITOVTAL
TOV ay, VO PEIGKOVTOL«E-KOVTA» GTOV a. ZKEPTELTE TNV TEOGTIAOEN ETAOYAS TOL np(g) Gav
éva, g7t darelpov Jroyvidt ue évav avtimralo o oTtolog eTmIAEyelL 0OAOEVA KoL UkEOTEQO & > 0.

I va e€otketwBole pue tov oploud da asodeigovue 6L n a, = % — 0 eved n b, = (-1)"

8ev guykAlvel (Ge KavEVOVY TTEAYULOTIKG aliud).

(@) Ha, = % ouykrAivel gTo 0: Bewpovue Tuxovca e-Trepoxn (—&, ) Tov 0. ATrd tnv Agundeia
7 7 ’ 1 7 7 7 7 / 1
woTnTo vItdeyel no(e) € N wate o <& O wkEdTEEOS TETOLOG PUGLKAGS aBUdc elval o [g] +1
(egnynate yoti), duws avtd dev €xel Wwialtepn onpacio. Tdte, yio kGOe n > ng 1oxveL
1

1
—e<0<-< —<e
n no

, . , 1 1 1
AnAadn, To TeMKO TUnuO (no’ prws e 2

) e (a,) TMeQLEXETAL GTO (—&,&). XUUP®VO UE TOV
opwoud, €xovue a, — O.

®) H b, = (-1)" 8ev ouykiiver: Ag vtobécouue 4Tl vdpyel a € R date (-1)" — a. Awakpivouue
3Y0 TEQLITTOGELG:

(B1) Av a # 1 vtdpyer e-mepLoxn Tov a Kate 1 ¢ (a—¢,a+¢). a apdderyua, urogovue vo
ETAELOLVUE & = % AoV b, — a, vitdpxer teMKkO Twnua (by, byt - - .) TOV TEQLEYETAL GTO
(a —&g,a+ ¢e). Edwodtepa, b, # 1 yio kdbe n > m. Avtd elvaw dtogto: av dempncoovue dQTLO
n>=mtote b, = (-1)" = 1.
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(B2) Av a # -1 vdpyxel e-meELoxn ToV a Wate —1 ¢ (a—¢&,a+ ). T TaEddetyua, wIrogovue
va eMAELoVUE € = % Aot b, — a, vTtdyel TeEMKGS TWALaA (by, byid, - . .) TTOU TEQLEXETOL GTO
(a—¢,a+ ). Elikdtepa, b, # —1 yia kdBe n > m. Avutd elvan dtomo: av dewprcovue TTeQLTTod
n>mtote b, = (-1)" = —-1.

Oeppnua 2.2.3 (uovadikdtnta tov opiov). Av a, — a kat a, — b, 10te a = b.

Amodeign. YmoBétouye 6Tl a # b. XwElg Teplogand Tng YEVIKOTRTOG, LIToQoUUe va VTToBEGou-
ue 6Tl a < b. Av tdpouvue € = (b — a)/4, 16t€ a+ & < b — &. AnAadn,

(a—g,a+e)N(b-—g,b+e)=03.

AoV a, — a, uopovue vao Beovue n; € N dote yia kdbe n > ny va woyvet la, —al < &. Ouolwg,
>

ooV a, — b, uropovue va Peovue n2 € N ddate yia kGOe n > ng vo. 1oxVel |a, — b| < &.

Oétouue ng = max{ny, ne}. Tote, yia kKAOe n = ng WGHOLVV TAVTOXEOVO, OL
la, —al<e wou J|a,—b|<e.
‘Ouws toTE, Yo KGBe n > ng €xouvue
a,€(a—¢eg,a+e)Nb—-¢g,b+e),

10 omolo eivar AtoTo. O

Oeppnua 2.2.4 (KQLTAQELO JTOQEUPOANS N KELTAQLO LGOGUYKAMVOUG®V aKOAOVBLOV). Ocwpovue
Teelc akoldovbicc ay, by, y, TTOU LkAvOITOLOUY Tar akdAovOa:

(o) a, < b, < vy yla kdbe n € N,
®) lima, =limy, =¢.

Téte, n (b,) cuykdiver kar lim b, = €.

Amodeign. 'Ectow € > 0. Apov a, — € var y, — £, vItdeyxouv @uaikol abuol ny, ny HGTE
lap, —€l<eovn>=n xou |y,—¢ <é&avn=ns.
Ieodvvaya,
{—e<a,<l+eovn>=2n xvuu {C—-e<y,<l+e&avn2=ny.
EmAéyouvue ng = max{ng, ng}. Av n = ng, 16te
(—e<a, <b, <y, <{l+e¢

dnAadn, av n > ng éxovue |b, — €| < . Me Bdon tov opwaud, b, — L. O
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Hagatnenosig 2.2.5. (o) BePfawwbeite o1 €xete kataldfer tn Swadikocio ogtddeigng: ov
Béhovue va delgovue 6Tl 1, — ¢, TEETEL Yoo awbBaigeto (WkEd) £ > 0 — n amddelgn geki-
vder ue tnv @edon «€0Ttw & > 0» — va Beolue PUGLKO ng (TTOV €L0QRTATAL AITO TO &) Ue Thv
wotnto: n = ngle) = |t, — 1] < &.

®) 'Towg éyete NON TAEATNEAGEL GTL oL TTEOTOL m 6oL (m = 2,10 1 kar 10'0) Sev emnpedouy
Tn gUykAon i un wog akoAovdiag. Astodelte avatnd To eEng:

1. "Ectw m € N. H akolovbia (a,) cuykAiver av kor uévo av n akolovbio (b,) = (Anmin-1)
GUYKALvel, kow udMota lim, a, = lim, dy-1.

2. "Eocto (a,) ko (b,) 800 akolovbieg TToU Slapépovv Ge TETEQAGUEVOUS TO TTANBOG 6QOVG:
vmdoxer m € N odote a, = b, ywo kdBe n > m. Av n (a,) cuykhiver 6Tov a té1e n (b,) GUYKALvEL
KL OQUTA GTOV a.

Opwouds 2.2.6 (peayuévn arorovdia). H arolovBia (a,) Aéyetar @eayuévn av UIToQouvue vo
Beovue kdmolwov M > 0 ue tnhv W&iéTnta

la,) < M yio kG0e n € N.

Oewonua 2.2.7. Kdbe guykdivovga axkolovbia sival ppayuévn.
Amobeién. 'Ecto 6Tl a, — a € R. Ilaipvovue € = 1 > 0. Mitogotue va feovue ny € N oate
la, —al <1y kdBe n > ng. AnAodn,
av n = ng, 10T la,| < la, —al +lal <1+ |al.
®ftouue
M = max{lail, ..., |anyl, 1+ |al}

KoL eVkoAa eAéyyouue OTL |a,] < M yia kdBe n € N (Sakpivete mequrtocels: n < np KoL
n > ng). Emouévmg, n (a,) elvar poayuévn. O
Optoudg 2.2.8 (axoAovbieg mwou teivouv Gto dielpo). ‘Eatm (a,) wa akolovbia TToaywaTikoy
apLiuv.

(@) Aéue 6L a, — +oo (n axoAovbio Telvel 6To +00) av yio kdBe M > 0 (ocodngtote ueydlo)
VITAEXEL PUGLKGS no = ng(M) date

av n = ng, 10TE a, > M.

B) Aéue 6L a, = —co (n axkolovBio Telvel GTO —0) av yo kGBe M > 0 (ogodngtote ueydlo)
VTIAEXEL PUGLKAS no = ng(M) date

av n = ng, 10TE a, < —M.

Hagatnenon 2.2.9. Xenowoitocayue T AEEn «Telvel» GTO 00! GUUE®VOUUE TTOS (L0 KO-
AovBia (a,) ovykdiver u6vo av GUYKAIVEL GE KATTOLOV TTROYULATIKG 0Bud a (0 oTtolog AéyeTon
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KoL 0p1o Tng (a,)). Xe 6Aeg Tic dAAeg TrepuTToels da Adue 6Tl n akodovbia asokdivet.

KAetvouue ovtiv tnv Iapdyeoeo ue tnv ok StatiTioon tng dEvnong Touv opuoloy Tou

oplov. Ouunbeite ot

«n (ay) GUYKALVEL GTOV a av KABE £-TTEQLOYN TOU a TIEQLEXEL KATOLO TEMKO TURULO

™me (ap)».

Emouévwg, n (a,) 6ev cuykldiver atov a ov vItdEyel TTEQLoYn (a — &,a + €) Tou a n oTola dev

TEQLEXEL KAVEVA TEMKO TUnua g (a,). Isodvvaua,

«n (a,) 6ev cuykAivel GTov a av vItdexel € > 0 wote: KABe TeMKS TUARA (A, At - - -)
™™g (a,) €xeL TouvAdyleTov €vav 6o Tov dev avikel 6To (a — &, a + &)».

[Mapatnencte 6Tt av (am, am+t, - - .) €lval €va TeMkd Tunua tne (a,) tote: To (Am, Am+l, - - -) OEV
TEQLEXETAL GTO (0 — &,a + &) OV KoL Wévo av vTtdyeL n > m OoTe a, ¢ (a — €,a + €), SnAadni
la, — al = e. KataAityouue AOWITOV GTnv €€1g TTedTAGN:

«n (a,) 8ev cuykMver gtov a av vTtdeyxel € > 0 dote: yio kdbe m € N vmdoyet

n>=m oOcte |a, —al = er.
‘'oknon 2.2.10. Aeigte 611 n akolovbia (a,) Sev cuykAivel GTov a av kol pdvo av UITAQEYEL
e > 0 date dmelpol to TANBog dpot Tng (a,) kavoTolovv Thy |a, —al = &.
2.3 H dAyefoa towv opinv
‘O\eg oL BAGLKES WOLOTNTES TV 0plwV AKOAOVOLOV aTtodetkviovTal eVKOA Ue BAcn Tov 0ELeUo.
Ieotaon 2.3.1. a, — a av kat uévo av a, —a — 0 av kar yovo av la, —al — 0.
Agtodeién. Apkel va ypdyouue toug Teelc 0QLowovg:

(i) "Exouvue a, — a ov ywa kdbe &€ > 0 vdpxel ng € N date yia kdbe n > ng va 1oxvel

la, —al < e.

(@it) "Exovue a, —a — 0 av ywa kdBe € > 0 vmdoyel np € N date yia kdbe n = ng va woxvel
|(a, —a)—0] < e.

(iil) "Exovue la, —al — 0 av yio kdbe &€ > 0 vmdpyer ng € N dote yia k4be n = ng vo woyvel
w

||an—a|—0|<8.

Hoagatnpavtog 6t la, —al = |(a, —a) — 0| = | la, —al — O| yia kG0e n € N fAEmrouye 4TL oL TEELS
TEOTACELS Aéve akEB®OS To (Slo TTEdyLO. O

IIgétacn 2.3.2. a, — 0 av kat uévo av |a,| — 0.

Agrodeién. Edikn mepimttoon tng Ipdtaong 2.3.1 (@ = 0). O
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Meoétaon 2.3.3. Av a, — a 167¢ |a,| — lal.
Agtodeién. 'Eotw € > 0. A@ov a, — a, vrtdeyel np € N daote yia kdBe n > ng va woyvet
la, — al < &. Tote, yua kGOBe n > ng éxovue

|laal = lal| < lan — al < &,

aITé TNV TELYWVIKA aVIGHTNTO YO TV ATTOAVTR TN, O
Ieétaon 2.3.4. Av a, = akar b, — b 101€ a, + b, = a+ b.

Amodeién. ‘Eotw € > 0. Apov a, — a, vitdoyetl n1 € N ddate yia kGBe n > ny va woxvet

£
la, —al < ok

Ouoiwg, apoV b, — b, vrtdpyxel ng € N date yia kdbe n = ny va 1GoyveL

&
|b, — b| < R

®étouue ny = max{ny, ng}. Tdte, yia kdBe n > ng érovue TowTdXEOVA |a, — al < &/2 ko

|b, — b| < g/2. Emouévmg, yia kdbe n = ny £xovue

& E
(@ +b) = @+ B = @y = @) + (b = B < lay —al +1by = bl < 5 + = = &.

A@ov To £ > 0 ATav tuxdv, owtd delyver 6t a, + b, — a+ b. O

IIgétacn 2.3.5. Ectw (a,) kat (b,) 6Vo akolovbics. YmoOétovue o1t n (b,) eivar ppayugvn
Kkar o1t a, — 0. Tote, ayb, — 0.

Amodeién. H (b,) elvar @payuévn, doa vitdoxer M > 0 oate [b,] < M yia kdbe n € N. "Egto
£>0. Apo? a, — 0, vitdpyxer np € N ddate

&
lan| = la, — 0] < M

yia kKdbe n = ng. ‘Emeton 611, av n > ng toTE

&
lanb,| = lanllb,| < M M =

A@ov to £ > 0 nTav tuydv, ovtd delyver 6t a,b, — 0. O
Ieétacn 2.3.6. Av a, — a kat t € R t07¢ ta, — ta.

Amobeién. Amo nv a, — a €metonl 6t a, —a — 0. Osweovue Tn Gtabeernn akoAovbia b, = t.
ATé Tnv TEonyovuevn TEATAGN £XOUUE

ta, — ta = t(a, — a) = b,(a, —a) — 0.

YUVETI®G, ta, — ta. O
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Ieotaon 2.3.7. Av a, — a kot b, — b, 167¢ a,b, — ab.

Agtodeién. Tpdgpouue
ayb, —ab = a,(b, — b) + b(a, — a).

[Mapatnpoiye to €ENG:

(i) H (a,) ovykAivel, dpa eivar @eayuévn. A@ov b, — b — 0, n Ilpdtacn 2.3.5 deiyver ot
au(b, —b) — 0.

(i) AoV a, —a — 0, n IIpdtacn 2.3.6 Selyver 611 b(a, —a) — O.

Twea, n ITpdtacn 2.3.4 Selyver ot
ay(b, —b)+bla,—a) > 0+0=0.

AnAadn, a,b, —ab — 0. O

Hgétaon 2.3.8. Ectw k€N, k > 2. Av a, — a t6te db — a*.

Amobeién. Me emwayoyn g 1eog k. Av a, — a kol av yvweitouvue 6t ay — a™, 1ote

m+1 m+1

a

=a,-ay »a-d"=a

agrd tnv Ipdtacn 2.3.7. O

eétacn 2.3.9. Ectw (a,) kat (b,) akodovbies ue b, # 0 yia kdbe n € N. Av a, — a kot

b, > b#0, 16Te & — 2,
by b

Amobeién. Apkel va defgovue O6TL ﬁ - %. Katogu, epagudcovue tnv Ilpdtacn 2.3.7 yia Tig

(a,) rat (%)

Avté Tov déhovue va yiver wkeo yio ueyddeg TéS Tou n elval n TocéTNTO

1 _1’_|b—b,,|
by bl Iballbl

Ioyvpioudgs. Ymdyel np € N date: yia kdbe n > ny,

4

. , . . b .
Mo tnv awddeten avtov Tou GXVELGUOY ETTAEyovUE & = lz—l > 0 rai, Adyw ng b, — b,

Bolokovue n1 € N date: av n > ny to1e |b, — b| < '2ﬂ. Tote, yia kAbe 1 > ny woyLeL
|b|
| 1wl = 16| < 10 = 0] < <.

AT thy tedevtalo avicotnto £rweton Ot |b,| > |2ﬂ yia Kdbe n > ny.
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O 16VELeUAS €xeL TNV €ENG GUVETTELAL OV 11 2> By TOTE

i_l‘ 2b — by
by bl > 2

’ ’ ; 7 1 1 , 7 ’
Tdhea wiropovue va delEovue 6T i Eotw € > 0. Apov b, — b, vmdoyel nz € N oate

2
|b—b,| < % yia kKdBe n = ng. EmAéyouvue ng = max{ng, ne}. Av n > ng, 161e

1 1‘ 2|b — b,
— g =
b, b |bl*

|

S

Me Bdon tov oQlouo, bi -
Ieétaon 2.3.10. Ectwk € N, k > 2. Ava, > 0 yia kdOe n € N kar av a, — a, 167 {a, — {/a.

Agtodeién. Awokpivoupe 800 TTEQUITTOGELS:

(@) a, — 0: 'Ecto & > 0. AoV a, — 0, epapudtovtas tov opoud yia tov Jetikd apbud & = &

Belokovue ny € N date: yio kdbe n = ny woyvel
k
0<La,<é&.

Téte, yia kdBe n > ny 1oxveL
3 ok
0< Va, < Vet =¢.

Emouévwg, +/a, — 0.

B) a, = a > 0: Ouunbeite 6tL av x,y = 0 TéTe
=3 = =T Py TP YD) 2 -yt

XQNOWOTTOUOVTAS QUTAV TRV aVIGOTNTA Ue x = {/d, koL y = Va PAémovue 6T

i k |an_a|
|{fay — Va| < =

A 7 z z z k 7
‘Ecto € > 0. Agov a, — 0, epapudlovtag Tov opieud yio. Tov Jetikd apdud & = Vak! - g, Bpolorkouvue
no € N ddate: yua kGBe n > ny 1oyvel

k
la, —al < Vak!-¢.

Téte, yia kdBe n > ny 1oxveL

. la, — al
k
| VA a, — \/5| < \/‘/F
Tuvemog, Va, — Va. O

IIgétaon 2.3.11. Av a, < b, yia kdbe n € N kat av a, — a, b, — b, 16te a < b.

Amobeign. Ymwobétouvue 6L a > b. Av 9éoouue € = % TéTE VITAEYOVV N1, ne € N date: ya
KABe n = ny woyveL

a-b a-b a+b

|an—a|<T=>an>a— 7 = 7
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KOL Yoo KGO n > ng 1oyveL

a—b:bn<b+a—b:a+b
2 2

|b, — b| <

Oétouue ny = max{ny, ne}. Tote, yio kKABe n = ny égovue

a+b

b, < < ay,

70 oTolo eivar droTro. O
Ieotaon 2.3.12. Avm < a, < M yiakafe ne Nkarav a, = a, 16te m < a < M.
Amobeign. Oswovue Tic aTabepés akolovbies b, = m, y, = M kol €@AEUOTOVUE TNV TIQONYO-

Yuevn JTEOTAGN. O

2.4 Boaowkd 6o ko BaGkd KELTRELL GUYKALGNG

Ye ouTh Ty ToedyEa@o Beiokouue To 6pL0 KATIOIWV GUYKEKQWEVOY aKOAOUOLDOV Ol 0TToleg
ewpavigovtor oA ouyxvd otn cuvéxela. Me tn fonbeio aVTOV TOV «Back®OV 0plwv» aITodEL-

kvUouue 3U0 TTOAY xenacwa kELTnELa GUykALGnG akoAouvbiwv 6to 0 N GTo +oo.
IIgétacn 2.4.1. Av a > 1, 167e n akodovbia x, = a" teivel GTo +0o.

Agrodeién. Aot a > 1, vdgyer ¢ > 0 wote a = 1+9. A6 tnv aviedtnta Bernoulli stalpvouue
Xp=A+D'">1+n>nd

yia kdbe n € N.
‘Ectw topa M > 0. Amé v Agxwrideia widtnta, vrdeyel no € N date ng > M/9. Tote,
yia kKdbe n = ng €xouvue
X, > nd = ngd > M.

"Emtetal ot X, — +00. O
Iedétacn 2.4.2. Av 0 < a < 1, 16Te n akodovbia x, = a" cuykliver gto 0.

Agodeign. "Exovue é > 1, dpa vitdeyet & > 0 date ;11 =1+9. A6 v avicdétnta Bernoulli

Taipvouue
1
—=0+»">1+nd>nd
Xn
dnAadn .
0<x,<—
"o
yio kdbe n € N. Amé tnv % — 0 kol awé TO KELTAELO TWV LGOGUYKAVOUGWYV OKOAOLOLWV

gmweton OtTL X, — 0. O
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Ieétacn 2.4.3. Av a > 0, téte n akodovdia x, = {fa — 1.

AméSeién. (o) Efetdtovue moodta tnv Tepimtwon a > 1. Téte, {fa > 1 yio kd0e n € N.
Oplcovue
Op=a-1=x,-1

Hopatnpnote 6t ¥, > 0 yio k4Be n € N. Av delfouvue 611 ¥, — 0, 1dTe €Y0oUUE TO NTOVUEVO:
X, =1+9, > 1L

A@ov {fa =1+ 9, uwopovue va ypdpouue
a=>0+9)">1+nd, > nd,.

"Eqtetan 4T
a
0<9, < —,
n

KOL aITé TO KQLTNELO TWV LGOGUYKALVOUG®MV akoAoVBLdV cuuttepaivouue étl ¥, — 0. XuveTtog,
X, =1+9, > 1L

B) Av 0 <a <1 t61¢ é > 1. AT6 o () €xovue

r 1 .1 120
X Aa Va
ZUVETIRG, X, — L.
() Téhog, av a =1 t61¢ X, = Vi=1 yia kd0e n € N. Efvon tdpa @avepd ot x, — 1. O

IMeétacn 2.4.4. H akodovbia x, = \n — 1.

Amoberén. Myodpacte Tnv agrédelgn tng meonyovuevng srpdtacng. Opltovue
Gp=Vn-1=x,-1.

Hopatnpnote 6t ¥, > 0 yia k4Be n € N. Av Seltouvue 11 ¥, — 0, 1dTE €Y0UUE TO NTOVUEVO:
X, =1+9, > 1

A@ov {/n =1+ 9, YONCWOTIOWWVTOS TO SLOVUWIKG aVATTTUYUO, WITOEOVUE Vo, yedwpouue

nn-1)
2

n
2 2
n=>01+9,)" > 1+nﬂn+(2)ﬂn > 5.
‘Emetal 611, ylo n = 2,
2
0<d, < ,
n—1
KOL 0IT6 TO KQLTNELO TWV LGOGUYKAVOUG®MV akoAovBLdV Guuttepaivouue étL ¥, — 0. XuveTtog,

X, =1+9, > 1L a
Medétacn 2.4.5 (keitiplo Tou Adyov). Ectw (a,) akodovbia un undevikdv opwv (a, # 0).

(@) Av a, > 0 yia kdbe n € N ko “22 — £ > 1, 167€ @, — +oo.
n
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®) Av |“| - ¢ < 1, T67€ @, — 0.
An

AgréSeEn. (o) Oétovue € = S > 0. Apot %L — ¢, vatdoyel no € N dote: yia kGBe n > no,
w 3 ® a, QX N

Cln+1 t+1
>{—eg=——.
a, 2

€+

Hapatnpnote 6t & = & > 1. Téte, ay 41 > Fan, aniva > Pdn,, anoss > Fay,, KoL YEVIKE, ov
0 0 0 0 0 0

n > ng GYVEL (EENYNGTE ytom)

_ Ay
> 9" ”Oano = . 9"

o
AotV lim 9" = +oo, émetal 6Tl a, — +o0.

n—oo

”n+1

B) Oétovue € = S £ 0. Ao — ¢, vTtdeyel ng € N date: yia kdbe n > no,

t+1

an+l
-/ <f+8—T.

an

{+1

[Hopatnenote 6Tl p = +1 < 1. Tére, |any+1l < plan,l, lan,+2| < p Ia,,ol lany+3l < p Ianol KO YEVIKA,

av n > ny LoXVeL (s’g‘nynm:s yiortl)

- |, |
lanl < 0" "letn| = = < p"

pr
Apov lim p" = 0, émetan 6t a, — 0. o
n—o0

IHogatiignon 2.4.6. Av “Z*‘ — 1 té1e 10 KEUTAELO Sev Siver cuumépaoua. T Tapdderyuo,

"T” — 1 kROl 1 — 00, OUWG 17(7;1) — 1k 1/n - 0.

Evtedoc avdloya attodeikvietal n akdiovdn Ipdtacn.

Ieotaon 2.4.7. (o) Ectw u > 1 kat (a,) akodovBia detikdv 6pwv. Av a,.1 = ua, yia kdbe n,

TOTE a, — +00.

B) Ectw 0 < u < 1 kat (a,) akodovbio ue tnv ibiotnta |a,+1| < play| yia kabe n. Tote, a, — 0.
Od

Iedtaon 2.4.8 (koutiglo tng pitac). ‘Ectw (a,) akodovbia ue un apvntikovs 6Qoug.
(@) Av {fa, = p < 171618 @, — 0.
®) Av {fa, — p > 1 167€ @, — +oo.

Amodeign. (o) Oétouue € = I_Tp > 0. ApoV +{fa, — p, vitdgyel ng € N wote: yia kabe n > no,

+1
</a7<p+s=p7

, . 1
Hogatnenate 6t 9 := % <1ro

0<a, <9 vyw réOe n > nog.
Y
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ApoV 0 < ¥ < 1, épovye lim 9" = 0. Amd TO KELTAQLO TWV LGOGUYKAVOUGHV AKOAOVOL®OV
n—oo
gxetal oTL a, — 0.

B) Bétouue € = ’%1 > 0. ApoV {/a, — p, vtdexel np € N daote: yia k4Be n > no,

p+1

> p-o=2"

. . 1
Hopatnenate 6t & := ’% > 1 ko
a, 29"y kdbe n = ng.

Aot 9 > 1, éxovpe lim 9" = +o0. 'Emeton 611 @, — +00. O
n—o0

IMogatignon 2.4.9. Av {/a, — 1 t6te T0 KEUTRELO Sev Sivel guumépacua. Ta Taedderyua,
fn — 1k n — oo, dung V1/n — 1 ko 1/n — 0.

Evtedos avdloya agtodewkvietal n egng Ipdtaon.

IIeétacn 2.4.10. Ectw (a,) akolovbia ue un apvntikovs 6Qovg.
(@) Av vrrdgyel 0 < p < 1 date {fa, < p yia kdbe n € N t6te a, — 0.

(B) Av vrrdpyer p > 1 wote {fa, = p yia kdbe n € N 161¢€ a, — +oo. O

2.5 ZXUykMon povotovewv akolovfiov

2.5.1 XYykMon povétovev akoAovOiodv

Opwoudg 2.5.1 (povdétoveg akoroubieg). "Ectm (a,) uto arkolovdia mTooyuatikov agtBuoy. Adue
ot n (a,) etvar

(i) avéovaa, av ap+1 = a, yw kdbe n € N.
(i) @Oivovoa, av a,+1 < a, ywa kdbe n € N.
(i) yvnoiwg avéovoa, av a,s1 > a, Yo kéBe n € N,
(iv) yvnoiwg @bOivovoa, av a,.1 < a, Yo kGbe n € N,
Ye kabepio 0TTé TG TARATTAVE® TEQUITTOGCELS Adue 6Tl n (ay,) elvon yovdtovn.

Hagatngneeig 2.3.2. (o) EvkoAa eAéyyovue 6t av n (a,) elvon avgovca tdte
n<m=a, < a,.

Aelgte 10 e emaywyn: ctabepoTtomicte To n kAl Selfte OTL av a, < ap 10T ap < Al
AvtioTolo cuuItéeacua LoyVeL yio GA0US Toug AAAOVS TUTTOUS LOVOTOVIOG.

(B) Kdbe yvnoiweg avgovca akolovbio eivor avgovoa kal kdbe yvnaolog @bBivovsa akolovdia
etvanr @Bivouca.
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(y) Kdbe avgovoa axorovbia eivar kKAT® @eoyuévn, yio TTaddetyuo ogtd Tov TTEOTo Tng 3o
a1. TUVETTOG, Wwa avgovco akoloubio elvar @eayudévn ov kol wévo av eivar Gvw @eoyuévn.

Evtedos avdloya, kdbe @Bivouca arxoAouvbio eivor dvw @eoayuévn, yio ToQddetyuo aIrd
TOV TIE®TO TNG 0Q0 aj. XUVET®G, (o @Bivovca axkoAovBia eivar @eayuévn ov kol W6vo av
elvar kKATW EEAyuévn.

H SaieBnon virodewkviel oL av wa akoAovBia eival wovdtovn Kol @eayuévn, ToTe JTEETTEL
va guykAivel. T toddeyya, av n (a,) elvar avgovca kol dve @eayuévn, ToTe oL 6oL Tng
GUGGMEEVOVTAL GTO EAAXLGTO v @EAYUO ToL GUVOAOL A = {a, : n € N}. Oa Sdoovue avatnen
aTodeen yu avto:

Oeppnuoa 2.5.3 (GvykMon govotovav akolovbidv). Kdbe uovotovn kat @eayuévn axkolovbia
GUYKAIVEL.

AgrodeiEn. Xwic meploploud tng yevikdtntag vodétovue 6TL n (a,) elvar avgovca. To ciivoro
A ={a, : n € N} elvan un kevo (yia mapddetyua, a; € A) kot dveo @ayuévo didt n (a,) elvor
(Gvw) @eayuévn. AT To afloua Tng TANEATNTAS, UTTAQEXEL TO €AdYLGTO Av® @EAYUO TO.
‘Ectw a = supA. Oa deifovue 6T a, — a.

‘Eoctw € > 0. ApoV a—¢€ < a, 0 a — & dev elvar Gvw @edyua touv A. AnAadn, vITd)EL
otowyelo Tov A Tov elval yeyaditepo amd tov a — . Me dAAo Adyla, vitdpxel ng € N odote

a— & < ay,.

A@ov n a, elvar avgovaa, yia KAOe n > ng €(oVUE dp, < @, Kl ETEWON 0 a elval Ave @EAyUa
T0U A, a, < a. AnAadn, av n = ng T0TE

a—&e<ay, <dp<a<ate

"Ezteton Ot |a, —al < € ywo k4Be n > ng. Apov 1o € > 0 fitav Tux6v, cuustepaivouue 6Tl a, — a.
Od

Me TTaduolo TEOITO AITTOSERVUOVTAL TO EENG:
i) Av n (a,) etvar @Bivovco kol KAT® @EaAyuévn, téte a, — inf{a, : n € N}.
@il) Av n (a,) elvor avgovca kol Sev elvar dve @eayuévn, ToTe TElVEL GTO +00.
(i) Av n (a,) elvar @Bivouvca kal dev elval kKAT® @EAyUévn, TOTE Telvel GTO —oo.

Ac dovue yo wapddetyua tnv agtddeign touv devtepov oyveicuov: ‘Eatw M > 0. Aot n (a,)
dev elvar dve @eayuévn, o M dev elvar dve @edyua Tov Guvodov A = {a, : n € N}. XuveTdg,
vrtdxel no € N wote a,, > M. Apov n (a,) elvan avgovca, yia kdbe n > ny €govue

anp = ay, > M.

AoV o M > 0 fitav tuxwv, a, — +oo. O
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2.5.2 O aQBudg e
Xenoyomolwvtag to demonua ciyrAMong povdtovey arolovBiodv da oplcouue tov aplBud e
kot Ja dovue OGS pItoel KAvelg GYETIKA eUKOAN VO ETTLTUYEL KAAES TTROGEYYIGELS TOL.
Ieotaon 2.5.4. H axoldovbia a, = (1 + %)n GUYKAIVEL GE KATIOLOV JTRAYUATIKO aplfud Tov
avikel 6to (2,3). Opicovue e := lim (1 + %)n

n—oo
Agtodeién. Oa delgovue 6Tl n (a,) elvar yvnolng avfovca kot Gvw @eoyuévn.

(o) ®¢Aovue va eAéyEovue OTL a, < dp Yo kdBe n € N. TTapatngovue ot

1_'_1"<1+ 1y — n+1”< n+2\"'n+2
n n+1 n n+l] n+1
n+1< nn+2)\"
n+2 (n +1)2
1 1 "
— 1-—x<|(1- .
n (n+1)2

Agté tnv aviedtnta Bernoulli €xouue

(1_;)">1_L
(n+1)2 (n+1)72%

Apkel AoTtov va eAéygovue OTL
n 1

_— < _,
nm+1)2 n+2
70 oTtofo toyxveL yio kGbe n € N.
®) Ta va detEovue 6L n (ay,) elval Gve @EaAyuévn xenowoTiotovue wa devtepn akolovdia, tnv
n+l ,
b, = (1 + %) . Mapatnericte 6TL a, < b, ywo kGBe n € N.
H (b,) elvar yvnolng @bivovca: yia va Sel€ovue 6T by, > b1 Yo kABe n € N stapatngoiue

1 n+1 1 n+2 n+1 n+1 n+2 n+1 n+92
1+ - > 1+ — >
n n+1 n n+1 n+1
n+2 [((m+12\""
n+1 n(n+ 2)

ot

n+l
— 1+ <|1+ .
n+1 n(n +2)

AT1té v avigétnta Bernoulli €xovue

1+ ! n+1>1+ n+l
n(n + 2) nn+2)
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Apkel Aowgtdv va eAéyEouue OTL
n+1 1

> 2
nn+2) n+l

To oIrolo 1oxvel Yo kGbe n € N.

‘Emeton 6Tl a, < b, < by ywo kéBe n € N. Anhadn, a, < (1+1)? = 4 yua k@B n € N. Emiong,
n @Bivovcsa arkoAovdia (b,) elval kdtw @eayuévn: b, > a, > a; = 2 ywo kdbe n € N,
ATé o Yewdpnua cUyrAeng povdtovwv akolouvbuodv, ot (a,) xkor (b,) cuykAvouv. “Exouv
uwdMata to (Sto dplo: apov b, = a, - (1 + }l), cuurtepaivouue 4t

1
lim b, = lim a, - lim (1 + —) = lim a,,.

n—00 n—00 n—oo n n—,oo

Ovoudcovue e To KOwd 600 Twv (a,) ko (b,). "Exovue ndn del 611 2 < e < 4. T va
TEOGeyyloouue Thv T Tou 0Qlov KAAMITEQM, TrapaTtnEovue OTL, Yo Taddeyua, av n > 5
T01€ a5 < a, < e < b, < bs, KO GUVETTAG,

6\° 6\6
2.48832 = (5) <e< (5) = 2.985984.
AnAadn, 2 < e < 3. O

2.5.3 Aoyt Towv KIPOTIGUEVROV SLacTNUATOV

M ongavtiki e@aguoyn tov Oswenuatog 2.5.3 elvarl n «agyn Ttov KIPoTGUEVEOY SlacTn-

UATWV»:

Oedpnua 2.5.53. Ectw [a1,b1] 2 -+ 2 [an, by] 2 [ant1, bus1] 2 -+ wa pBivovca axkodovbia
KAEGTOV StacTnudtwy. Tote,

(o)

[a,,b,] + @.
=1

n
Av emmAéov b, — a, — 0, 16T TOo GUvoAo () lan, b,] TeQIEXEL aKEIBOS Evav TTEayuUATIKO
apBud (givar uovosivolo).

Amodeign. Ao v [ay, by 2 [an+1, but1] €metarl 6T
an < apy1 < by < by

vy kG0e n € N. Tuvemog, n (a,) elvar avgovaa kor n (by) eivor @Oivovsa.
AT6 tnv [ay, by] C [ag, b1] PAETTOVUE OTL

algangbngbl

v kdbe n € N. Xvuvemdg, n (a,) elvon dvo @ooayuévn amd tov by kow n (b,) elvor kAT

peayuévn amd tov aj.
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A6 T0 Dedpnua cUyrALoNG wovétovev axkoAouvdudv, vitdeyovv a,b € R dote
a, —>a ko b, —>b.

Aot a, < b, ywa kdbe n € N, n Ipdtaon 2.3.11 deiyver 6L a < b. Emiong, n yovotovia tov
(@n), (by) Siver

yia kdbe n € N, dnAadn
[a,b] € [, bal,
n=1
61ov guupwvovue 0T [a, b] = {a} = {b} av a = b. Eidwkdtepa,

(o)

[an, byl # 3.
=1

n

Ioyver pdMoto 6T

[

[a, b] = [ (@, bul.

n=1
Modypoatt, av x € (> [an, by] T61e a, < x < b, yia k@be n € N, doa a = lim, a, < x < lim, b, =
b. AnAadn, x € [a, b].

TéAog, av vtoBécouue 6T b, — a, — 0, €govue
b—a=1limb, —lima, = lim(b, —a,) = 0.
n n n

Anhadn, a = b. Emouévwg to 6Ovodo (7 [a,, b,] TepLéxel akeBdS £vav TTEAYLOTIKG aeLORo:
Tov a(= b). O

Hagatngnon 2.5.6. H vmdbeon d1 to vipwticuéva dtactipato tov Oswenpatog 2.5.5 -
tvaw kAetotd Sev prropel vo sapalewpdel. To wopddeyua, dewenote Ta ovolkTd SlaoTARATO
(an, by) = (0, %) "Eyovue

1
0,2 (O, 5)

U
|
—_
L
S| =
~—
U
—_
L
=
+ | =
—
~———
U

Suwg

3
—_
L
S| =
~———
Il

n=1

AM®og, da vtngxe x > 0 Tov Ja kavoTToloveE Ty X < ,ll yia kdBe n € N. Avutd elvar adivvato,
Adyw Tng Apgywndelos téidtntog.
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2.5.4 Avodoowkég akoAouvBieg

Kielvouue avtinv tnv IMopdypoago ue éva mapdderyuo avadpouking akolovbias. H texviki
TOU XENGLLOTIOLOVUE VLol TN UEAETN TNG GUYKALGNG avaSQOUk®V akoAovBlov Pacitetor guyvd

070 JedEnuo GUYKALGNG LOVOTOV®Y OKOAOLOLOV.

Haedderyua 2.5.7. Oswpovue tnv akoAovbia (a,) TOU €xel TTEOTO 6Q0 TOV a; = 1 KAl IKAVO-
Trolel tnv avadeowkn oxéon a,+ = Vl+a, ywo n = 1. ®a deleovue 6Tl n (a,) GuykAivel Gtov

¢ 1+V5
aud 5=

Amobeién. Amd tov TpdTTO 0QLGUOV TG (a,) elvar @avepd 6Tl GAoL ov 6ol Tng eivan detikol
(Belete 1o OWGTNEA UE ETTAYWYN).
Ac vtoBécouue 6L €xouue kaTAPEREL va delEouue OTL @, — a yua kdgtowov a € R. Tote,

dpel — A KOL \/1+an—> V1+a.

AoV any1 = V1 + a,, amd tn povadikdtnta Tov oplov 0 a TEETEL va tkavoTtolel Thv e&lcwon
a= V1+a, Snhadn a® —a —1= 0. Tuverdg,
1+v5 | 1-5
a=——nha=————.

2 2

, ‘ . , . . 1+V5
Ouwg, To 6Qlo TG (a,), av VITAEXEL, elvan un apvntikd. Etmouéveg, a = =52,

Méver va delEovue tnv Umapen tov opiov. Ilapatngovue 6t az = V2 >1=a. Ma
16¢a elvar Aowmrdv va delgovue 6Tl efvon avgovoo kar dvew @eayuévn. Tote, amd to Jedpnua

oUyrMong wovétovav akoAovbiwv, n (a,) GuyrkAvel (ko To 6QLo Tng ivol o 1+T\E).

(a) Aeglyvouue pe emmayoyn 6Tl a,+1 = a, yw kdbe n € N. "Exouvue ndn eAéyger 611 as > aj.
YmoBétovtag 6t ant = an, Talpvouue

am+2 = \/1 + a1 2 \/1 + am = A+

SnAadn €xouvue SelEel To eTTAYWYIKG Pripal.
(B) Téhog, delyvouue ue emmaywyn 6Tt n (a,) elvor dve @eoyuévn. ATt Tn GTIyUR TTOU €xouue
deleel 4L n (a,) elvan avgovaoa, da émperte va pstogovue va deffouvue GTL KADE TTEAYUATIKOG

0pudg pueyoAvtepog i {Gog aTtd TO «UTTOYPNPLO GELO» 1+2‘/5 elvar dve @edyua tng (a,). T
TaEddetyua, umopovue eVkola va dovue o1l a, < 2 ywa kdBe n € N. "Exovue a1 =1 < 2 raw av

Qy < 2 T0T€ Ay = V1+a, < V1+ =V3<2 O

2.6 YstakoAovOieg

Oqpwouds 2.6.1. ’Ecto (a,) wa axodovdia sreaypatikodv agbuodv. H akolovBia (b,) Aéyeton
vrrakodovbia tng (a,) ov VITAEXEL YVNGIWS avgouaa arkoAouvbia UAGIK®OY aQBu®dV ki < kg <
o<k, <ky<-o- 00TE

b, = ay, yw kdbe n e N.
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Me dAAa Adyra, ou 6ot tng (b,) elvon ot ak,, iy, - - - » Ak, - - ., OTIOV Kk < kg < -+ < ky < kpyp <---.
Tevikd, wa akolovbia éxel TToAAES (GUVIABWE datelpeg To TTANBOG) SLopoEETIKES VITOKOAOUO(EC.

Hogadeiynata 2.6.2. 'Ecto (a,) wo arkoAovdio Teoyuatikov oQlBuwny.

(o) H vtaxkoAovbia (az,) Tov «dpTiwv 6pwv» Tng (a,) €xeL 6poug Toug
as,dq,dg, . ...

Edw, k, = 2n.

B) H vrakoAovdia (ag,—1) TOV «ITEQLTTOV 0QwV» TG (a,) €xel QoS Toug
a,as,das, . ...

Edw, k, =2n - 1.

(v) H vraxkoAovBia (a,2) tng (a,) €xer 6povg Toug
ai,aq,ag, . ...

E8w, k, = n”.

©) Kdbe teMrd tunua (am, dm+l, Ams2, - -.) TG (a,) etvor vtokolovdia tng (a,). Ed®, k, =
m+n-—1

Hagatngnon 2.6.3. 'Ectw (k,) wa yvnoelog avgovca axkolovBia @uoik®dv apbuwv. Tote,
k, > n ywo k@Be n € N,

Amobeién. Me emayoyn: a@oV o k; elvar @uGkdg abudg, eivar @avepd ot k1 = 1. T
TO €TAYOYIKO Prina vrtobBétovue 0T ky, = m. AoV n (k,) elval yvnolwg avgovaca, €xouvue
kimn+1 > ki, GQQ ki1 > m. A@ov ot ky koL m elvor @uGkol aBuol, émetar 0Tl kyp = m+ 1
(Buunbeite 6TL avdueca gtov m kol 6Tov m + 1 Sev vTtdeyel AAAOS PUGLKAC). O

H emduevn modtacn Selyver 6TL av wo okoAovBio GUYKALveL GE TTEAYULATIKG aQlBud TdTe
OAec oL vTTakoAovBieg Tng efvar GuykAIvouGeS KAl GUYKAIVOUV GToV {810 TTEayUaTIKG 0pLBud.

IIedétaon 2.6.4. Av a, — a t0te yia kdbe vtakodovbia (ax,) tng (a,) woxvel ay, — a.
Amodeign. 'Ectm € > 0. Apov a, — a, vitdeyel ng = np(e) € N pe tnv €gng ibdtnta:
Ta kdBe m > ny woyvel la, —al < e.

Amé tnv Iapatinpnon 2.6.3 yia kGbe n > ny €xovue k, = n = ng. Orovrog Aoty m = k,

GTNV JTEONYOUUEV GYEGN, TTOlEVOULLE:
I'a kdBe n = ng wyvel |ag, —al < e.

Autd agrodeweviel 0Tl ar, — a: yw To Twxdv & > 0 Porikaue ng € N wcte 6Aor or 6ol

ko> Ay i1 - - - TG (ax,) va avrikovv GTo (a —&,a + €). a
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IHapatiignon 2.6.5. H stponyovuevn mpotacn efvar oA yoricwn av délovue va delgouue
6Tt wo akodovBia (a,) 8ev GuykAivelr Ge kavévoy TTEoyULaTikG olBud. Apekel va Peovue dvo
vIaxkoAovbies Tng (a,) oL 0TToleg va £X0UV SLOPORETIKA GQLAL.

lNa mapddeyua, ag dewmpricovue v (a,) = (-1)". Tote, ag, = (-1 =1 — 1 ko ag,_; =
- 1=-1- -1

Acg vmobBécovue 6L a, — a. Ou (ag,) wou (ag,—1) elvon vIaroiovdbies tng (a,), TEETEL
AouTév va woxvel ag, — a KAl ag,—1 — a. ATmé tn yovadikdTnta Tov oplov tng (agz,) woaipvouue
a =1 ka agtd tn govadikdtnta Tov 0Qlov ng (ag,-1) Tmaigvovue a = —1. AnAadn, 1 = -1
KataAngaue oe droto, dea n (a,) dev GuyrAlvel.

To emduevo Jewpnua TTaitel TOA) OUGLAGTIKG EOAO GTN GUVEXELD TOU LOBNULOTOG.

Oedpnua 2.6.6 (Bolzano-Weierstrass). Kafe ppayuévn akolovbia €xel TovAdyiGTov uia vita-
rodovBia sov cuykAivel Ge TEAyUATIKG 0QLOUO.

Agrodeién. Oa xENOWOITOGOUUE TNV 0N Tewv KPwTcuévewy Stactnudtov. ‘Eoto (a,) wo
eeayuévn akolovdio Teayratikdv aiuov. Tdte, vitdeyel kAewato Sidotnua [y, ¢1] 6To oTtolo
OVAKOUV 6AoL oL 6oL ay,.

Xwpitovue 10 [by, 1] o Vo dadoykd SiacthRpato Tou €xouv To (Slo UAKOG %: To
[bl, %] KOl [%,cl]. Kdgtoto agtd avtd ta §vo Siactipata Tegiéxel dIelpous To TARHog
6poug tng (a,). Haigvovtag cav [bg, c2] avtd to vIodidatnua tov [by,c1] €xovue delger To
eENG.

Ymdeyet kAewotd Sidatnua [be, co] C [by, c1] To oTtolo Trepuéyel darelpovg 6poug Tng
(a,) xou €yel unkog

Yuveyltovue pe Tov (8o TEGTTO: YwEitouue To [ba, c2] ce Vo Sradoxkd SacTARATA WAKOUG

%: Ta [bz, bzgcz] Ko [bzgcz,cz]. AoV o [by, c3] TeEéyel datelpovg dpoug Tng (a,), KAITTOoL0
aTté awTd Ta dvo dtacThuaTa TEQLEXEL dITelpoug To TIANBog dpoug Tng (a,). Iaigvovtag cov
[b3, c3] autd To vITOSdcTRRA TOV [be, o] €xovue delEel To €Enc.

Ymdpyer kAewot6 Sidetnua [bs, c3] C [bg, c2] To oTtolo TTeQLE)EL AITELROVS GEOUG TG
(ay) rou €yer unkog

CQ—bz C1—b1
Cg—bgz 9 = 22 .

Yuveyicovtag ue tov (So Teémo ogigovue arkoAovdia ([by, ciml),cy KAEWGTOV StacTnudtov
TOU KOvoTTOlEL TOL EENG:

(i) Tw xdBe m € N woxver [by1, Cmr1] C [bms .
(ii) T kdOe m € N woyver ¢,y — by, = (c1 — by) /2"

@(ii) Tw kdBe m € N vitdpyovv dielpol 6ot tng (a,) GTo [by, Cpml.
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XpnowoTowwvtag Tnv Teltn Guvlrkn, uitogovue vo Beovue vItaxkoAovdio (ak,) tng (a)
ue tnv wWiotnto: yioo kdbe m € N woyver ax, € [by,cm]. Iedyuat, vmdoxel k1 € N wote
ax, € [b1,c1] - yw tnv akeifela, 6Aor ou 6ot tng (a,) Pelokovion 6to [by, c1]. Todea, agol To
[b2, co] TeQLéxEL drelpoug 6ROUG TG (a,), KATTOL0C ATt avTovg €xel Selktn ueyoAvTeQo Ao k.
AnAodn, vrtdoxel ko > ki dGTE ag, € [bg, c2]. Me tov (8o Te6TT0, av £x0uv oplaTel ki < -+ < kyy,
WGTE ai, € [by, cs] yia kdBe s = 1,. .., m, uswogovue va PEoVUE ki1 > ky OGTE ak,,, € [Dm+1, Cma1]
(G101, TO [Dpsts Cms1] TEQLEXEL ATTELQOVG GEOVG TNG (a,)). "Etol, opltetar wia vitakoAovbia (ax,,)
g (a,) TTOV KOVOTIOLEl TO ¢NTOVUEVO.

Oa detovue 1L n (ag,) cuykAlvel. ATté Tnv agyn Towv KIBOTIGUEVOY SLAcTUATOV (Kol AGYyw
wng (ii)) virdpxer uovadkos a € R o ogrolog avrikel Ge A0 Ta KAELGTA SLAGTARATA [Dy, Cpnl.
Buunbeite 4T

lim b,, = a = lim c,.
m—00 m—oo

AoV by, < ai, < ¢ YO RAOE M, TO KELTAQELO TOV LGOGUYKALVOUGHV akoAoLOLdV Selyver 6L

m

ay,, — a. g

2.7 Baowkég akoAovbOieg

O opwouds tng Packing akoAovdbiog €xel gav apetnpia tTnv €€l TaATENoN: ag vtofécouue
6T a, — a. Téte, o 6ot g (a,) elvar TeMKkd «kovid» GTo a, dEa elvor TEMKA Kol «UETALY
TOUG KOVTA». [a vo ek@edoouue owaTnEd auth Tnv JTaQatignon, as dewpncouue Tuxdv € > 0.
Ymdxer no = no(e) € N ddate ya kdbe n > ng va woyvel |a, — al < § Téte, yio kGOe n,m = ng
€xouue

& E
|an_am|<|an_a|+|a—am|<§+§:g.

Oqpwoudg 2.7.1. M akolovdia (a,) Aéyeton Baciki akodovbia (i axodovBia Cauchy) av yia
KkG0e € > 0 virdeyel no = no(e) € N dote:

av m,n = ng(e), 10te l|a, —ayl < &.

Hagatnenon 2.7.2. Av n (a,) eivar faciki akolovbia, téte yia kdbe &€ > 0 vIdyer ng =
no(e) € N oote
av n = no(e), 101e  |a, — ap1| < €.

To avticTpo@o dev oyvel: av, agtd kdrolov delktn kot TEEA, dradoykol Gpot eivar kovtd, Sev
€reTal avaykaoTikd 6Tl n akolovBia elvan facki. Ta opddeyua, demweriate tnv

1 1
ap =1+ —+--- + —.

Tote,

apy1 — Ayl = —= —0
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otav n — 0o, OUWg

1 n \n

a2y = g = ——— + =2 5w

Ve A gy

étav n — oo, aIt’ dmov PAETTovue 6L n (a,) Sev elvan Paciki akoAovbia. IMpdyuatt, av n (a,)
ntov pactkin akoAovdio, da £mpeme (e@apuotoviag Tov oQuoud ue € = 1) yia peydiAa n,m = 2n

va, 1eyVEL

N

lag, —ay] <1 dnAadn — <1,
2

7o oTtolo odnyel ge droTo.

YKROTTOG pag etvan va delgovpe 0Tl wa akoAovBio TEAYULATIKOV alBu®dv eivor GuykAivouca
ov ko uovo av etvor Bacikn arkolovbia. H asddeign yivetor 6e tola fryata.

Heotaon 2.7.3. Kdbe facikn axolovbia sivar ppayugvn.

Agrodeién. 'Ecto (a,) Paciki akolovbia. IIdete € = 1> 0 gtov ogioud: vItdeyel no € N date
la, — aml <1 yia kdBe n,m = ng. EW8ikdteQa, |a, — an,| < 1 yia kéBe n > ng. AnAadn,

lan| <1+ la,| ywxdOe n > no.
Ogtovue M = max{lail,...,lanl, 1+ |a,,|} kou evkoAa ewaAnBevovue 6T

la,| < M

yia kdbe n € N. O

IIeétaon 2.7.4. Av uia Baciki akodovbia (a,) €xel cuykAivovca vitakoAovBia, 1ote n (ay)

GUYKAIVEL.

Amobeién. YmobBgtovue 6Tl n (a,) elvon Pacikit akolovBio kow 6Tl n vItakodovdio (ax,) ov-
ykAlver gto a € R. Oa delEovue 6T a, — a.

"Ectw £ > 0. Apov ai, — a, vitdeyel n1 € N wote: ya kdbe n > ny,

£
lag, —al < 5

AoV n (a,) elvor Bacikin akolovbia, vitdpxel ng € N date: yia kdbe n,m = ny

&
la, — ap| < 5

Oétouue ny = max{ng, ne}. '‘Eotw n = ng. Téte k, > n > ny = ny, dpa

£
lag, —al < 3

Emiong k,,n > ng = n2, dea

E
|ak,, —ay| < 5
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"Emtetan 4Tl
g &
lan — al < lan — ak,| + lak, —al < - + - = €.
2 2
AnAodn, |a, — al < € yua k4Be n > ng. Avté onpaivel 6T a, — a. d

Oewonua 2.7.5. Mia axodovbia (a,) cuykldiver av kal uévo av givar faciki arxolovbio.

Amodeién. H pla katevBuvon amodelytnke GTny €l6aymyn autig Tng ITapayQd@ov: v UITo-
Béoouue 6L @, — a kol av Yewprncovue TuX6V € > 0, vTTdEYEL no = np(e) € N wate yio kAbBe
n = ng va wyvel la, —al < §. Téte, yia kdbe n,m > ny €xovue

g &
|al’l_am| < |an—a|+|a—am|< -+ —=¢&.
2 2
Emouévwg, n (a,) etvor pacikn akoAovdia.

INa tnv avtictpoen katevBuvon: €otw (a,) Packi akodovBia. Amd tnv Ilpdtacn 2.7.3, n (a,)
elvar ppayuévn. Amd to Jedpnua Bolzano-Weierstrass, n (a,) €xer GuykAivouca vitakoAovBia.
TéNog, agtd tnv IIpdtacn 2.7.4 émeton 4t n (a,) GUYRALvEL. O

Avtd 1o KELTNELO GUYKALGNG glvar TTOAY Yenacwo. IToAAES popéc J€Aouue va eEacpalicoupe
Tnv YIoEn oplou yio wa akoAovdio xwelis va pog evilaeépel n Tiwn Tou oplov. Apkel va
deleovue 611 n akolovBia elvan facki, dnAadn ATt ov 6ol Tng elval «kovid» yia UeydAoug
delkTeg, KATL TTOV Sev ATTAUTEL VO LOVTEWOUUE €K TV TIROTEEMV TTOLd elval To 6glo. Avtibeta,
yia va. SovAéwouue ue Tov oQuoud Tov oplov, TTEETTEL AdN va E€poue TTOLd elval TO VITOWNELO
600 (GuykEiveTe TOUG 8V0 0QLGUOVG: «a;, — a» kol «(a,) Bacikit akoAovBiox.)

2.8 Aoknoceig
A’ Oudda
1. Egetdote av ol TTaQokdTtow TeoTdoelg eivor aAnbeic n weudels (OUTIOAOYNGTE TTANQWS TNV AITEAVTNGH
GOG).
(o) KdBe ppayuévn akolovBio GuykAivel.
(B) Kdbe ouykAivovca akolovbia eivar @eayugvn.

) Av (ay) eivor wio. axkolovBio akepaiwv aplOudv, ToTe n (a,) GUYKAMVEL av kol Wovo av eivoar TEMKE
atadepn.

) Ymdoyxer yvnoiws @bivovcsa akoAovBio @UGIKGOV aQLBUOV.
(e) Kdbe guykAivouga akodovbia doentwv aplbudv cuykAivel e dpento albud.
(ot) Kdbe mpayuotikds apbuds elvar dpto kditolas axkolovbiog deentwv ogliudv.
© Av (a,) etvon wa axkoAovBio FeTIKOV TEAYULATIKGOVY aplOu®dv, Téte a, — 0 av kol udvo av ai — 400,
M) "Eoto (a,) avtovca axkolovbia. Av n (a,) dev elvon dve @eayuévn, téte a, — +oo.

@) Av n (la,|) cvykAiver Téte kaw n (a,) GUYKALVEL
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© Av a, >0k n (a,) dev elvan dvw @eoayuévn, Téte a, — +oo.

() Av n (a,) GUYKMVEL KOL dy42 = @, Yia KGOe n € N, 16te n (a,) elvar cTabepn.

2. ’Ecto (a,) akolovBio detik®dv srpayuatikedy agludv. Av a, — a > 0 amwodeigte ot fa, —» 1. Tu
uropelte va melte av a, — 0;

3. ’Ectw (a,) akolovbia meayuatikav agbudy pe lim a, = 2. Oswpovue To. GUVOAL
n—oo

A = |

Ay = {neN:a,>2.003}

A3 = {neN:qg, <198}

Ay = {neN:1.99997 < a, < 2.0001}
As = {mneN:q, <2}

INa kdBe j=1,...,5 egetdate av (o) To A; eivan Temegacuévo, B) to N\ A; elvon memepacuévo.

4. Amodeilgte ue tov oQoud OTL

i’lZ—l’l

a, = — 1.

nZ+n

5. '‘Eoto (a,) akoloubio Trpayuatikdv agbudv. Av lim a, = a > 0, amwodeigte 1L a, > 0 tehkd.
n—oo

z 7 7z 7 — 2 n
6. Ta Ttotég Twés tov x € R guykiAivel n akoAouvBia (L;) ;

7. Two koBeptd aTd TG TAQOKATW OKOAOVO(ES €EeTAGTE av GUYKALVEL, KL av VAL, BEelTe TO GELO TNG:

3" 2n -1 Y
a, = —, B—n— Yo =n— Nn? —n, 6,,:(1+—)

n! " 3n+2 n?

" 6 1 sin
Ep = (\/ﬁ_ l)n, 41 = n_’ M = I’l2 Sin(_), ﬂn = "
6" }’13
2" - n! 1Y n®
K==, = An+Nno -, pn=(1+%), e —
3".n! sin(n®)

Tn = nn > é:n = \/71

8. (0) 'Ectw ay,asg,...,a; > 0. Amodeigte 6L

b, := Ha’l’ +ay+---+a; > max{ag, ay, ..., a}.

B) YsoAoyicte To 600 Tng akoAovBiog

ln
Xp==VN1"+2"+ ... +n"

n

9. 'Eotw a € R. Egetdote av cuykiivel n akolovbia x, = [”n—"] KoL, av vou, Beelte to dplo Tng.
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10. 'Ectw a > 0. Amodeigte Tt n akoAovbia b, elvar @Bivovca ko TTEOGS0QIGTE TO HELO TNC.

)!1
11. 'Ectw (a,), (b,) akolovbiec mpayuatik®dv apiudv. Ymobétovye 6Tt lim a, = a > 0 kv b, — +oo.
n—o00
(o) Amodeigte d1L vTTdEyouv ¢ > 0 kaw ng € N ddate: yia k4Be n > ny woyvel a, > 0.
B) Atrodelete 6L a,b, — +oo.

1 1 1 / . . [ .
5t 53 T T 5, OuykAlvel 6e TRayUaTikG aQbud. YwrodeEn:

Efetdote mpodta av n (y,) elvar wovitovn.

12. Amodeigte 6L n akoAovbia y, =

13. ®¢tovue a; = V6 ko, v kG0 n=1,2,..., a,y1 = V6 + a,.
Etetdote wg TEOg T gUykMaon tnv akoAouvdia (ay),.

14. Opltovue wa akorovdia (a,) ue a3 =1 ko

2a, +1

, neN.
a, +1

aps1 =
Egetdote av cuykAivel.
15. ’Ecto (a,) wo akodovBia. Agrodeiste 0Tl a, — a av Kol Wévo av ol vItakoAovdies (ag) Ko (ag-1)

GUYKAVOUV GTO a.

16. 'Eotw (a,) wa axkolovbio. YmoBétouue 611 ov vitakoAovdies (ag), (az-1) ko (asy) GUYKAIVOUV.
ATrodeigte ot

(OL) lim agy = lim agg-1 = lim asg.
k—o00 k—o00 k—00

®) H (a,) cvyxAivel

B’ Ouada

17. Two kaBewd aTtd Tis TOEAKATH akoAoVBieS egeTdaTe Ov GUYKALVEL, KoL OV vai, Belte To 6L Tng:

S"+n W 1 1 . n
@, = 6" —n’ = 3_ Ynz(\/ﬁ_l)
\/l+——\/ g =icos(n2)
" n
(n!)%2"
= 1)" n = _, n = .
=D n2+1 o= (2n)!
18. Etetdote wg mEOS Tn GUYKAMGN TIS TTORAKAT® arkoAovdieg:
1 1 1
a, = + +oe b ——
Vn2+1 Vn2+2 Vn? +n
b= 1+22+33+---+n"
n — nn
_ 1 + 1 +ee !
M= T ) (2n)!
1 1 1

0= ot ——— o ———
n?3 " (n+1)2/3 (2n)2/3
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19. "Ectw A pn kevd kol dve @eayuévo vTtocgivodo tov R. Av a = sup A, amodeifte d1L vItdyel
akolovbia (a,) ctotelwv tov A ue lim a, = a.

n—oo

Av, eTustAéov, to sup A Sev elvar groyelo Tov A, agtodelEte 611 n woEATTdve akoloubio uitogel va
emAeyel ®oTe va elvan yvnoing avgovaa.

20. 'Ectw (a,) axkoAovbia ue a, — a. Opigovue wa devtepn axkolovbia (b,) Jétovtac

a+---+a,

Amodeigte 6L b, — a.
21. ’Eotw (a,) akoAlovBio detikodv dpwv ue a, — a > 0. Amodei&te 6t

b,:=———F —>a xvu vy,:=A+a---a, > a.

22. 'Eotw (a,) akoAdovBio ue lim(a,+1 — a,) = a. AswodelEte 6T
n—oo

an
— —a.
n

23. ’Ectw (a,) avgovca akoAovBia ue tnv wbidtnto

a+---+ay,
b, = — —>a.

ATodeigte o6t a, — a.

24. Amodeigte 6ti av a, > 0 kot lim % =a, to1e lim </a, = a.

n—oo n n—oo
25. IpoadopicTe o 60LaL TV AKROAOVOLWV:

1/n

[ (2n)!
| ()2

Br= 4 D+ 2 (]
23\ (4 (1)
w=|5(3) () ()

26. YTroAoyioTe TO 6QLoL TOV TTAQROKAT® OKOAOUOLOV:

Kol

27. "Ectw (a,), (by) 800 axkolovbieg TEAYUATIKOV aQbudv ue b, # 0 yia kGO n € N kou lim 7 = 1.

n—oo

(@) Av, eTumtAéov, n (b,) elvon @eayuévn, astodeigte 6t lim(a, — b,) = 0.
n—oo
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a

<

B) Adate TTaEAdeyHo akoAOUOLOV Yo TIC oTtoleg lim

n—oo

=1 aAAd Sev woxver lim(a, — by,) = 0.

|

28. XenGWoTmolwvTag Tnv avicdtnta

1 1 1 1
+...+_Z_
n+l n+2 2n

N

delete 6L n akoAovbia a, =1+ % +-oo+ % dev elvan Packit akolovbia. Xuumepdvate 4t a, — +0o.

29. ’Ectw 0 < u < 1 kot akoAovbia (a,) yio tnv omoia tGyvel
lan1 — anl < play, —a,l, n=2.

ATtodeiete 6L n (a,) elvon Paciki akolovbia.

7 ap+a,—
30. Opltovue a1 = a, ag = b kA a4 = et

, n > 2. Egetdote av n (a,) elvar Bacikn akoAovbia.

I Oudada

31. Amtodeitte 41l kKABE TEAYUATIKGS AELOULOS elvar GpLo YvnGims aEouGas akoAouBias EnTov ALy,
KOO®OGS eriong kow 6QLo yvnolmg avgovcas akolovbiag doentwv aplduwny.

32. Amtodeigte 6L av (a,) elvor wa akoAovbia JeTIKOV TEAYUATIKOV aliudv ue a, — a > 0, Té1e
inf{a, : n € N} > 0.

33. Amodeiete 6L av (a,) elvar wo akolovbio YeTikdv TTEOyULATIKOV aQlBuwv ue a, — 0, 1dte TO
oUvolo A = {a, : n € N} éxer uéyioto atoryelo.

2
34. Opltouvue wo aroAovbio (@) we a3 = 0 koL @yt = ;’ZE, n=123,.... AmodelEte ot
(@) H (@) elvar avgovaa.
® a, = 1
35. Oewpovue tnv arkoAovbia (a,) Tov opiteTon ATTd TIC @1 = 3 KO @iy = @, n=12,.... Amodeltte

6Tl n (@,) GUYKALVEL KoL VITOAOYIGTE TO OQLO TNG.

36. 'Ectw a > 0. @ewovue Tux6v x; > 0 ko yia kdbe n € N oplgovue

Amodeigte 6L n (x,), TOLAGGTOV aIé Tov §eUTepo 6RO Tng Kou TEEQ, eivar @Bivovco Ko KATW
@eayuévn aTé Tov va. Beeite To lim x,,.

n—oo
37. 'Ectw 0 < a1 < by. Oplgovue avadpoukd dvo arkoiovbies détovtag

a, + b,

Qne1 = Vapb, v by = 9

(@) Amrodelete 6L n (a,) elvon avgovoa kat n (b,) @Bivovaa.
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B) Agrodelete 6L oL (@y), (b,) cuykAivouv kol €xouv To (Slo GLo.

38. EmAéyouue x; = a, xo = b kow d€tovue

Xn 2xn+1
Xp42 = 3 + .

3
Amodelgte 6Tl n (x,;) cuykAivel ko Beelte To 6010 Tng. [YmddeiEn: OewENGTE TV Y, = Xpp — X, KOL

Boelte avadpoukd toTo yia tnv (y,).]

39. "Ecto (a,) akolovBio Jreoyuatikdv oiuov ue tny iiotnta: yio kdbe k € N to givolo Ay ={n €
N: |a,| < k} etvan emepacuévo. Arodelgte 6Tt lim ai =0.

n—oo “n

40. Ozweovue yvwatd ot lim (1 + %)” = e. Atodel€te 671, yia kGBe Entd aEud ¢, wyvet:
n—oo

lim(1+g) =e?.

n—oo n

41. (Anpua tou Stoltz) "Eatm (a,) axkoAovBio Ttooyuatikdv agiudv kol €otw (b,) yvnolng avgovca
akoAovBia TeayuaTik®v aglbuoy ue lim b, = +oo. AmodeiEte 6Tl av

n—oo

Ap+1 — Ap

lim =4,
n—e by, — by
6mov A€ R A A = +00, TdTE
. ay
lim — = A.
n—oo
42. Opltovue axkolovBia (a,) ue 0 < a; <1 v gy = a,(1-a,), n=1,2,.... Amodeigre 6 lim na, = 1.

n—oo



KED®AAAIO O

2 E1P£C TEAYUATIKOV aQLtluwv

3.1 XUykMon celQdg
Oqpwoudc 3.1.1. ’Ecto (ar) wa akoAovBio Trayuatikey apliudv. Oswmeovue tnv akolovdio
Sp=ap+ -+ ap.

AnAadn,

s1=ai, S9=a+ag, S3=a+a+as,

IMeprypamikd, xENOWOoTOolovUE To GUUPOAO ) ar yla vo SnAdcouue Tnv «edbecn» uag vo

k=1
(o8]
TEoGBEGouuE TOUG ag,dsg, ... UE «Tn GeERA Tov wag €xouv Sobel». Ba Adue 6T n Y ar elvon n
k=1
n (e8]
oelpd ue 6pous ax. To dbpowoua s, = Y, ar elvol To n-007T0 uepiko dbpoigua tng GeWRAS ., ax
k=1 k=1

(o)

KoL n (s,) elvan n akodovbia Twv uepik®v abpolcudtwy Tng GEWRAS Y, ay.
k=1

Av n (s,) cUYKMVEL G KATTOLOV TTEOAYUATIKG aOus s, Téte ypdpouue
[ee)
s=ar+ag+---+a,+--- 1 SZZak

kol Aéue 6Tl n 6elpd guykdiver (GTo s), To 8e 6o s = lim s, elvon To dBpoicua Tng GelRAG.

n—00
[ee) (o)
Av s, = +o0 L av 5, = —0co, TGTE YRAPOLUE Y, ar = +00 1 Y, a; = —oo koL Aéue OTL n gelpd
k=1 k=1

[ee]
>, a QITOKAIVEL GTO +00 B GTO —o0 OVTIGTOLY .
k=1
(o)
Av n (s,) 8ev guykAivel ge TTEAYULATIKG aQBUd, tdTe Aéue OTL n Gelpd Y, ay AITOKAIVEL.
k=1

Hagatnenoeig 3.1.2. (a) [HoAAég @opéc e€etdovue Tn GUYKALGN GEWROV TG UWORPNS Y, di
k=0
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[ee)

n Y, ag 6mov m > 2. Xg oUTA Tnv Jeplmtoon JETovue Sy = ap+ a1+ -+ ay N Sypme1 =
k=m

am + Q1 + -+ + ay (Yo n > m) avtioToya, kol eEeTdovue Tn GUyRALGN Tng akoAovdiag (sy,).

B) ATt6 Toug 0ELOLOVGS TTOL Sdcoue elvar @oveEd OTL yio va egeTdoouue Th GUYKMGN N OTTOKAL-
on Wag og1Rds, arrAmdg egetdovue Tn cUykAon N asrékion wag axkolovbiag (tng akolovdiag
(8) TV peEkOV abpotoudtov Tng ceds). O n-06Té¢ Suws 6o Tng axkoiovbiag (s,) elvor
éva «dbgoloua ue oAogva avEavOuEVo UWAKOG», To oTtoio aduvatovue (cuviBws) va ypdapouue
e KAELGTA LoEeN. XUVETTHG, N e¥EeEGN TOU 0QIOV § = 1i_>m §p, (6Tav avutd videxel) eivar TTOAY
oUXVE OVEPIKTN. XKOTIOC wog elvarl Aolrdv va, avaﬂrogguﬁs KAITOL0. KQLTAQLAL TOL 0TTo{0l VoL LalS
ETTEETTOVV (TOVAGYLGTOV) VO TToUUE OV 1L (S,;) GUYRALVEL GE TTEOYUATIKG aELOUs N GxL.

ITpw mpoywencovue e Tagadelyuata, da dovue kdmoleg aTtAég TeoTdaels Tou Jo xenat-
uoTttolovue eAeVBeQA GTN GUVEXELQL.

Av éyovue &Vo oewpés Y ar , 2 by, uiropovue va GYMUOTIGOUUE TO YROUWKS Guviuacud
k=1 k=1

Toug Y. (day + uby), 6mov A, u € R.
k=1

eétacn 3.1.3. Av >, ar = s kaL ), by =t, 101¢
k=1 k=1

(o8]

3.1.1) Z(/lak + uby) = As + ut = /li ai + i i by.

k=1 k=1 k=1

n n n

Agtodeién. Av s, = ) ag, ty = 3, br wou u, = Y (dag + uby) eivor to n-06Td uepikd abpoiouato
k=1 k=1 k=1

TOV GERWV, TOTE U, = As, + ut,. AVTo TEOKRVITTEL EUKOAN OTTO TIC ISLOTNTES TNG TTEOGHEGNS KoL

TOU JTTOAAATTAAGLAGUOV, Aot €xouue abpoicuata (e TTeETEQAGUEVOUS To TTANB0C dpous. 'Ouncg,
Sp — § KL I, — 1, doa u, — As + ut. Ao Tov oguoud Tov abpolouatog celpdc érmetan n (3.1.1).
O

Ieotaon 3.1.4. (o) Av asraleipovue TETEQPAGUEVO TTARBOC «QEXIKWDOV» 0QWV UGS GELRAS, GEV
emnpedgeTal n GUykAGn 1 AITOKAGH TRG.

B) Av aldddéovue TeTTEQAGUEVOUS TO TTAHBOC 0POUS Ulag GelRdcs, 6ev eTnEEALeTal N GUYKALGN
n amworkMon Tng.

Agrodeién. (o) Oeweovye tn gelpd ) ar. Me tn @edon «aItaAelPOUUE TOUG 0QYIKOUS GQOUS
k=1

(o8]

a, as, . ..,am—1» €vvoovue OTL Jewpovye Tnv kawvouvEyla Gelpd Y, dr. Av cuupoAicovue ye s,
k=m

KO f; T n-00TA peEkd aboiouata Twv §U0 GER®V OVTIGTOlX®WS, TOTE Yia KAOe n > m éyouue

(3.1.2) Sp=ar+ag+---+ay1+ap+--+tap,=ar+ -+ ap-1+ ot

Emouévmg n (s,) cuyrAiver av kot wévov av n (f,_,+1) GUYKALvel, SnAadn av kot pévov av n
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(t,) ovykAivel. Emtiong, av s, — s ko t, = 1, 10Te s =ay +ag + - -+ + ap-1 + . AnAadn,

3.1.3) Z ar=ar+---+du_1+ Z a.
k=m

k=1

(B) Oswpovue tn oeRd Y, ar. AAAGTovue TeTEQAGUEVOUS TO TTABOGS dpoug Tng (ay). Oswpoiue
k=1

o0

SnAadn wio véo oelpd Y by Tou Suwg €xel Tnv €Eng wdidtnto: vTtdeyel m € N date ax = by yio
k=1

KkG0e k > m. Av amodeiypouvue Toug TEATOUS M — 1 Gpoug Twv Vo GeRWOV, TTEOKVTITTEL n (Blol

oepd Y, ar. Toea, epapuotovue To (o). O

k=m

Igotaon 3.1.5. (o) Av ) a; = s, 16T€ a,, — 0.
k=1

B®) Av n celpd ), ar cvyklivel, Tote yia kdbe € > 0 vmdpyxer N = N(e) € N dote: yia kdbe
k=1

n>=N,

(o)

:E: aigl < €.

k=n+1

n
Amodeign. (o) Av s, = D) ag, 161e 5, = § KO 5,,-1 — 5. Emopévac,
k=1

a, =S, — Sp-1 — s—s5=0.

YTnv TEAYULOTIKOTNTO, 0UTO TTou KGvouue €8¢ elvar vo dewprncouye wa Sevtepn akolouvbio
(tp) n omola oplteton wg €gng: Sivouye avbBalpetn Twn cgtov f; — ywa woeddeyua, 1 = 0 —
KOL yio k4B n > 2 Yétovue t, = s,—1. TOte, 1, — s (Goknon) kol yio kdbe n > 2 €youvue
ap =S, —t, = s— s =0 (Egnynacte v TEATN LGOTNTA).

"Evag dANog TeoTIo¢ yia va agtodeligovue 1 a, — 0 elvar ye tov opoud. ‘Ectw £ > 0.
Aot s, — s, vitdoyel n; € N @GTe |5, — 5| < § yia kdBe n > ny. Oétovue ng = ny + 1. Téte, yia
KABe n = ng éqovue n = ng kol n — 1 > ny. TUVETDG, |s — 5] < § KL |s — s,-1] < g, oTt’ dITOUv
émeton 4Tl

g ¢
lanl = Isn — Sn-1l <lsp—sl+ls—spal < S+ 5 =¢
2 2
yio KGBe n > ng. Me Bdon tov opioud, a, — 0.

B®) Av D ar = s, 161€ amd tnv (3.1.3) €rovue
k=1

B = Zak:s—sn—>0
k=n+1

KABWS To 1 — 0. ATté TOV 0QLGUS TOU 0lov arkolovbiag, yia kdbe € > 0 vitdoyer N = N(e) e N

®oTE: Yo kABe n = N, |B,] < . O

Ynueioon. To uépog (o) tng Ilpdtacng 3.1.5 yenaciwoToleitor Gav KpLtriplo amokdions: Av n
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akolovBia (ai) 8ev cuykAivel 6To 0 TéTE N GEWRA D, dr OVOYKAGTIKA QITORALVEL.
k=1

Hoagadeiynata

(o) H yewuetpixn oeipd pe Mdyo x € R eivaw n cepd

(3.1.4) >

k=0

AnAadh ap = XK, k=0,1,2,.... Av x =1 161€ 5, = n+1, eved av x # 1 éxovue
n+l1
-1
(3.15) sp=ldxtl =l 1
x_

Atokpivouue S0 TEQLITTWGELS:

i) Av |x| =1 t6te |ag| = |xf¥ > 1, SnAadh ax A 0. AT6 thv ITpétacn 3.1.5 (o) PAETToVUE OTL
n cepd (3.1.4) agtokAivel.

(i) Av |x] <1 téte ¥ - 0, omdte n (3.1.5) Selyver 6TL 5, — ﬁ AnAodn,
o0
1
I
k=0 X
B) TnAeorommikés gelpés. YmoBEétovue 6Tt n akolovBia (ay) wavoTstolel Tnv

ax = by — by

vy kAGBe k € N, 6700 () W dAANn akodouvBio. Tote, n Gelpd Y, ar GUYKALVEL av KAl WGVOV av
k=1
n akoAovbia (by) cuykAivel. Ilpdyuatt, xovue

Sp=ai+---+a,=(by —by)+(by—b3) + -+ (b, — bys1) = b1 — bp1,

omdte b, — b av kow wévov av s, — by — b.

Yav Taeddetyua dempovye th Gelpd | ﬁ Tére,
k=1

T kk+1)  k k+1

Ak

omov by = % Emouévac,

caetan=(1- )+ (- L) s
Sn =1 R Y I

(-7
+ —_ -
n n+l
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AnAodn,
- 1
Zkk p !
 k(k+1)

Oedonua 3.1.6 (kprtnpro Cauchy). H ceipd ), ap GUykAveL av Kal u6vo av LoyUel 1o €Ec: yia kKdbe
k=1
&> 0 vrtdoyet N = N(¢) € N dore: av N < m < n 161¢

n

Z ay| = lam + -+ a,l < e.

k=m+1
Amébeikn. Av s, = aj+as+- - -+a, elvon 10 n-00TO UeEkd dBoLaUa TG GeRAGS, n GELRd GUYKALVEL av KoL
uévov av n (s,) cuykAMvel. AnAadn, av kol uévov av n (s,) elvar Baciki akodovbia. Avtd duwg eivon
(a7td TOVv 0QLoUs TnG Bactking akoAovdiog) wwodvvauo ue To €N yio kKdBe £ > 0 vrtdpxer N = N(e) € N
®oTe ywo kGbe N < m < n,

laper + - +apl =@+ +a,)—(a+--+a,)l = sy —sul <e. O

3.2 Xepéc ue un aQvNnTikoUS 6Qovg

Y& aUTR TRV TTOEAYEAMO GUTNTAUE TN GUYKAIGN N OITOKAIGN GELR®OV UE Un AQVITIKOUS GQOUG.
H Bacwkn mwagatiignon eivar 6t av yio tny akolovdia (ag) éxovue ar = 0 yia kdBe k € N, té1e

n akoAovbia (s,) ToV yeplkdVv abpoloudtwv elval avgovca: Tmedyuatt, yia kdbe n € N éyouue
Spr1 = Sp = (a1 + -+ ay +app) — (@ + - +ay) = app 2 0.

Oewonua 3.2.1. Eotw (ay) akodovbia ue a; > 0 yia kdbe k € N. H cgelpd ), a; cvykliver av
k=1
Kai uévov av n axkolovdia (s,) Twv uepikwv abgoicudtov eival dvew @eayuévn. Av n (s,) éev

glval avw ppayuévn, T0te ), ap = +0o.
k=1

Amodein. H (s,) elvar avgovca axkolovbia. Av eivor dveo @eoayuévn 1éte GuykAlver e
TEOYUATIKG abud, doa n celpd GuykAivel. Av n (s,) Sev elvar dveo @eayuévn tote, a@oy
elvar avéovaa, €xovue s, — +0o. O

(o]
. , ’ , . 1 , .
IIedétaon 3.2.2 (apuovikn celpd). H aQUOVIKN Gelpd kz_]l 7 QITOKAIVEL GTO +00:

= 400,

bl

k=1
Agtodeién. Apykd do delfouye e emaynyn ot

3.2.1) son =1+ yia kdbe n € N.

NS

Mo 7 =1 n oviedTnta 1oxvel og tedTnto: s = 1+ % Ymo0<touue 61 n (3.2.1) oxver yioo kGgtolo
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@UGIKO n. Tote,
1 1 1
+ oot
2n+1 2"+ 2 2n+
HopatneAGTe OTL O Sgurt — Son €lvan éva dBpotoua 2" 1o TANB0S aEBUdV KAl 3Tl 0 WKEATEQOS

oIto awTovg elval o 2,% YUVETTIWG,

Son+l = Son +

S2n+1 > Son + 2” N

Emouévmg, n (3.2.1) 1oyvel yia Tov QuGotkd n + 1.
"Ectw topa M > 0. Yrdoxer @uatkds ny tétotog wate 1+ % > M. ©étovue ng = 2. Tore,
yia Kdbe n = ng €xouue
Sp 2 Spy = Som >1+%>M.

AvTd agrodeikviel 0Tl 5, — +oo. O

Hagatnenon 3.2.3. To Taeddetyua tng aQUOVIKAG celpds delyvel OTL To aviicTEOMOo Tng

Ipotaong 3.1.5 (o) Sev woxvel. Av a — 0 téte Sev elvan amogaltnto 6woTd Tl n GeRd D, dx
k=1
GUYKALVEL.

3.2.1 Zz1pég ue @OBivovtec un aEVRTIKOVS 6QOVUGS

[

IToAMEC @OQES GuvavTdue GEWRES D, ax TwV 0TIolwv oL 6ol ar @Bivouy T1eog T0 0: aryy < ax
k=1

yio kdbe k € N kaw g — 0. "Eva kltiglo GUyKAMONG touv e@audtetol Guyvd ce TETOLES

TEQUITTOGELS €lvOl TO KELTHELO CUUITTUKVWGNG.

Ieotaon 3.2.4 (keutipo cuustikveong - Cauchy). Ectw (ar) uia @bivovca axolovbia ue

ay > 0 katr a; — 0. H celpd Y, a; cuykAivel av kai uovo av n celpd Y, 2% ay cuykaiver.
k=1 k=0

o0
AmoSeiEn.  YmoBétovue modta 6T n Y 2%ay cuykAivel. Téte, n akoAovbic TV UEQKOV

abpoloudtwv

Ly =a1+2as +4as+ -+ 2"agm
efvar Gvw @eayuévn. ‘Eoto M éva dveo @edyua tng (f,). Oa Seltovue 611 0 M eivar dvw
@Edyuo yio o uepkd abpolouata tng Y dr. ‘EGtw s, = a1+ - - + ap. O apududs m Peloketon

k=1
avdueca e Svo Swadoykés duvduelg Tov 2: vmdoxer n € N wote 2" < m < 2L Téte,
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xonoworolwvtag tnv vitodeon ot n (ai) elvar eBivovca, €xouvue

Sm=ar+(ag+az)+ (as+as+ag+ap)+---+ @1+ -+ agm_q)
+ (agn + -+ + ay)
=a;+(ag+az)+(as+as+ag+ap)+---+(apm-1+---+ag_1)
+(ag +- -+ ay+ -+ agm_y)
<ap+2ay +4ag + -+ 2" ages + 2"ag
<M.
0
A@ov n 3 ap €xel un aQvnTikovg 6poug Kol n akoAovbio Twv ueQikdv abpoloudtnv Tng eivor
k=1 N
ave @eayuévn, to Osmonua 3.2.1 delyvel 6TL n Y, ar GuykAivel.

k=1

[ee]

Avtiotpopa: virobBétovue 6TL n Y ar cuykAivel, dndadn 6t n (s,) elvar dveo @eayuévn:
k=1

vTtdexer M € R date s, < M yo kGBe m € N. Téte, yio 1o Tuydv uepikd dbpotoua (f,) tng

oedg Y 2K ay éxovue
k=1

th,=a1+2ag +4as + -+ 2"%agm
< 2a1+2a9 +2(as +aqg) + -+ 2(agn-1. + -+ - + agn)
2S2n < 2M.

A@ov n (t,) eivar dve @eayuévn, o Osdonua 3.2.1 deixver 6 n Y 2%ayu Guykiiver O
k=0

Haedderyua 3.2.5 (p-oewpés). H cepd Y kip, omov p > 0. "Exovue a; = kip Apov p >0, n
k=1
(ax) @Biver Tpog T0 0. Oewpovye ThV

(o)

- = 1 1 ¥
; 2kazk = ; 2k(2k)p = Z (ﬁ) .

k=0

/ 7 ’ /7 7 7 _ 1
H tedevtaio oed eivan YE@UETQU GEWRA ue AOYO X, = 5o
1

71 < 1, dnAadn av p > 1 ko agtokAivel av x, = # > 1, dnAadn av p < 1

Eidaue 6t1 cuykAiver av x, =

[ee)
AT TO KQLTAELO GUUITUKVMGNG, N GeLd kzl kip GuykAvel av p > 1 kol agtokAivel GTo +oo

avO0<p<L

3.2.2 O oaBudg e

"Eyouue opioel Tov apliud e og 1o 6QLo Tng yvnolng avfovcog kol dve @eoyuévng akolovdiog
a, = (1 + %)n ROOOC TO n — oo,
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IHeotaon 3.2.6. O apiBuds e tkavogrolel Tnv
o 1
e = Z F
k=0

Agtodeién. Ouunbeite 6T 0! = 1. Tpdpouue s, yia T0 n-06TS pepkd dbpoloua Tng GelRds GTo
Segld uéhog:

_1 1 1
Sn +F+2—!+ E
A6 10 Srovuukd avdsttuyua, xovue
1+1"_1+n1+n1+ (M2
nl 1/n \2/n2 n)n"
nl nn-11 nn-1)---n—-k+1 1
=l+—-——+—"—+ -+ —
1'n 21 n? k! nk
nn-1---2-11
n! n
—1+1+111+ +111 1n—1
B 1 2! n n! n n
1 1 1 1
< +ﬁ+i+ E,
SnAadn,
3.2.2) a, < Sy

"Ectw n € N. O mponyovuevog vtoAoyioudc delyver ot av k > n téte

1+1k—1+1+11 1+ +1
k| 12 k n!

Kpatdvtag 1o n gtabepd Kol a@nvovtag To k — oo, AEmovue 4Tt

k

1 1 1
e:lim(1+—) Z2l+—+—=4+-+—==3,

k ! n

k—o0
AoV n avgovca axkolovbia (s,) elvor dvw @eayuévn amd Tov e, émetal 6Tl n (s,) GUYKALveEL

kot lim s, < e. A6 tnv AAAn TAgLEAd, n (3.2.2) Selyver 6L e = lim @, < lim s,. Emouévwg,
n—0o0

n—oo n—oo

— 1
e=lim s, = Z —,
n—oo k!
k=0
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OTwe woYvEiteTal n TEATAGN. O
XENGWOTOLWVTOS QUTA TV ovaTtapdatacn Tou e, da deifovue 4Tl elvar dpentog aude.

IIeotaon 3.2.7. O e eivail dppntog.

Agrodei&n. Ymobétouue o1l 0 e eivan pntdg. Tote, vrdpyovv m,n € N wate

m o~ 1
8252;5.

AnAodn,

3.2.3 m—1+1+...+1 +—1 +...+—1 4.
6.29) no 1 n)  \m+1)! (n+5)! '

MoAamAaacidcovtas ta dvo uéin tng (3.2.3) ue n!, umopovue va ypdpouue

1 + 1 +...+ 1 +....
n+l (m+1Dn+2) n+1)---(n+s)

IMapatnenate 6ti, aTtd Tov TEOTTO0 0PLGUOV TOV, O

1 1
A=n! A
n 1 n!

efvar @uokoS 0pBuds. Oung, yia kGbe s € N éyouue

1 1 1 1

n+1+(n+1)(n+2)+”'+(n+1)---(n+s) S

+
+
I

SB
—+
N
=l

>~
Il
(=}

[
[\')l»—k

A

WIN WIN ] =

+ +

e e ol e N
ek
2| -

Emouévac,
1 1 1 . 1

ntl n+Dn+2) T arDmrs ST

‘Etetor 0TL 0 QUGIKGS 0plBUdg A kavoTtolel Tnv
1
0<A<—
S 12

KoL €youue KOATOANEEL 08 ATOTIO.
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3.3 Tevikd kertioia

3.3.1 AgstéAvtn GUykAion GeRAS
Opioudg 3.3.1. Adue 6L n gepd Y, ax cuykdivel astodVTws ov n Gelpd ) |ax| cuykAivel. Adue
k=1 k=1

(o)
0Tl n gelpd Y, ax GUYKAVEL VTTO cuvOrikn av GuykALvel AAAG Gev GuyKALvel aTTOAVTWG.
k=1

H emdéuevn medtacn Selyver 6t n amwdivtn cUiyrAen elvarl 1exvedtepn amd tnv (QITAn)
ouUykMon.

Ieoétacn 3.3.2. Av n gelpd ), ay GUyKAIvVeL ATTOAVTOG, TOTE N GELRA Y, aj GUYKALVEL.
k=1 k=1
Amobeién. Oa detéovue 6Tl kavoToleitanr To kELTtnglo Cauchy (@swhonua 3.1.6). ‘Ectw & > 0.

(o]
A@ov n cepd Y |lax| ouykAivel, vrtdexer N € N date: yia ke N < m < n,
k=1

Téte, yio k4Be N < m < n €éyovue

< Z |lax| < &.

k=m+1

ag

k=m+1
[e9)

Emouévwg, n celpd ) ai wavomolel to kottigio Cauchy. Ao to Oecdpnua 3.1.6, guykiivel. O
k=1

Hopadeiyuata

© k-1
(o) H cepd 3, (_}{)2 GuykAMvel. Mrtogovue va eAéygovue 4Tl GUYKALvVEL ATTOAUT®G: €xouue
k=1

-p*!
k2

S 1
2 =)@
k=1 k=1

KoL n Tedevtaio oelpd GuykAivel (elval Tng WoEENRS ki,, ue p=2>1).

*® k-1
®) H cepd X (_112 dev GUYKALvVEL AITOAVTHG, AoV
k=1

(R
k

. 1
> k
k=1 k=1

(aguovikni, celpd). Mitogovue duwg va, defouvpe 6TL n 6elRd cuykAivel VTTG Guvlrikn. Oswpovue
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TEOTA TO UEELKG dBoloua

o Zm(_l)k—l
m —
k=1 k
1 1 1 1 1
=l-—-+-—=—-+ _—
2 3 4 2m—-1 2m
1 1 1 1
=t ——+ —— -+
1-2 34 5-6 2m - 1)2m
"Emtetan 4Tl 1

S2m+2 = S2m S2m>»

+ >
@Zm+1)(2m+2)

SnAadn, n vtakoAovdia (s2,) elvar yvnolog avgovca. IMapatnpovue emiong 6Tl n (sg,) elvon
Gvw @eoyuévn, apov
3.3.1) <1+1+1+ + !

3. s —+=+=++—-7

mn=>12"327 52 (2m — 1)2

KoL 10 O8g€l6 wéhog tng (3.3.1) @edoceton amd to (2m — 1)-00T6 pepkd dbpoloua Tng Geldg
> ki? n omoio cuykAivel. Emouévwg, n vitakolovdia (s2,,) OUYKAIVEL GE KAITOLOV TIQOYUATIKG
k=1
aBué s. Tdre,

1
Som—1=Som +— = s+0=3s.
2m

AoV ov vItakoAovBies (s2,) KAl (S2,-1) TOV GQTIOV KOL TOV TEQLTTOV 6QwV TS (S,) GUL-
ykAlvouv GTov s, guurtepaivouue 4t s, — .

3.3.2 Kputiioia cUykeieng

Oewpnuo 3.3.3 (kLo GUykEong). Oswovue Tis GelPES Y, ay kKal Y, by, omtov by > 0 yia
k=1 k=1
kdOe k € N. Ymobérovue oti vardgyer M > 0 dote

la] < M - by

(o8]

(o8]
yia kdbe k € N kat 611 n celpd Y, by cuykdiver. Tote, n Gelpd Y, ap GUYKAIVEL ATTOAVTHG.
k=1 k=1

n n
Amobeign. Oétouue s, = 3, lag| kaw &, = Y, br. A6 tnv vITEOeoN ETTETAL OTL
k=1 k=1

sngM'tn

(o]
vy kdbe n € N. ApoV n cepd Y, by GuykAivel, n akodovbia (#,) elvar dvw @eayuévn. Eto-
k=1
(o]
uévmg, n (s,) efvar kL avth dve eeayuévn. ‘Emtetor 6TL n Y, |ag| cuykAiver. O
k=1
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Oempnua 3.3.4 (0QLIKO KELTAELO GUYKQLONG). Ocmwpovue TIC GEIRES Z ay Kat Z by, orov by > 0
k=1 k=1
yia kdabe k € N. YmoOérovue 61

. Ak
Iim —=¢eR
k—o0 k

(o8] (e8]
Kot 0Tl h Gelpd Y, by cuykdiver. Tote, n celpd Y, ax GUYKAIVEL ATTOAVTWG.
k=1 k=1

Amobeign. H akoAovbia (Z—’;) ouykAivel, dpo elvar @eayuévn. Andadn, vitdexer M > 0 ©oTe

Gl < M
bl =

yia kdbe k € N. Tdte, umopovye va epaguocovue To Bedpnua 3.3.3. O

Oedonua 3.3.5 (oodvvaun cuuIteELpPoEd). Ocwpolue TiC GEIPES Y, ay kat Y, by, omTov ay, by >
k=1 k=1
0 yia kdfe k € N. YmoOérovue 6Tt
lim 2 = ¢ > 0.

k—o0 Dy

[se] [ee]
Tote, n gelpd ), by cuykdivel av kot u6vo av n Gepd ., ax GUYKAIVEL.
k=1 k=1

Amodeién. Av n 37, by GuykALvel, T6TE n 3 a; GuyKALvel aTté To Oswenua 3.3.4.
ar 4 by 1
o € > 0, éouue a T

EvaAAdocovtag Toug poAous Ttwv (ax) kou (by), PAETtovue 6TL n Z,‘:’:l by GUYKALVEL, YENGLLOTIOL-

AvticTteoga, ag virobécovue 6TL N Y7, ax GUYKALvel. A@ov

wvtog favd to Bedpnua 3.3.5. O

Hopadeiyuata
sm(kx)

() E€etdgovue tn gUykMoNn Tng Gelpdg Z , 6wov x € R. IMopatnpovue 6T
k=1

sin(kx) 1
— L =
k2 k2
AoV n Z 7 OUYKALvel, ouuttegaivovye (AITd To KELTHELO oUykElong) 6Tt n ol Z Sm(kx)
GUYK?\LVSL omo?wtoog
(B) Egetdtovue tn cvykMon tng celpdg Z k4f;221+3 Hagatngovue otL av a; = 1{4]):% KOl

b, = T01E

et
ay k4 + kS

_ =
bk K+ k2+3
Apov n Z 5 OUYKALVEL, TO 0QLAKG KELTAQLO GUYKQELONG Selyvel 6Tt n Z k4+k2+3 GUYKALVeL.

() Téhog, €getdcovpe Tn GUYKMGN NG GELRAS Z KL One 610 mEONyovuevo Tapddetyua,
k=

] k242"
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av dewpricouye TS akoloubieg by = k]%lZ KO ap = % T0TE
ag k2 +2
—=——->1>0.
bk k+k
o k+l © 1
ATt To Owonua 3.3.5 €meton OTL n kz_]l s EXEL TV (Bla GUUITEQLPOQA UEe TV kz—:1 7> oniadn

aTTORALVEL.

3.3.3 Kgutnigro Adyov kot KQLTiQELo QIgog

Oempnua 3.3.6 (kottriglo Adyou - D’ Alembert). ‘EGtw Y, ai yia Geld ue un undevikouvs 6Qoug.
k=1

(e8]
(o) Av lim “c’;” <1, éte n Y, a; guykdiver astoAVTwG.
k—oo | < k=1
(o)
Av lim |%| > 1, t6te n Y a; aIWOKAIVEL.
k o
—00

k=1

Amodeign. (a) YmoBétouvue ot klim ={¢ <1 Eotw x > 0 ye £ < x < 1. Tote, vmdpyel
—00

N € N daote: I“l’;—zll < x yid k60e k > N. Andadn,

Ak+1
a

2
lay1l < xlayl,  lan+2l < xlay+l < x"lay|  KATT.

Emaywyikd Selyvouue 611

_ a
gl < ¥ Njay] = 12 x| o
X

yid kdbe k > N.

Yuykpivouyue Tig oelpés Y lax| kou Y xK. “Exouue
k=N =N

lal < M- X

yia kdbe k > N, 6mov M = ﬁ—xl . H cepd Y x* cuykdivel, 86Tt Tweodeyeton améd Tnv

(o)
yewueTowkn Gelpd Y XX (ue armadoipn Tov medTev dpwv Tng) kar 0 < x < 1. Emouévwg, n
k=

o0 (e8]
Y, lax] cuykMivel. ‘Emeton 6L n ) |ax| cuykAivel kL auThi.
k=N

k=1
®B) Agpov klim “22 Ll > 1, vitdoyer N € N date “2—;1 > 1 yia kdBe k > N. AnAadn,
—00
lar| = lax-1l = -+ = lan] > 0
(o)
vy kG0e k > N. Téte, a; A 0 kot, arwd v IMpdtaon 3.1.5(a), n D) ap OITOKA{veEL O

k=1

Ak+1
ai

Znusioon. Av klim = 1, meémel va egetdoovue alMMOS Tn gUykMon i agiékMon tng
—00

(o)
- k. /
= — L svu)nkz_ll

kst & GUYKALveL KL

(o) (o8]
> ai. INogatnenate 6TL n Y, % OTTOKALVEL KO
k=1 k=1



76 - Zelp€c TEAYUATIKOV 0QLBUdV

k2
(k+1)% -1

Al | —
ai

IHoedderyua

Etetdcovue tn gUykAon tng celpds Y, % "Exouue
k=0 "

Aak+1

Ak

K ! 0<1
= — = .
k+1! k+1

Emouévag, n gelpd GuykALveL.

Ocwonua 3.3.7 (kertrigro pitac - Cauchy). Eotw /?‘1 ax Ui GELRA TTEAYUATIKAOV aQloudv.
(o) Av kh_)nolo Viar] < 1, téte n oelpd GuyKAivel omo?w;a)g.

B) Av kh_}r?o Vlax] > 1, T67¢ n ceipd amokiiver.

Amodeign (o) Emidéyovue x > 0 ye tnhv i8idtnta klim Viax] < x < 1. Téte, vmdoyer N € N dote

Vgl < x v k@B k > N. IcoSvvaua,

lag] < xF

yio kdBe k > n. Xvykplvouue TIG GELRES Z lax] wouw Z x*. AoV x < 1, n devtepn celpd
k_
(o]
ouykrAMvel. Emouévmg n Z lax| cuykAivel. ‘Eqteton 6T n Y, ax GUykALvel aItoAMITwG.
k=N k=1

B) Agov klim WYl > 1, vmtdxer N € N date Viar] > 1 yio k68e k > N. Anhadn, |ax| > 1

(o)
TeMkd. Emtouévag ai /A 0 kol n Y a; ogtorAlveL. O
k=1

[ee)
Ynugiwon. Av lirn Vla] = 1, wpémer va ggeTdoovue AAMGOS T GUYKMON i aTtdkAlon tng Y. dy.
k=1

(o8] (e8]
Mo g % Z z éxovue Viar] — 1. H moddtn amokAivel eved n Sevteon GuyKALVEL.
k=1 k=1

Hogadeiynata

(o) Egetdcovpe tn gUykMon tng Gelpds . %k 6Ttov x € R. "Exovue Via] = 3%
k_

T01E klim Viax] = |x] < 1 kow n Gelpd GuykAivel aTtoAVTRS. Av |x| > 1, ToTe klim Viar] = |x] > 1 ran
—00 —00

|x]. Av |x| <1,

n og1pd agrorAivel. Av |x| = 1, to keutiElo pitag dev Siver cuumépaocua. T x = 1 graigvouue

(o)

TNV 0QUOVIKN GeRd % n omoia amokAivel. T x = —1 stalpvouue tnv «evaAddcogovca Gelpd»
k=1

5

2.~ n owoia cuykAivel. Emouévag, n oelpd cuykAiver av ko uévo av -1 < x <1

k=1

(B) Etgetdcouue tn clvyrMon tng celpdg Z kZ’ 6mov x € R. “Eyovue V]agl \/l x2.

Emouévog, lim Viax = x%
k—o0

amoAUTws. Av |x] = 1 to koutiplo eitag dev divel cuuttépacua. Xtnv mepimtoon x = 1 n
[ee)

Av |x| > 1 n ocepd amorAivel. Av |x] < 1 n oegipd cuykAivel

celpd Talpvel Tn woeen Y, kiz, dnAadn cuykAivel. Esouévmg, n celpd guykiivel astoAVTmg
k=1

otav |x| <1
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3.3.4 To kgutngro tov Dirichlet

To kpitiplo tov Dirichlet egacpaiiter (Uepkés @OEES) Tn GUYKAMGN UloS Gelpds n oTtola Sev
GUYKRALVEL QITOAVTWGS (GUYKALVEL VITE GUVONKN).

Angpo 3.3.8 (dBgowon katd uépn - Abel). Eotw (ay) kar (by) 6Uo arkodovbics. Opitovue
Sp=ay+ -+ +ay, so =0. ['a kdbe 1 < m < n, 1GYVeL 1 1GOTRTA

n n—1
Dlabi =" sy = bes) + suby = Sm-1b.
k=m k=m

Agtodeién. Tpdgpouue

Zn: arby = an(sk — Sk-1)bx
k=m

k=m
n n
= Z siby — Z Sk—1by
k=m k=m
n n—1
= Z Sk — Z kb
k=m k=m-1
n—1
= Z Si(bk = bs1) + $pbp — Sp—1bim,
k=m
TT0V £lval To ¢ntouvuevo. O

Oewonua 3.3.9 (kertriglo Dirichlet). ‘Ectw (ax) kat (by) 6vo akodovbies ue Tic €E1i¢ 1610TNTEG:
(o) H (by) éxer Yetikovic dpovs kar @biver spog to 0.
B) H axodovbia twv uepikdv abpoicudtowv s, = ai + - - - + a, Tnc (ax) €ivar peayusvn: virdpyel
M > 0 wate
lsal < M

yia kdabe n € N. Tote, n geipd Y, arpby GuykAivel.

k=1
Agrodeién. Oa yponowomotiicovue o KLtiglo tov Cauchy. ‘Ectm & > 0. Xpnowomoldvtag thy
vTtdbeon (o), Pelokovue N € N ddate

€
m>bN2bN+1>bN+z>'”>0-
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Eédv N < m < n, 101e

n n—1
D abi| =Y sulbx = bist) + saby = Sn-1bn
k=m k=m

n-1
< D Isellbe = bl + Iallbul + 151 llbnd
k=m
n—1
<MY (bi = besr) + Mby + Mb,,

k=m

= 2Mb,, < 2M—
2M

=E&.

[ee)
Amd o keutriplo touv Cauchy, n gelpd Y, arby GuykALvel. O
k=1

II6pweua 3.3.10 (kettiipro Leibniz). ‘Ectw (by) pbivovca axolovdia tétoia wote by — 0. Tote,

PGV
k=1

n celpd ue eVaALOUGGOUEVA TTROGNUA

GUYKAIVEL.

Amédeign. Egapuéovue to koutripo Dirichlet yio tnv (br) kaw tnv a; = (-1 Ta uepwd
aBpoicuata tng (=D* Y eivan poayuéva, apov s, = 0 av o n elval dotiog kot s, =1 av o n
efvaw greprrtdg. Emouévwg, n gelpd GuykAfver. O

00 k1
T Taeddetyua, n cepd Y ¢ 112
=1

(eved dev GuykAlvel ATTOAVT®G).

3.4 *AekaSKN TTAQEAGTAGN TTEAYUATIKOV aQLOU®V

YKOTOG WOoS Ge AUTh Tnv TTapdyea@o elvar va Set€ovue 4Tl kABe TTEAYUATIKOS AQLBUOS €xel derkadiki
Tapdotaon: eivar SnAadn dbpolouo GelAs TS LoEENG

o i a  ap
— = + ==t
k 2 ’
;1 10 10
émov ap € Z wau a; € {0,1,...,9} yia kdbe k >

Ha@a’tn@nc’ts 6Tl kdBe GelRd AUVTAG 'cng uogcpng GUYKALvel kol oQlgel €vav argowuovcmo aiud

X = Z 17+ Hedyuatt, n yeoueteuen celpd Z 10* GuykrAvel ko eTteldn 0 < < 10’( yio kGBe k > 1, n

10’<

Geld Z 1% GUYKRALVEL GUUP®VO UE TO KELTAQELO GUYKQELGNG GELR®V.
k=0

Anppa 3.4.1. Av N > 1 kai a; €{0,1,...,9} yta kdOe k > N, 16t¢

Z -
k S 10N-1°
= 10 10
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H agictepri avigotnta LlGYUEL Gav 16OTNTA AV Kol uovov av a; = 0 yia kdfe k > N, evd n de&id avigotnta
LY VEL GAV LGOTRTA AV KAl uovov av a; = 9 yia kdbe k > N.

Amobeién. ‘Exovue

0
— =0.
10%

Oo(,l
2108 2

oo
k=N k=N

(o]
Av g; = 0 ywa kdbe k > N, 1618 ), l%kk = 0. Avtictpopa, av a, = 1 yia kdsowov m = N, 161e
k=N

N a an, N a 1 > 0
= — 4 - 2 — 4+ R
k#m k#m

A6 tnv dAAn TTAELEA,

S8 . N9 _ 9 1+29
S 1o0m 410k 10m 10

1 9
= - + Z _
m k
10" £410
1 N 1
10m 10N
1
< 10N-1°

KL 0UTO OAOKANQAOVEL TNV AITOdELEN TOU AMUUATOC. O

Anppa 3.4.2. ’Ectw n un agvntikos axképaiog kal éatw N 2 0. Ysdgyovv axépaiol po, p1, - - . Pn TETOLOL
WCTE:

Q) pre{0,L,....93ya 0 <k N-1,

i) py = 0 kot
n= 10N[)N + 10N_1pN_1 + e+ 10[)1 + Po-
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Agtodeign. Aoupdvtag Stadoykd ue 10 staipvouue

n =10q; + pg, O6mov 0
q1 =10g2 + p1, 6mouv O
0

g2 = 10g3 + p2, 61OV

gn-1=10py + py-1, 6OV 0 < py-1 <9 koL gy 2 0.
Emoywyikd, €xovue:

n =10g; + po = 10%gs + 10p; + po = 103g3 + 10%py + 10p; + po = - - -
=10Vgy + 10V py_y + 10p; + po.

O<TovTac py = gy €(OuUE TO NTOVUEVO. O

Xopnowotrowdvtag Ta dVo Teonyovueva Aiupata da Set€ovue 6Tl kKABe TEAyLATIKOS aEBUdS €xel deka-
Swkit TapdoTacn.

Ocwonua 3.4.3. (o) Kabe rpaypatikos apibuds x = 0 ypdpetor cav dfpoicua «GeKaSIKHG GERAGC»:

omov ag € NU ({0} ko a €{0,1,...,9} yia kdbe k > 1. Tote, Afue 611 0 x Exel Tn Sekabikni TapdoTAGN
X = do.ajaqdsz - - - .

®B) Ot apiBuot tng poperic x = 10&,\, ogrov m € N kar N > 0 €xovv arkpifdc 6U0 SekaSIKES TAPAGTAGELS:
X =ap.aas---any9999 - - - = ag.aias - - - ay_1(ay + 1000 - - -

OAot ot dAdol un apvntikol spayuatikol apifuol éyouvv yovadiki Sekadikn TaPAGTAGN.

Agodeién. (o) 'Ectw x > 0. Ymdoyer un aQvntikGs akEQALOS do, TO AKEQALO UWEQOS TOU X, OGTE:
ag < x<ap+1.

Xweitovue to didotnua [ag, ag + 1) oe 10 {Ga VTTOSLAGTARATO UAKOUG % O x avnikel g éva aItd avtd.

Egmouévmg, vitdeyel a; € {0,1,...,9} dote
P8 gy Bt
ap+ — < x
710 710
Xwpitovue T0 véo owTo StdaTnuo (Itov €xel WAKog %) oe 10 {oa vIrodiacTRUATA UAKOVG ﬁ. O x avrikel
oe évo 0Tt avutd, dpa vItdeyet a2 € {0,1,...,9} dote
+a1+a2< < +a1+a2+1
a — — X a — .
710 T 102 710 " 102
Yuveyitovtag emaynywkd, yo kdbe k > 1 Bplokovue a; € {0,1,...,9} dote
I e+ By a1
ap+—+-+—<x<ay+— —_—
710 105 °7 10 10¢
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(o)
AT6 v KOTAGKEVR, Ta peEkd abfpoiouata s, Tng Gelds Y, I%kk n otolo Snwoveyeital, KAVOTTOLOVV
k=0

mv s, < x<s,+ % Emouévmg,

1
< —.
10"

) a
=3
410
B) Ag vmobécouvue 6Tl kATTOWS X = 0 €xel ToVAdYLETOV dVO BLOPOEETIKES BEKABIKES TTOQACTAGELS.
AnAadn,

0<x—y,

‘Egteton 6Tl 5, — X, dnAadn

X =dp.a1ag - = bo.blbz e,

6Tov ag, by € NU {0}, a, by € {0,1,...,9} yia kdBe k > 1, kaw vtdpxer m > 0 pe tnv Widtnta @, # by,.
"Ectw N = 0 o eAdlGTog m yio Tov 0Tolo a,, # b,. Anladn,

ap =boy, ai =by, ..., ay-1 = by_1, ay # by.

Xwelg Tteproelaud Tne yevikotntas viodétovue 6Tl ay < by. ATd tnv

kol aTto to Anpua 3.4.1 €meton 6TL

Emouévmg, dAec ou avigdtnteg elvan 1gdtnteg. AnAadi,
bN —an = 1

KOl

oo

k=N-+1 k=N+1
ATé To Aripua 3.4.1,
by = ay+1,
a = 9, avk>=N+1,
by = 0, avk>N+1.

Ettouévmg, av o x €yel meptoodtepes atd uio Serkabikég mapaoTdoels, ToTe €xel akpBws Vo Tapa-
gtdoelg, g akélovbeg:

X =dap.aqnas - - - aN999 e =do.aqag - aN_I(aN + 1) 00---
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Téte, 0 x wWooUTOn ue

+ a + as + + an-1 + an +1
xX=a e T A T S
*T10 102 1081 7 10V
10Na0 + 1ON_1a1 + o+ 10611\],1 +ay+1

10V

m
10V

yia kdgtoous m € N kar N > 0.
AvticTeopa, £0Tw 6TL X = gy, 610V m € N ko N > 0. At to Afupa 3.4.2 urrootue va ypdapouue

m= 1ONpN + ION_le_l +---+10p1 + po,

omov py € NU({0} kow pr € {0,1,...,9} yia 0 < k < N-1. Av p,, elvar 0 TTpodTOG pn undevikdg 6pog tng
aKroAOVBLOS po, P1s - - - » PN—1> PN» TOTE

10Vpy + --- +10"p,,

= 10V
PN-1 Pm
=pN+——+- -+
PNT 0 10N
= DN.PN-1"" meOO ©+ = DN.-PN-1°"* (pm — 1) 99... .
AvTt6 oAokAnp®vel Ty astdédetgn tov (B). O

3.5 Avvapocelég

Opouds 3.5.1. 'Eotw (ar) wa akoAovBia sreayuatikdv abuov. H celpd

(9

St

k=0
Aéyetal duvapocelpd e GUVTENEGTES ay.
O x elvan wa Tapduetog ard to R. To meopinpa mov da cugnticovue €8¢ elvar: yio

dobeica akoAovbia cuviedeaTv (ax) va PeeBovv ol TWES Tou X Yo TIG 0TToles n aviicgtoyn
duvapocelpd cuykAivel. Twa kdBe tétowo x Adue OTL n Suvauoacelpd GUYKAIVEL GTO X.

Moétacn 3.5.2. ‘Ectw Y ax* wa Suvauocelpd ye cuvtedeoTés ay.
k=0

(@) Av n Svvauocelpd guykdiver 6to y # 0 kar av |x| < |y|, 70te n Suvapocelpd cuykdivel
AITOANITWS GTO X.

B) Av n duvauocelpd asrokdiver GTo y kat av |x| > |y|, T0Te n Suvauocelpd AITOKAIVEL GTO X.

Amébeign. () Apov n Y ary* Guykiiver, éxovue axy® — 0. Emouévog, vmidoyer N € N dote
k=0

Iakykl <1 ywo kdbe k > N.
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"Eotw x € R ye |x| < |y|. T kGBe k > N éyovue

k k

X

y

X
] =l - ]; <

o | 1k

H veouetekin gelpd |§| GUYKAMVeL, Lot ’i’ < 1. Amd to KQUTnElo GUykELoNg £TIeTAL TO
k=N

GUUITEQOLGLAL.

®) Av n Suvauooelpd GuvékAvE GTO X, aTto To (o) o cuVERAMVE OTTOAVTOS GTO Yy, dToto. O

‘Eotw Y arx* wa duvapocelpd ue cuviedeatée ax. Me Bdon tnv IpdTacn 3.5.2 umopovue va

delEouue 6Tl TOo GUVOAO TV cnueiwv GTa oTtola GuykAlvel n Suvauocelpd eivol «OUGLAGTIKG»
éva, Sidotnuo cugpeTtEikd s Tog o 0 (1, evdexouévmg, to {0} n to R). Autd @aivetor wg
eeng: opltovue

R :=sup{|x| : n Suvapocelpd cuykAivel GTo Xx}.

To cuUvolo Gto Se€ld uéhog elvar un kevd, agpov n duvapocepd cuykdiver gto 0. H ITpdtaon
3.5.2 delyvel 6T av |x] < R téte n Suvapocepd cuykAivel aToAMTws oto x. Ilpdyuatt, asd
Tov oQLoud tov R vTtdeyel y ue R = [y| > |x| dcte n Suvagocelpd vo GuykALvEL GTO y, OTTOTE
epapuocetarl n Ilpdtacn 3.5.2(a) 6to x. AT TOv 0QLGUS Tou R elval @avepd ot av [x| > R
161e n Suvagooelpd artokAivel gto x. Emouévwe, n duvapocelpd guykAivel ge kdbe x € (—R, R)
KoL aItokAlvel ge kdBe x ue |x| > R.

To dudotnua (—R, R) ovoudiceton Sidothua ciykdiong tng duvapoacelpdg. H cugitnon Ttov
kavaue Selyver 6Tl To GUvodo GuUykAlonge Tng duvauocelpds, SnAadn to GUvolo AWV Twv
onpeilwv gto oToio cuykAivel, TTEokvTTEL ATTd TO (—R, R) ue tnv rpocbnkn ((cwg) tov R 1 Tov
—R f tov £R. Xtnv TeQiTitoon wov R = +0o, n duvoapoocelpd cuykdivel oe kdbe x € R. Xtnv

TepimtTtwon 7ov R = 0, n Suvauocelpd guykAiver uévo oto onyeio x = 0.

To gtedéPAnpa efvar AOTTGV TOEA TO €EAC: TTMOS WITOEOVUE VO TTROGOL0QIGOVUE TNV aKTIVa
oUykAiong wog duvouocelpds GUVOQTAGEL TwV GUVTEAEGTOV Tng. Mia astdvtnon yog diver to
KQLTAQLO TG {COC ylo Tn GUYKAGN GELQ®V.

Oswponua 3.5.3. Ectw Y aix’ ula Suvauoceipd us cuvtedeotés ay. Ymobétovus 611 vardpyel

. k _ o _1 4 (o 1 _ 1 _
TO kh_)r?o Vlax| = a kar 9étovue R = - pe tn ovuPaon 6tL § = +oo kaL 7 = 0.
(@) Av x € (—R, R) n duvauocelpd GuykAivel ammoAVTwS GTO X.

B) Av x ¢ [-R, R] n Suvauoceipd astoklivel GTo X.

Agrodeién. Epogudtouue To KELTAQLO TN QITac yia tn guykAcn celpov. Efetdiovue uévo tnv
TepimTwon 0 < a < +co (0L TEPLITTOTELS a = 0 KAl a = +00 APAVOVTOL GaV AGKNGN).

(o) Av |x| < R 161

|x]

|xla = — < 1.
R

. k .
lim vV]aexk| = |x| lim ]al
k—o00 k—o00

(o)
ATt To KEUTRELO TNG 0lCag, n Y arx* GuykAivel aTToAUTOG.
k=0
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®B) Av |x| > R 161
||

k
lim |agxk| = = > 1.
Jim Viaex| R
[ee)
ATt6 To KEUTAELO Tng picag, n Y, axx* asrokAivel. O
k=0

Hagatnenon 3.5.4. To Oswonua 3.5.3 dev uag ETMTEETIEL VO GUUTTERAVOUUE AUEGMS TIC GUW-
Batver gta «drea R Tou StaoThnpatog ciyrkMong». ‘OTtwg delyvouv to emdueva Ttagadeiyuatal,
ugtopel n Suvapocelpd vo. GUYKALVEL GE €va, GE KOvEVO 1 Kol 6T SV0 dkQaL.

L Tw v Y x* edéyxovue 6t R = 1. T x = +1 €xovue TIS GELQES
k=0

ilk Ko i(—l)k
k=0 k=0

ol 0TTo{eC QITOKALVOUV.

2. o v )] # eAéyyovue 6L R = 1. Ta x = =1 €yovue TS GELREG
k=0

(o8]

S (-1
Z(k+1)2 “ ;(k+1)2

k=0

ol 0Troleg GuykALvouv.

3. T v D kx—:l eAéyxovue 6TL R = 1. T x = =1 €yovue TIS GEREG
k=0

»‘/-\

[Se] 1 (o8]

DI D

k=0 k k=0
H mootn arokAivel, evdd n devtepn GuykAivel.

AvticTolyo aTTOTEAEGULO TTEOKVTITEL OV XENGULOTTOAGOUULE TO KELTAELO Tov Adyou Gtn déon
TOL KQUTnEiov Tng pitag.

Osdonua 3.5.5. Eotw Y arx* wa Svvauocepd ue cuvreleotéc ap # 0. Ymobérovus o1

Ak+1

— 4 1
VITAEYEL TO hm = a kat Yétovue R = .

() Av x € (—R, R) n Suvauoacelpd cuykdivel aroAVTwS GTO X.

B) Av x ¢ [-R, R] n Suvauocelpd asmrokAivel GTo X.

Amobeién. E@Qopudcte TO KELTAELO TOU AGYOU Yyl T GUYKAGN GELQWV. O

3.6 Aocxknoceig

A’ Oudda
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1. "Eotw (a;) wo axkoAovbia sweayuoatik®dv apiudv. Egetdote av ol wapakdten Teotdoels eivor aAnbeic
N Yeudelc (ATIOAOYAoTE TTANQWS TNV ATTAVTNGN GOG).

(@) Av a; — 0 t61e n akolovbia s, = a; + - - - + a, elvar @eayuévn.

[e9)
®B) Av n akolovbia s, = aj + - - + a, elvar @eayuévn téte n Gelpd Y, a; GUYKA{VeL
k=1

0
) Av || — 0, té1e n cepd Y, ar GuykAivel aTtoAITWG.
k=1

(o] 0
) Av n cepd Y |ax| cuykiver, toTe n 6elRd Y, ax GUYKALVEL.
k=1 k=1

(o)
€) Av a; >0 yia kdbe k€ N kar av 0 < “2—:‘ <1y kdbe k € N, t61e n Gepd Y, a; GuykAivel
k=1

0
(ot) Av a; > 0 yio kdbe k € N kar av l}im “;—Z‘ =1, té1e n ced D, a; airokAivel.

(o]
©) Av ag; > 0 yia k@0e k € N ko av "2—:‘ — +00, TOTE N n GeRA Y, a; ATTOKALVEL.
k=1

(]
M) Av g, — 0, téte n ceLEd 3 (=1)*a; cuykAiver.
k=1
(o)

(&9
®) Av a; > 0 yio kdbe k € N kat av n 6elpd Y, ar GuykAivel, Té1e n oelRd Y, \/ax GUYKALVeL
k=1 k=1

(o) (o9
) Av n ged ), ar GuykAivel, ToTE n Geld Y, az GUYKRALVEL

(o) (o)
() Av a; > 0 yia kd0e k € N kat av n gelpd Y, ax GuykiAivel, téte n celpd Y, az GUYKA{VEL.
k=1 k=1
o 24-6-(2K)
2. Eetdote av GuykAivel n Gelpd 3, =——r— GuykAivel

k=1

3. Egetdote yia oS TWéS Tou p GuykA{vel n celd Yo, k(1 + k)P,

4. Aelegte 6T

- 1 _1 o 243t _ 3 o VEkrI-VE _
(@) k; oo —2 B kgl & =2 W kz::1 L

5. Ywoloyiote to dBgoloua tng celpdg D, m
k=1

6. Epapudcte ta kertipla Adyou ko pITog GTic akdAovbes GelpEc:
@ Zd B ETh WIE  © e
k=1 k=0 k=1 k=0
D gk D ok k D3 X 10k
© Y4 o yiF @I LEF o YR
k=0 k=1 k=0 k=1
Av yia kdTtoleg Twég tov x € R kavéva agtd avtd to §Yo keuriguo dev §ivel astdvinon, €getdote tn

gUykMon i ardékMon e celpds ue dAAo tedTo.

(o)
7. Egetdote av guykMvel L amwokAlvel n Gelpd Y dx GTIC TTOQAKAT® TTEQLITTMOGELS:
n=1
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@ ar=Vk+1-Vk @) ar= Vi+k—k
W a = F=E @) g = k- 1E

8. Efetdote av GuykAivouv i aITOKALVOUV Ol GELREGS

ik+\/1; i(‘ﬁ_l)’ icosZk, - E
k=1

3_1° 2 k
k=1 2k 1 k=1 k k=1 k

9. Etetdote g TTEOGS TN GUYKAGN TS TTAQAKRAT® GeREs. ‘OTtou eu@avitovtal oL Tapduetol p, g, x € R
va BeeBovv ol TIWES Toug Yo TIg 0TToleg oL avTiGToleS GELRES GUYRALVOUV.

> (14+1) S pkkP (0 > L (0
@ El( +1) ® P O<p) W T gE O<q<p)

(&9 (o9 (&9 1k
® Tor  ©XpmO0<q<p @V XS

B’ Oudda

10. Egetdote av guykAivel i asrokAivel kabeuio agtd TS TTAQUKAT® GELQEG:
@ S e ILE. wEye v
® Il @IS, o0 I O xeR

© Y g, IR 2R @) np, Bk

11. Opltovue wa arkoAovbia (ay) ®g €ENG: av o k elval TETEAY®WVO @UGLKOV aBuot détovue a; = % KO

av o k Sev elvar TeTEdywvo @UGKOU 0QLBuoy détovue a; = ,%z Etetdote av guykAivel n celpd 3, ax.
k=1

12. "Ectw {ax} @Bivovca axkoAovBio Ttov guykiiver gto 0. Oplcovue

s = Z (—1)k’1ak.
k=1

Aglgte 011 0 < (=1)"(s — 50) < dps1.

(o)
13. "Ectw (a;) @Bivouvca arkolovBia detikdv apbudv. AslEte 6ti: av n Y, a; Guykiivel tote kay — O.
k=1

(o)
14. "Ecto 6Tt g > 0 ywa kdBe k € N. Av n Y, a; GuykAivel, delgte 4T o1
k=1

[
e
M1
—
e
NgE
—_
Ay »QN
»Qm

GUYKAlvouv eTtiong.
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[
15. Ymobétovue 6Tt ap > 0 yia kdBe k € N kar 6tL n gelpd Y a; cuykAivel. Aeglgte 6L n oepd
k=1

M

Varag ovykAivel. Aelgte 6L, av n {a;} elvar @Bivovca, téte 1oxveL KAl TO AVTIGTEOMO.

=~
Il

1

[oe] (o)
16. YmoBérouue Ot ap = 0 yia kdBe k € N kaw 6TL n Gelpd Y, ax cuykAivel. AelEte dtL n Gelpd \/Ta7

k=1

=~
—_

GUYKALveL.

17. "Ecto (ag), (br) 800 akolovbieg moayuatikdv aQiudy. AelEte GTu av oL GELEES Yy ai KO Y0y b,%
GUYKALVOLV, TOTE N Gelpd Y v akby GUYKALVEL ATTOAUTOG.

18. "Ecto (ax) wa akoAovBia Teayuatikdy aguoudv. AsiEte 6t av n aed ), az GUYKALVEL KO OV
(3

p > 1/2, 1éte n ced 37 7 GUyKA{vel atoAYTwG.

19. IIpocdiopiote TIC TWES TwV a, b, ¢ Yyl TIC 0TToleC GUYKAIvEL n GelRd

£ kb (In k)

20. ITpocdropioTe TIg TWES TV a, b, ¢ > 0 yio Tig oTtoleg GuyKkAivel n Gelpd

.. (1 1
Zk s1n(ﬁ)cos(ﬁ).

k=1

21. "Ectw (a;) oakolovBio JeTikOV TEAYULATIRGOV 0lOUdV e klim ay > 1. Aelgte 6L n cepd

i 1
k=1 e
GUYKRALvEL.

22. 'Eoto (a,) axkodovBia oto R. YmwobBétouue 6T |a,41 — ap| < n% yia kG0e n € N. Aegigte 6L n (a,)

GUYKALveL.

23. "Eoto (i), (by) 8Vo axolovdies Toayuotikdv agiiudyv. AelEte 6t av n 6ewpd Y2 ar GuykAivel
ko av n (by) elvon povétovn ko @eayuévn, tote n celd X, arbr GuykALvel.

24. 'Ecto (ag), (br) 600 akolovBieg. Av n )7, ax GuykAiver kKoL n Y57 bx — braal GuykAivel, SelEte ot
n Yoy akbr GUYKALvel.

25. 'Eotw (ani=o0 @eayuévn akoAovbia. YwobBétovue OTL n Y7, ax atokAivel. AelEte o011 n aktiva
ovykAong R tng duvauocelpds Yo, aix* wovton ue 1.

26. 'Eotw (ap)r>0 0KOAOUOLO TIQAYLATIKGOV auOudv. YItobétovue 6Tl n Y p- ) ax GUYKA{vel LTTé GuvBnkn.
Aelete 6T n aktiva GUykAMong R tng duvauooelpds Y7, arxF 1eovTar pe 1.

I Oudda
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(o9
27. YmoBétovue 6L a; > 0 yia kGBe k € N ko 611 n gelpd Y, a; agtokAivel. Agigte 6t
k=1

00

ay _
L (L+a)(+ag)--(L+a)

(o]
28. 'Ectw (ax) @bivovca akolovbia detikdv agbuodv ue ap — 0. Aelgte 6ti av n Y, a; agtokMvel T1éte
k=1

- 1
Z min {ak, z} = +o0o0.

k=1

[e]
29. YmoBérouue Ot a; > 0 yia kdBe k € N kow 6TL n Y, a; astokAivel. @étovue s, = a; +as + -+ - + ay.

k=1
(o]
(@) Aelgte duun Y lf‘ak OTTORALVEL.
k=1
B) Aelgte 6t v 1 < m < n,
a a S
m+l +...+_n 21__’"
Sm+1 Sn Sn

ay
Sk

(o9
KOl CUUTTEQAVATE OTL N Y, <£ agtokA{veL.
k=1

(o)
(v) Aeigre o1 % < L — L xou guumepdvate 6t n Y, % ouykAtvet.
Si " k=1 %

Sn-1

(o) (o9
30. YmoBétouue 6T a; > 0 yia kGOe k € N kaw 6L n Y, ap cuykAivel. Otovue r, = Y, ag.
k=1 k=n

(a) Acelete 6ty 1 < m < n,
a a Fn+l
_m+...+_n>1_ nt
'm I'n 'm

(o)
KOl guuIteQdvate 4t n ), ’j—f QITOKRALVEL.
k=1 "

(o]
B) Aeigte 6m % <2 ( T — \/r,,ﬂ) KO ouuTtepdvate 6Tl n Y, % GUYKALVEL.
" k=1

(o)
31. "Eotw (ax) okoAovBio seaypatikev agibuov. AelEte dtL av n gelpd Y, a; astokAivel ToTe Kol n
k=1

(o)
oelpd Y, kag astokAivel.
k=1

(o)
32. "Eotw (a;) axodovdbio detikdv Toayuatikdy apdudv. AslEte 6Tt av n celpd Y, a; GUYKAIVEL, TOTE
k=1
Kk

(o]
KoL n 3 @ GuykAivel
k=1



KE®AAAIO 4

YuvE ela Kol 0QL0 GUVOQTNGEWV

4.1 XvvoQTncelg

‘Ectw X kat Y 800 un kevd cguvoda. Me tov 6po guvdptnon asmé to X oto Y evvoolue
ULl AVTIGTOLYION TIov GTEAVEL KABe Gtotyelo x Tou X oe €va ko Lovadikd atoyelo y tou Y.
Mitopotue vo KOSIKOTIOIMGOUUE TRV TTANQEO@OQLN OTL TO X AITEIKOVICETOL GTO Y XQNGLLOTTOLWOVTOS
70 Statetayuévo gevyog (x,y): To TEWTO GTotyelo x Tou cevyoug eivar 6to X ko to devTeQo
efvaw To groyeio tov Y Gto omolo aviigToryitovue To x. Odnyoduacte €16l GTOV €ENG 0QLGUO:

Optoudg 4.1.1. ’Eotw X kor Y 800 un kevd gUvoda. Bewpovie TO KOQTEGLOVG YWOUEVO TwV
X raw Y:
XxXY={(x,y): xeX, yeY}

Zuvdptnon f oasté to X oto Y Adyetan kdBe vtocuvolo f tou X X Y to oTtolo kovottolel Ta

egnc:

(i) Tw kdBe x € X vmdxer y € Y dote (x,y) € f. H ouvBrikn avti mtepypdeetl To yeyovog
OTL agtartovpe kdbe x € X va ameikovigetol Ge k4ol y € Y.

(i) Av (x,y1) € f vow (x,y2) € f, 1é61e y1 = y9. H cuvbnkn avtn Telypdpel To yeyovog 4Tt
astoutovue kGBe x € X vo €xel povooriuavra opiouévn elkéva y € Y.

Tpdpovtag f : X — Y evvoovue 6Tt f elvan wio cuvdptnon aitd to X oto Y. Zuugpuvoiue
egriong vo ypdpouye y = f(x) yia tnv ikova tou x uéow tng f. AnAadn, y = f(x) &= (x,y) € f.

‘Eotw f: X — Y wo ovvdptnon. Adue 61t 1o X elvar to stedio opiouov tng f kow 1o Y
efvar to guvolo apitswes tng f. To guvolo Tiudv (L eikdva) tng f elvar To GUVOAO

fX)={yeY: vmdpxer x € X dote f(x) =y} = {f(x): x € X}.

Hagadsiynata 4.1.2. (a) ‘Eoto ¢ € R. H ouvdptnon f: R — R ue f(x) = ¢ yia kdbe x € R
Aéyetauw atabepr guvdptnon. To givolo TV tng f elvar To wovosuvoro f(X) = {c}.
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(®) H ovvdptnon f: R — R ue f(x) = x. To gvvoro twwadv tng f eivor to gvvoro f(X) = R.

) H cuvdptnon f : R — R ue f(x) = x2

S(X) =10, +).
®) H ouvdptnon f: R > Rue f(x) =1av xe€ Q ko f(x) =0 av x ¢ Q. To gUvoro Tywwv
g f elvarl To guvoro f(X) ={0,1}.

To cgvUvoAo Twodv tng f elvar to GvvoAo

(¢) H ouvdptnon f : R — R ue f(x) = é av x # 0 ntdég o omolog yed@eeToL GTn LOEENR

X = § 6mov peZ, ge N, MKA(p,q¢) =1, kaw f(x) =0 av x ¢ Q n x = 0. To cUvoro TWOV TG
f etvanr Tto gVvoro f(X) ={0}U{l/n:ne N}

Optouds 4.1.3. 'Ecto f: X — Y wa cuvdptnon. H f Aéyetan emri av f(X) = Y, dnAadn av yio
KkG0e y € Y vmdpyer x € X wote f(x) = y.

H ouvdgtnon f Aéyetor 1-1 av ameikovigel Siapoeetikd atotxeio touv X o€ SlopoQeTIKG
otoyyela Tov Y. Andadn, av yio kdBe xi, x2 € X ue x; # xo épouvue f(x1) # f(x2). IooSvvaua,
yia va eAéygovpe 6L n f efvar 1-1 srpémer va delEovue Ot av xp, X2 € X kaw f(x1) = f(x2), ToTE

X1 = Xg.

Opwouds 4.1.4 (euvbeon cuvagticewv). ‘Ecto f: X — Y ko g : W — Z 800 Guvapticelg.
YmobBétouue 6TL f(X) € W, dnAadn, n ewdva tng f smegiéxetan gto medio ogiouov tng g. Tote,
av x € X éouvue f(x) € W ko opicetan n ewéva g(f(x)) tov f(x) uéow tng g. Mitogovue
AowTtév va opicgovpe po cuvdptnon go f 1 X — Z, Yétoviag

o H)=g(f(x)  (xeX).
H cuvdptnon g o f elvar n guvbegn tng g ue tnv f.

Opoudg 4.1.5 (ewdvo kar aviioTgopn ewdva). ‘Ectw f: X — Y wo cuvdptnon.

(@) To k4B A C X, n eikova Tov A uéom tng f elvor 1o GUVoAo
fA) ={yeY: vdpxer x € A date f(x) =y} ={f(x) : x € A}.
®) Tw kGBe B C Y, n avriotpopn eikéva tou B uéow tng f eivor to 6Uvolo
fUB)={xeX: f(x)eB).
IIeotaon 4.1.6. Ectw f : X — Y wa cuvdptnon. Ioyvovy ta e&hg:
i) Av A} C Ay C X, 101e f(A1) C f(A9).
@il) Av Aj,Ag C X, t0te f(A1 U A2) = f(AD U f(A9).

(i) Av Aj,As C X, 167e f(A1 N A2) C f(A) N f(A2). O eyrldeiGuds uropel va gival yviGlog.
Ioxvel ouws stavta tgotnta av n f eivar 1-1.

(iv) Av B C By C Y 167e f4(B)) C f1(By).
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(v) Av B;,By C Y, 167 f~1(By U By) = f~(By) U f~1(By).
(vi) Av B, By C Y, 167 f~ 1By N By) = fY(By) N f~4(By).
(vii) Av BC Y tote fI(Y\B) =X\ fU(B).

(viil) Av A C X t61e A C f7U(f(A)). O eyrAeicuds umopel va eivau yvriciog. Ioyvel duwg TdvTa

wgotnta av n f eivar 1-1.

(ix) Av B CY 16te f(f"Y(B)) C B. O eyxlgicudc umopel va sivar yvriciog. Ioyvel duwg wdvia

wgotnta av n f eivoar el.

Oowouog 4.1.7 (aviicteoen cuvdptnon). ‘Ecte f : X — Y wa 1-1 guvdptnon. Mitopodue
va dewprnoovye tn cuvdptnon f cav cuvdetnon aité to X oto f(X) (n f malpver Tipés oTo
ovvoro f(X)). H f: X - f(X) elvan 1-1 v erti. ZuveTtdg, yia kdbe y € f(X) vmdeyel x € X
®ote f(x) =y, ko avTd 10 X € X elvon povadikd apov n f efvaw 1-1. Mytogovue Aotgtdv va
oplgovpue wa cuvdptnon f1: f(X) - X, wg eEng:

F7(y) = x, 610V X elvar To povadks x € X yua To omoio f(x) = y.
Me dAla AGyLal,
o) =x = fx) =y.
H ! eivaw kald opiouévn cuvdptnon amé 1o f(X) 6to X, n avrictpopn cuvdotnen ng f.

oétaocn 4.1.8. Eotw f: X — Y wa 1-1 cuvdptnon. Ov flof: X — Xkar fo f1: f(X)—
f(X) opicovtar kaldd Kkai LkavoIrolovy TiG:

@) (f 1o f)(x) = x y1a kdBe x € X.

®) (f o fH) =y yia kdbe y € f(X).

Opouds 4.1.9 (medteig kar Sidtagn). ‘Eotw A éva un kevé givolo kal é0tw f @ A — R ko
g : A — R 8Vo cuvagticelg ye medio twodv 1o R. Tére,
(i) H ouvdptnon f+g: A — R opiteton wg e€ng: (f + g)(x) = f(x) + g(x) yio kdBe x € A.
(ii) H cuvdptnon f-g: A — R opltetar wg €gng: (f - g)(x) = f(x) - g(x) yia kdbe x € A.
@(iii) Tw kdBe t € R oplgetan n cuvdptnon tf : A — R pe (2f)(x) = tf(x) ylo kdbe x € A.
@iv) Av g(x) # 0 yio kGBe x € A, Té1E 0QlTETAL N g A - Rue (g) (x) = % ylo. KGfe x € A.

Adue 611 f < g av f(x) < g(x) yio kdBe x € A.

Optoudg 4.1.10 (uovdtoveg guvagrtioels). Ecotw A éva un kevo vitoguvolo tov R kot é6Tw

f 1A —= R wa ovvdptnon. Aéue ot

() H f eivar avéovca av yia kdbe x,y € A ue x <y igyvet f(x) < f(y).
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(i) H f eivai yvnoiwg avgovoa av yia kdbe x,y € A ue x < y ioxvel f(x) < f().

(i) H f eivar pOivovca av yia kdbe x,y € A ue x < y igxvel f(x) = f().

(iv) H f eivar yvneiwg @Oivovcga av yia kabe x,y € A ue x <y woxvet f(x) > f(y).
(v) H f eivar yovétovn av givar avéovea 1 @Oivovaa.

(vi) H f eivar yvnciwg povotovn av gival yvnceiwg avéovea 1 yvneiwgs @Bivovoa.

Opiouds 4.1.11 (peayuévn cuvdptnon). ‘Eotw A éva un kevo guvoldo kai é0tw f: A — R wa
ouvdptnon. Aéue otu:

(i) H f eivar dvw gpayuévn av vrtdgxet M € R odote yia kdbe x € A va igyvel f(x) < M.
(i) H f eivar kdTtw peayuévn av vitdgyxel m € R dote yia kdbe x € A va igyvel f(x) = m.

(i) H f eivar ppayuévn av eival dveo kol kdtw @eayuévn. Icodvvaua, av vitdgyer M > 0
wate yia kdbe x € A va ioxvet |[f(x)] < M.

Opwouog 4.1.12 (dota-mepurti cuvdptnon). Mia cuvvdptnon g : R — R Aéyetar dptia av
g(—x) = g(x) yta kdbe x € R kat sepirtri av g(—x) = —g(x) yia kdbe x € R. TI'ia swapddeyua, n
21(x) = x% kau n go(x) = |x| elvar dpties cuvapTricels, n g3(x) = x kai n g4(x) = x> eivar TEQLTTES
GUVOQTHGELG.

Optoudg 4.1.13 (meprodikn guvdetnon). Mia cuvdptnon f : R — R Adyetar weprobikn (ue
sepiobo a) av vrrdoyel a # 0 oto R wote f(x + a) = f(x) yia kdbe x € R. Ta sapddeyua,
n ovvdptnon f(x) = x — [x] eivar sreprodikni ue gmepiodo 1. Iapatnprate oti: av n f eival
Jreplobiki ue grepiodo a # 0, 10te, yra kdbe k € 7\ {0}, o ka eivan eqriong mepiobog tng f.

4.1.1 KAAGES TTEAYUATIKOV GUVAQTINGEDV

1. AxolovBicc. Kdbe guvdptnon f: N — R stov éxel medio opiopuot to guvoro N twv @uat-
KOV aQiudv Aéyeton akodovbia (QuTds ntav dAA®GTE 0 0QLOUOS TTov Sdcaue 6to Kepdiato
2).

2. ToAvwvuukég cuvaQtieets. ITolvdvuuo Aéyeton kGBe cuvdptnon p : R — R grou elvar
n undeviki i opltetal aIrd TUITO TNS LoEENg

P(x) = apX* + a1 XL+ -+ arx + ag
o6mov n € NU {0} vt ag,ay,...,a, € R ue a, # 0. O un agvntkdg axépoarog n efvar o fabucs
ToU TToAVWVUULoU. Av n = 0 kot ag = 0, Té1e p = 0 R 0 PaBuds Tov p dev oplcetanr. Av n =1
Tdte 10 p(X) = a1x + ap AéyeTal ypauuikii GUvAQETNGN.

3. Pntéc cuvaptnoels. Pnti Aédyeton kdbe cuvdptnon f : X — R gov opigetan amd timo
NG LOEPNS

_p(x)  apx"+ A X"+ ax + ag

©g(x)  bpx™ + by x4+ -+ + byx + by

Jfx)
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6ToV p,q ToAvwvvpa ko by, # 0. To medio opiouov) tng f elvar to civodo X = {x € R :
q(x) # 0}. apatnEncte 6Tl To TAROOG TWV ELLOV EVOS TTOAMWVILOU G(X) = byx™ + by 1 xX™ 1 +
<o+ bix + by, by, # 0, elvar 10 TTOA {60 ue m: Selfte TO Ue eMAYWYR S TTEOS Tov Babud,
XONGOTIOLDOVTAS TV JTaQatignon ot av p efvar wa pica touv g téte g(x) = (x — p)g1(x) 6ITOUV
q1 elvar woAvdvupo Babuov m — 1.

4. AlyeBowkéc cuvaQTnosts. Adyegfoikn Aéyeton kdbe guvdptnon f: X — R gov kavoTtotel
eglomon Tng LoEENG
Po(x) + pr(0f () + - + pr)Lf()]C = 0

yia k@Be x € X, 6OV po, P1, - - - » Pk TTOAMIOVUUKES GuvaQTncels kot py # 0. Tlapatnenote 6T
KGOz pntii guvdpTnon efval aAyefekni: n f = p/q wovottoel tnv e€icwon p(x) — g(x)f(x) =0
ato Tedlo opiopod X = {x € R : g(x) # 0}. Ymdpyouv alyeBoikés GuvaQTRGELS TTou dev efval
EnTéG: To aTAovoTeQo, (6w, TTaeddeyua elvon n cuvdptnon f(x) = Vx, ue medlo opieuov To
X = [0, +00), n oroia wavortolel thv x — 1- [f(x)]? = 0 (uiwopeite va eEnyicete ol Sev efvon

entn cuvdginon;).

4.1.2 TEY®VOUETEIKES GUVAQTINGELS

Ye auTi Th guvToun JTaRdyYEOMo S{VOuUE «TTROKATAEKTIKG 0QLOWG» Kl vItevOuuitovue KATTOES
BAGIKES TOUTOTNTES KAl AVIGOTNTES YO TIS TOELYWVOUETQEWKES GUVOQTNGELS sin (nuitovo), cos
(cuvnuitovo), tan (easrTougévn) ko cot (Guveparrtougévn). O 0QLGUOS ALTOS GTnEiteTaw GTn
VEOUETQIKA ETTOTTTEIOL KOL OQEKETES ATO TIC £VAOYES TAQASOXES TTOU GLWINEA KdAvouue Sev
KOAUTITOVTIOL OUTA TN GTIYUA OTTé Ta AfLOUOTA TOV TIROAYUATIK®OV aQludv (ylo Tagddetyuad,
dev €yovue oplcel Tnv €vvola Tov UWNKOUS TOEOV).

A6 To Avkelo duuduacte 6L av Jewprnoovue dvo kdbetovs dgoves X' OX kaw Y OY ato
erizedo toTE, o€ KABE SrateToyuévo Tevyog (7, s) TTEOYUATIKGOV aLOu®V avTiaTotel wovadikd
onueio M = M(¢,s) tov emiatédov ue tetunuévn ¢ ral tetayuévn s (QUTES elval oL TTeoGnLaL-
ouéveg TEOPoAES Tou M atoug dvo dgoveg). To onueio O €xer cuvietayuéveg (0,0). Oswpovue
KUKAO pe kévipo O kou aktiva 1, o omolog téuvel toug dvo dfoveg ata cnueio A" = (-1,0),
A=(1,0), B=(0,1) xou B’ =(0,-1).

Kdvouue tnv stopadoxn 61l oe kdbe TrRoyuatikd abud x avtiotolyel €va onuelo autoy
TOU KUKAOL ¢ €ERC: av GuuBoAicouue ue m To WG TOU UAKOUS TNG TTEQLPEQRELOS TOU KUKAOU,
otov x = 0 avtigToel 10 A, 6Tov X = /2 avileToel 1o B, 6Tov x = m avtigToy el 1o A’ kol
VEVIKA, Yo 50GUEVO X LETEAUE TTAV® GTNV TTEQLPEQELA TOU KUKAOL TOE0 AM TTou €)el Unkog {(Go
ue |x| gervavtag amd o A kol akoAovBivtag kateBuvon aviifetn TEOS AVTAV TV SEKTWV
Tou EoAoylov av x > 0 i katevBuveon (Sla TTEOS AVTAV TV deEKT®OV Tov EoAoylol av x < 0. Av
To onueto M = M(t, s) avtigtoyel oTov X, opitovue

sin x COS X

cosx = t, sinx = s, tan x = , cotx = —.
COS X sin x

Ou 8vo tedevtalor apBuol opicovton av x ¢ {(2k+ D)r/2: ke Z} h x ¢ {krn : k € Z} avticToya.
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[Magatnenate 6Tl To (8o onueio M avtictoyel GToug aEBuovs x,y € R av kot uévo av o x—y
efvar axképaro TTOAMATTAAGLO Tou 27.

Me Bdon auTdv TOV TTROKATOEKTIKG 0QLOWS, Kol xenoyoitotdvias 1o ITubayopeio Behdpnua,
ugtogovue va Sef€ovpe OAES TIC YVOGTES GYEGELS OVAUEGO GTIC TELYWVOUETQLKES GUVOQTAGELS
(voBgTovue 4Tl efval YVWGTES GTOV AVOyVOGTN):

ITeétacn 4.1.14. I'a kdOe x € R iGyvovv ot

|sinx| < 1, |cosx| <1 Kal sinx +cos?x =1

Kol
. Vs T .
s 5 — X|=COSXx, COos 5 — X )= S1mx.

O: guvagrrigeis sin : R — [-1,1] kat cos : R — [-1,1] eivar srepiobikés, ue eddyictn srepiodo

2r. H sin eivon wepltTi cuvdETnon, v n cos gival doTia.
IMpdétacn 4.1.15. Av 0 < x < 7, T61€

sin x

sinx < x <tanx := .
COS X

‘Esetal 011, yia kdOe x € (—n/2,1/2) i1cxvouv ot avicoTntes
| sin x| < |x| < |tan x|

Kkai 0Tt yia kdbe x € R 1gyver n
| sin x| < |x].

gétacn 4.1.16 (cuvnuitovo kol nuitovo abpolouatog kar Siapods). Ia kdbe a,b € R

LGXVOUV OL TAUTOTNTES

cos(a—b) = cosacosb+sina sinb
cos(a+b) = cosacosb—sina sinb
sinfa+b) = sina cosb + cosa sinb
sinfa—b) = sina cosb —cosa sinb.

edétacn 4.1.17 (cuvnuitovo kaw nuitovo touv 2a). I'a kdbe a € R igyvouv ot TavTdTRTES

cos(2a) cos?a—sin?a=2cos’a-1=1-2sin’a

sin(2a) = 2sina cosa.

Ieotaon 4.1.18 (uetacynuaticuds abpoicuatog e yvéuevo). Ia kdbe x,y € R igyvouv ot
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TAVTOTNTES

sinx +siny = 25inx+ycosx;y
sinx —siny = ZSinx_ycosx;ry
Cosx+cosy = 2005x+ycosx_y
COSX —Cosy = 25inx+ysiny;x

4.1.3 ExOetikn cuvvdeinon

‘Ecto a évag deTikdc moayuatikds apbuds. Mitopovue va ogicouue tov a* dtav o x eivor

ENTOG, AKOAOVODVTAGS T €ENG ATTAG PrnaTo:

(@) Av x e N, 9étovue a* =a-a---a (x @oQEQ).
®B) Av x = 0, 9éTouue a’ =1

) Av x € Z v x < 0, 9€touue a* =

a—x

Me Bdon outoug Toug 0QLoUovS eAéyyouue eUKOAO GTL:

e =d @,

yio KG0e x,y € Z vt a, b > 0.

(@) =a",

1
a’t=—, (ab)* = a*b*
a

() Av x = 1/n yuo kdarowov 1 € N, 9étovue a/" = {fa (éxovue amodelEer Tnv VTaEEN KAl TO

LovoGAUAVTO JeTIKAG n-0GTAG E{TAS Yo kAOe JeTikd TTEAYULATIKG 0QLOUS).

(€) Av x =m/n 6mwov m € Z wou n € N elvar tuxdv pntdg, détovue

Evkola eAéyyouue OTL av x =

n

m _ m

a* = (al/")m .

1 z
e TOTE

(al/n)m — (al/m)m1 )

AnAadn, o a* oplcetarl kal 1Gxvouv oL

at=a"-a&,

yia kdbe x,y € Q vou a, b > 0.

(aX)y — axy’ a ¥ =

(ab)* = a*b*

Ye avuth Ty ToEAyEa@o divouue (o GUVTOUN TEQLYQAPN TOU «@UGLOAOYLIKOU» TEOTTOU

0QwGUoV Tng ekBeTIKNG GuvdpTtnong a*: emekteivouue Tov 0pLoUS yia dpentoug ekbéteg x. O

opoudg tov a*, x ¢ Q Yo Paciotel 6To ardéAovbo Ay

Anppa 4.1.19. Ectw a > 0 kat (q,) axkodovbia pntov agibuwv ue q, — 0. Tote,

al

- 1.



96 - Xuvéxela Kal 6QL0. GUVAQTAGE®V

Agtodeién. Av a = 1 8ev €yovue timota va delfovye. H mepimtwon 0 < a < 1 avdystor atnv

a>1
YmoOétouvpe Aotmtdv 611 a > 1. Evkoda PAETouye 6T av ¢, ¢ € Q kaw g < ¢’ t6Te a? < a?.
1

‘Ectw £ > 0. Am6 Tigc ¥a — 1 kan % 1 BAémtovpe 6TL vITdExel k € N date

1 ,
l-—e<—=a"< gk = Va<1+e.
a

AoV g, — 0, epapudcovtag tov oQwaud Tov oplov ue € = 1/k > 0, Bplokouvue ny € N date:
yia kGbe n = ng woyxver —1/k < g, < 1/k. Téte, yonowotowdvtog tn wovotovia tng a?, g € Q,
TTalpvovue To €EAGC: Yo kKABE n = ng,

1k

l—e<a*<gi <ad’* <1+e.

AnAodn, yio kdBe n > ng wyvel la?" — 1] < e. "Emteton 611 a? — 1. O

H 18éa pag ywo va egtekteivouye Tov oQuopd tov a* yua doento x elvor n €gng: ot gntotl
ool elvar mukvol gto R, emmouévmg av pag ddcouvv x ¢ Q vrtdyouv (FToAAES) axoAouvbieg

eIV ¢, — x. Ba delEovue 6Tl yo kAo ATt avtég To lim, a? vTdeyel kar Yo oplcouue
a* =lima’.
n

INa va efvor kaAog o opoudg, da Treémer av mdoouue wta dGAAn akolovBio EnTdv aELOLOV
q, — x va vTtdeyel o lim, a?" kow va woxvel n

. 4 .
lima? = lima?.
n n
Avté Ba Selyvel 6TL n Twn a® wov oploaue elvar avegdptnTn aIrd Ty AoV Tng akolovdiag
ENTOV g, — X.
Ocodonua 4.1.20. Ectw x € R kat gy, q, € Q ue lim, g, = lim, g, = x. Av a > 1, 167¢
. . 4 . ’
() Ta lim, a? kot lim, a? vtdgyovv.
@ii) lim, a? = lim, a?.

Amobeién. Osweovue o avgovca akolovbia pntwv 1, — x. 'Ectw g ontog ue g > x. Tdte
a™ < al, SnAadn n a™ elvar dve @eayuévn. Emiong, amo tnv r, < ryqq €metan 0TL a’ < a’l,
dnAadr n (@) elvon avfovca. TUveTtdS, n a’™™ GuykAivel.

ITaipvouye tdea omowadnatote amd Tg (¢,), (¢,,). ‘Exovue g, — 1, = x — x = 0, ondte T0
Anpua 3.4.1 Setyver 611 a?~" — 1. Tore,

al" = g 7"ng’"" — lima'.
n

Ouoiwg,

4 .
a® — lima™.
n
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I'n

Ao lim, a? = lim, a?» = lim, a™, ;taigvouue ta (i) ko (i) TovTdypova. O

"Eyovue Aowgtév opicel tov a* yia kdbe x € R, Xtn cuvéyewa, Teémel va agtodeigovue
Sradoyikd Ta €Eng (ov arrodelgels efvar Yo KAAR Aoknon TIAve GTh GUYKALGN AKOAOUOLOV).

Ieétacn 4.1.21. Egtw a,b > 0 kat x,y € R. Tore,
X+ X X Xy —X 1 X X1.X
aV=a"-d, @y=d” a = (ab)* = a'b”.
a

eotaon 4.1.22. Ectw a > 0. H x — a* givar yvnolwg avéovca av a > 1 kal yvnciowg
@BOivovea av 0 <a < 1.

4.2 Xvyveyelc GUVAQTNGELS

Opwouds 4.2.1. ’Ectw A €va un kevé vtogivoro tov R, éotw f: A = R ko éotw xp € A.
Adue 6L n f elvan cuveyric 6To xp av: yua kdbe £ > 0 vitdpyel 6 > 0 wote:

av x € A ko |x — x| < 6, 1o1E |f(X) — f(X0)| < €.

Adue 6tL n f elvar cuveyric 6To A av elvol Guveyng e kdbe xg € A.

Hagatngneeis 4.2.2. (o) To SoBév £ > 0 kaBopicer wa eproxn (f(xp) — &, f(xp) + &) Tng TWNG
f(x0). Avtd mov gntdue elvar va urtogovue va fpovue wa Teploxn (xo — d, Xg + 6) TOU Xo OGTE
Kdfe x € A TTOU OVAKEL GE QUTAV TNV JTEQLOXN TOL Xo Vo agtetkovigetal ato (f(xg) —¢&, f(xg) +&).
AnAadn, vo. wexvel f((xg — 6, x0 +6) NA) C (f(xg) — &, f(x0) + &).

Av 10 TOOTIAve WxVeL yia kaBe € > 0, Téte Adue dT n f elvan cuvexng GTo Xo.

B) Amé Tov opoud elvar @avepd GTL egeTdiovue Tn GUVEXELD WOVO GTO. onuelo Touv Tediov
oQLGuov ng f.

Hagadsiyuata 4.2.3. (@) f: R - R pe f(x) = ¢ yio kdBe x € R. Oa delgovue 6L n f elvan
ouveyng oe kdbe x9 € R. 'Eotw € > 0. Zntdue § > 0 daote: av x € R kaw |x — xo| < 6, 101¢
[f(x) — f(x0)] < &. Ouwg, yia kdbe x € R €xouvue

lf(x) = fxo)l = lc—c| =0 <&

AnAadn, pstogovue va emiAégovue ogrorodrigrote 6 > 0 (yia wapddetyua, 6 = 100).

®) f:R—> R ue f(x) = x yo kdbe x € R. Oa delEovue 6L n f elvor cuvexng oe kdbe xg € R.
"Eotw € > 0. Zntdue 6 > 0 @dote: av x € R ka |x — xo| < 6, to1e |f(x) — f(x0)| < & AoV
|f(x) = f(x0)] = |x — x0l, aprel va emAéeovue 6 = &. Tote,

x=xol <6 = |f(x) = flxo)l =I|x—x0|l <0 =e

Hopatnenate 6TL, 6e Avtd To TORASEYUA, TO 0 £LapTdTol OTto To € AL Sev e€apTdTar aTd

TO Xp.
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W) f:R—>Rue f(x) = 2x* =1 yio k4Be x € R. Oa, SefEovue 611 n f elvar cuveyng ce kG
xo € R. "Eotw £ > 0. Zntdue § > 0 dote: av x € R kat |x — x| < 6, t61e |f(x) — f(x0)| < &.
Hopatnenate 4tL, yo kdbe x € R,

I () = fxo)l = 12x% = 1) = (2x2 = D)| = [2x* — 2x2| = 2x + xo| - |x — xol.

Zntdue Aouwtév 6 > 0 dote: av [x — xg| < 6, To1e 2[x + X0 - |x — X0| < €. Aedouévouv 6Tl gueic
Ya kdvouye Tnv emAOYR TOL §, UTTOQOUVUE va vTtoBégouye amd tnv agxi 6Tl to & Ya elvar
wreotepo amd 1. Tote, av |x — xg| < 0 Ya €govue |x — xp| < 1, KAl GUVETTAOG,

|x + xo| < |x—x0 + 2x0| < |x = x0l + 2|x0| <1+ 2|xg].

£

Av, emigtAéov, 0 < 20+

TdTE, yua kKAbe x € R ue |x — xp| < 6 da €xovue
1f(x) = f(xo)l = 2lx + xol - |x — xo| < 2(2[xo| + 1) |x — x0| < 2(2lxo| + 1)d < &.

AnAadri, av eTAEEovuE

0<déd<min«l, £ s
22lxol + 1)

éxouvue
x—xol <6 = [f(x) - f(xo)l <e&.

IMopatnenate 41l 1o 6 TToU eTALEqUE eEaTdTAL aTtd To 80BEV & aAAd kal aTtd To anueio xo

G670 oTtoio egetdcovue Th GuvExeld Tng f.

4.2.1 H devnon tov oQiGuov

‘Eoto f: A — R ka 61w x9 € A. YwoBétouue 6L n f Sev elvon guveyng ato xo. Me Bdon tn
GUZATNON TToV €yve UETA TOV 0QLGUO TNG GUVEXELAS, AUTO onualvel 6Tl vTTdE)eL KAITTOO € Ue
Ty €8N Widtnto: av Jewpricovpue omrotodnisrote d > 0 ko Thy aviicToyn TeQroxn (xo—o9, xo+09)
TOU X, ToTE Sev woyvel f((xg — b, x0 +8) NA) C (f(xo) — &, f(xg) + €). Me AN AGyLOL, VITAQEXEL
KATO0 X € A TO oTtolo aviakel 6To (xg — 6, Xp + ) AAAG Sev wavoTtolel tnv [f(x) — f(xo)| < .

Io&vvaua,
T k@Be 6 > 0 vidyel x € A ye |x — x| < 6 raw [f(x) — f(xo)| = &.

KoataAnyouye Aowtdv GTo €Eng:

H f:A — R elvan acuveyng 6to xg € A av kol uévo av vitdeyel € > 0 date: ya
kGBe § > 0 vTdpEyeL x € A ue |x — xo| < 6 ko |f(x) — f(x0) > &.

Me Adya, da Aéyaue 6TL n f elval aGUVEXRS GTO Xp OV «OGOBATIOTE KOVTA GTO Xo LITAQXEL

X € A doTe ov TES f(x) kaw f(xg) VO OTTEYOUV AEKETA».
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1, €
HMaeaddetyua 4.2.4. H guvdptnon tov Dirichlet, f(x) = { 0 * ¢ g elval acuveyng oe KGO
, X
xo € R. EmtiAéyouye € = % > 0 kar Ya Selgovue 6T yia kdbe § > 0 vTtdeyel x € R pe [x—xp| < 6
QAN |f(x) — f(xo)| = % IMpdyuatt, av o xp elvar ERToC, TARATNEOVUE OTL GTO (Xo — 0, X + J)
ugtogovue va feovue doento @. ATé Tov oEleud Tng f éxouue
lf(@) = fxo)l =10 -1 =12

N | =

Av o xg elvar dpentog, TTORATNEOVUE OTL GTO (Xg — 0, Xo + §) UITOoEOVUE Vo Beovue Entd g. AT
TOV 0QLGUO Tng f €youvue

lf(@) = fxo)l =1-0] =12

N | —

4.2.2 Ay TNG UeTOUPOQAS

‘Ectw f: A - R ra éotw x9 € A. H apyri tng puetagpopds divel évav yaQakIneloud g

GUVEYELACS TNG [ GTO X UEG® OKOAOLOLADV.

BOedonua 4.2.5 (apxn tng uetapods). H f : A — R eivar cuveyric ato xg € A av kat uovo av:
yia kdBe arkoldovOia (x,) onueiwv tov A ue x, — xo, n akodovlia (f(x,)) cvykAiver ato f(xgp).

Amobeién. YmoBétouue mpodta 6Tl n f elvan cuveync cto xo. ‘Ectw x, € A ye x, — xo9. Oa
deleovue 611 f(x,) — f(x0): "Eotw £ > 0. Aot n f elvar guveyig 6To xg, VITAEYEL 6 > 0 WaTe:
av x € A ko [x — xg| < 6, Téte |f(x) — f(x0)| < € (AUTAG lvar AKEPDOS O 0ELGUAS TNG GUVEXELOS
wmg f GTO Xp).

"Exouye vioBéael 61l x, — x9. Emmouévmg, yu avtd 1o § > 0 pstogovue va Peovue ng € N
WOTE: AV 1 = ng TOTE |x, — Xp| < 0 (AVTOG elval akEPWS 0 0PLGUOS TNG GUYKAMGNGS TG (X,;) GTO
)C()).

YUvBuALovTOG T TTOQRAITAV® €YOVUE: OV 1 = Ry, TOTE |X, — Xo| < & dea

1f (xn) = f(xo0)l < &.

Aot to £ > 0 ATav tuxov, f(x,) — f(xo).

TNa v avtigtpoen katevBuvon Ya SovAéwouue ue amaywyn e dtomo. Ymobétouye GTL
yia kdbe akoAovbia (x,) onuelwv Tou A ue x, — xo, n akolovdia (f(x,)) cuykAivelr ato f(xp).
Ymobétoupe emiong 6L n f Sev efvan Guveyng 6To xp kou da kataAigfovpye Ge ATOTO.

AoV n f 8ev elvar cuveying aTo Xxo, LTTAQEYEL KATTOL € > 0 e Tnv €Eng WidTnta

() Tw kdBe 6 > 0 vdpxer x € A 1o omolo kavoTtolel Tnv |x — xp| < & AL
If(x) = f(xo)l = &.

1 1
s Gy e

Ko agtd v () Pelokovue x, € A ue |x, — xo| < 1/n v [f(x,) — f(x0)] = €. Amd TO KELTAQLO

Xpnaowototovye tnv (x) Swadoyikd ue 6 = 1 Mo kdbe n € N €youvue 1/n > 0

TAEEUPOANGS elval @aveEd OTL X, — Xo Kol aTtd Ty vIéheon TTov KAvaue TTEETEL N akoAovBio
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(f(xn)) va ouykAiver 6to f(xg). AUTO Suwg elvar advvato agov |f(x,) — f(xo) = € yia kGO
neN. =

Hagatnenon 4.2.6. H apyn tng ueta@ods witopel va yonoyottondel ue 600 SlopoeTikovg
TEOTTOUG.

i) ywa va defgovue 6TL n f elvor Guveyng ato xg agkel va deigovue 4Tl «x, — xg = f(x,) —

S (x0)».

(i) ywa va delgovue dTL n f Sev elvon Guveyng 6to xo apkel va Beovue wa akolovdia x, — xgo
(ot0 A) ®aote lim, f(x,) # f(x9). TToA cuyvd, efaceaiitovue tnv acuvéxela tng f GTo
Xo Petorkovtag §vo arkoAouvbisg x, — xo KAl ¥, — Xxg (GT0 A) wate lim, f(x,) # lim, f(y,).
Av n f ftav cuveyng GTto xg, da émeeme ta dVo dpwo va eivon (oo ye f(xg), dea Ko
uetagy Toug iaa.

1, xe@Q
0,
acuveyng oe kdbe xp € R. Oa dwcovue yia devtepn aIrddelEn, xENGUOITTOLWVTAS TNV AEXNA

ATA6 srapddetyua. ‘Eyovue Sev 6TL n guvdptnon tov Dirichlet, f(x) = { etvan

NG UETAPOQEAS. ATS Tnv TTUKVOTNTO TV ENTOV KOl TOV 0EEAT®V, WIToEoUue va Peolue
aroAovBia (g,) entadv abuwv ue g, — xo kol akolovdia (a,) apenTwv aQlbuwv ue a, — Xo.
Ouwg, f(gn) =1 - 1xrm f(a,) =0 — 0. Ad Tnv JTEONYOVUEVN TTOQATAQENGN GUUTTEQALVOUUE
ot n f dev elval Guvexng Gto Xxo.

4.2.3 Xvvéyelo Kol TEAEELS UETAEY GUVOQTNGEDV

To Yecddpnua TTov akoAovbel Sivel Tn Gx€on Tng GuVEXELOS Le TIS GUVADELS OAVEREIKES TTRAEELS
ovdueca ge guvagtnoels. H amddeien tou elvar duecn, v xEnNOWOITOMGOUUE TRV 0QYNR TNG
UETAUPOQRAS Ge GUVEVOGUS e TIS AVTIGTOLES WOLOTNTES YOl T 6QLOL AKOAOUOLDV.

Oewpnua 4.2.7. Ectw f,g : A — R kat éotw x9 € A. YmoOérovue oti oL f, g eivar Guveyeic
o010 xg. Tote,

i) O f+ g ra f- g eivar Guvexeic 6To Xg.

(i) Av emgrdéov g(x) # 0 yia kdbe x € A, T0Te 1 ch opi¢eTal GTo A Kal €ival GUVEYHS GTO Xg.

Amobeign. H amtodergn OAmv Tov 1oxveleuov eival astiin: yuo toeddetyua, yioo vo delEovue 4Tt
n Jé elvalr cuveyng oTo xp, CUUE®OVO UE TRV QXN TNG UETOPOQRAS, opekel vo deifouue OTL, yia
KAGBe axkoiovbio (x,) onuelwv Tov A TTOV GUYKALvEL GTO X, n akoAovBia ((g) (x,l)) GUYKALveL
GTO (g) (x0). A6 Tnv vITGOecn, oL f koL g elvor GUVEXEIS GTO Xg. ATTO Tnv aEXA TNS UETAPOQEAS
€xovue €xouvue f(x,) — f(xo) ko g(x,) — g(xo). Ao g(x,) # 0 yia ké0e n € N raw g(xg) # 0,
€xouue

f _ Sl fxo) (S
(xn) = - == (xo0).
glxn)  glxo) \g

H amédergn tng cuvéyelag Tov f+ g Kol f - g GTO X OPAVETAL WS AGKNGN YLOL TOV OVOYVHOGTN.
O



4.2 Yvveyelc cuvapticels - 101

IIeotaon 4.2.8 (cuvbeon cuvexwv cuvaptnoewv). Eotw f: A — R kat é6tw g : B — R dvo
ouvaprtrcels ue f(A) C B. Av n f givar Guveyic GTo xg kKal n g gival cuveyns ato f(xg), T0TE n
go f:A — R eivai guveyric 6o xp.

Amodeign. 'Eato (x,) akoAouBia cnuelov Tou A pe x, — xg. A@oU n f elvol GuveXNg GTo X,
n oy tng uetapodg delyvel 6Tl f(x,) — f(xp). Apov n g elvar cuvexnc ato f(xp) € B, yla
KkdBe axolovdia (v,) onuelwv Tov B ue y, — f(xg) éxovue g(v,) — g(f(xo0)).

Ouwg, f(x,) € Bro f(x,) — f(xg). ZuveTt®g,

g(f(xn)) — g(f(x0)).

TN kdBe axolovbio (x,;) onueiwv Tov A ue x, — xo delEaue 4T

(8 © Hxn) = g(f(xn)) = g(f(x0)) = (g © f)(x0)-

ATt6 Tnv 0y Tng UETAPOQAS, n g o f elval GuveXng GTo Xo. O

4.2.4 Zuvéyeld TOV TEIYOVOUETQIKOV GUVOQTNGE®V KOl TNG £KOETIKNG GUVAQETNGNG

H otabepn cuvdgtnon f(x) = ¢ (c € R) ko n tavtotikin cuvdginon g(x) = x elvon cuveyelg
oto R. "Emetan 6Tt 01 WOAWVUWKES GuvaQTAoelS elvor cuvexeic oto R kar 6T kdbe pnti
guvdetnon elval guveyng ge GAa T onuelo Tov TEdiov 0QLEROY TNG.

Aglyvouue TMOEO TN GUVEXELQL TOV TELYMVOUETOIK®OV GUVOQTAGE®V KOL TG eKOETIKAS GUVAQ-
TNONG.

Ieétacn 4.2.9. Ot cuvaprtricels sin, cos : R — [-1, 1] eivar cuveyeis.

Agtodeién. ‘Eotw xo € R. Tw kdbe x € R €xovue

. . . X— X9 X+ X . X— X9
| sin x — sin xp| = 2 |sin ’ < 2(sin .
2 2
A6 tnv Ipdtacn 4.1.15 €yxovue
. X— X0 X — X0
sin <
2 2
ZUVETIOG,
. . X — X0
| sin x — sin xg| < 2 7 = |x — xgl.

Toea, elvar edvkoAo va dovye 4Tl n sin elval cuvexng Gto xo (TTAETE 6 = £ KA €TTAANOEVGTE

Tov oQoud tng cuvéxelag). H cos elvar cuveync wg givBeon tng guveyolg x — ’21 — X e tnv

sin. Avegdptnto amd avtd, uirogeite va dwcete aAmidelen EEKIVOVTOCS ATd Ty ToTOTNTO

Xo—X . X+ X
Sin
2 2

COS X — COS Xo = 2sin

KO XENGWOoTTowwvTag thy |sint < [4. O
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IIeotaon 4.2.10. Ectw a > 0. H cuvdptnon f, : R — (0, +00) ue f,(x) = a* eivar guveyric.

Amobeién. Matogovue va vtoBécouye 6TL a > 1 (av a =1 n f; efvan gtabepn kot av 0 < a < 1

. _ 1
éxovue f, = fl_/a)‘
Agtyvouue TTRWTA OTL N f;; elvar cuvexng 6to 0: éotw & > 0. ATd Tig {fa — 1 ko 4}5 -1

BAéTtouue GTL LVTTdEYEL ng € N ®aTe

1
l-e<—=aV™<g™ = Rag<1+e.

Wa

Emidéyouue 6 = 1/ng > 0. AoV n f, eivon yvnoiong avgovca, yia kdbe x € R ue |x| < § €xovue
l—e<a /™ <g*<a/™ <1+¢,

SnAadn
|fa(x) = fa(0)] = la* —1] < e.

Asglyvouue TOOEO TN GUVEYELWD ThS f; GTO TLYOV X € R ¥onoWoIoldvToS TNy apyn Tng WETO-
X 3% Q X X xenouw

@ods. "'Eotw (x,) oto R ue x, — xg. AmS tn ouvvéxewa tng f;, 6to 0 cuusepaivouye GTL
Ffalxp — x0) = a0 — g% = 1. Tére,

fa(xn) = a™ =a® - a0 - @™ -1 = fu(xp).

H (x,) ntav tuxovoa, doa n f, elval Guvexig 6To xo. d
Y10 emtouevo Ke@dAalo do xenoelloTtotnGouue KoL Tn Guvéxeld Tng ouvdeTnong a — a':

Ieotaon 4.2.11. Ectw x € R. H cvvdgptnon g, : (0,+00) — (0,+00) ue gi(a) = a* eivar
GUVEXNG.

Amobeién. Miatopovue vo vitofécouue 6t x > 0 (av x = 0 n g, elvan gTabepn kow av x < 0
éyovue gy = g—i).

Aglyvouue TTHOTA OTL N g, elvan cuveyng oto 1: vrdoyxer m € N date x| < m. "Ecto (a,)
610 (0, +0) ue a, — 1. Tote, a — 1ra a,” = 1. ATé 116 Towtdtnteg 2minfx, y} = x+y—|x—y|
ko 2max{x,y} = x +y+ |x — y| pPAémtovue 4T

tp '=minfa,,a,"} -1 rou s, :=max{a,,a,”} - 1.

X
n

IMagatnenote 6t av a, > 1 tote a," < a), < a eved av a, < 1 161 @) < a;; < a,". 'Emetan
Ot 1, < @ < Sy Kol aItd TO KEUTAQLO TtaQeufoAng cuumepaivouue 0Tl gx(a,) = a; — 1 = g, (D).
AoV n (a,) ntov Tuxovco, N aEXN TG UETOPOQEAS Selxvel TL n g, elvol cuveyng oto 1.
Aelyvouue T®EO TN GUVEXELD TNG gy GTO TUXOV ag > 0 YENGWOTOLDVTAS TNV aQYh Tng
uetapods. ‘Eotw (a,) 1o (0, +00) ue a, — ap. Amé tn cuvéyelo tng g, 6To 1 cuurrepaivouue

ot gx(an/ao) = ay/ay — 1 = 1. Tore,

gx(an) = aﬁ = ag(an/aO)x - aé 1= gx(ao).
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H (a,) fitav tuyovoa, dea n g, elvar Guveyng 6To ag. O

4.2.5 XvvEéyelo KOl TOTIIKN GUUITEQLPOQA

A6 TOV 0QLGUG TNG GUVEXELOG (VoL POVERD GTL N GUUTTEQLPOQRD UG GUVAQETNONG f «LOKELA»
aTtd 10 xo Oev emnEediel Tn guvéyelo i un tng f GTo Xo.

IIeotaon 4.2.12. Ectw f : A = R kat éotw xo € A. YmoOérovue 611 vardgyel p > 0 date o
TTEPLOELGUOGS TnG f 610 A N (X9 — P, X0 + P) Va €ival GUVARTNGN GUVEXHS GTO Xo. T0te, n f eivai
GUVEXHG GTO Xy.

ATr68eiEn. Me Tov 600 «TrepLoiouds TS f» evvoodye tn guvdptnon f : AN (xg—p, xo+p) — R
ue f(x) = f(x).

"Eotw € > 0. Apov n f elvar cuveying 6To xg, LTTdEYeL 61 > 0 dote yio kGbe x € (A N (xo —
P Xo + p)) e |x = xol < 61 var wxve [f(x) - flxo)l < e.

O<touue 6 = minfp, 61}. Tote, €xovue 6 > 0 kow av x € AN (xg — 6, xp +0) €xovue TavTdYEOVA
x€AN(xg—p,x0+p) KA |x — x| < I < 01. Emouévmg,

1f() = f(xo)l = 1 (0) = flxo)l < &.

AnAadni, n f elvon Guvexng oto xo. O

H emduevn ITpdtaon deiyvel 6t av wa guvdetnon f : A — R elvar cuvexng ato xp € A,
T6Te elval «ToTlkA @EAyuévn», SnAadn @eayuévin ge ulo Teploxn Tou xg. Ilapatnenate T
wa cuveyng cuvdetnon f dev efvar agtopalitnta @eayuévn ge oAdKkAnQo to Tedio oQLeuoy Tng.
ATAG TTopadelyuata pag Stvouv or guvagTticels f(x) = x* (x € R) kan g(x) = i (x € (0,1)).

eétacn 4.2.13. Ectw f : A = R kat éatw xg € A. YmoOétovue 611 n f eivar Guvexli¢ ato
xo. Tote, uwopovue va fpovue § > 0 kar M > 0 date yia kdbe x € AN (xg — 6, xo + 0) va LG VeL
lf(0l < M.

Agrodeién. E@apuocovue Tov oQuopd tng guvéxelag tng f ato xg ue € = 1> 0. Ymdpyxer 6 > 0
®oTE: av X € A ko |[x — xg| < I, TéTE [f(x) — f(x0)| < 1. AnAadn, yia kdbe x € A N (xg — 6, xp + 0)
éxouue

LF OOl < 1f(x) = f(xo)l + |f (x0)l <1+ |f(x0)l.
‘Emetal to ¢ntovyevo, ue M =1+ |f(xp)l. O

H tedevtalo woagatipnon eivar 6Tl av wo guvdetnon f: A — R elvon cuvexic gto xp € A
kar av f(xp) # 0, téte n f Swatneel To TEOCNUO TOV f(X9) GE WA OAGKANEN (evdexouévmg
WKEN) TTEQLOYN TOU Xo.

ITgotacn 4.2.14. Ectw f: A — R kat éTtw xo € A. YrmoOétovue 6T n f eival Guve g GTo Xg
Kkat 01t f(xp) # 0.

i) Av f(xo) > 0, 16Te vITdyer 6 > 0 Wote f(x) > 0 yra kdbe x € AN (x9 — 8, X9 + J).
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(i) Av f(xo) < 0, toTe vardgyel 6 > 0 dote f(x) < 0 yra kdbe x € AN (x9 — 0, xg + 9).

Amobeign. Ymobétouue meodTa 0Tl f(xo) > 0. AoV n f elvar cuveyis 6To xgp, av dewpricouue

TOV € = f( )50 VTTdExeL 6 > 0 dote: av x € A kAL |x — x| < § TTE

f( o) f( 0) f( o)

lf(x) = fxo)l < < f(0) = flxo) = f(x) >

AnAadn, f(x) > 0 yia kdbe x € A N (xg — &, xg + ).
YmoBétovpe twea 6t f(xg) < 0. AoV n f elval guveyng GTto Xxg, av Jewproovue Tov

g= f(x") > 0 vdeyel 6 > 0 daTe: av x € A kau |[x — xg| < § TOTE
(xx0) (o) (x0)
) - foo) < =L 5 = S~ fxo) < A - = ()< ! 5 <0
AnAadn, f(x) <0 ya kdbe x € A N (xg — 8, xo + ). O

4.3 Boowkd Jemenuata ylo GUVEXEIS GUVAUQTNGELS

Ye outnv Tnv Toedyeago da amodeifovue dvo depeMddn kor StoncgOntikd avauevouevo dew-
ERUATO Yo GUVEXELS GUVOQTAGELS TTOU €lval 0QLoUEveS e €va KAEGTO Stdatnua: to dedonuo
evdldueoncg WG ko To Jewdpnuo VITOQENS UEYLGTnG Kal eAdyotng Tiwng. H amddeign toug
atartel OUGLAGTIKA YEAGN TOU QELWUATOS TNG TTANEOTNTAS.

4.3.1 To dedpnua eAdLGTNG KOl UEYLGTNG TIWNG

To e®TO Packd Jedpnua pag Ader étL av f : [a,b] — R elvar wa cuveyning cuvdetnon, Téte
n f elivor dvw @eayuévn kol KAT® @Eoyudvn, Kol WAMOTO Ttaipvel wéylotn Kot eAdlotn Tun.

Oehonua 4.3.1. Egtw f : [a,b] — R cuveyric cuvdptnon. Ymdgyovv m,M € R dare: yia
KdOe x € [a, b],
m< f(x) < M.

Andaén, n f gival dvw Kal KATw EEAYUEVN.

Amobeién. Oemwpovue To GUVOAO
A={yela,b]: n felvar dvw eeayuévn ato [a,y]}.

Ioyvpiouoc 1. To A elvar un kevo KoL Ave @EOYUEVO.

Agtodeién. Eivon cagég 6Tl o b elvan dve @edyua yia to A. T va delEovue Tt 1o A elvon pn
KEVO, GKEPTOUOGTE WS €EAG: apov n f elval guveying ato a, agtd tnv Ipdtacn 4.2.13 vrtdeyouv
MeRruw0<d<b—a dote f(x) < M yo kdbe x € [a,a + ). Av AowTtdv a <y < a + 6, 101e

yia kG0e x ye a < x <y woyver f(x) <K M
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T0 oTtolo onuaivel Tt y € A. Xuvenwg, (a,a + ) C A (to A elvar un kevo). O
Amé 1o agloya tng TAnEdTnTAS VITdEXEL 0 £ = sup A.

IGyvpiouos 2. € =b.

Amobeién. Acg vmtoBécouue 6Tl € < b. AoV n f elvar Guveyic GTo &, XENGLLOITTOLWVTAS TRV
Ipdtacn 4.2.13 Beiokovue 0 < 61 < min{b — &, & —a} kaw My > 0 doTe yia kAbe x € (£ — 81, &+ 61)
va épouue f(x) < M;. Toga, gto Sdotnua (£ — 61, €] umogovue va feovue y; € A amd tov
YXOQOKTNEIGWS TOu supremum. AoV y; € A, vmdeyer Ms > 0 oote f(x) < My yo kd@Be
x € [a,y1]. Tote, f(x) < M := max{M, Ma} yia kdBe x € [a,& + 61). Avutd elvan dtotro: av
eTAELoVUE Vo € (&,& + 1) TOTE Yo € A (e€nynate yotl) kaw yg > & = sup A.

Mgtogovue tdpa vo deifovue 6Tl n f elvan dvw @eayuévn ato [a,b]. A@ov n f elvar
GUVEYNG GTO b, ypnowottowwviag Eavd tnv Ipdtacn 4.2.13 Peiokovue 0 < 0y < b — a koL
Ms > 0 odate yia kdBe x € (b — 82, b] va €xovue f(x) < Ms. 1o Swdotnua (b — d9, b] uitogovue
va feovue y3 € A aIrd Tov YOQEAKTINEWGUS Tou supremum. AoV ys € A, vitdpyelt My > 0 date
f(x) < My yio k@Be x € [a,ys]. Tote, f(x) < M := max{Ms, M4} yio k4B x € [a, b].

Me tov 8o tpdmo Selyvouue 6Tl n f elvar kdtw @eayuévn (i, av Jélete, dempnaote tnv
—f: yvweltete ndn o611 eivor dvw @eayugvn). O

Kdvovtog éva akdua priga, Setyvouue 61l kdBe cuvexng cuvdotnon f : [a,b] — R malpver
uéylotn ko eAdyLGTN TR GTo [a, b):

Oedonua 4.3.2. Ectw f : [a,b] — R cvveyric ouvdptnon. Ymdgyovv yi,y2 € la,b] dote
FO) < f(0) < f(y2) via kdbe x € [a, ]

Agrodei&n. Ao 10 Oedpnua 4.3.1 n f elvar dve @eayuévn. Zuvemadg, To GUVOAO
A ={f(x):x€labl}

efvar dvw @eayuévo. ‘Eatw p = sup A. OéAlovue va Setgovue 611 vItdoyel y2 € [a, b] ue f(y2) = p.
YmoBétouvpue 6L n f Sev malpvel péyiotn i 6to [a, b]. Téte, f(x) < p yio kGO x € [a, b].
YuveTtog, puitogovue vo opicovue g : [a,b] = R ue

1
glx) = ———.
p=fx)
H g eivar cuveyng ato [a, b], omdte elvan @eayuévn: vitdpxer M > 0 odote g(x) < M yuo kdbe

x € [a,b]. Avutd6 odnyel Ge dToTTO WS €EAC: AITG TOV OQLOUG TOU supremum, yio kGBe n € N
ugtopovue va feovue gtoryeio tov A ato (p —1/n,p). Andadn, vitdoyet x, € [a, b] yia To oTolo

1
p— = <flx)<p.
n

Tote,

! >
——>n
P~ f(xn)

AnAadn, to N efvan dve @oayuévo amd tov M, dtoTo.

M > g(x,) =
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Me tov (8o TpdTo Selyvouue 6L n f Taipvel eAdyiotn Twn (N, av YéAete, Yewpnote tnv
—f1 yvwpltete nén 6Tl ;Talgvel uéyigtn TWi). O

Iagatnenon 4.3.3. Mitopouvue va arodeifovue ta stponyovueva dvo demprLato xencLoItol-
wvtag To dewpnua Bolzano-Weiertstrass.

"Eotw f : [a,b] = R cuveyrig. Aelyvouue mpodta 6tL vitdpxer M > 0 wate |[f(x) < M yo
KkGOe x € [a, b], ue astaywyn oe dromo. Av ovtd dev 1oxVel, umopovue va Ppolue x, € [a,b]
wote |f(x)l >n, n=12,.... H (x,) €xel vitakoAovbia (xi,) wote xx, — Xo € [a,b]. AoV n f
elval GUVEXNG GTO Xp, AITO TNV AEXN TG Uetapoeds €xovue f(xx,) — f(xo), doa

Lf G, )l = 1f (xo)l.

Ouwg, |f(xx, )| > k, = n. Emouévwg, |f(xx,)| — +oo, To oTtoio eivar drodro.

Thea, yvwpitovue 6Tl n f elvon payuévn, doa
M :=sup{f(x) : x € [a,b]} < 0.

Téte, umogovue va Ppovue x, € [a,b] dote f(x,) — M (yevikd, av s = sup(A) tdte vITd)EL
akoAovBia (a,) 6to A wate a, — 5). H (x,) €l vtakoAovdia (x;,) wate x;, — xo € [a,b].
AoV f(x,) = M, €ovue f(xr,) = M. AT tnv gyl Tng ueTapodg,

fxo) = lim f(x,) = M.

AvT6 amodekviel 6L n f malpvel uéytotn T (GTO Xo).

4.3.2 To Yewdpnua evdiduesong Twwng

Ac vmtoféoouue 6T wa cuvexng cuvdptnon f : [a,b] —» R maigver etepdonueg Tiwéc ata
dkpa tov [a,b]. Téte, avutd TTou TEQLUEVEL KOVEIS aTTd TNV yeaikn Ttapdotacn tng f eivor
6Tl yio kdgtolo cnueto € € (a,b) Ja wyver f(€) = 0 (n kouwdin y = f(x) da tuncer tov
0QLZdvTIo dgova). Ba Swcouue TEelS aTtodeltels. ‘OAES YENGWOTTOLOVV OUGLAGTIKG TO QElmuo
wng mAngotntas. Kabeplo amd avtés «gtoyevel» Ge «Sia@oeTiki piga tng e&lcwong f(x) = O».

Oewpnua 4.3.4. Ectw f : [a,b] —» R cuveyric guvdptnon. YmoBétovue oti f(a) < 0 kat
f(b) > 0. Tote, vrrdgyet ¢ € (a, b) date f(€) = 0.

Ipdtn amrodeign. Oo TEocTTABNGOVUE VO «Beovue» Tn WKEOTEEN AUon Tng eglcwong f(x) =0
070 (a, b). Wayvovue dndadn yia kdmolo & € (a, b) yio to omoio f(€) = 0 kaw f(x) < 0 yia kGOe
xuea<<x<é.

H 18¢a efvan 11 avtd to € meémel va efvan To supremum Tov GuvoAov 6Awv Twv y € (a, b)

TOV KOVOTIOLOUV TO €EAC:

yia kKdbe x pe a < x <y woxvel f(x) <O0.
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Oplcovue AotTtov
A={ye(@ab]: a<x<y= f(x) <0}.

Ioyvpiouds 1. To A elvon un Kevo KoL Gvw @EOYUEVO.

Amodeign. Elvan cagés 6L 0 b elvar dve @edyua yia to A. T va delgovue 611 To A elvar un
KeVO, GREQPTOUOOGTE WG €ENG: N f elvon cuveyng oto a kaw f(a) < 0. Amdéd tnv Ilpdtacn 4.2.14
vTtdeyer 0 < 6 < b—a dote n f va Taigver agvntikés TweS oto [a, bl N (a—06,a+06) = [a,a+ ).
Av Aowmtdv a <y < a+ 0, 101¢

yia kKdbe x ue a < x <y oxver f(x) <0,

T0 oTrolo cnuaivel 6Tt y € A. Emtouévwg, (a,a + 0) C A (to A elvon un Kevo). O
A6 to aflmya tng TAnEdTnTAS VITAEXEL 0 € = sup A. Emiong, a < & 8idn (a,a + 6) C A.
Ioyvpioudg 2. T tov € = sup A woxvouv ot a < € < b kan f(£€) = 0.

Amodeién.  Aelyvouvue mpota O6tL € < b: Exovue f(b) > 0 xkaw n f elvar cuveyng oto b.
Xopnowomowwvras tnv Ipdtaocn 4.2.14 Bepiokouvue 0 < 61 < b — a date yia kdbe x € (b — 61, b]
va €yovue f(x) > 0. Tdte, o b — 61 elvar dvw @edyua tov A. Ipdyuatt, av y € A 161e f(x) <0
yia Kdbe x € [a,y) kow apov f(x) > 0 610 (b — 61, b] €xovue ¥y < b — 61. ZUVETTHOG,

a<a+0<ELSDb-061<b.

Ewdwkdtepa, a < & < b.
Méver va delgovue ot f(€) = 0. Oa astorAeicovue Ta evdeydueva f(€) < 0 kan f(£) > 0.

(i) "Eotw 6Tt f(&) < 0. Amd tn guvéyela tng f oto &, vmdeyel 0 < 0z < min{fé — a,b — &)
oate f(x) < 0 g10 (€ — 09,& + 02) (egnynote ywatl). Ouwg t6te, f(x) < 0 610 [, & + 52)
(yrotl vTtdeyer y € A ue y > £ — b9, omtote f(x) < 0 6o [a,y) U (€ — 09,& + 52) = [a, & + 52)).
Emopévacg, & + 59 € A. Auto elvar dtoTo ooy & = sup A.

(it) "Eotw 61 f(£€) > 0. Tdéte, vmdpyel 0 < 83 < min{é—a, b—¢} dote f(x) > 0 gt0 (6—03, E+03).
Av mtdpovpe yeE A ue y > £ — 03 kaw Z ue y > z > & — I3, 101€

yeA= f(2) <0

£V

z€(§-063,§+63) = f(2)>0
dnAadn odnyovuacte oe dtoTro. O

Me tnv amddetén tov 3eUTEQEOV LGYUELGULOU OAOKANQMVETAL KAl N ATtddelEn Tov Jemenuatog.
O

AgvUtepn agrédeién. Oa mpocTabnGovue va «foovue» tn peyalitepn Aion tng eglcwong f(x) =
0 oto (a,b). Wayvouue SnAadn yia kdatowo & € (a,b) ywa o omoio f(£) = 0 kar f(x) > 0 ya
KABe x pe £ < x < b.



108 - Xuvéxela Kol 6QLO. GUVAQTAGEWV

H 8éa elvan 611 avtd To & TEEmel va elval To supremum Tou GUVOAOU
A={yelab]: f(») <O

Ioyvpiouog 1. To A elvar un kevd KAl dve @EAYUEVO.
Agrodeién. Eivar gagéc 6t o b eivan dva @edyua yio to A. To A elvar un kevo: apov f(a) < 0,
éxovue a € A. O

Amé 10 aflwua tng TAnpdTnTag vmdexer o € = supA. Emiong, a < & Ilpdyuati, atnv
Treonyovyevn agtodetgn eidaue 6t vitdeyel 0 < 8 < b — a daote (a,a + 6) C A.
Ioyvpiouog 2. Two Tov & = sup A woxvouv oL a < & < b ko f(€) =
Amobeién.  Aelyvouvue mowta 6Tl £ < b: ‘Exovue f(b) > 0 ror n f elvow Guveyng Gto b.
Xenowomotwvtag thy Ipdtaon 4.2.14 Belokovpe 0 < 61 < b — a date Yo k4Be x € (b — 61, b]
va éyouvue f(x) > 0. Tdte, o b— 67 elvan dvew @edyua tov A. Tlpdyuatt, av y € A téte f(y) < 0
doa y € [a,b — 61]. 'Emeton 611

E=supA < b-061<b.

Mével va deigovpe 6L f(€) = 0. Oa deigovue 6Tt f(€) < 0 kA f(€) = 0 xENGLLOTTOLWOVTAS TV
0QYN TNG UETAPOQGC.

i) AoV & = sup A, vmtdpyet akolovbia (x,) onueiwv Tov A ue x, — & "Exouvue f(x,) < 0 kot
n f elvar guvexng gto £ ATo Tnv agyn tng petamoeds malpvovue f(£) = lim, f(x,) < 0

(il) AoV & < b, vmdgyer yvnolog @Bivovco akolovBio (y,) oto (£,b] ue y, — & (o
Taeddeyua, n y, = &+ bT_f). INo kdbe n € N éyovue y, ¢ A, kol GUVETIOG, f(y,) > 0. ATo
v agyn tng uetapods Tmaipvovue f(€) = lim, f(y,) = 0. O

Me tnv amrddetgn tov §e¥TEQOV 1GXUELGULOY OAOKANQ®VETAL Kol N ATddelen Tov Jewenyuatog.
O

Toitn amobeign. ITlpoomabovue va Toceyylcouue ula Iga xo tng f «oTtoudnTtoTe» avdaueca
Gto a kau b, pe Sradoykéc Styotounaels tou [a, b]. H Umapen tng pltas da efacpaictel amd
v agyl Tov KIBOTIGUEVOV SLOGTRULATOV KAl TRV 0QYNR TS UETAPOQRIC.

Y10 TE®TO Priwa, Suyotowovue To [a, b] Yewpddvtag To UEGo Tov %. Av cuyfel va €xouvue
f (“”’) = 0, 9€tovue & = % ko éxovue f(€) = 0. AAMKG, vTtdeyovv dvo evdeydueva. Elte

a+b

ath p f(%) < 0, omwote Yétovye a; = G2 ko by = b.

2
Ye kdbe meplmTwon, éxovue f(ar) < 0 kar f(by) > 0. Iopatnenote ertiong 6tLa < a3 < by < b

KoL OTL TO WAKOG TOV [ay, b1] elvan (Go pe u

f(“;’b ) > 0 omdte Yétovye a; = a ko by =

111+b1

a‘+b‘) 0, 9étouue & = KoL £X0VUE

Emavaiayupdvovue tn dadikacio GTo [a1, by]. Av f (

f& =0. A?\?\ng, Belokouue ag, by TOL WKAVOTTOLOVV TS a1 < dg < b < by, f(al) <0, f(by) >0
Yuveylcovtag emaywywkd, eite fplokovue & € [a, b] ue f(£) = 0 i opitovue akolovdies (ay,)

KO bg —dag =

ko (b,) oo [a, b] ye TIC €N WBLOTNTEG:
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M a<a<a < - <a, <ape1 <bpy < by <-+- < by < by < by k@b n € N.

i) f(a,) <0 < f(by) yio k6Be n € N,

b—a
2Vl

(i) b, —a, = yio kG0e n € N.
H axolovbia (a,) TTov kotackevdoaue elvor avgovoa kol Gve @ayuévn ko n (by,) eivor

@Oivovca kot kAT @eayuévn. Etmouévwg, guykAivouv. Awté tnv b, —a, = ]’2_,,“

— 0, émmeTon OTL

lim a, = lim b, = ¢

n—00 n—00

vy kdgtowo € € [a,b]. Aot f(a,) < 0 xan f(b,) > 0, agtd Tn cuvéxela Tng f Kol aItd Tnv aQyni
TG UETAPOQRAS TTalEvouue

@ = lim f(a) <0< Tim f(by) = f©),

dnAadn, f(€) = 0. O
Yav méeicuo TTaigvovue To dedpnua evéidusong TIUNRG:

Oedpnua 4.3.5. Eotw f : [a,b] — R cuveyric cuvdptnen. Av f(a) < f(b) kat f(a) < p < f(b)),

Tote vrrdyel € € (a,b) wate f(€) = p. Ouota, av f(b) < f(a) kat f(b) < p < f(a)), TOTE VITAE)EL

¢ € (a,b) waate f(&) = p.

Amobeién. Oemwpovue tnv g(x) = f(x) —p. H g elvan cuveyng ato [a, b] kou g(a) = f(a) —p <0,

gb) = f(b) —p > 0. A6 10 Oedonpa 4.3.4 vrdoyer & € (a,b) ue g€) = 0, SnAadn f(€) = p.
[a tnv GAAN TTEQRITTTOON, YENGWOTIONGTE Th GuveXR guvdptnon h(x) = p — f(x). O

Optoudg 4.3.6 (Brdotnua). "Eva vitogivodo I tov R Aéyetan Sidotnua av yia kéOe x,y € I ue
X <y oAdkAngo to gvBuypauuo tunuo [x,y] mepiExeton 6o 1.
Me dAAa Adylo, Sractipoto efvor Ta ovolktd, KAEGTA N NUAVOIKTA SLOGTARNTO KoL Ol

OVOIKTEG N KAELGTEG nutevbelec.

Oepnua 4.3.7. Ectw I éva Sidatnua 6to R kot éotw [ : I — R cuveyric cuvdptnon. Tote,
n eiwova f(I) tng f eivar SidcTnua.

Agrodeién. 'Eoto u,v € f(I) ue u < v kaw €0tw u < w < v. Yrmdoyouv x,y € I date f(x) = u
kol f(y) = v. Xwelc mepropioud tng yevikdtntag uirogovue va vitofécouue 6tL x < y. A@ov
To I elvan Sudotnua, €xovue [x,y] € I kaw n f : [x,y] = R elvan ouvexic oto [x,y]. Aot
f(x) =u<w<v=f(y), vdoxeL z € (x,y) date f(z) = w. AoV z € I, guumepaivouue 4Tl
w = f(2) € f(I). AmS Tov oplaud Tov Sactiyatog Eretan 6Tl to f(I) elvon SidaTnuo. d

Iégwoua 4.3.8. Ectw f : [a,b] — R cuveyric cuvdptnon. Ymdgyovv m < M oo R dote
fa, b)) = [m, M].

Agrodeién. H f elval guveynic kow opltetal gTo KAewotd Sidatnua [a, b]. Tvvemoe, n f walpvet
eMytotn Twn m kot wéytotn Twin M 6to [a, b]. Anhadn, m, M € f([a, b]) wou f([a,b]) C [m, M].
Amé to meonyovuevo dewpnua, to f([a,b]) eivar Sidotnua ko TEQEXEL Ta m, M. Emouévwc,
f(la,b]) 2 [m, M]. "Emeton 61 f([a, b]) = [m, M]. O
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4.3.3 Iogadeiyuata

H cuvéyeia tng f aAAd ko n vtéBeon 6t 1o TedSio oQuouov eivar kAelgtd Sidatnua eivor
ataaitnteg gta TEonyovueva Jewenuata.

(a) Beweovue Tn cuvdptnon f(x) = 1—O|x|, if 8 oto [-1,1]. H f 8ev malpvel uéyion
T gto [-1,1]. "Exouvue 1 = sup{f(x) : x € [-1,1]}, aAAG o 1 Sev elvar TWWA NG f: TTAQATNENGTE
ot 0 < f(x) <1y kdBe x € [-1,1]. H f elvaw acuvexng gto onueio 0.

-1, 0<x<1
1, l<x<2
dev vrdpyxer Avon tng f(x) = 0 gto [0,2]. H f elvan acuveync oto onueio 1.

B) Beweovye tn cuvdeTtnon f(x) = . Téte, f(0) < 0 kan f(2) > 0, aAAG

() Oewpovue tnv f(x) = 1/x oto (0,1]. H f elvar cuveyng ato (0,1], aAld dev eivor dvw
eeayuévn. To medlo opiouov tng f Sev eivar kAelGTo SidoTnua.

©) Bzwpovue v f(x) = x oto (0,1). H f elvan cvvexng kar @eayuévn oto (0,1), aAld Sev
Taipvel uéytotn ovte eAdyotn Twn. To medlo oplopov tng f Sev eivai kKAeloTd SidoTnyua.
4.3.4 E@oouoyés Towv Bacikadv demonudtov

To dedonua evidueong TWAGS yenotwoTioleltor Guyvd yio Thv agtddelgn tng vItaQeng eitag
kdmolos eglowong. To mpdTo pag Tmapddeyua elvor n «UTTaEEn n-oGTRG EITOC» TToU elyaue
e€acealicel e XENGN TOL AELWOUATOS TNG TTANEATNTOC.

Oewpnua 4.3.9. Ecotw n = 2 kot £€6Tw p €vac JeTikos Teayuatikos apibucs. Yirdpyel yova-
6ikoc € > 0 wate " = p.

Agrodeién. ‘Eoto p > 0. Oewovue tn guveyn guvdpinon f : [0, +o0) — R uye f(x) = x"*. Tpodta
Ya Seleovue 611 vIdyel b > 0 daote f(b) > p. Awaxpivovue TEEIS TEQLITTOGELG:

i) Avp <1, t6te f(H=1"=1>p.
(i) Av p > 1, t61e f(p) = p" > p.
(i) Avp=1, 161e f(2)=2">2>1.

Aelsoue 6tL vrtdeyer b > 0 dote f(0) = 0 < p < f(b). Amd To Jedpnua evdidueong TG,
vTtdeyer & € (0,b) date f(€) = p, dnhadn & = p.

H povadwdtnta elvar astin: €xovue 8l 6t av a, b > 0 téte @ = b" av kal uévo av a = b.
Av Aoutdv €xovue & = p = & ya kdatooug &1, &2 > 0, ToTE & = &. O

Oedpnua 4.3.10. Kdbe solvdvuuo srepittov fabuov Exel TOUVAAXIGTOV Uia TEAYUATIKE QLEaL.

Amédeién. ‘'Eoto P(X) = apx™ +ap_1X™ 4. . . +aix+ag, 6700 a,, # 0 kou m meLrTéc. Todgovue
P(x) =a,x" + -+ a1x + ap = ap,xX™(1 + A(x)) 6100

et aix+a

Ay XM
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[Mapatnencte 6Tl av

am-1| + - +la1| + |a
|x|>2|m| lanl + laol

|,

T0TE |x|k < Jamt vy kGBe k = 0,1,...,m — 1, KoL GUVETTHOG,

A |X" L+ o+ ay|x + |a
AW < |1 lailx + lao

|ctp |x™

o lam-il "t -l |+ Jaol |

~X

lam| |x™
_Namal + -+ + laa] + ao

| | x|

<

N[ —

Emouévag, vtdoyxer M > 0 oate av x| > M 161e
1 1
1+ A(x) > 1-|AX)| = 1—5 =3 > 0.

AnAadn, av |x] = M téte ou P(x) kol a,x" €ouv to (dio mtedonpo. ‘Egeton 6t o P(—M)P(M)
elvar oudonuog ue tov aZ(-M)Y"M™ = a’M*"(-1)", Snladn agvntikés. AT 1o Yedonua
evBidueong twng vrtdeye & € (-M, M) bhote P(€) = 0. O

Oedpnua 4.3.11 Fedonua ctabepoy cnueiov). Ecotw f : [0,1] — [0,1] cuveyric cuvdptnon.
Yardpyet xo € [0, 1] dote f(xp) = xo.

Amobeién. Oéhovye va delgovpe 4Tl n koOUTUAR y = f(x) téuvel Thv Staydvio y = x. Apkel va
delEouye 611 n guveynig cuvdptnon h(x) = f(x) — x undeviteton kdmov ato [0,1].

Av f(0) =01 f(1) =1 €xouue to gnrovuevo ywa xo = 0 1 xg = 1 avticTowya.

Ymobétoupe Aowtdv 6tr f(0) > 0 xar f(1) < 1. Téte, A(0) = f(0) > 0 ko A(1) = f1) -1 < 0.
A6 to Yedpnua evidueong twng, vitdeyxel xo € (0,1) date h(xg) = 0. Andadn, f(xg) = xo. O

4.4 ‘O@uo cuvdetneng

4.4.1 ZXnuelo GUGGAQEEVONG KOl UEUOVOUEVA onueio

Opwouds 4.4.1. 'Ecto A éva un kevd vrtoguvodo tov R kot €otw xg € R. Adue 611 0 xg elvon
onueio GUGEHPEVGNRGS Tov A av yua kdbe § > 0 urrogovue va Bpovue x € A date 0 < |x—xp| < d
(godvvayo: x € (xg — 0, xo + ) KoL X # Xp).

AnAadn, o xp elvon onuelo GUGGWEELGNES TOV A OV 0OGOSNITOTE KOVTA GTOV X ULITOQEOVUE Va
Boovue atoyelol Tou A SlaPoEeTkd aItd Tov Xo. Ilagatneriate 6Tl Sev astartovue aId Tov xo
va elvar gTolelo Tou A.

Hogadeiynata 4.4.2. (a) Av A = [a,b], t61e 0 X¢ elvan cnhuelo GUGGHEELGNS TOV A OV KoL
uévo av xg € [a,b]. Av A = (a,b], 1éte ®ABe onuelo Tou A elvon onuelo GLGGHEELVGNG TOU A,
KoL VITdEXEL AALO éva cnuelo GUGGMEEVGNS TOV A, TO d, TO 0Ttolo SV AVAKEL GTO GUVOAO.
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®) Av A =[0,1] U {2}, 161 2 € A aMAG 0 2 Bev elvan onuelo GVGCWEEVGONG TOL A.
) To N=1{1,2,3,...} dev €xe1 kavéva onuelo GGGHOEEVGONG.

®) Av A =11, %, %, ...}, T61e 0 0 elvanr TO wovadkG GnUelo GUGGHEEVGNGS TOU A (KoL SV AVIKEL

a1o A).

Opwouds 4.4.3. Ectw A éva un kevo vtoguvoldo tov R kat é6tw xog € A. Aéue 611 0 X eival
UEUOVWUEVO cnueio Tov A av ey gival Gnueio GueeaEevang tov A, Sndadh, av vITdEyEeL TTEQLOXH
TOU X( N ogroia Sev JTeQLEy el dAAa cnuela Tov A eKTOC aIrd 1o xg (tcoSuvaua, av vIrdpyet 6 > 0
wote AN (xg — 0, x0 +0) = {xp}).

H emduevn mrpdtacn Sivel xQrGLLOUS YOQOKTNEIGLOUS TOU Gnuelov GUGGMEEVGNG.

IIeotaon 4.4.4. 'Ectw A éva un kevo vitoguvoldo tov R kai éotw xo € R. Ta &&ric eivar

rgodvvaua:
(i) To x¢ eivar gnueio GUGGWEEVGNS TOV A.
(i) T'a kdbe 6 > 0 virdgyovy direipa To TABOG cnueia Tov A GTo (xg — 6, Xo + 0).

(i) Ymdpyer akodlovbia (x,) Sia@oeTik®dv avd U0, kol SLAQORETIKGY AITO TO Xo, GNUELDV
TOU A, N 0JT0i0t GUYKAIVEL GTO Xy.

Amodeién. (i)=(ii) 'Ectw 6 > 0. Aot to x¢ elvarl onueio Gueeievong Tou A, 6To (x9—3, Xg+0)
ustopovue va feovue cnueio Tou A StapoeTikd amd 1o xg. Ag vTtofécouue OTL avTd Ta anueio
elvar TeTTEQUGUEVAL TO TTANDOG, TA V1, ..., Y. KdTTolo ammd avtd, ag mwodue To y; yio KATolov
1 < j < m, elvar TO TANGLEGTEQRO TTROG TO Xo. OfTouue 61 = |xo —y,|. Téte, 61 > 0 BroéT y; # x0)
KoL gTnv TeELoxn (xg — 01, Xo + 01) dev vITdEyel onuelo Tov A SLaPORETIKS ATTd TO Xo (EENYyNaTte

ywatl). Avtd efvar dromo, 6Tl To xg elval gnuelo GUGGWEELGNG Tov A.

@()=(ii) Ao v vébeon, oto (xo — 1, x9 + 1) vrdpyxovv dmelpa To TAMMBOGC cnuela Tov A.
Miropotue Aowrdv va Beodue x; € A ue x1 # xo ko |x; — xg| < 1.

Ouolwg, GTo (xo - %, Xo + %) vmdyouv dmelpa to TAnBog onuela Tov A. Mitogovue Aourtév
va Beovue xg € A ue xg # X, X1 KO |x2 — xg| < %

Yvuveylcovue ue tov (8o TEéTO: €oTw OTL €xouue Peel X1, X2,...,xp-1 € A OSLOPOEETIKA
ovd 8vo (kar SiapoEeTikd aTtd TO Xo) OOTE |x; — Xxo| < % v kdBe k = 1,2,...,n— 1. X710
(xo - %,xo + %) vIdExovv dmelpa To TANBog onueio tou A. Mitopovue Aowtdév va Ppovue
Xy €A UE Xy # X0y X1y - -+ » Xp—1 KOL X — Xg| < %

H axkoAovbia (x,), Tov 0pigeTon ue avTév TOV TEATIO, GUYKAIVEL GTO X KOl €€l GROUG TTOU
OVAKOUV GTO A, glvorl StopopeTikol avd §Vo Kol SlopoEETkol AT TOV Xo.

(i)=(@1) Ymobétouye OTL vTTAEXEL akoAouBio (x,) Sla@oeTik®y avd dVo cnuelwv Touv A, n
ottolo. guykAivel ato x9. ‘Eotw 6 > 0. Ymdgyel np € N date |x, — xp| < 0 ywo kdBe n > ny.
A@ov oL 6gol Tng (x,) elvar Sapoetikol avd §vo, kdmolog aTtd avTovS (Yl Thv okifela,
dgtelpol to WARB0G) elvar SLapoEeTIKGS ATTd TO Xp KOL AVAKEL GTO (X9 — J, X9 + §). A@ov To

0 > 0 Atav Tuxov, to xp elvan onueio GuGGwEeveNng Tou A. O
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4.4.2 0O@woudg tov ogiov

Optoudg 4.4.5 (6pwo0 cuvdptnong). ‘Ectew f : A — R ka éotw x¢ éva onuelo GuoomEevong
Tou A. Adue 611 To G0 Tng f KABMOS To X Telvel GTO xo vITdEXeL ko WovTaw ue £ € R av:

I'a kdBe € > 0 vwdpyer § > 0 wote: av x € A kaw 0 < [x—xg| < 9, ToTe |f(x)— €] < €.

Av évag tétolog abuds € vTdpeyel, Téte elvar povadikdg (Belgte To) kA yedeouvue £ =
lim,_,y, f(x) 1 f(x) = € kaBOS x — Xxo.

Opwouds 4.4.6. 'Ecto f: A —» R raw €6t xp éva onuelo Gueewevcng Tov A.

(@) Aéue 6t n f telvel GTO +00o KABWS TO X — Xxo AV:
To kABe M > 0 vTtdeyel 6 > 0 wote: av x € A kow 0 < |x — xg| < § o1 f(X) > M.

Ye autn Ty TepiTttwaon, yedovue lim,_,,, f(x) = +oo.

B) Aéue 6L n f telvel GT0 —o0 KABDGS TO X — Xo aAV:
TN kdbe M > 0 vitdyer 0 > 0 wote: av x € A kat 0 < |x — xg| < § o1 f(x) < —M.
Xe auti Tnv TepiTtTwon, yedgovye lim,_,,, f(x) = —oo.

Magatnenon 4.4.7. Tapatneicte GTL umopovue va egeTtdoovye Ty VITOEEN N un Tou 0plov
g f: A - R oeg kdBe onuelo cvoowpevong xg tov A. To xp witopel vo ovriker 1 va wnv
ovrikel 6To A: agkel va vITdEYouv x € A 0GodNITOTE KOVTA GTO Xo. Emiong, akdua KL ov o X
avriikel ato Ttedio opiouov tng f, n twi f(xp) dev emnpedierl tny YITaQEn i un tov lim,_,,, f(x)
0oUTE KOl TRV TWA TOU 0Qlov (av avTo VITAQXEL).

Mopadsiyuata 4.4.8. (o) lim,_3x* = 9.

2, avx#0

. To limy_,q f(x) vitdoxer kow eivar {co ue O,
2, avx=0

(B)’EGwa:RHRusf(x)z{
evo f(0) =2.
) ‘Ectow f : (0,+00) — R ue f(x) = i Téte, limyg f(x) = +oo. Av Yewpricouye Tnv
g R\ {0} - R ue g(x) = % TéTE TO GLo lim, 0 g(x) Sev vITdEyel.

Mmogeite va armodeltete GA0US OWTOUS TOUS LoXLELGUOVS ue BAon tov oploud (doknon).
Mmtopeite emiong va YENGUWOTIONGETE TNV O0QYN TNG UETOPOQEAS, Tnv oTtola da cuinticouue

TOQAKAT®, OGTe va avayBeite gta aviioToya dpla arkoAovOLdV.

©®) "Eotw f:[0,1] - R ue f(x) =0 av x deentog n x = 0, kow f(x) = é ov x = § ue p,g € N
rkar MKA(p, ¢) = 1. Téte, yia kdBe xo € [0, 1] to 6pto lim,—,,, f(x) vitdoxel ko woovtan ue O.
Ipdyuatt, é6Tw xg € [0,1] ko é0tw € > 0. Odtovue M = M(e) = [é] kar A(e) = {y € [0,1] :
y # xo ko f(y) = €}. Av o y aviikel gto A(g) 16Te elvar EnTéS 0 0TTOl0C YRAPETAL GTn LOoEPN
y= § omov p,g e N, p < gra f(y) = é > &. To mAnBog autdv Twv aglBudy eivarl To JToAD (Go
ue To TANBOg Twv CevyaEldv (p,g) EUGIKOV aEBU®Y 6TTov ¢ < M kot p < g. Emouévag, dev
temepvdel Tov M(M +1)/2. Andadni, to A(g) elvan memepacuévo givolo. Mitopovue Aowtdv vo

vedwouue A(g) = {y1,. .., Ym} 6oV m = m(e) € N.



114 - Xvuvéxela Kol 6QL0l GUVAQTAGEWV

O o0pBuos 6 = min{|lxg — y1l,...,|x0 — yml} elvon yvicua detkds. ‘Ecto x € [0,1] ye 0 <
|x — xo| < 6. Téte, x ¢ A(e), dpa 0 < f(x) < &. Apov to € > 0 ftav TLXGV, cuuTtepaivouue GTL
lim,y, f(x) = 0.

Opioudg 4.4.9 (mAevpkd 6owa). ‘Eoto f: A — R ka é6tw x9 onuelo Guaameevong Tov A
®oTe yo kdbe 6 > 0 va vitdeyxouv atotxeia tov A 6To (xg — 6, xg) (Eva Té€Tolo X AéyeTal onuelo
GLUGCMEEVONGS TOU A aTtd apLotepd). Adue otu:

() limx_,xa f(x) =L € R (o€ elvan to TAEVEIKS 6010 TG f KAOBDS TO X TElvel GTO X
agtd aEleTepd) av: yia kdbe € > 0 vrdxel 6 > 0 daTe av x € A Raw X9 — 0 < X < X
T6te [f(x) — ] < &.

Tedeiwg avdloya, €0Tw xo onuelo cvooWEEVONS Tov A OGTe Yoo kKGBe 6 > 0 vo vTTdEYoUV
atoyyela Tov A 670 (xg, X0 + 0) (Eva TETOLO Xp AéyeTal Gnuelo GLVGGWEELGNS Tov A AITd SEELA).
Aéue ot

(i) limx_,xg f(x) =€ e R (o £ elvar 10 TTALLEWKS G0 TG f KABMS TO X Telvel GTO
X0 aTté degid) av: yia kdbe € > 0 vTtdpyel § > 0 dote v x € A KoL xg < X < Xg + &
16te [f(x) - {] < &.

Apnvouue ®¢ AoKNGN Yol TOV OVOYVOGTR Vo SOGEL AuGTnEoUS 0QLGUoUS yia Ta akéAovbo
lim,, o f(x) = oo, lim,_, - f(x) = —oo, lim,, ¢ f(x) = +00 kaw lim,_, .+ f(x) = —oo.

ATt6 oV 0pLoUS TwV TTAEVEIKWOV oplwv meTol dueca n akéAovdn TtEdTACN.

IIeétaocn 4.4.10. Ectw f: A — R wa cuvdernon kot €6tw xo € R onueio cucedpevong Tov
A amé apioTepd kar amo degid. Tote to lim,,y, f(x) vrdpyel av kar udévov av ta 6Vo TAvIKd
opla limx_)x(—) f(x) kat limx_mg f(x) vardpyovv kar gival ica. O

Opwouds 4.4.11. 'Ectow A éva un kevé vitogivodo tov R. Afdue 611 10 +0o elvar onueio
GLGCWEEVONG TOu A av yo kdbe M > 0 urwogovue va Peovue x € A date x > M. Evkola
eléyyouvue GTL avTd guufalver av kol Wévo av vItdeyel akoAovdio (x,) 6To A ue x, — +co.

AvtigToa, Aéue 6TL To —oo elvan gnuelo GuGeMEEVONS Tov A av yia kdBe M > 0 pirogovue
va Beovue x € A wote x < —M. EvroAa eAéyyovue 0Tl avtd guufalvel av kol LWovo av VITAQyEeL
arkoAovbia (x;) oto A ue x,, — —oo.

Opwouds 4.4.12. 'Ecto f: A — R kot €6Tw 411 TO +00 elvarl gnuelo GuGGHEEVGNGS TOV A.

(@) Adue 611 o 6o Tng f KABWS TO x TeElVEL GTO +00 VITAEYEL Ko toovTon we £ € R av:
Ia kdBe € > 0 vmdyer M > 0 dote: av x € A kow x > M, 161 |f(x) — €] < &.

Av évag Tétolog apbudg £ vTdpeyel, Téte elvanr povadikdg (Beifte To) ko ypdgouue £ =
limy 0 ().

B) Aéue 6T n f Telvel GTO +00 KABDOG TO X — +00 Ov:

INa kdbe M; > 0 vrtdeyxer My > 0 date: av x € A kaw x > My 1ot f(x) > M.
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Ye ouTAv Tnv TERiTTowon, yedeovue limy, o f(X) = +oo.

() Adue 6T n f telvel 6GTo —o0 KABWS TO x — +oo av:
TNo kdbe M; > 0 vrtdeyer My > 0 date: av x € A kaw x > My tote f(x) < —M.

Ye auTtiv tnv Teplmtoon, ypdoovue limy o f(x) = —oo.
Telelwg avdoya, av f: A — R ko av 1o —oco givor onyefo cueeweevong tov A, Uo-
povue va olcovue rkabeuio agtd Tig mEOTAcES limy,_o f(x) = €, limys_ f(X) = +00 KO

limy—co f(x) = —c0.

4.4.3 A@Yn TnG UETAPOQEAS Yo TO 6QL0

‘Ecto f: A —» Rkat é6tw xo € R éva onuelo cuscoipevone tov A. H apyn tng uetagpopdg Sivel
€vav YOROKTNELGUS Tng UTTAEENS Tov oplov tng f KaBws To x telvel GTO Xg UEGH AKOAOUOLMV.

Ozdonua 4.4.13 (oY tng UeTapopds yia to 6po). Egtw f : A — R kat éTtw xo éva onueio
ovoowpevong tov A. Tote, lim,_,,, f(x) = € av kai uévo av: yia kdbe axodovbia (x,) onuciov
TOU A Ue X, # Xo Kl X, — Xg, h akodovBia (f(x,)) cuykdiver gto L.

Amobeién. Ymobétovue mowta Ot limy,y, f(x) = €. 'Ectw x, € A ye x, # xp KO X, — Xo. Oa
deteovue o1 f(x,) = €: "Eotw € > 0. Apo? lim,_,,, f(x) = ¢, vitdpyel § > 0 dote: av x € A ko
0<|x—xo| <0, 161 |f(x)— €] < €.

‘Exouvue vItoBécer 6Tl X, # X9 KOw X, — Xo. Emouévwg, yU' avtd to ¢ > 0 urwogovue va
Boovue ng € N wate: av n = ng téte 0 < |x, — xo| < 0.

Yuviudgovtog Ta ToEATTAV® €xouue: Ov 1 = ng, 1ote 0 < |x,; — xg| < § dpa

lfCen) =t < &.

A@o? to £ > 0 ntav tuxdv, f(x,) — L.

To tnv avtiotpoen katevBuvon da SovAéwouue ue amaywyn e dtoto. Ymobétouye G
yuo kdBe axolovbia (x,) onueiwv Tov A ue x;, # xo KOL X, — X, n arkoAovdia (f(x,)) cuykAivel
oto {. YroBétovue emiong 6t Sev woyvel n lim,_,y, f(x) = € ko Ja kataAMEovue Ge AToTO.

A@ov Sev woyvel n lim,,y, f(x) = £, vitdoxel kdmolo € > 0 ue v €€ig WIGTNTO!

() T kGBe 6 > 0 vidpxer x € A To ogroio wavoTtolel Tnv 0 < |x — xo| < & aALd
If(x) =4 > e.

1 1
993y

aTo tnv (x) Pelorovue x, € A ue 0 < |x, —xo| < 1/n vou [f(x,) — €| = &. "Exovue x,, # xo kow agtd

Xepnowototovue tny (x) dtadoyikd ye 6 = 1 ... T kdBe n € N €xouvue 1/n > 0 ko
TO KQELUTAELO TTaeUfoAMic elvar @aveRd OTL X, — Xp. ATS tnv viréfeon TTov KAvaye TEETEL N
akolovBia (f(x,)) va cuykAiver 6to £. AuTtd dumg elvon advvato aov |f(x,) — €] > & yua kGOe
neN. O

Hagatnenosig 4.4.14. (o) H apxft tng uetapoeds uirogel va yenowomowndel ue dvo diapo-
QETIKOVG TEATTOVG.
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1) ywa va deigovue ot limy,y, f(x) = € aprel va Selgovye OTL «x, # X KL X, — X9 =
S(xn) — 0.

@ii) yw va detgovue 1L dev woxvel n limy_,,, f(x) = € apkel va Peovue wa akolovbia x, — Xo
(ot0 A), ue x, # xo, Octe lim, f(x,) # €. TIoAUY cuyvd, egoc@alitovue KATL 1GXVEOTEQO,
6m dev vmdeyer o lim,,y, f(x), Belokovtag Vo akolovbies x, — xo KA y, — Xo (GTO
A), Ue Xp,yn # X0, 00T lim, f(x,) # lim, f(y,). Av viigxe to lim,_,,, f(x), Yo €mpeTe TOL
8v0 dpla va efvan yetag Toug (aa.

B) Mitogovue va StatuTtwcoude kKo va, agtodeiEovue avtiGTolyes LOoQMES TG AEXNS TG WeTa-
@OQEAGS Y0, TOUS VITOAOWITOUS TUTTOUS 0R{MV N TTAEVEIKOV 0QlWV TTOV GUTNTAGAUE.

To Jeddpnua TOL 0koAoLBel Sivel Th Gyxéon Tov oplov pe Tig Guvnbelg aAyePEIkES TEALELS
avdueca oe cuvaptnoels. H amddelgn tov elvor dueon, av XENGLLOTTONGOUVUE TRV QXA TNG

UETAPOQRAS G GUVEVAGUOG UE TIS AVTIGTOLYES WOOTNTES YL TO GELOL AKOAOVOL®V.

Oedonua 4.4.15. Eotw f,g : A — R kot €éotw x¢ onueio cueaipevong tov A. Ymobétovue

ot1 vardgyovv ta limy_,y, f(x) = € kat lim,_,,, g(x) = m. Toe,

) Imy_,, (f(x) + g(x)) = €+ m kar lim,, , (f(x)g(x)) = € - m.
!

(i) Av emmAéov g(x) # 0 yia kdOe x € A kou limy_,,, g(x) = m # 0, 70te n " opiceTal 6To A
li @ _ ¢
ko limy ) o655 = o

Agrodeién. H amddeign SAwv Towv GYLELCU®OV, UE OTIARL yxeAon Tng aEXAS TNS UETOPOQEAS,
a@AVETAL WS AOKNGN YLO0L TOV OVOYVOGTN. O

IHeotaon 4.4.16. Ectw A éva un kevo viroguvolo tov R, éotw x¢9 € R onueio cueedpevang
Tov A kau f 1 X — R. YmoO&rovue 611 To dpto lim,_,,, f(x) vmwdpyer ko givar ioo ue £. 'Ectw
g:B— Rue f(A) C Brar € € B. Av n g givau cuveyric ato £, T0Te 10 Oplo lim,_,, (g o f)(x)
vatdpyet kal igovtar ue g(f).

Amodeién. 'Eotw (x,) arolovbio onuelwv tov A ue x, # xo Kol X, — Xo. AoV lim,,,, f(x) = ¢,
n agyn tng uetapods delyver 6Tl f(x,) — €. AoV n g eivar cuveyng oto £ € B, yo kdBe
arkoAovbia (y,) onpeiwv tov B ue y, — £ é&ovue g(y,) — g(f).

Ouwg, f(x,) € Bro f(x,;) — €. Zuvemdg,

8(f(xn)) — g(0).

INo kGBe axolovdbia (x,) onueiwv Tov A ue x, # xo KoL x, — xo delEaue OTL

(&0 f)xn) = g(f(xn)) = &(0).

ATt TNV 0) TG HETAPOQEAS, cuuttepaivouue ot limy,, (g o f)(x) = g({). O
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4.4.4 Avo Bacikd TTaadeiypata

IIeotaon 4.4.17 Bocikd 60Lo).
. sinx
lim =1

x—0 X

sin x

Agébeién. H ovvdgrnon x — 25

etvar dptia gto R\ {0}. Apkel Aowrdv va delgovue (€gnynate
yiati) ot

sin x
=1

lim
x—=0t X

ATt6 tnv Ilpdétaon 4.1.15 éyouue sinx < x < tan x GTo (0, %) TUVETIAG,

sin x
cosx< — <1
X

GTO (0, g) Aoy n cos elvonr Guveyng, €xouvue lim+ cosx = cosO = 1. Amdé Tto KEUTNELO
x—0
TAREUPOANG €TTETAL TO CNTOVUEVO. O

1

IIeotacn 4.4.18. Ta dpia lir% sin ¢ kat lim cos % Sev vITd)OUV.
X—

x—0

Agrodeién. Ao tnv deyn Tng UETAMOQAS, apkel va Peovue Svo akolouvbies x, — 0, y, — 0

e xu,y, # 0) oote limsin x_l,, # lim sin yl . Osweovue Tic akoiovbieg x, = ﬂ—ln KOL Y, =

Yn 2nn+5
(n € N). EvkoAa eAéyyovue 6t lim, x, = 0 = lim,, y,. 'Ouwg,
.1 .
sin — =sin(7n) =0 - 0
Xn
KOl
o1 ) n
sin — = s1n(27rn+ —) =1->1
Yn 2
Telelws avdioya, uropeite va Sel&ete 6TL To HELO lirr(l) cos }c Sev vITdExXEL. O
X—

4.4.5 Zyéon o0Qlov KOl GUVEYELNG

Ye autnv tnv woedyeapo da guvdécouue Tnv €vvola Tou 0Qlov UE TNV €vvold TG GUVEXELNC.
opatnenate 4Tl n guvéyela eAéyxetal ge kdbe onueio Tov Tedlov 0ELGUOV UOS GUVAQTNGNG,
€xel AOWTTOV vénuo vo egeTdoouue TEOTA Th GUVEXELD GTO Uepovouéva onueio touv Tediov
opauov. ‘Omwg delyvel n emduevn medtacn, kdbe guvdpinon eival Guvexng e GAa avtd To
onyeia.

Ieotaon 4.4.19. Ectw f : A — R kat €otw xg éva yeuovwugvo cnueio tov A. Tote, n f eivai
GUVEXHGS GTO X.

Agtodeién. Aot 1o xg elvon pepovouévo onueio Tou A, vitdeyet 6 > 0 date AN (xp—0, xg+9) =
{x0}. AnAadn, av x € A kol |x — xg| < 9, TéTE X = X0. Oa delEovue dTL «OVTS TO & SovAevel yia
O\ TOL E».
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‘Eotw € > 0. Av x € A kau |x — xg| < 0, TOTE X = X, KO GUVETTAG,

|f(x) = f(x0) = |f(x0) — f(x0)] =0 < &.

Borikope 6 > 0 dote yia kdbe x € A ye |x — xp| < 6 va wyvel |f(x) — f(xo)] < &. Me Bdon tov
0QLGUO NG GuVvEXelas, n f elval GuveXNs GTo Xo. O

Av 10 X0 € A elvan kol onyelo GuoaEevang Tov A, TOTE n Gx€on oplov KAl GuvEyelag divetal
agrd Tnv emogevn TTEOTAGN.

IHeotaon 4.4.20. Ectw f : A — R kat éotw x¢ € A gnueio cuawpevens tov A. Tote, n f
elval ouveync aTo xo av kar uovo av lim,, ., f(x) = f(xo).

Agrodeién. Ymobétouue mpidta 6Tl n f elval guveying 6to xg. ‘Eotw £ > 0. Ymdgyel 6 > 0
WoTE: av X € A kAl |x — Xg| < 9, Téte [f(x) — f(x0)| < &. Ewdikdtepa, av x € A kow 0 < |x — xg| < 6,
gxovue |f(x) — f(xo)| < &. Emouévwg, limyy, f(x) = f(xo).

Avticteopa, ag vrodécovue 6T lim,_,y, f(x) = f(x0). "Ectw & > 0. Ymdoxel 6 > 0 wcte: av
x €A xra 0 < |x—xp| <9, 161€ |f(X) — f(x0)| < €. TTogatnercte 4TL, Yo X = X, £xoVUe OVTWG N
GAwS |f(x) — f(x0)l = 0 < &. Emouévwg, yia kdbe x € A ue |x — xo| < 6, éxovue |f(x) — f(xo)| < &.
‘Eteton 6T n f elvol GUVEYRS GTO Xo. O

Hagatnenon 4.4.21 (eidn acuvéxelag). Ag eLeTdoovue MO TTEOGEKTIKA TL Gnualvel n @EAon:
« f 8ev elvar Guvexnig GTo xg», 6TTOU Xo elvan cnuelo Gto TTedio ogQouov tng f : A — R.
AvaykaoTikd, To xo da elvor onuelo cuaeweevong tov A kol vVTToBéTouue OTL elvan onuelo
GUGCMEEVONS ToV A T6G0 AITd AELETERd 660 KAl aTtd degld (Srepevviate TL urtopel va cuufel
GTIS VUTTOAOLTIES TTEQLITTMOGELS). YTTdEYouv Tola evieyduevaL:

(i) Ta TtAevEkd ogua Tng f kAB®OS x — xo vITAEYOLV Ko lim,_, x(—) f(x) =€ = lim,_, ¢ f(),
Ouws n Tn tng f 6To x9 Sev elvon o €: SnAadn, f(xg) # €. Tdéte Adue 611 61O Xp
TTAEOVGLAZETOL dEoun acuvéxeln (M «eTTouolwdng» acuvéyewn). H f cuumepupépeton
dpLota yopw aItd To Xg, OAAG N TWA TS GTO Xo elvan «AavBaouévns.

(it) To wAevewd 6o Tng f KBS x — x¢ VITAEXOLVV OAAG elval SLoPOoEETUKA:
lim f(x) # lim f(x).
X=X x4

Téte Adue OTL GTO Xg TOQEOUVGLATETAL «acuvéyeln o eldovg» (M dApa). H Sagpoed
limx_ma f(x) —lim,_, X f(x) elvar to «dAua» tng f GTo Xo.

(iii) To limy_,y, f(x) Sev vmdpyer (Yl TOEASEYUA, KATOO QIO Ta TALVEIKA ool Tng f
KoO®OGS x — xo Sev vrdpyxer). Tote, Adue GTL GTO X9 TOQEOVGLATETOL acuveyela B eldoug
(" «oVoLOANG AGUVEYELOL».)

IMagatngnon 4.4.22 (acuvéyeles wovotovev cuvagticewv). ‘Ectw I éva didotnua kol €6Tm
f 1 - R wa wovétovn guvdgtnon. Téte ta mwAsvpikd dpta tng f vrtdeyovv e kdbe xg € I.
Yuvemdg, av n f elval acuveyng age kAo xg € I, Téte da mapovaldcel dAL GTO Xo.
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Amobeién. YmobBétovue 6TL n f elvor avgovoa ko 4T xo elvan €va e6wTeQkd onueio tou .
Opltovue
A7 (xg) ={f(x) : x eI, x < xp}.

To A™(xp) elvar pun kevd kot dvew @EAYUEVO aTtd To f(xg). XuveTtdg, opitetor o £~ = sup A~ (xp).
AT Tov opioud tou supremum €xouvue £ < f(xp). Oa deléovue ot limx_ma fx)=<{".

"Ectw € > 0. Apov o £~ — & dev elvar dve @edyuo touv Guvodov A~ (xg), VTTAEXEL X < Xo
oto I ue f(x) > £~ —e. Oétovue 6 = x9 — x. Tote, Yo kAOe y € (xg — 0, Xg) €xovue y € I (BLoTL
7o [ elvan Sdotnua) ko

C—e<flxo-0) < fO)<E <l +¢g,
St n f elvon avgovca. AnAadn, av y € (xg — 6, Xg), TOTE
lfO)-Cl<e.

AvT6 amodekviel 6T lim,_, o f) =0 < f(x0), ko ue Tov (6o TEAGTO delyvouue GTL VITAEXEL
TO limx_,xg f(xX) =" = f(xg), émov

" =inf ({f(x): x €I, x > x0}).

Av ta 8U0 TAsvEIKG 6pLar Slopégouy, TéTE £xouue acuvéxelo o €l8ouvg (GAua), eved av eivor
{oa, téte f(xg) = limx_ma flx) = limx_mg f(x), omdte n f elval GUVEXYAS GTO Xo.

4.5 Xvuvéyxela avticToENg GuvAQETNGNG

"Eotw I éva Sidotnua oto R. Eekvdue amtéd tnv woagatipnon 6Tt wa 1-1 guvdgtnon f: I —» R

dev elvar vroyxeewTikd wovotovn. ITdpte yia Tapddeyua tnv f : (0,2) —» R wwov opiteton agd

4 —x, 0<x<l1
wmv f(x) = 2, x=1 . H f etvan 1-1, duwg elvanr pBivovca cto (0,1) kow avgovca
x—1, 1<x<?2

oo (1,2).
To Yecddpnua woU akolovBel delyver 6TL av wo cvuveyrng cuvdptnon f : I — R elvon éva
TIROC €va, ToTe elvan yvnelmg wovotovn.

Oewpnua 4.5.1. Eotw f : I — R cuveyric kar 1-1 cvvdptnon. Tote, n [ eivar yvnciog

avéovaoa 1 yvnoing plivovea ato 1.

Amodeign. Oa kdvouue Thy agtodelgn ce Tplo frigato.

Briga 1. Av a,b,cel ye a<b <c, t61e: v f(a) < f(b) < f(c) i f(a) > f(b) > f(c).

Amodeign. Apov n f etvar 1-1, ou f(a), f(b) kar f(c) elvarl StopopeTikol avd §vo. Mitogovue va
vrmobégouue 6Tl f(a) < f(b) (aAAdg, dewpovue tnv —f). Oa SelEovue ot f(a) < f(b) < f(c),
agtorAeiovtag Tig TeQUITOGES f(c) < f(a) ko f(a) < f(c) < f(b).
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i) Av f(c) < f(a) < f(b) t6Te a6 TO Vedpnua evdidueons Twng vItdexelr x € (b,c¢) ue
f(x) = f(a), To omoio eivow dtotro, apov a < x kow n f eivar 1-1.

(i) Av f(a) < f(c¢) < f(b) t61e amd TOo Yewonuo evlidueong TWAS VITAEXEL y € (a,b) ue
f() = f(c), to omoio eivar eriong dtomo, apol y < ¢ kar n f eivan 1-1.

Briga 2. Av a,b,c,d el ye a<b<c<d, tote: 1 fla) < f(b) < f(c) < f(d) 2 f(a) > f(b) >
fle)> f@).

Agrodeién. Mmopovue va vtofécovue 6Tt f(a) < f(b). Epapudtoviag to Bripa 1 yia tnv toidda
a, b, c pAémouue 6L f(a) < f(b) < f(c). Epagudtovtacg gavd to Brua 1 yia tnv teudda b, c,d
BAETtouue 6T f(b) < f(c) < f(d). AnAadn,

fla) < f(b) < f(c) < f(d).

Eerkwavtag agrd tnv vrtdbeon ot f(a) > f(b), Selyvouue pe tov i8lo TeoITO 4TL
fl@) > f(b) > f(c) > f(a).

Briga 3. Xtabegomolovue dvo cnueia a < b 6to 1. Mitogovue va vtobécouye 6L f(a) < f(b).
Oa Jdeteovue 6tL n f elvon yvnolwg avgovca, delyvovtoag 6Tl av x,y € I kaw x < y, TOTE
Fx) < fO).

Av x = ara y = b, 161 f(x) = f(a) < f(b) = f(y). AMuDG, avdioya ue tn didtogn
TV X,y 6T TeTEdda a, b, x,y, To Biya 2 (A to Briua 1 av x = a 1 y = b) delyver 611 n (o
Sudtagn Ya woyxvel yia Tig ewdveg f(x), f(y) atnv tetedda f(a), f(b), f(x), f(¥). Two Tapddeyua.,
av x < a < b <ytote f(x) < fla) < f(b) < f(¥), doa f(x) < f(¥). Ava < x =b <y 161¢
fl@) < f(x) = f(b) < f(), doa f(x) < f(y). O

Aev elvar verolo va Trepypdpel kavels tnv ewkdva f(I) wog guvexougs kat 1-1 guvdptnong
f: I - R. Ag vmmoBécouye yia Ttapddetypo 6Tl To I elvar éva kAelgtd didotnua [a, b] kot 6Tl n
f elvan yvnolmwg avgovca (amd to Oeswpnuo 4.5.1 n f elvar yvnoiwg wovétovn). Tdte, n ewkdva
g f elvar o kAewoTé Sidotnua [f(a), f(b)]. Av to I elvon Sidotnuo avolktd Ge KAITOo 1 KoL
oto §Vo atd Ta dreo Tov (M SidoTnua ue dkEo KAITOLO AT T +00), TéTE, OTIWS eidoue, n
ewova f(I) g f etvar kdarolo Sidotnua. Opicovue tnv avticTpopn cuvdetnon f1: f(I) — I
wg gghg av y € f(I), vIdoyel wovadikd x € I dote f(x) = y. ®étovue f1(y) = x. AnAadn,

) =x= fx) =y

Hapatneicte 6t n £~ éxel v (St wovotovia ue tnv f. T Topddetyua, ag vItodécovue 6T
n f elvar yvnoing avtovca. ‘Ectm yi, vz € f(I) ue y1 < y2. Av irav f1(y) = fU(y9), to1 S
elyaue

FE o) = F(F02), Snhadi i > ya.

Avté elvan dromo, doa f(y1) < ().



4.5 Yuvéxewa aviioteoeng cuvdotnong - 121

Oa delgovue 611 n aviiotEoen cuveyous kot 1-1 guvdptnong eivor ertiong Guveyng.

Osdonua 4.5.2. Ectw f : I — R cuveyric kar 1-1 ovvdptnon. Tote, n f~1 1 f(I) — R sivar

GUVEXNG.

Amobeign. Mmogovue vo vrtofécouue 6Tl n f elvar yvnoiog avgovca. ‘Ectw yg € f().
YroB<toupe 6L To yo Sev efvar dro tov f(I) (ov GAAeS TTEQUITTOGELS eAéyyovTol ouota). Tdte,
yo = f(x0) yia kKAITolo £0wTEQIKG onuelo Tov 1.

"Ectw € > 0. Mmopovue vo vTtofécovue 0Tl xg — &, X0 + € € I (00TWS N AAA®G, Yo Vo
eAéyEovue Tn guvéxela wag evdlapépouv to wked € > 0). ®@éAovue va Beovue 6 > 0 doTe

v =yol <& raw ye fI) = |f(y) - xol <&

INa tnv eTtidoyn Tov & Sovdevouue wg eEAC: apol f(xg—&) < yo = f(xp) < f(xo + &), vITAEYOULV
01,02 > 0 dote f(xg — &) = yp — 01 kaw f(xg + &) = yg + 02. EmAéyovue 6 = min{dy, o2} > 0.

Av [y —yol < 6, 161E f(x0 — &) <y < f(x0 + &). AT To Yedponua eviidueong TWAG, VITAQYEL
x €I oote f(x) =y. To x elvanr povadikd ywoti n f etvon 1-1, ko

Xo—E<Xx<Xp+te&

ywoti n f‘1 etvar yvnolwg avgovca. Emouévmg, | f‘l(y) — f‘l(yo)l = |x — xo| < &. AnAadn, n f‘1
elval cuvexng Gto yy. O

4.5.1 AoyaQiBuikin cuvdgtnon

"Ectw a € (0, +0), a # 1. "Exouue ogicel tnv ekbetiki guvdptnon f, : R — (0, +00) ue fu(x) = a*
ko Selgape ot efvar yvnolog avgovca av a > 1 kat yvnelog @bivovca av 0 < a < 1.
IMogatnpncte 6Tl n f, elvan emi tov (0, +00). Ag dovue ywo TTOEddeyuLo Tny TeQiTtinon

" — 0. ZuveTtdg,

a>1: éotw y > 0. I'vopltovue 6Tt n akodovBia a* — +oo kow n akolovbio a”
vTtdeyel no € N daote

a<y<a®.

H f, elvan cuveyng, omdte, epaguotovtog to dedpnua eviidpeong TWAS GTo [—ng, no] Belicokovue
X € (—ng,ny) dcte fu(x) =a* =y.

Opigetar Aowrdv n avticteopn cuvdetnon £, : (0, +00) — R kar to Oedonua 4.5.2 Selyvel
é6m n £ etvan cuvexric. @a cuuPolitovue v f; ! ue log, (Aoyagibuikri cuvdetnon e Pdon
a).

Evtedos avdloya amodeikvietar 6ti: av 0 < a < 1 téte n f; elvan et Tou (0, +00). OpiteTon
Aourév kou TtdA n log, = £71 6o (0, +0).

ZvuPoicucs. Tupupunvoivue vo ypdgouue exp yia Ty f, (tnv ekbetiki cuvdetnon ye fdon tov

e) ki In yia tnv log, (tnv AoyagiBuikii guvdptnon ue pdon tov e). Iapatnericte dTi: yia kdde
a>0,

(i) a* =exp(xloga) = e*loga,
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(i) log,(x) = P, av a # 1.

X+y

Xonowosoldvtog tnv Bacikn wotnta a ™ = a*a” tng ekbetikig guvdptnong, eAEyETe OTL: av

a#1ru x,y> 0, té1e
log,(xy) = log,(x) + log,(y).

H uovotovia Kol n GUUITEQLPOEA TwV GUVORTAGE®Y X - a* katl x — log,(x) ata «dKrQa» Tov
Tediov oQuowoy Toug TEQLYEd@OovVTAL aTtd Thv emrduevn TEdTacn (N ATtGSelEn Tng elvan pio

QITAR dornon).
ITeétacn 4.5.3 (LovoTovia Kol GUUITEQLPOQEE GTA GKQEOL).

(i) Av 0 <a <1, t6te n a* eivar yvnoiws @bivovca kot

lim a* = 400 Kol lim a* =0.

X——00 X—+00
(i) Av a > 1, 10te n a* eivar yvneiowg avéovea kot

lim a*=0 KoL lim a* = +oo.
X——00 X—+00

(iii) Av 0 < a < 1, 7ote n log,(x) eivar yvnoiws @Oivovca kat

lim log,(x) = +o0 Kol lim log,(x) = —co.
x—0* X—+00

(iv) Ava > 1, 10te n log,(x) eival yvnoiowg avsovoa kal

lirg log,(x) = —c0 K lim log,(x) = +co.
x—0*

X—+00

4.6 Ouowduoeen Guvéyela

I Scdcouue TOV 0QLOUG TNG OUOLOUOEENG GUVEXELNS, da €EeTAGOUUE TTLO TTROGEKTIKA SV0
OTTAG TTOQASEIYLOTO GUVEX®DV GUVOQTAGE®V.

(a) Oeweovue tn guvdptnon f(x) = x, x € R. T'vwpltovpe 61t n f elvar guvexng oto R,
KATL TTOU €UKOAO eTTIEROLdVOULE OVGTNEA XENGUYLOTTOLWOVTAS TOV 0QLGUO TNG GUVEXELAC:

"Eoto xp € R kaw é61w € > 0. Zntdue 6 > 0 odate
|x — xol <0 = |f(x) — f(xo)| <& Onhadn |x — xg| < e.

H emloyn tov ¢ elvon mpopavig: apkel va stdovue 6 = €. Ilapatnpnote 61l To & TTOV
Borikaue egaptdtar wévo arrd To £ Tov §6Onke kol Oyl ATmd To GuUykekEwévo cnueio xo. H
ouvdptnon f yetafdAletor e Tov «ido Quiud» Ge oAdkANnQEo To Tedio ogouov Tng: av x,y € R
KoL [x —y| < &, 161 |f(X) — fOY)| < €.
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2

(B) Ozweovue T Tn cuvdptnon g(x) = x°, x € R. Eivaw wdM yvwotd 6Tl n g eivon

ouveyng oto R (apov g = f - f). Av deMioovue va To eTPEPOULDOGOVUE UE TOV EWPLAOVTIKO
oQwoud, dewpovue xg € R kot € > 0, kow gntdue 6 > 0 pe tnv WBdTNTA

|x—x0|<6:>|x2—x(2)|<8.

"Evag tpdmog yio va emAégovue KOTAAANAO § elval 0 €€ng. Zvu@avouvue agtd tnv apyxi 6Tl da
Tdouye 0 < § < 1, omdte

2 2
Ix* —xgl = |x—xol - |x+ xol < (Ix] + |x0]) - |x = x0

N

(2lxo| + Dlx = xol.

Av AoiTtdv emAgouue

£
0=min{1l, ——— 5,
{ 2|)C0|+1}

T0TE
2 .2
|x — xol <6 = |x" — x| < 2lxo| +1)6 < &.

Emouévwg, n g elvan cuveyng ato xg. Iopatnenote duws 4Tl To § Twov emmAégaue dev e€apTdTon
uévo aItd To £ Tou pag déBnke, aAd kow aItd To onueio xy GTo 0TTOl0 EAEyXOLUE TNV GUVEXELOL
g g. H emiloyit tov kdvaue delyver 6L 660 o uoked Peioketar to xo amd to 0, 1660 o
WKQES TIEETTEL VO eTUAEEOUUE TO 0.

Oa wiropovce PéPara va Trel Kavelg 0Tl (0w VITdEXEL KAAITEQROS TEOTOS ETAOYIG TOL J,
OKOUO KO AVEEGQTNTOS ATt To onuelo xg. Ag vitofécgouue Tt vITdEyeL 6 > 0 wate: av x,y € R
Kkat [y — 1] < 6 téte [y2 — 22| < &. Agov yia kGBe x € R éxovpe |x+ § — x| = § < 6, megmer, v

0
(x + —) - X
2
Ewikotepa, yio kGbe x > 0 Tpémer va oxveL n

62
(x+—) - x°
2

KGBe x € R va woyvel n

2
6x<6x+5—=
4

‘Ouwg TéTe, Yo kKABe x > 0 Ya elyoue
x<=.
o
AvT6 etvor dtoTo: to R da ritov dve @eayuévo.
To wooadelywato Tov dwoaue delyvouv wia «TToRdAepi» UAS GTOV 0QLOUS TNG GUVEXELA.
"Evalg TT10 TTROGEKTIKAS 0QLGUOS Ja NTav o €Eng:

Hf:A —> R elvar cuveyig 6to x9 € A av yio kdBe &€ > 0 vwdpyer d(g, xg) > 0
dGTE: av x € A RAL |x — xp| < 6, TéTE |f(X) — f(X0)| < €.

O cuuBoiouds d(e, xg) da €detyve GTL To  €g0pTATAL TOGO ATTd TO € OGO Kol aTtd To cnuelo
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Xxo. Ot ouvaticels (6TTwg n f(x) = x) TOV UOC ETLTEETOVV Vo eTAEYoUUE TO § OveEdpTnTo

aTtd TO X AEYOVTOL OUOLOUOQPO GUVEXELG:

Optoudg 4.6.1. 'Ecto f: A — R wa cuvdptnon. Aéue 6tL n f elvol opoldpop@a Guvexic Gto
A av yw kdBe € > 0 uiropovue va Peovue 6 = d(e) > 0 daTe

av x,y€EA kra |x—y<d totE |[f(x)— f(Y)| < e.

Hogadeiynata
(@) H f(x) = x elvaw ogoduopea cuvexng ato R.

®) H g(x) = x? 8ev eivar owoiduoe@a, cuvexig ato R.

2

(V) Osweovue tn cuvdpinon g(x) = x* touv (B), TeQLOELOUEV OUWS GTO KAELGTS Stdatnua

[-M, M], émwov M > 0. Téte, yia kGBe x,y € [-M, M] €xovue
80) = g = y* = 2% = e+ ¥l |y = x| < 2M - |y = x.
Aivetar & > 0. Av eTnAé€ouvue (&) = 53; TOTE Yo KAOE x,y € [-M, M] ue |x — y| < 0 €ouvue
lg) — gD < 2M - |y — x| <2M¢ = &.
AnAadni, n g elvon ogoldpopea cuveyng to [—M, M].
To Ttapddetyua (y) odnyel gtov €€ng oQLouo.

Optoudg 4.6.2. 'Egtw f : A —» R wa cuvdptnon. Adue 6t n f elvan Lipschitz guveyng av
vItdexer M > 0 date: yo kdbe x,y € A

If(x) = fFODI < Mlx - yl.
IIeétacn 4.6.3. KdBe Lipschitz cuveyric cuvdptnon eival ouoloiuoppa GUVEXIG.

Agrodeién. ‘Eoto f: A - R rwaw M > 0 date [f(x) — f(y)| < Mlx — y| yio kdBe x,y € A. Av yag
Swoovv & > 0, emléyovue 6 = 7. ToTe, yia kdBe x,y € A ue |x — y| < €xovue

If(x)— fO)l < Mlx—y| < M6 = .

‘Eteton 611 n f elvan opolduop@a Guvexng Gto A. O

AT6 Tn GUTATNGN TTOV TTEONYRONKE TOU 0QLGUOV TNG OUOLOUOEENGS GUVEXELAS, elval AOYIKO
va TTepuiévoupe 4Tl oL OUOLOLOEMA Guvexels GuVaRTAGELS elval Guvexels. AuTO aTTodelkvUETOL

ue agtAn cUykeen Twv §V0 0PLGUMV:
IIeotacn 4.6.4. Avn f: A — R eival opoiduoppa Guvexiig, TOTe gival GUVEXHCG.

Agrodeién. Tlpdypatt: €0tm xg € A kaw € > 0. AT TOV 0QLGUG TNG OUOLOUOQRPNGS GUVEXELAG,
vTtdeyel 6 > 0 date av x,y € A kau |x —y| < § 1éTE [f(%) — fF(Y)] < &.
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EmiAéyovue avtd 10 6. Av x € A ko |x — xo| < 6, tOTE [f(X) — f(X0)| < € (TWAQTE ¥ = X0).
Aot to £ > 0 ntav Tuxdv, n f elvol GuveXng GTo Xo. O

4.6.1 Xo0QaKTnELoUdS TNG OUOLOUOQREPNG GUVEXELNS UEG® AKOAOVOLOV

Buunbeite TOV XAEAKTNELGUO TNS GUVEXELOS UEGH aroAoVBLOV: av f 1 A — R, téte n f elvon
GUVEXNGS GTO Xy € A av KoL uWévo av yio kdBe axkoAouvbia (x,) ue x, € A Kol X, — Xg, LOYVEL
Sxn) = f(xo).

O avticTolyog YOROKTNEIGULOS TG OUOLOUOQEEPNGS GUVEXELOS €XEL WG EENG:

Oewpnua 4.6.5. Ectw f : A — R wa cuvdptnon. H f eival ogoiduoppa Guveyric 6to A av
Kai uovo av yia kdbe cevydpl akolovbidv (x,), (y,) oto A ue x, —y, — 0 1GyUeL

S(xn) = fn) = 0.

Amobeién. YmoBétovue mpdta 6Tl n f elvon opotduopea cuvexng 6to A. ‘Ectw (x,), (v,) Vo
aroAovbiec 6To A ue x, —y, — 0. Oa detgovue v f(x,) — f(vn) — O:
"Ectw € > 0. ATt6 ToV 0QLGUS TNG OUOLOUOQEMONS GUVEXELAS, VITAEXEL & > 0 date

av x,y €A ra [x—y|<d§ Tt |f(%) - f(Y)| < &

AoV x, —y, — 0, vdeyel no(d) € N wate: av n = ng 101€ |x, — yu| < 6. 'Ectw n = ng. Tére,
|X, — yul < 0 RO X, Y, € A, OTOTE

If () = fOm)l < &
Aot to £ > 0 ATav tuxdv, cuuttepaivouue 6T f(x,) — f(y,) — O.
AvticTpopa: ac vmofégovue 6T

av X, yp €A vow X, —y, = 0 10t f(X) — () — O.

Oa deigovue 6T n f elvar opolduopea cuvexnc ato A. ‘Eotw 61t dev eivar. Tdte, vidoyet
€ > 0 ye tnv €gng widtnto:
To kdBe § > 0 VTTAEXOLVY X5, Vs € A UE |xs — Ys| < & AMMG |f(xs) — f(ys)l = &.

EmAéyovtag dadoyikd 6 = 1, %, cees %, ..., Polokovye cevydola x,,y, € A dGTE

1 7’
[ — yal < Z alG | f(xp) — fn)l = &

Oewovye TS akoAoudies (x,), (V). ATO Tnv Katackevn éxovue x, —y, — 0, aAAG aIrd Tnv
lf(xn) — fO)l = € yio k4be n € N BAéwouye Gt ev ugtopel vo woxver n f(x,) — f(yn) — 0
(egnynate ywotl). Autd eivor dtoTo, dea n f elval ouolduoEEa GuveXIg GTo A. O

Hagadeiynata
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(@) ®emweovue Tn cuvdptnon f(x) = i oo (0,1]. H f elvaw cuveyng adld Sev eivar opoldpopea
cuveyric. Ta va to Sovue, apkel va Peovue dvo akolovbieg (x,), (v,) oto (0,1] TOUL VO
IKOWOTIOLOUV Thv X, — V, — 0 0AAG Vo unv IKowvoTtolovv Tnv xi — yl — 0.

Iaipvouye x, = % KOL Y, = % Tétte, x4, yn € (0,1] ko

1 1 1 0
X, — = —_—_-— = —
n T n n 2n 2n
aAAG ) )
fx)—fO)=——-—=n—-2n=-n— —oo.
Xn n

(B) Bewpovue tn Guvdptnon g(x) = x? gto R. Opitovue x, = n + % kot y, = n. Tote,
Xn—=Yn=— — 0
n

QAL
1\ 1
g(xn)_g@n):(n"'_) —n2:2+—2—>2¢0.
n n

Emouévmg, n g dev elvar ogowdpoppa cuvexnig gto R.

(y) Opicovue f(x) = cos(x?), x € R. H f eivar cuveynig oto R kan |f(x)] < 1 yio kGPe x € R.
AnAadn, n f elvar emimtAéov geayuévn. Oumg n f Sev elval ogololo@o GUVEXAG: Yo VO TO
delte, Jewpnaote T akoAovbieg

Xp= A(n+ D wa  y, = Var

Tote, ( )
n+Dm—nr T
Xp—Vn = NV + D — Vnr = = - 0,
T o Vin+ D+ vnr A+ Dr+ nr
aAAG

|f(xn) = )l = | cos((n + D) — cos(nm)| = 2

yio kGBe n € N. Atd 10 Oedpnuo 4.6.5 émetol 1o cuuitépacud. YTTdeyouv AOLTTOV QROyUEveS
ouveyels oUVOQTACELS TTOU Sev elval ouolduoEEo. cuvexels (oxedidote Tn yeagikn Ttapdatacn
tng cos(x?) yia va Selte o Adyo: yia ueydAa x, n f avepaiver agméd v i —1 oty T 1
ko katefaiver agtd tny Twn 1 gtny twn —1 6Ao kow TTLo0 yeriyopa - 0 euBUOS UETOPOANG TG
yivetar ToA0 ueydAog).

4.6.2 Xvveyelc 6UVAQETNGELS G€ KALIGTA SracTnuata

E{Saue 6T n cuvdptnon g(x) = x> dev eivaw ouowduoppa cuvexiig 6to I = R aAdd elvar
ouoLduoE@o. guveyig oe kdbe Sidatnua tng woeencg I = [-M, M], M > 0 (ocodrigtote peydio
KL av elvar to M). Autd mou oxvel yevikd elvar 6Tt kGBe Guveynig guvdeptnon f : [a,b] — R
elvar opolduop@a Guvexnig:
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Oewpnua 4.6.6. Eotw f : [a,b] — R guveyric cuvdptnon. Tote, n f eival ouologop@a GUVeXTic
o7o [a, b].
Amobeign. Ag vtobégoupe T n f Sev elvan opotduopea cuveyng. Tdte, umtopovue vo. Boovue
e > 0 ko §Yo akolovdies (x,), (y4) ot0 [a,b] ue x, —y, — 0 rou |f(x,) — fyu)] = € yua kGBe
neN.

AoV a < X, yn < b yuo kd0e n € N, ou (x,) ko (y,) elvar @eayuéves akolovbieg. Ao
T0 Oewpnua Bolzano-Weierstrass, vmdgyer vitakolovbia (xg,) tng (x,) n omwoia cuykAivel Ge
kdgoo x € R. Apov a < xx, < b ya kdBe n, cupsepaivovue 61t a < x < b. Andadn,

Xk, = X € [a,b].
[MTapatnenate 6T xx, — Yk, — 0, doa
Yk, = Xk, — (Xk, —Yx,) = x—0 = x.
ATt6 Tn Guvéxela tng f oto x €rreTon OTL

JO,) = f() wow  fg,) = ().

AnAadn,
fO,) = fOx,) > x—x=0.

Avuté elvan droTto, agov |f(xk,) — f(k,)l = € yia kdbe n € N. Emouévwg, n f eivon ogotduoppa
Guveyng ato [a, b]. O

Hagatnenon 4.6.7. To yeyovég 6Tt n f ntav opiouévn Gto kAelGTo Otdotnua [a,b] yoenot-
wogtotifnke pe Svo TEOTTOUVC. IlpwTtov, urwopécaye va Peovue GUYKAIVOUGES VTTOKOAOVBIES
TV (x,), (Vn) Beodonua Bolzano-Weierstrass). Aevtegov, pitopovcaye va Tovpe 4Tl TO KOO
6Ql0 X OUTOV TV VITOKOAOLOLOV eEaroAovbel vo Beloketan GTo Tedio ogouov [a, b] tng f.
Xonowotowmcaye dnAadn to €Eng:

ava<z, <bwrmz, >z o€ a<z<b.

To emduevo Jewpnua agtodeikviel GTL Ol OLOLOLOEMO GUVEXELS GUVOQTAGELS £XOVV TNV €ENG
«KAAR WdTnTON: aselkovicovv Pacikés akoAovbiec Ge Pacikés arkolovbies. Autd Sev 1oyvel
yia 6Aeg TG Guvexelc GuvapTnaels: Jewpnote v f(x) = )lc oto (0,1]. H x, = % elvon Bacikn

arkoAovbio oto (0,1], duws n f(x,) = n dev elvan Pacikin akoAovbia.

Oewpnua 4.6.8. Eotw f : A — R ouoiduoppa cuveyric cuvdprnon kat €6tw (x,) Paciki

arxodovBia gto A. Tote, n (f(x,)) eival faciki akodovdia.

Agtodeién. ‘Eoto € > 0. Ymdoyer § > 0 dote: ov x,y € A ko [x —y| < § 101¢ |f(x) — f(Y)| < &.

H (x,) eivon Baoikit akoAovbia, dea vitdxel no(d) dote

avm,n = no(d), TOTE |X) — Xp| < 0.
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‘Ouwg ToTe,

|f(xn) = fxm)l < €.

Borikaue np € N pe tnv i8idtnta
av m,n = no(6) tote  |f(xn) = flm)l < &

Aot to £ > 0 ntav Tuydv, n (f(x,)) elval Pacikn akoiovbia. O

EiSaue 6Tl kdBe cuvexnc cuvdptnon f oguouévn ge kAelGTo Sidatnua eival opolouoQ@o
cuveyng. BOa ggetdoouvue To egng epwdthua: ‘Eotw f : (a,b) — R cuveync oguvdptnon. Ilodg
urropovue va eAéyéovue av n f eivor opolduoppa cuvexng ato (a, b);

Oedpnua 4.6.9. Egtw f : (a,b) = R cuveyric cuvdptnon. H f eival ogoiopop@pa Guvexig 6to
(a,b) av kat uévo av virdgyovv ta lim f(x) kot liril f(x).
x—at x—b~

Agtodeién. YmoBétovue TEOTO GTL VITGAEXOULV TO li)m+ f(x) v xlg}}- f(x). Ogltovue wo «e-
mékTaon» g g f ato [a,b], Yétoviac: gla) = xlgéi fa(x), g(b) = xli)ril_ f(x) vaw g(x) = f(x) av
x € (a, b).

H g elvar cuveyng 6to kAelgtd Sidothua [a, b] (egnynate yiatl), deoa ouolduoe@a GuVEXTG.
Oa delgovpe 6TL n f elvol KL VTR OUOLOLOQE@A GUVEXNG GTO (a, b). 'Eatw € > 0. Agov n g elivan
OUOLOLORMO. GUVEXNG, VTTAEXEL 6 > 0 date: av x,y € [a, b] kau |x —y| < § o1 |g(x) — g(¥)| < &.

Ocwpovue x,y € (a,b) ue |x —y| < 6. Tdte, amd Tov opleud Tng g €yxovue

lf(x) = fOI = 1gx) — gl < &

AvticTtpopa, vrtoBétouue 6Tl n f elvol opoldpoEEa Guvexng Gto (a,b) ko delyvouye OTL
vIdeyel to lim, .+ f(x) (M VTTaEn tou dAAov TAgvEkoU oplov attodetkvietal we Tov (Slo
TQOTO0).

Ba deléovue 6t av (x,) elvar arkolovbia Gto (a,b) ue x, — a, 1éte n (f(x,)) GuykAivel
AvTo elvar dueco arrd to Oedpnua 4.6.8: n (x,) guykAivel, dpa n (x;,) elvor Paown akoAovbio,
apa n (f(x,)) etvon Bacikn akolovbia, dea n (f(x,)) cuykAivel Ge KAITOLOV TTEAYUATIKG AQLOU
L.

Emiong, to 6plo tng (f(x,)) elvar avegdetnto ams tnv emAoyn Tng (X,): €6Tw (y,) o dAAn
akolovBio cto (a,b) ue y, — a. Téte, x, —y, — 0. A6 t0 Oewonua 4.6.5,

S(xn) = f(yn) = 0.
Eépouue 1dn 4T nll_)ngo f(xp) =<, dpa
FOn) = fxn) = (f(xn) = fOn) = £+ 0 =¢.

ATt6 Tnv 0y Tng UETAPOQRAS (Yia To 6plo cuvdgtnong) érteton 6T lim f(x) = £. O
x—at
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4.7

Aokneelg

A’ Oudda

1. Egetdote av ol TaQokdtew TeoTdoels eivar aAnbeic n weudels (UTIOAOYAGTE TTANQ®WS TNV ATTEAVTNGH

Gag).

(o)

®
W)

®)

(®)

(o1
©
)

@
©
()
W)
)

Avn f: R - R eglvan cuveyic oto xo ko f(xg) = 1, té1e vmtdoyxer 6 > 0 dote: yo kGOe
X € (xg — 0, X9 + 0) wyver f(x) > ‘51.

Hf:N—->Rue f(x) = )lc elvan cuveyne.

H cvuvdptnon f: R = R gwov opiteton agd s f(x) =0 av x € N ko f(x) =1 av x ¢ N, elvon
GUVEYNG GTO Xo v Ko wévo av xg ¢ N.

Ywdoyer £ : R — R wwov elvan acvveyis ota onpeta 0,1, 3,..., 1,... kaw cuvexig e SAa ta GAA
onyeta.

Ymdpyxer f: R — R wwov elvon acuvexic oto onueia 1, %, o, %, ... KOl GUVEYNG Ge OAa Ta GAAQL
onuelo.

Ymdpyer cuvdptnon f: R — R mwou eivar guvexnc gto 0 kol acuvexig ce dAa to dAla cnueial.

Avn f: R — R elvar ouveyng oe kdbe dpento x, tote elvarl cuveyig oe kABe x.

Av n f elvar cuveyng ato (a,b) ko f(g) = 0 yia kdBe entd g € (a,b), téte f(x) = 0 yia kGOe
x € (a,b).

Av f(%) = (1" yia kdBe n € N, t61e n f elvar acvvexng ato onueio 0.

Avn f: R — R eivan cuveyng kow f(0) = —f(1) téte vitdoyer xo € [0,1] dote f(xg) = 0.
Av n f:(a,b) = R elvon guveyiig, tote n f gaipvel uéytetn ko eAdytotn twi 6to (a, b).
Av n f elvan cuveynig ato [a, b] t6te n f elvan peayuévn cto [a, b].

Av lim g(x) = 0 téte lim g(x)sin L = 0.
x—0 x—0

2. "Ectw n € N.
(o) AeiEte 6L n cuvdptnon

fx) = [x]+ x4l

+...+

} — [nx]

1
X+ =
n

n

efvar sreprodiki pe Tepiodo 1/n. Andadn, f(x + %) = f(x) yia kdbe x € R.

B) YmoAoyicte tTnv Twn f(x) étav 0 < x < 1/n.

(y) AelEte tnv tavtdTRTO

[nx] = [x] + +- 4

1
x4+ -
n

n—l]
X+

yia kdBe x € R kow kdBe n € N.

3. 'Eogtw f : X — R ocvuvdgtnon. Ymobétouvpe 6L vidpxer M > 0 dote |f(x) — fO) < M - |x — Y|, ya

KGBe x € X kow y € X. Aelete 6L n f elvarl cuveyng.

4. 'Ectw f : R — R cuvdptnon pe [f(x)| < |x] yia kdBe x € R.
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(a) Aelgte 6T n f elvan guvexng ato 0.

B) Acdote TTaEddeypo wag Tétolas f TTov va eivol acuvexns oe kGbe x # 0.

5. 'Eotw f : R - R cvuveync ouvvdptnon kai €otw a; € R. Opltovue a1 = f(a,) yva n =1,2,.... Av
a, — a € R 161 f(a) = a.
6. 'Ecto f,g: R — R cuveyelc guvapticels. Aeigte dtu:

(@) Av f(x) =0 yia kdBe x € Q, 161 f(y) = 0 yio kGBe y € R.

B) Av f(x) = g(x) yia kdBe x € Q, 16t f(y) = g(y) Yoo kGBe y € R.

¥ Av f(x) < g(x) yio kGbe x € Q, té1e f(¥) < g(y) Yoo kGBe y € R.

7. 'Ecto @,B,y > 0 kaw 4 < u < v. Aefgte 611 n €€lowaon

¢ 4 B + L
x—A1 x—-u x-v

=0

€xel TovAdLoTov wia eita oe kabévo atd ta Sactiyota (4, u) ko (U, v).

8. Xpnowoiroidvtog Tov ogleud Tou oglov, delEte GTL

. Vl+x—Vl-x
lim ——— =
X

x—0

1 ro lim \/;(\/x+a—\/;)=g, aeR.

X—+00

9. Etetdote av vItdE)ouV T TIOQOKAT® GQLO KoL, OV VAL, VTTOAOYIOTE Ta.

@ lm<E @ lml @ limee- .

X—X0 X—X0

5
10. ’Ectw f: R — R ue f(x) = ooavrentes Aelete 6T lir% S(x) =0 row 6TL av xp # 0 T6TE
X

—X v x deentog
dev vtdeyel to lim f(x).
X—X0

11. Etetdote av eivar cuveyels o akdloubes GuvapTnoels:

sin x

M avx#0

(@) fIR—”Rqu(X)={ N

0 avx=0

kooial
L 0
sy v xEY 02

0 av x=0

®) fi:[-1L,0] > R ue fk(x)={

1l
(Y)f:R_)RUSf(x):{XSIHXZ av x £ 0

0 av x =0
12. ’Ectwo f,g : R — R 8o cuvapticels. YmoBétovue 6t vatdpyovv ta lim f(x), lim g(x).
X—>X0 x> X0

(o) Aelete 6L av f(x) < g(x) yio kGBe x € R, t61e lim f(x) < lim g(x).
x> X0 xX—Xx0

B) Adote éva mapdderyuo 6oL f(X) < g(x) Yo kGbe x € R eved lim f(x) = lim g(x).
x> X0 xX—X0
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13. 'Ectw X Cc R, f,g: X — R 8Vo guvapticelgc ko €6tw X9 € R éva onuelo cucowpevang tov X.
Yrobétovue 6L VTtdpxel 6 > 0 wate n f va eivar @eayuévn ato (xo — &, xo + ) N X kaw 6Tt lim g(x) = 0.
X—X0

Aetete 6T lim f(x)g(x) = 0.
X— X0
14. ’Eoctw f : [a,b] = [a, b] cuveyiig cuvdgtnon. Na deyyBel étL vitdeyer x € [a, b] ue f(x) = x.

15. ‘Eotw f : (0,1) —» R cuveyig cuvdptnon ue tnv e€ig widtnto: f(x) = x2 yia kdbe onté x € (0, 1).
Na Beebel o f (g) ALTIOAOYAGTE TTARQWS TV ATTAVTNGH Gag.

16. "Eotw f : [0,2] — R ouveyric ouvdptnon ue f(0) = f(2). Aelgte 6t vmdeyer x € [0,1] ue
fe+1 = f(x).

17. Ymobétouue 61t n f eivan ovvexns oto [0,1] kar f(0) = f(1). 'Eotw n € N. AeiEte 611 vdpyer
x€[0,1-1] dote f(x) = f(x+1).

18. 'Eotw f : [a,b] = R cuveyng cuvdptnon kou xi, xo € [a, b]. Asitte v yia kdGbe 1 € [0, 1] virdpyet
y; € [a, b] dcT1e

JOo =1f(x) + A= 0)f(xz).

19. 'Ecto f : [a,b] = R cuveyng cuvdpinon, kol xi, Xo, ..., X, € [a,b]. Aeigte 611 vIdpyer y € [a, b]
WoTE
SOo) + f(x2) + - + fxn)
fo) = =
n
B’ Oudda
) , , X avxeQ L, )
20. Aeigte 6T n guvdptnon f: R - Rue f(x) = 3 ¢0 elvar Guveyng udvo Gta cnueio
X av x

-1,0,1

21. ’Eoto f : [a,b] = R cuveyng cuvdptnon pe tnv €€ic widtnta: ywa kdBe x € [a, b] wyver |f(x)| = 1
Aetgte 6TL n f elvan gTabepn.

22. 'Ecto f, g : [a,b] — R cuveyeig cuvapticels Tov kavortoovy Ty f2(x) = g%(x) yia kdbe x € [a, b].
YmoBétouue emiong 6tL f(x) # 0 ywa kGBe x € [a,b]. AeiEte 61 g = f h g = —f oo [a,b].

23. ’Ecto f:[0,1] = R cvuveync cuvdetnon ue tnv iiotnta f(x) € Q yo kdbe x € [0,1]. Aeigte dtu n
f elvan oTaBepn cuvdgTnon.

24. '’Eoto f : [a,b] — R cvveyng guvdptnon ue f(x) > 0 ywo kdBe x € [a, b]. AelEte 1L vdeyer &€ > 0
®ote f(x) = € yia kdBe x € [a, b].

Ioyvel To GUUITEPAGUA OV OVTIKOTAGTAGOVUE TOo Sidotnua [a, b] ue To Sidotnua (a, bl;

25. 'Ecto f, g : [a,b] = R cvvexels cuvapticelg sou kavottoovv v f(x) > g(x) ywo kdbe x € [a, b].
Aetete 6L vItdeyel p > 0 dote f(x) > g(x) + p ya kdBe x € [a, b].

26. 'Egtw f : [a,b] — R cuveyiig oe kdbe onuelo Tou [a, b]. Ymobétouue 6Tt yia kdbe x € [a, b] vTtdoxel
y € [a, b] wate |f(y)] < %If(x)l. AetEte dTL vItdeyel xo € [a, b] dote f(xg) = 0.
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27. 'Eotw f,g : [a,b] —» R cuveyelc cuvaptioes ue f(x) < g(x) yio xkdBe x € [a,b]. Aeigte 6TL
max(f) < max(g).

28. 'Eoto f,g : [a,b] — [c,d] ovveyeic ko eml cuvogptioels. Aelgte dtu vmtdpyel € € [a,b] date

F(&) = g@).

29. Aeigte 6L av a,b > 0 tote

T ylveton étav x — 07

30. 'Eotw f:R—>Ruyue f(x) =1av xe {l 'ne N} kot 0 aAdldg. Egetdote av vrtdeyel To lirrtl) f(x).

n

31. ’Ectw f: R — R meguodikn cuvdptnon ye mepiodo T > 0. YmoBétouvue 6t vmtdpyel to lim f(x) =
X—+00
b e R. Aelgte 6L n f elvan gTabepn.

32. 'Ectw P(x) = apx™ + -+ + a1x + ap ToAvudvupo e tnv wotnta apa, < 0. Aelgte 6t n e€lcmon
P(x) = 0 €xer Jetkn moayuatikn pica.

33. 'Ectw f: R — R cuveyng ko @Bivouga cuvdgtnon. Aeglgte dtu n f €xel povadiké ctabepd onuelo:
VTTAQYEL OKEIPAOG €VOC TTEOYUATIKOS 0QLOUOS Xo Yo, TOV 0IToio

Sf(x0) = xo.

34. 'Ectw f: R = R cuveyng cuvdptnon ye f(x) > 0 yia kdBe x € R kot
lim f(x)= lim f(x)=0.
X——00 X—+00
Aelete 6L n f malpvel uéytotn Tiwin: vrtdexet y € R dote f(y) = f(x) yia kéBe x € R.

35. () 'Eotw g : [0, +c0) — R guveyng cuvdgtnon. Av g(x) # 0 yia k4Be x > 0 deigte ém n g dwotnesel
TEoonuo: n g(x) > 0 yia kdbe x = 0 N g(x) < 0 yuo kdGbe x = 0.

B) 'Ectw f : [0, +00) — [0, +00) cuvexnc ouvdptnon. Av f(x) # x yia k4Be x > 0, del€te d1v lim f(x) =
x—+00

+00.

36. YmobBétovue 6T n f : [a, +00) — R elvon guvexrig kow ot
lim f(x) = +oo.
X—+00

Aeglete 6T n f walpver eddyotn Twn, SnAadn ot vrtdoxer xo € [a,+0) pe f(x) = f(xg) yo kdbe
x € [a, +00).

37. ’Eotw f : R — R ovveynic guvdgptnon. Av lim f(x) = @ vou lim f(x) = @, t61e n f T;alpvel
X——00 X—+00

uwéytotn i eAdyiotn T,

38. 'Ectw f : R — R ovveyng cuvdptnon pe lim f(x) = —oco kow lim f(x) = +o00. Aelete 611 f(R) = R.
X——00 X—+00
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39. 'Ectw [ : (a,B) = R cuvdgtnon yvnoiowg avgovoa kol cuvexng. AeiEte 6Tt

fita.B) = (Jim f(x). lim f(0).

40. 'Ectw a € [0, ]. Oplcovue aroAovbia ue a; = a ko a,4q = sin(a,). Aelgte 6© a, — 0.

41. 'Eotw f : [0,1] — R ouvveyng cuvdptnon. YmoBétovue éti vitdoyxovv x, € [0,1] dote f(x,) — O.
Téte, vitdyel xo € [0,1] date f(xg) = 0.

42. 'Ecto f,g : I — R ouowduopepa cuvexeic guvaptnaels. Aelgte dtu
(@) n f+ g elvon opowdpopea cuvexig gto I.

®) n f-g dev elvon avaykacTikG ouoldpop@a cuvexng oto I, av éuwgs ot f, g vTToTeBOUV KAl EEAYUEVES
Téte n f - g elvar opoduoeea Guveyng Gto 1.

43. 'Eoto [ : R — R cuveynic guvdptnon pe tnv €gng widtnta: yia kdbe £ > 0 vtdpyer M = M(g) > 0
wate av |x| = M tote |[f(x)] < &. AglEte dTL n f elvon opolduoe@o GUVEXAG.

44. 'Ectw a € R ko [ : [a, +0) = R guveyng cuvdgtnon ue tnv €gng wbidtnta: vitdeyel to lim f(x)
X—+00

Ko elval Teayuatikdg apBude. Aeigte dtu n f efvol ouolduop@a Guvexng.

43. 'Ecto f : R — R opotduoppa cuveyng cuvdptnon. Aeigte 61t vatdpyouvv A, B > 0 date |f(x)] <
Alx] + B yua kd0e x € R.

46. 'Ectw n € N, n > 1. Xpnowomowdvtag tnv sreonyovuevn doknon delEte 6t n guvdptnon f(x) = x",
x € R dev elvon ouotdpoppa cuvexnc.

47. () ‘Egto f : [0,400) — R cuveyng cuvdptnon. Ymobétovue 1L vmdpxet a > 0 dote n f va elvon
OULOLOLOE@A GUVEXNS GTO [a, +00). AelEte 6TL n f elvar opoduop@a cuvexng gto [0, +00).

(B) Aelste 6T n f(x) = VX elvar opoldpop@a Guvexig ato [0, +00).
48. Etetdote av ol TAQOKAT® GUVAQTAGELS £lval OLOLOUOEMO GUVEXELS.
@ f:R—>Rue f(x)=3x+1
®) f:[2,400) > R ue f(x) = 1.
¥ f:0,7]1 > R ue f(x) = 1sin’x.
®) f1(0.00) - R ue f(x) = sin L.
©) f:(0,00) > R pe f(x) = xsin L.
(©7) f:(0,00) = R e f(x) = 2,
@ f:(Loo) > Rue f(x) = S,
M f:R-Rue f(x) = 7.
© f:R->Rue f(0) = 2

1+]x]

W f:1-2,0] > Rue f(0) = 75
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) f:R—>Rue f(x) = xsinx
WB) f:[0,+0) > R ue f(x) = cos®)

X+
I Oudda
49. Aelgte 61 av f @ R — R eivaw wo ouveyric guvdetnon pe f(1) = @, n omoia kavorrolel tnv
fx+y) = f(x) + f(y) yia kABe x,y € R, to1e:

(@) f(n) =na ywo x60e n € N.

® f(E) =2 yiakdbe m=12,....

W) f(x) = ax yio kdbe x € R.

50. Medetiagte g TEOG T Guvéxela tn guvdptnon f : [0,1] — R ue

0 avx¢Qn x=0
fx) = 1 _p =
7 OWX—Ea P,CIGN’ MKA(p’q)_l

S51. 'Eotw f: R — R. YmoBétovue 6T n f elvon guveync gto 0 ko 61t f(x/2) = f(x) yio kdbe x € R.
Aetete 6TL n f elvan cTobepn.

52. 'Eotw f: R — R cuveyiic cuvdgrnon ue f(5) = 0 yia kdBe m € Z xou n € N. Aeil€te 61t f(x) =0
yia kG0e x € R.

53. 'Ecto f : R — R cvuveyig cuvdptnon e tnv i8idtnta f(x) = f(x + %) v kGbe x € R ko kGBe
n € N. Aefgte 6L n f elvar gtabepn.

54. 'Ectw f : [a,b] — R cuveyng cuvdptnon. Opltovue A = {x € [a,b] : f(x) = 0}. Av A # 0, SeiEte 6TL
supA € A ko inf A € A.

55. 'Eoto f : R — R cuveynic mepuodikin guvdgptnon e Ttepiodo T > 0: dnAadn, f(x + T) = f(x) yo
kGPe x € R. Aeiste 611 vrtdpyer x € R dote f(x) = f(x + V2).

56. 'Eoto [ : [0,+00) = R cuveying cuvdgtnon. Ymobétouvue 41t vdpyouvv a < b kow akodovbieg (x,),
(yu) oto [0,+c0) ue x, — +co, y, — +oo vk f(x,) = a, f(y,) — b. Aslgre 610 ya kdbe ¢ € (a,b)
vTtdyer akolovBia (z,) oto [0, +o0) ue z, — +oco ko f(z,) — c.

57. 'Eotw f : (a,b) > R ko xp € (a,b). AeiEte 61u n f elvan cuveyig 6To xp ov Kol Wévo v yio KGOe
uovotovn axkodovbia (x,) onueiwv tov (a,b) ue x, — xo woxver f(x,) — f(xo).

58. (a) 'Eotw f : (a,+00) —» R. Av lim f(a+1,) = L yio kdBe yvnolog @bivovsa axoAovbio (f,) ue
n—oo
t, — 0, 161e lim f(x) = L.
x—at

() Zwoté 1t AdBog; “Eoto f : (a,+e0) > R. Av lim f(a+ 1) = L téte lim f(x) = L.

n—oo

59. 'Ectw f : [a,b] = R yvnoiog avgovca guvdetnon. Ymobétovue ém n f elvan cuvexnig Ge kdmolo
Xo € (a,b). Aetete 611 10 f(x0) elvar onueio cueeweevong Ttov f([a, b]).
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60. 'Ectw f : R — R cvuvexnc cuvdptnon ue tnv widtnta [f(x) — f(¥)] = [x—y| yio kdBe x,y € R. Aeigte
6ot n f etvon emt.

61. 'Ecto f, g : [0,1] — [0, 1] cuvexeig cuvaptiaelg. Ymobétovue dm n f elvar avgovca kar go f = fog.
Aelete 6L oL f kRaw g €xouv KOO GTabepd cnuelo: vmdpxer y € [0,1] dote f(y) = y v g(y) = .
[Yrrobeign: Eépovue 6L vatdpyel x1 € [0,1] ue g(x1) = x1. Av woyVel ko n f(xy) = x1, égovue TEAELWOTEL.
Av Oy, dewpriote v akolovdia X, = f(x,), Selgte 6Tl elvanr povdtovn kot Tl GAoL o1 6ot Tng elvon
atafepd onueia tng g. To 616 tng Ja elvar kowd cTabepd onueio Twv f kor g (yrotis).]

62. 'Ectw f : [a,b] — R ue tnv gng ibidtnta: yia kdbe xg € [a, b] vdpyel to lim f(x). Tote, n f elvon
X— X0

Qeayugvn.






KEDAAAIO D

IHapaywyog

5.1 OQeudg TNG TTAQAYDYOU

Opwoudg 5.1.1. "Ectw f : (a,b) = R wo cuvdptnon ko €6Tw xg € (a,b). Adue 6t n f elvar
TOEAYWYIGIUN GTO X OV VITAQXEL TO GQLO

o) i fim TR = SC0)

X=Xo X — XQ

To 6o f'(xo) (av vITGEXEL) AdyeTon TTAEAYWYOS TNS f GTO Xo. Oftoviag h = x — xo PAETTOUUE

411, 1wodvvaya,
f(xo +h) = f(x0)
h

, .
(x9) = lim
f h—0

av To Tedeutalo 6QLo VITAQXEL.

Znueiowon. Av f: 1 — R émov I Sidotnua kow av to xo € I elvar aplatepd n degld dreo tov 1,
S(O)—f(x0)

T61e opltouue tnv TaEdywyo f'(xg) (v vITdEel) UEGH TOU TTAELEWKOV 0plov limx_mg o

n limx_m(—) %ﬁx") avtiGToLya.
Hagadsiyuata 5.1.2. (@) 'Eotw f: R - R ue f(x) = ¢ yio kd0e x € R. H f elvon mtapaym-
yviown cg kdBe xp € R xar f'(x9) = 0. ITpdyuoart,

fGo+h) = flxo) _ ¢~

c
A h =0-0

kabwg 1o h — 0.
®B) Eotw f: R - R ue f(x) = x yia kdBe x € R. H f elvon Ttagaywyiown oe kdbe xg € R kow

f(x0) = 1. IIpdyuort,
fGo+h) —fx0) _Xo+h—-xo _h

==-=1-1

h h h

kabwe 1o h — 0.
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) 'Eotw f: R — R ue f(x) = |x] yia kd0e x € R. H f dev eivar Ttapoaywyloywn ato 0 (kow eivor
Toaywylown oe kdbe xg # 0). Ipdyuatt,

JW=JO) _ iy W iy B i 121,

hll>r(1)1+ h =0t b h—o0t h  ho0*
e (h) - £(0) | h
lim Q = lim — = lim — = lim (-1) = —1.
h—0- h h—0- h h—0- h h—0-

AoV ta Yo TALLEIKA 6pLaL elvor SLopoEETIKG, To limy_q Jw dev vITdyeL.
©) 'Ecto f: R — R ue f(x) = x% yia kdBe x € R. H f eivar wapaywyicwn e kaOe xo € R kar
f'(x0) = 2x¢. pdyuartt,

fGo+h) = f(xo) o+ =x5  2xph + h?
h - h B h

:2xo+h—>2x0

kabws 10 h — 0.
(&) 'Eotw f: R — R pe f(x) = sinx yio kdbe x € R. H f eivon magaywyiown oe kdbe xo € R

ko f'(xp) = cos xg. ITpdyuortt,

f(xo+h)— f(xg) sin(xg+h)—sinxy 1 . h ( h)
= =—'2s1n§cos x0+§ — COS X

h h h

sin(h/2)
h/2

ugtogovue va detgovue ot n g : R — R pe g(x) = cos x elvan Tmapaywylown oe kdbe xg € R koau

g’ (xg) = —sin xq.

KkaBwS to I — 0, apov limy,_g

=1 ko limy,_,¢ cos(xg + 1/2) = cos xg. Me avdloyo Tp6TT0

¥ av xeQ

(o7) 'Eoto f: R > R ue f(x) = . H f elvon wapaywyicwn cto 0: ragatn-
0 av x¢Q@Q

eoulue OTL

f)—f©O) | h av heQ
h 10 av heQ

J()—f(0)
h

‘Emteton 6T limy,_,o = 0. AnAadn, f'(0) = 0. Hogatnenate 6Tl n f elvol acuveyng e

KABe xo # 0 (kow elvan cuvexng ato 0).

¥ oav x>0 , , ,
(© Eoto f: R —» R ue f(x) = 9 . H f elvan mapaywylown ce kdbe xg € R.
x4 av x<0

INao to onuelo 0, Jewpovue To

fh) = f(0) K ov h>0
h "l h av h<O

S(—f(0)
h

"Egtetor 6Tt T0 6010 limy_,0 vTtdEyer ko efvar (oo pe 0. AnAadn, f'(0) = 0. Evkola

ehéyyouue 6T f(xg) = 3x5 av xo > 0 kaw f’(xp) = 2xg av xg < 0.
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Oewpnua 5.1.3. Ectw f : (a,b) — R kat éaTtw x¢ € (a,b). Av n f eivar mapaywyiciun GTo X,

T0TE N f eival GUVEXHS GTO X.

Amédeign. Two x # xp yedoouye

f(x) _f(xO) = M .
X — X0

(x = x0)-

Apov
lim L&)~ f(x0)

= f(xo) wow lim (x— xp) =0,
x>X X — Xp x—Xo

guuttegaivovue 0Tt limy_,, (f(x) — f(x0)) = 0, ko GLVETIKG, lim,_,y, f(x) = f(Xp). Avtd amodel-
KVUEL OTL 1 f elval GUVEXNS GTO X. O

Hapatiignon 5.1.4. To avticTteo@o dev wGxvel: av n f elval GuUveYRS GTo Xg, TOTE dev elvon
asaaitnta Toagaywyicun oto xg. Lo sapddeyua, n f(x) = |x| elvar cuvexng ato 0 aAld Sev
elvan Topaywyicwn cto 0.

5.2 Kaviveg mooay®dyiong

Xonowomolnvtag Tig avtioToyes wWidtntes Tov oplwv, witogovue vo agtodeiEovue toug Pact-
KOUG «KOAVOVES TTOAQAYDYLONGS» GE GYEGN e TIC AAYEPOIKES TIRAEELS UETAEY GUVAQTAGEWDV.
Oenonua 5.2.1. Eotw f,g : (a,b) = R 60 cuvaptricels kat €6Tw xg € (a, b). YwoOétovue 6Tt
ot f, g eival swapaywyiciues oto xo. Tote:

(o) H f + g eivar tapaywyiown ato xg kat (f + &) (x0) = f'(x0) + g’ (x0).

®) INakdabe t € R, nt- f eivar wapaywyicun ato xo kat (¢ - ) (xg) =1t - f(xo).

() H f - g elvan wapaywyiown ato xo kai (f - g)'(xo) = f'(x0)g(x0) + f(x0)g"(x0).

©) Av g(x) # 0 yia kdbe x € (a,b), T0Te N *g glvar Tapaywyiciun GTo xg Kol

(J_”)' (xo) = 1 (x0)g(x0) = f(x0)g"(x0)
g (8(x0))? '

Amodeign. Ag dovue ya Topddetyua Tnv agtédelgn Tov (V): yedpouue

(f - &)(xo +h) = (f - 8)(x0)
h

= o+ h)g(xo + h}z - 8(x0)

f(xo +h) = f(xo)
X0) h

+8(

vy i # 0 (kovtd gto 0).

w = g'(x9) rou limhﬁow = f’(xg9). Emiong, n f eivon

"Eyovue limp_o
TaQAywylown, dea Kol GUVEXAGS, GTO Xg. XUVETI®GC, limy_o f(xo + h) = f(xp). Agnvoviag to

h — 0, Kol XENGLULOTIOLOVTAS TS BAGIKES WLOTNTES TV 0Q{wV, TTalEvouUe TO ¢NTOVUEVO.
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T to (8) agkel va delgovue 6T n 1/g elvan TToaywyiown 6To xo kot €xel Tadywyo (on

ue —% (ko va epapuocouue to (v)). IHapatnericte 6TL
o1 1 1 . [g(x0) —g(xo + h) 1
lim — - = lim .
h=0 h\g(xo +h)  g(xo)) -0 h g(xo + h)g(xo)
1
= _g’(xo) T 9
g(x0)?

OITOV YENGLLOTIONGALE TO YeYovog 6Tl limy 0 g(xo + A1) = g(xp), TTOV 1GYVEL AOY® TNG GUVEXELOS
™meg g GTO Xp. g

Megikég dueces GUVETTELES TOU TTEONYOUUEVOL JemENUATOS lval oL €EAG:

(i) Kdbe stoAvwvuuikn cuvdetnon eival sogoywyiown oe kde xo € R. ITo cuykekuéva,
av p(x) = aux™ + a1 X"+ -+ agx + ap, T6TE

P/ (%) = may X+ (m = Dap1 X" 2 + - + ay.

(il) KdbBe pntn guvdetnon eivar tapaywylown ce kdbe onueio tov mediov oplouov ng.

5.2.1 Kavovag tng alveidag

IIgétacn 5.2.2 (mwapatnpnon tov Kapabeodwen). Eatw f : (a,b) — R kar éotw x¢ € (a,b).
H f eivar tapaywyiciun 6To xo av Kal uovov av virdgyel cuvdptnon ¢ : (a,b) — R grov eivar
= fW-/x)

GUVEYHG GTO Xo KOl IKAVOTTOLEL TNV (X) = o Vi kdbfe x € (a,b)\{xo}. Tote, f'(x0) = ¢(xp).

Amodeign. Ymobétouye meaidta 6Tl h f elvan TTapaywylown 6to xg. Oplcovue ¢ : (a,b) = R wg
eENng:

xX—X0

S)—f(x0) av x # Xo
e(x) = ;
fl(xo)  av x=xp

H ¢ elvar cuvexng oto xp: TEAYLATL,

lim () = lim L7/ _

X=X X=X X — X0

1/ (x0) = @(x0).

AvticTopa, vobétouue éTL vItdEyel ¢ : (a,b) = R 6w atnv Ilpdtacn. A@ov n ¢ eivar
GUVEYNG GTO Xo, €govue lim,,x, ¢(x) = @(xp). AnAadn, vItdoyel To

fim LS00 o0 = o).
X—X0 X — X0 X—X0

ATt6 OV 0pLOUS TG TTARAY®OYOU, n f elvon Ttagaywylown oto xg kot f(xo) = @(xp). O

Oedonua 5.2.3 (kavévag tng aAvaidag). Ectw f : (a,b) — (c,d) kat g : (c,d) —» R Vo

ouvaptnaels. Av n f givar mapaywyioun oto xg € (a,b) kai n g eivar wapaywyicun ato f(xp),
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T0Te n g o f eival Tapaywyicun GTo xg Kal

(8 0 f) (x0) = &'(f(x0)) - f'(x0)-
Amobeién. Oélovue va delgovue 4Tl TO 6QL0

lim 8 &) — 8(f(x0)

X—=X0 X — X0

vmdpxer ko efvon tgo pe g'(f(x0)) - f'(xp). Otovue yg = f(xo) € (c,d) vou Yemwpovue tn

guvdetnon
80)—gGo)

yiled) >R Gmov y)y=] v YT
g o) av y=yo

H ¢ efvar guveyns Gto yg, S0t n g efvar ToQoywylGun GTo yg.
‘Eotw x € (a,b)\{xo}. Av f(x) # f(xg), TOTE

8(f(x)) — g(f(x0))

Y= = e

dpa €xouue

) 8(f(x) — 8(f(x0)) _ l//(f(x))f(X) - f(XO).
X — Xo X = X0

Av yio to x woyvel f(x) = f(xp) Téte N (%) egaroAovBel va toxvel (ta §Vo uéAn undevicovron).

AnAadn, n () woxvel yio kdbe x € (a, b)\{xp}.
J()—f(x0)

. . , , .
o UTLAQYEL Ka 1GoUTOL Ue f'(x0). Emtiong, n f elvan

IMaatneovue 6TL To 6plo lim,
GUVEYNGC GTO Xo KOl N ¥ elval GUVEXNGS GTo Yo = f(xp), dea n cUvBeon Toug ¥ o f elvarl cuvexng
GTO Xg. XUVET®G, TO 6o limy—,y, ¥(f(x)) vtdpyer kar woovtaw ue Y(yo) = g’ (Vo) = &' (f(x0)).

Emieteépovtag atnv (*) kal saipvovtag to 6plo Kabws To x — xg, PAETTOULUE OTL

lim Y& — 8(f(x0)

X—X0 X — X0

= Y(f(x0)) - f'(x0) = &'(f(x0)) - f"(x0),

dnAadn to gntovuevo. O

5.2.2 INodymwyoS avticTQo@nNg GUVAQTNGNG.

Oedpnua 5.2.4. Ecto f : (a,b) = R wa 1 -1 kat cuveyric cuvdptnon. Ymobétovue oti n f
eivar rapaywyiown 6to x € (a,b) ko 611 f'(xo) # 0. Tote, n f~! eivar mapaywyioun oro f(xo)
Kal

(FY (f(x0) =

1
f'(xo0)
Amodei&n. Amo to mpeonyovuevo ke@dialo yvmeitovue éTL n f elvar yvnoiog povétovn kot
X0EIC TTEPLOELGUS TG YEVIKOTRTAGS UTToQovue va vitofégovue 4Tt n f elval yvnelwg avgovaa.
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H f"(x0) vrdeyet, SnAadn
lim J(x) = f(xo)

= f'(x0).
x—=X) X — X0
EmmAéov €xovue vrobéaer oL f/(xp) # 0, dpa
X — Xo 1

lim = .
x=x f(x) = f(xo)  f'(x0)

‘Ecto € > 0. Mmogovue va Bpovue 6 > 0 wate [xg — 0, x9 + 0] C (a,b) kar av 0 < |x — xg| < O

101

X — Xo 1
®) -y ool °
®ftovue

y1=f(o—06) wm ys=f(xo+9).

Téte, to (y1,y2) €lvar éva avorytd Sidotnuo Tov TTeQLExel To f(xg), dea vTtdyetl 61 > 0 dote

(f(x0) = 01, f(x0) + 01) € (Y1, ¥2) = (f (x0 — 0), f (x0 +0)).

"Ectw y 1tov wkavottolel tnv 0 < |y — f(xg)| < 61. Téte, y = f(x) yia xdwow x € (a,b) ue
0 < |x — x0| < 6. Emouévac,

SO - ) x—xo
y = f(x0) f(x) = f(xo)’

oToTE N (*) dlvel
OB RN
y = f(xo0) S (x0)

Aopov 10 £ > 0 Atav Tuxov, £meToL OTL

<eé&.

O -y 1
y=fo) Y= f(xo0) f'(x0)”

AnAadn, n £ eivan mapaywyicwn 6to f(xg) kar (f 1) (f(xo)) = m O

HMopatignen 5.2.5. Av f'(xo) = 0 t6te n (f 1) (yo) dev vmdpoxel. AAMIOS, aTrd Tov Kavéva
Tng alvacidog n Taedywyog tng givleong f 1o f 610 X9 Ya VTThEYE, kA Ja elyaue

(f o Y (xo0) = (f Y (f(x0)) - f'(x0) = O.

Oung, (f 1o £)(x) = x, doa (f~ o f)(x0) = 1, oTwéte 08NyoUUAGTE GE GTOTTO.
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5.2.3 Ioedymwyol avadTteEng TAENg

Opiouds 5.2.6. 'Egto f : (a,b) — R mapaywyliown ce kdbe x € (a,b). H mapdywyos cu-
vdptnon tng f elvaw n cuvdptnon [’ : (a,b) > R pe x > f'(x). Av n cuvdptnon f’ elvan
Topaywyiown ato (a,b), 1é1e n TOEdywyog cuvdptnon tng f’ opltetaw Gto (a,b), Aéyetal
Sevtepn Tapdywyos tng f, kol cuufolicetal ue .

Emtayoyikd, av éel ogiotel n n-octh magdywyos [ : (a,h) — R tng f kar eivou mo-
oaywyicyn cuvdptnon 6to (a,b), 1éte n mapdywyog tng ™, opitetar 6o (a,b), Aéyeton n
(n + 1)-tdéng mapdywyos e f 6o (a,b) kaw cuuPoiceTar ue fO+D,

Mo guvdTnon TTou €yl ToRAYwyo TAEng n Aéyetal n @oEg Tropaynyicwn. Mo cuvde-
won f : (a,b) —» R AMyetar amepidpiora mapaywyicun 6to onuelo xo € (a,b) av n f™(xq)
vTdExer yio kGbe n € N.

Haeaddetyua 5.2.7. Kdbe molvovuuki guvdotnon p(x) = a,x"+-: - -+a1x+ap elvor asepuéplata
TaQaywylown oe kdBe onuelo xg € R. Ov cuviedeotés ToU TTOAMWVIRLOU p «UTTOAOYITOVTAL»

amd Tic
)
kR

H amédeign yivetou ue Sradoyikés mapaymyicelg kot vrodoyioud tng p*(0). Av k > m, té1e n

ag k=0,1,...,m.

p® eivon undevigeton oe kdbe xo € R.

5.3 THoedywyog £KOeTIKNGC Ko AOYOQLOUMKNG GUVAQTNGNG

Y& auti Tn guvtoun JTaEdyeo@o attodeikviovue 6Tl n ekBeTIki GuvdpTnon exp(x) = ¢* eivar
TOQAYWYIoWN. XTn GUVEXELD, XENOWOITTOLOVTOS TO YEVIKO UOS AITTOTEAEGUO VIO ThV TTOQAYWYO
avtioTeoeng guvdetnong, felarovue Ty TTAEAY®YO TS AoyaelOwkis cuvdetnong In. O TIToL
Vo TIS TTOQAYDYOUS T®WV VTTOAOLTT®V eKBETIKWY Kol AOYOQLOUIK®OV GUVOQTAGEMV JTQOKUTTTOUV
ue aITA £QAQUOYR TOU Kavéva Tng aAvcidag.

Ieotaon 3.3.1. H ekbetiki guvdptnon exp : R — (0, +00) ue exp(x) = e* eivar wapaywyiciun
Kal
exp’(x) = exp(x)

yia kdbe x € R.

Amobeién. Aslyvouye mpiTo 4T

!
.oet—1
lim
t—0 t

=1

Eexkwvdue agtd dvo avicdtnteg Tou guvavtnoape ot Acknoelg tov Kepadalov 1: av a > -1

1
1-na

6te (1+ a)"* > 1+ na (ovweétnta Bernoulli) kow av 0 < a < 1/n t61e (1 + a)" < (Belete v
ue emaywyn g meog n). ‘Ectw s entdéc apbuds ato (0,1). Mmoeovue va ypdwouue a = p/q,

, , , , , q ; , ,
o6Tov p < g @uakol agBuol. I'vwpltovue O6TL e > (1 + [11) , OTIOTE XENOWOITOLDOVTAS TNV TEOTN
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avigétnta PAETTOUUE OTL

1\% 1\’
es>(1+—) =(1+—) >1+£:1+s.
q q q

Emiong, apot 1/g < 1/p, amd tnv Sevtepn avigdtnta PAETOULUE OTL

kp 1 1
1+—] < =
( 7“1) l-plg 1-5

yia kdbe k € N, dpa

kq P/q kp
1 1 1
esz[lim (1+k—) } = lim (1+—) <

k— o0 q k—o00

Me dAla AGyLaL,
1
(%) l+s<ef < —
1-3s

yia kdbe s € (0,1) N Q. "Ectw thea t € (0,1). Bemwpvdviag akolovdia (s,) gto (0,1) N Q ue
Sy — 1, KOl XENOWOITOLOVTOS TNV QYA TNG UETAPOQEAS YO TIS TEELS GUVOQTAGELS GThv (%),

ouumeQaivouye 0T
1

1—t¢
yia kdbe f € (0,1). Igodvvaua, urogovue va yedpouue

1+1<e <

t_
e 1_1<

t
0< —
St 1-1¢

kal aghivovtag to t — 07 malpvovue

et -1
lim
t—0+ t

=1

INo to 6pto kabwg t — 0~ Y€tovue u = —t kAL €govue

= :e_u —)1'1:1,

GTTOV YENGIWOTIOMGOUE TO TLEONYOUUEVO GQLO KOL TN GUVEXELD TNS eKOETIKNG GUVAQETNONG GTO
0.
"Ecto toopa x € R: €yovue

ex+l _ ex
t t t

kabog To + — 0%, dpa n exp elvar woaywylcwun 6to x kat (exp)’ (x) = exp(x). O
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Y10 Teonyovuevo KepdAowo €ibaue 6t n exp : R — (0,+00) givor cuvdpinon yvneling
avgovca kor €7ti. Matopovue AoTtdv va opicovue thy avtiGTQoen Tng, n otoia GuupfoAiigeTon
ue In. AnAadn, In : (0, +c0) = R kaw Iny = x av kot uévo av e* = y.

Ieotaon 5.3.2. H AoyapiBuikri guvdptnon In : (0, +00) — R eivar wapaywyiciun kot
, 1
In"(y) = -
Yy

yia kabe y > 0.

Agrodeién. EiSaue 61l n exp eivar woagayoyiowun ko exp’(x) = exp(x) # 0 yio kdbe x € R.
‘Emteton 61 n In efvar wapaywyicun cto (0, +00) kot

1 1
In’(y) = = ,
exp’(x)  exp(x)
6mov exp(x) = y. Me dAla Abya, In'(y) = % yia kdbe y € (0, +00). O

5.4 AvTIGTQOWES TOLYWVOUETELKES GUVOAQTNGELS

(@) Té€o nutévou

H cvuvdptnon sin : R — [-1,1] elvon Ttepuodkn, ue eAdyiotn detikin mepiodo {on pe 27, O
TEQLOELOUGS TG 6T0 [—7/2, /2] elvan wa yvnolwg avfovca cuvdetnon ue GUVOAO TWOV TO
[-1,1]. Mgtogovue Aotmtdv vo opicovue Tnv avitiGTEOEN Tng, n otola Aéyetal TOEO nUITOVOU
Kol cuufoAiceTon ye arcsin.

AnAadn, arcsin : [-1,1] — [-n/2,7/2] ko arcsiny = x ov kow uovo av x € [—n/2, /2] ko
sin x = y.

[Mapatnedvtas 6t n sin eivan TTopaywyicown cto [-7/2,7/2] kaw sin’(x) = cosx # 0 av
x € (—n/2,7/2), cuutepaivouue 6Tl n arcsin givan mapaywyicywn oto (—1,1) kot

1 —
sin’(x)  cosx’

arcsin’(y) =

6mov x € (—r/2,/2) kou sin x = y. XQNGWOITOLWOVTAS TV sin® x + cos?

cosx = V1—sin?x = /1 -2,

x =1 kot To yeyovog 4t
cos x > 0, PAEmouue OTL

SnAadn

1
arcsin’(y) = , ye(-1,1).
1-y2

(B) Tégo Guvnurtévou

H cuvdptnon cos : R — [-1,1] elvan stepuodikii, ue eAdytotn detkn wepiodo ion pe 27 O
TieELoELouds tng oto [0, 1] efvar wa yvnolng @bivovca cuvdetnon ue ovodo Twadv to [—1,1].
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Mmogovue AoLTTév va opiGovue Tnv avtiGTEoEN Tng, n ogtoia AEyeTal TOE0 GUVRUITOVOU KoL
cuuPoAiteton we arccos.
AnAadn, arccos : [—1,1] — [0, 1] ko arccosy = x av ko wévo av x € [0, 1] ko cos x = y.
Hopatnedvtas 6Tt n cos efvor Tagaywyicwun oto [0,7] kar cos’(x) = —sinx # 0 av x €
(0, m), cuumepatvouye TL n arccos eivarl Tapaymwyicwn cto (—1,1) ko

1 1

cos’(x)  sinx’

arccos’(y) =

2

61ov x € (0,7) kow cosx = y. Xonowomowdvrag Ty sin x + cos? x = 1 kar To yeyovég 6T

sinx = V1—cos?x = /1—)2,

sinx > 0, BAémrovue 6TL

Sniadn

arccos’(y) = — y € (-1,1).

1
y) Tégo e@attousévng

H cuvdptnon tan : (—n/2,7/2) - R elvan yvnoiog avgovca kol emti. Mitopoiue Aowgtév vo
oplgovye tnv avtieTEoEN Tng, n omola AEyetol TOE0 ePAITTTOUEVRGS KoL GUUPOALTETOL Uue arctan.

Anjadn, arctan : R — (—n/2,7/2) ko arctany = x ov kol uwévo av x € (—r/2,7/2) wou
tanx = y.

Mapatnpdviag 6T n tan eivar mopayoyicwn cto (—r/2,m/2) ko tan’(x) = 1/cos’x =
1+tan’x # 0 av x € (-7/2,7/2), cuuTtepaivouue ¢TL n arctan elvan ToEaywyicwn 6to R kot

1 1
arctan’(y) = = ,
o) tan’(x) 1+ tan?x
dmov tan x = y. ‘Egqtetan 6Tl
1
arctan’(y) = ——, e R.
O =17 )2 y

5.9 Kgeicwa onueia

Ykomdg uag ot emoueves IMagayedeoug elvar vo astodelfovpe Ta KUQLWL JewEriuato Tou
Avaoko Aoyiguot kot vo Sovue TTAS EPOEUATOVTAL GTN UEAETN GUVAQRTAGE®VY TTOV 0QICOVTOL
oe kdgolo didotnuo I Tng TTEAyLOTIKAG gubelag. Oa fekwnoouye ue kdgtolo TTaQadelyuato
TTov Selyvouv 4Tl n povotovia 1 n VIaEEn KATTOL0U TOTIKOY OKEAOTATOU WIS TTAQOYWYIGIUNG
guvdptnong divouv kditolegs TTANEOMOEIES yia Ty Ttapdywyo. To pwovadikd epyaleio mou da
XONGWOTIOGoVUE lval 0 0QLGUOS TNG TTAQOYWDYOU.

Angpa 5.5.1. Egte f : (a,b) — R mapaywyiciun cuvdptnon. Av n f eivar aviovoa oo (a, b)
wote f'(x) = 0 yia kdbe x € (a, b).

Agrodeién. ‘Eotw x € (a,b). Yrdoxer 6 > 0 &date (x — 6, x + ) C (a,b). Av Aowtdv |h] < § 1é1e n
f oplceton Gto x + h.
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AoV n f elvon Tapaymnyicwn cto x, £xouue
- f(x+h) - f()
m—.

v o S+ - f(x)
Flo= hlg(l)l+ h B hliof h
‘Eotw 0 < h < 6. Apov n f elvan avgovcsa ato (a, b) éxovue f(x + h) = f(x). Tuvemdg,

Jx+h) - fx) fa+h) = f0) o

> e /4 = :
; 20 doa f(x) hlgg)l+ .

Hopatnpnote 61l delfaue To gntovuevo XwEIS va KolTdEouue TL YIVETOL VIO OLQVITIKES TWES

SO+ f(x)
h

ToU h (eAEyETe Sdumg 6Tl av —d < h < 0 TéTe n KAMon efvar TTAAL un ovnTiki, omdTe

odnyoluacte GTo (510 GUUITEQAGULQL). O

Hagatngnon 3.5.2. Av vmwofBécovue 611 n Topaywyiown cuvdptnon f : (a,b) — R elvar
yvnoios avgovoa, 8ev umopovue vo. oxveiotovye 6Tt n [’ elvon yvnoiwg detikii oto (a,b).
Mo moeddetyua, n f : R — R ue f(x) = x° eivar yvnoiwg avgovca ato R, duwg f/(x) = 3x%,
dea vIrdgyer onuelo oto omolo n Tapdywyog undevigetar: f'(0) = 0. To Anupa 5.5.1 pag
€gao@alitel uowd ot 7 > 0 tovtoy oto R.

Hagatnenon 3.5.3. To avticTEo@o €pwTnua SaTuTidveTtar ws €Eng: av f/(x) = 0 ywa kGBe
x € (a, b) 61 elvan 6waTd 6L n f elvan avgovoa 6To (4, b); H astdvinon eivar «val», avti eivor
ula aItd TS Pacikég GuVETIElES TOV Pewpnuatos uéong tng (BAéme §5.6). XoenooTtoldviag
uévVo TOV 0QLGUS TNG TTAQAYWYOU, WITOEOUUE va Selfouue kKATL TTOA) 0.60eVEGTEQO:

Anpua 5.5.4. Eotw [ : (a,b) — R. YmoOérovue ot n f eivar tagaywyiciun oto xg € (a, b) kat
f'(x0) > 0. Téte, vwdpyer 6 > 0 dote (xo — 6, X9 + 6) C (a,b) kat

(@) f(x) > f(xo) yia kdBe x € (xg, xg + 0).
B) f(x) < f(x0) yia kdbe x € (x9 — 0, Xp).
S)—f(x0)

X—X0

Amobeign. ‘Exouvye vitobBécel 6L lim = f'(xp) > 0. Epagudtovtag tov € — § 0QLoud

X— X0
, (0 , . .
Tov oplov ue € = % > 0, Bolorkouvue 6 > 0 wote: av 0 < |x — xg| < 6 Téte x € (a,b) vAL

J(x) = fxo0)

X — X0

> f(x) — & = f,(zx(’) > 0.

"Eteton ot

(@) T kGBe x € (xp, X9 + 8) €xouvue

f'(x0)
2

J(x) = f(xo) > (x = x0) > 0 dea f(x) > f(xo).

B) T kABe x € (x9 — 6, xp) €xovue

S’ (x0)
2

f(x0) = flxo) < (x = x0) <0 dea f(x) < f(x0). B
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Hagatnenate ot ta (o) kar B) dev delyvouv 6TL n f elvan avgovca Gto (xg, xp + 0) 1 GTO
(x0 — 6, x0). O

Opwouds 5.5.5. 'Eatw f: 1 — R xat €otw xg € . Adue 6T n f €xel TOTTIKG UEYLGTO GTO Xo OV
vTtdEyeL 6 > 0 wote:

av x € I ko |x — xg| < 0 161 f(X0) = f(X).
Ouoiwg, Aéue OTL n f €xel TOTTIKO EAAYLOTO GTO Xo OV VITAEXEL 6 > 0 DdoTE:
av x € I ko |x — xo| < 0 161 f(X0) < f(X).

Av n f éyel ToTKS UEYLGTO N TOTKG EAAYLGTO GTO Xo TOTE Adue OTL n f €XEL TOTTIKO AKPOTATO

GTo onyelo xo.

AvTé TToU YEEloTAKAUE Yo Thv aTtédelen Tou Anupatog 5.5.1 Atav n UTagEn tng f(x) (o
0QLGUAC TNG TTAROY®YOU) KOL TO YeEYOvoS OTL (AGyw uovotoviag) n eAdylotn twi tng f Gto
[x,x + 0) ntav n f(x). Emavalayfdvovtoc Aowtév 1o (6o ovctacTikd eTtiyeipnua stalgvouue
wnv akéiovdn Ilpdtacn (Fermat).

Oedpnua 5.5.6 (Fermat). ‘Ectw f : [a,b] = R. Ymobétovue 611 n f €xel TomIKG AKEOTATO GE
kdgrolo xg € (a,b) kar ot n f eival wagaywyiciun cto xo. 10te,

f'(x0) = 0.

Amoberén. Xwpic eQloioud tng yevikdtntag vmobfétovue ot n f €xel TOTKG UEYIGTO GTO Xg.
Ymdpyer & > 0 date (xg — 3, xg + ) C (a,b) vou f(xg +h) < f(xo) yia kdBe h € (=96, 9).
Av 0 < h <6 to1e

f(xo+h)—f(x0)<0 , mf(x0+h)—f(x0)<

1 < 0.
h et I h 0
Yuvertwog, f(xg) < 0.
Av -6 < h <0 t61¢e
+h)— +h) -
f(xo +h) = f(x0) >0, oo lim fxo +h) = f(x0) > 0.
h h—0- h
Yuventog, f'(xg) = 0.
AT6 116 S0 avigdtnteg gareton 6L f7(xg) = 0. O

Opwouds 5.5.7. 'Eotw f : I — R. "Eva ecwtepkd onueio xo tov I Aéyeton kpiciuo cnueio yia
v f av f'(xo) = 0.

IHaedderyua 35.5.8. Ta kplowa onueio wlog cuvdpinong eivar oAl yenowa 6tav déAovue
va Beovue Tn uéytotn 1 v eddpotn twn tne. ‘Eotw f @ [a,h] — R cuveynic guvdptnon.
Ivwpitovpe 6t n f Taipver uéyiotn twn max(f) kow eAdywotn twin min(f) oto [a,b]. Av
X0 € [a,b] vou f(xg) = max(f) n f(xp) = min(f), téTe OvVOYKOGTIKA GuuPaivel KATIOO OISO TO
TOQOKATW:
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i) xo =an xy = b (Greo Tou SLOCTALATOS).
(i) xo € (a,b) vou f'(x9) = 0 (kpiowo onueio).
@iil) xo € (a,b) v n f dev elvon Tapaywylcwn GTo Xop.

Agboyévou 6T, oTnv TIEAELN, TO TANOOS TV onuelmV TIOU AVAKOUV GE OQUTES TIS «TQRELS O-
wddeg» elvar oxeTkd pikEO, WItoQovye Ue AIAG VITOAOYIGUO Kol GUYKQELON UEQIKMOV TWOV TNG
GUVAQETNGNG VO OJTAVTIAGOUUE GTO £QMTNUL.

Iapddeyua: Na Beebel n uéyiotn Twn tng cuvdptnong f(x) = x° — x ato [-1,2].

H f eivar mapayoyiown cto (—1,2), ue mapdyoyo f'(x) = 3x2 — 1. Ta onuela ota omoia

7 z Z 1 1
ndevitetar n mopdymwyos elval To x; = ——= KOl X3 = —=
undevig edywyos 1 7 2= 5
Emouévwg, to onuelo ot ottoio uiropel va taipverl uéyiotn i eddylotn twun n f efval to dreo

Ta ofroia avinkovv cto (—1,2).
Tou StacTiRpatog kot Ta dvo kplcwa enyeio:
X0 = -1, X1 = —

X9 = X3:2.

Clie

1
\/§’
O avtioToyeg TWES lvar:
2

f(-D=0, f(-1/V3)= -

2
, 1/V3) = ——— 2) = 6.
N fa/N3) f2)

3V3

TUYKQIVOVTAC QUTES TIC TEGGEQLS TES PAETTovNe Gt max(f) = £(2) = 6 kow min(f) = f(1/ V3) =
-2/(3V3). O

5.6 Ozwonua Méong Twng

"Ectw f: [a,b] = R ocvveyic guvdptnon. Yrmobétouye oL n f eivarl sapoywylcwn oto (a, b):
dnAadn, yia kdbe x € (a,b) opiteTor KOAA n e@aITTOUEVN TOV YEAPNUATOS TS f oTo (X, f(X)).
Oeweovye tnv evbeio (£) TOL TEEVdel amd ta cnueio A = (a, f(a)) kaw B = (b, f(b)). Av tn
ueTaKVAGOUUE TTORAAANAO TTROS TOV £0UTO TG, KATOW AItd TS TtaQdAAnAes da e@dtteTon
oTo yedonuo tng f e kdmoto cnuelo (xg, f(x0)), xo € (a,b). H kAion tng epamrouévng da
TEETEL Vo LoVt we tnv KAlon tng evbelag (£). AnAadn,

f®) — f@)

fixo) = — —

Y10 TTEOTO UEEOS QUTAG Tng TTaayedeou divouue avatnEn amddelen avtol Tov LGYVELGULOV
Bewpnua Méong Twng). Atrodeikvioupe TEOTA Lo EW0KNA TEQITTTwon: T0 Yedpnuo tou Rolle.

Oedpnua 3.6.1 (Rolle). Ectw f : [a,b] = R. YmoO<tovue ot n f eivar Guveyric 6o [a, b] kai
sapaywyiciun oto (a,b). YmwoOétovue emgAéov ot f(a) = f(b). Tote, vardoyet xo € (a, b) dote

f'(x0) = 0.
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Agtodeién. Egetdtouue TpddTo Ty TepimTtwon swov n f elvar otabepnt oto [a,b], dnAadn
f(x) = f(a) = f(b) yio kGBe x € [a, b]. Tote, f'(x) = 0 yia kGO x € (a, b) kow 0TTOLOOATTOTE ATTE
ouTd To x witopel vo TalEel To QOA0 Tov Xo.

"Ectw AowTtév 6t n f Sev eivar gtabepn 6to [a, b]. Téte, vidoyer x1 € (a,b) date f(x1) #
f(a) rar ywElc TEQLOEIGUS TNG YEVIKOTNTAS Witopovue va vTtoBécouue 6t f(x1) > f(a). H f
elvaw guveyneg ato [a, b], doa Talpver uéytotn Twi: vIdxeL xo € [a, b] date

f(xo) = max{f(x) : x € [a,D]} = f(x1) > f(@).

Ewikotepa, xo # a,b. Andadn, 1o xo Beloketar ato avolktd didotnua (a,b). H f €xer (0Mko)

UEYLGTO GTO Xg Kol elval Topaywyicun 6to xo. AT to Oswonua 5.5.6 (Fermat) cuurtepaivouue
ot f(xo) = 0. O

To Yecdonua wéong Twng eivor dueon cuvésielo Touv dewpnuatog Tov Rolle.

Oedonua 5.6.2 (Yedonua uéong twng). ‘Eotw f : [a,b] — R cvveyric o1o [a, b] kar wapayw-
yiown oo (a,b). Tote, vardyetl xo € (a, b) dote

f (b) fla)

b-a

f'(xo) =

Agtodeién. Oa avaybolvue 6to Oedpnua Tov Rolle wg €€ng. Bempovue Tn ypouwki cuvdotnon
h:la,b] = R Ttov Taigvel Tig {Gieg Twég ye tnv f gta cnuelo a kar b. Andadn,

h(x) = f(a) + w(x —a).
—d

Opltouue wo guvdptnon g : [a,b] — R ue

8(x) = f(x) — h(x) = f(x) - f()—f() f() - a).

H g elvan cuveyng cto [a, b], mapaywyicwn cto (a,b) ko agtd tov TEOTTO €IAOYAS Tng A
éxouue
g(a) = f(a)—h(a) =0 o gb)=f(b)-hbd)=0

YVupnvo ue To deopnua tov Rolle, vitdeyel xo € (a, b) dote g'(xg) = 0. ‘Ouwg,

= -0

o710 (a,b). Emouévwg, To x¢ kovottolel To cntovuevo. O

Hagatignon 5.6.3. H vmtéBeon 6t n f elval cuveync cto kdeigto Sidatnua [a, b] yoncuwo-
Touifnke oty arodelgn kau elvar aroaitntn. Oswenate, ywa wopddeyua, v f : [0,1] - R
ue f(x) =xav 0 < x <1k f(1) =0. H f elvaw mopaywyicwn (Goa, cuvexnc) ato (0,1) ko

éxovue f(0) = f(1) = 0. Ouwg dev vitdeyet x € (0,1) Twou va tkavoTolel thv f(x) = %5(0) =0,
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apot f'(x) =1 ywa kdBe x € (0,1). To wedPAnua eivar gto onueio 1. n f elvon acuvvexng oto 1,
dnAadn dev elvon cuvexng ato [0, 1].

M TTOA) GNUAVTIKA e@apuoyi Tov Jewenuatog uéong TWwng elvor n e€nc.
Oedonua 5.6.4. Ectw f : (a,b) — R mapaywyiciun cuvdptnaon.
i) Av f'(x) =2 0 yia kdBe x € (a, b), 10te n f eivan av&ovoa o710 (a, b).
(it) Av f'(x) > 0 yia kdOe x € (a,b), 1ote n f eivau yvnoiws avgovoa oto (a, b).
(iii) Av f'(x) < 0 yia kd0Oe x € (a, b), tote n f eivar pOivovoa cto (a, b).
@iv) Av f'(x) < 0 yia kdbe x € (a, b), 1o1e n f eivar yvnoiws @bivovca cto (a,b).
(v) Av f'(x) = 0 yia kdbe x € (a, b), Tote n f eivar arabepn ato (a,b).

Agtobeién. Oa delfouye évov aItd TOUG TTEMOTOVS TEGCEQRLS LOXVELCUOVS: vTtoBéTouue 6T f/(x) =
0 c7o (a,b), kar Ja SetEovye 6TL av a < x <y < b 16t f(x) < f(¥). Oewovye TOV TEPLOQLGUS
e f oo [x,y]. H f elvaw cuveyng ato [x, y] kow wopaywyiciun 6to (x,y), omtdTe £@aQUOLoVTaS
7o deddpnuo uéong twng Peickovue € € (x,y) Tov kavoITolel TNV

fO) - f(x)
y—x

'@ =

AoV f'(¢) 2 0 kraw y — x > 0, €xovue f(y) — f(x) = 0. AnAadn, f(x) < f(y).

['a tov tedevtalo toyveloud Tagatnenate 6t av f = 0 oto (a,b) 161e [/ > 0 v [/ < 0
c7to (a,b). Emouévag, n f elvon tavtdypovo avgovca ko @Bivovca: av x <y Gto (a,b) 1o1e
f(x) < fO) rar f(x) = f(y), Sndadn f(x) = f(y). 'Emteton étu n f elvar gtabepni. a

M swapaddayri (kow yevikevon) tov dewpnuatog Méong Twric elvar to Jewpnua uéong
Tng tov Cauchy:

Oedonua 3.6.5 Pewpnua uéong twig tov Cauchy). Ectw f, g : [a,b] — R, guveyeic 6o [a, b]
Kkoi sTapaywyiciues oo (a,b). Tote, vardpyetl xo € (a, b) dote

() Lf() = f(@)] & (x0) = [8(D) = g(@)] f(x0).

Znueioon: Iogotnenote medTo 6Tl To Jewonua uéong Tung etvar eldikn geplmtoon Tou
Yewpnuotog mov déhovue va Selfovpe: av g(x) = x tote g'(x) = 1 kou n (%) JTOLEVEL TN LOEPT

[f®) = f@]-1=(b-a)f'(x).

H Y1topén kdatolov xg € (a,b) to omolo wavorolel avtiv tnv 1edtnta eivalr okUBOS 0 1oYVEL-
ouos Tov JemwERUATog LEGNS TWNG.
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Ouunbeite Twea Tnv 1Wéa tng agrddeleng tov Jewpnuatos uéong Twng. Egaguocaue to
Yedonuo Tou Rolle yia tn cuvdotnon

S() - f(a)
2 T x-
b-a

fx) = fla) - a.

Ico8vvaua (ITOAAATTAAGLAGTE TNV TtROoNnyovuevn guvdotnon ue b —a) da urogovcoue va £xouvue
TdeL Tnv

Lf() = f(@] (b - a) - [f(b) - f(@)] (x - a).

Oa Yewprcovpe AOLTTGV GUVAETNGN OVTIGTOLXN UE AUTAY, «OVTIKABLGTOVTAS TV X UE TV g(X)».

Agtodeién. Oempovue tn cuvdptnon h: [a,b] — R ue

h(x) = [f(x) = f(@] () - g(@)) = [f(b) = f(a)] (8(x) - g(a)).

H & elvar cuveynic ato [a,b] kol Tapayoyiown cto (a,b) (yiatl o f ko g €xouvv g {Gieg
w89tnteg). EvkoAa eAdyyovue Ot

h(a) = 0 = h(b).
Mitopotue Aowtdv va epagudcouue To dedpnua Ttou Rolle: vitdeyel xo € (a, b) dote h'(xp) = 0.
Agpov
W (x0) = f'(x0) (8(b) — g(@)) — &'(x0) (f(b) = f(a)),
Taigvoupe v (*). O

Hagatnenon 5.6.6. To eviiapépov onuelo agtnv () elvar 6Tl ov Topdywyor f’(xp) kar g’ (xp)
«yToAoylcovtan GTo {810 onueio» xg.

IToAV Guyvd, to dedpnua uéong Tiwng Ttou Cauchy SatuTt@dveTon K EENG.
Hoégwoua 5.6.7. Eotw f,g : [a,b] —» R, cvveyeic oro [a,b] kar mapaywyiciues oo (a,b).
YmroOétovue emistAéov OTL

() ot f" kar g’ Sev Eyovv ko pita oo (a, b).

®) g) —gla) # 0.

Téte virdpyel xo € (a,b) wate
f®) - fl@) _ f'(x0)
gb)—gla)  g'(x0)

Agtodeién. Amd 1o Jedpnua yéong tiwng tov Cauchy, vidoxer xo € (a, b) doTe

(f(b) = f(a))g' (x0) = (8(b) — g(a)) [ (xo).

Hopatngovue 6Tt g'(xp) # 0: av elyaue g'(xo) = 0, téd1e Ya Atav (gb) — g(a))f' (xo) = 0 ra,
ooV agtd tnv vItdbeon uag gb) — gla) # 0, da émpeme va €xovue f'(xp) = 0. Andadn ov f’
kot g da elyav kown pita. Mitogovue Aoty va Stapécovue Ta Vo UEAn Tng 1GoTNTUS Ue
(g(b) — g(a))g’ (xp) koL va TTAEOVUE TO TNTOVUEVO. O
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5.7 AIQ0GOLOQLGTES LOQPES

To Jedpnua uéong twng tov Cauchy yenoiwogroleiton GTnv AmOdelEn Twv «kavovwv touv L’
Hospital» yia épia tng uwoeeng 8 i 2. Tovgtikd moagadelyuata tng katdotacng wov da Gu-
nticovue Ge AVTA Thv TTaEAyea@o elvalr Ta €Enc: Délovue vo ggetdoouue av VITAQEXEL TO
6pto
N C)
lim —=
=0 g(x)
610V f, g elvan §Y0 GUVAQRTAGCELS TTOROYWYIoIWES SEELd KoL aRLoTEQD 0Tt TO Xg, ue g(x) # 0 av
X KOVTA GTO Xo KOL X # X KOL
lim f(x) = lim g(x) =0
X—X0 X—X0

lim f(x) = lim g(x) = +oo.
X— X0 X— X0

Téte Aéue 6Tl érovue aITEOGOLOPLTTN LOEPH % (1 = avticTola) GTo Xo.
Ou kavdveg Ttouv UHospital pog emitpémouy guyvd vo Beovue tétola Gpua (v vTtdEyouV) ue
n Bonbelo TV TaQaydywv Tov f kot g. Tumikd dedpnuo avtov Tov €idoug elvarl To €Enc.

Oedonua 5.7.1. Eotw f,g : (a,x0) U (x0,b) = R mapaywyiciues cuvaptrcels ue Tic e€ig
1610TNTEG:

(o) g(x) # 0 kot g’ (x) # 0 yra kdBe x € (a, xg) U (xg, b).

® lim f(x) = lim g(x) = 0

Av vrrdgyetl To hm g 'Ex) ={ € R, 1d7e vwdgyel To hm i 8 Kol
lim @;f: lim MG
X— X0 g(x) X—X0 g (x)

Amobeién. Oplcovue Tig f KAl g GTO Xxg Yétovtag f(xp) = g(xo) = 0. Apov

lim f(x) = lim gx)=0

X—X0
ol f ko g ylvovtor Tdea cuvexelc ato (a,b). Oa delgovue 6TL

LG PR O}
x—oxg g(x) x—xt g'(X)

"Exouvue
fO) _ ) = fxo)
g(x)  g(x) — glxo)

v kabe x € (xg,b). Ov f',g" 8ev éyxouvv kown pita oto (xg,x) ywati n g’ 8ev undevitetan

Tovbevd. Emtiong g(x) # 0, SnAadn g(x) — g(xg) # 0. Epapudétovtag Aowmrdv to dedpnua puéong
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Twng tov Cauchy ymropovue yia kdbe x € (xg, b) va Bpovue &y € (X9, X) DOTE

f@ _ €
g g€

(x)

‘Ectw twea ot lim,,y, g o = = ¢ vaw €otw € > 0. Mitogovue va Peovue 6 > 0 wote: av

Xo <y < xg+06 1618
1)
g

YuvBudgovtog Tig TTaQATidve GXEcelS PAETTOVUE OTL OV Xo < X < X + 6 TOTE

f(x)
I =
g(x) ‘

-

<E&.

@—f'<8

(yratl xg < &y < x < x9 + 0). Emtouévac,

lim J(x) /= im J'(x)
x—xg g(x) xx; g(x)

Me avdAoyo teéTro Selyvouue 6Tl limx_w(; % ={. O

O avticToyog Kavovag dTav xg = +0o elvol 0 €€NC.

Oewpnua 5.7.2. Ectw f, g : (a,+0) — R wagaywyiciues cuvaptiicels ue tic €&i¢ 1610TnTeg:
(@) g(x) # 0 kat g'(x) # 0 y1a kdOe x > a.
@) lim f(x)= lim g(x)=0
X—+00 X—+00

Av vrdgyer o lim g 8 = { € R t6te vardgyer To lim i ((;C)) Ka
IO _ g fim L9,
x—>+00 g(x) x—+oo g’(x)

Amobeién. Oplcovue fi, g1 : ( —) — R ue

’a
1 1
hH) = fl-] ra gi(x) =g|-|.
X X
O 1, g1 elvan TToaywylioyes kot

fw - G)_r6G)
60 %o () ¢ (1)

‘Eyxovpe lim fi(x) = lim f(x) = 0 ko lim gi(x) = lim g(x) = 0 (ywoti;). Emiong, g1 # 0 kou
x—=0* X—=+00 x—0% X—+00
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g; # 0 oo (0,1/a). TéMog,

7 (1
/ x f Y y)
f{( ) lim (5) = fim L%
x—0* gl(x) x—0* g’ (%) x—+00 g/(X)
Emouévmg, epapudcetor To Bewpnua 5.7.1 yia Tic fi, g1 KAl £xouue

ﬁ(x) - lim A lim £ (x)

x—>0+ g1(x)  x—-0* gl(x) x—+o0 g/(x)

Aqpov
tim L9 _ iy 4O

x—too g(x)  x—0* g1(x)’

ETETAL TO CNTOVUEVO. O

Ydeyouv 0QKETEG AROUO TLEQLITTMOCELS OITTROGOLOQLOTOV LORP®DV VIO, TIC OTTOTES WITOQEOVUE
va Soturtoouye KatdAAnAo «kavéva tou I'Hospital». Aev Ja Sdcovue dAdes attodeitels, ag
’ 7 ’ z 7 7 A (o)
dovue Suws Tn SlaTVTTWCN £VOS KAVOVOL YO ATTROGELOQLGTN WoEPH .

Oewonua 5.7.3. Eotw f, g : (a,b) = R mapaywyiciues cuvaptioels ue Tic €£1¢ 1610TNTES:
(o) g(x) # 0 kat g'(x) # 0 yia kdBe x € (a, b).
@B) lim f(x) = lim g(x) = +oo.
x—a* x—a*

pE))
+ &

f&)
e)

Av vrrdpyel To hm = { € R, t0te vardpyel 10 hm Kol

lim Jx ~ lim 1’ (x)
x—at g(x) x—at g'(x)

5.8 TewueTEkN onuacio Tng Se¥TEQNS TTARAYDYOV

EiSaue 411 0 undeviouds tng mopaywyou e €va onueio xp 8ev efval wkavii GuvBnkn yua tnv
UTOQEN TOTIKOY aKESOTATOU GTo Xo. H cuvdptnon f(x) = x3 Sev éyel akedtato 6to xo = 0,
ouwg f'(xg) = 0. Kottdgovtag tn Sevtepn mapdywyo GTo ongelo undeviouol Tng TEHOTNG
TOQAYMYOU UTTOQOUVUE TTOAAES QOQEES va GuuTtepdvouue av €va kelowo onuelo eival Gvimg
onpeio akEATATOUL.

Oedonua 5.8.1. Ectw f : (a,b) —» R mapaywyiciun cuvdptnon kar éotw xo € (a,b) ue
S'(x0)=0

(o) Av vardgyer n "' (xp) kar f'(xp) > 0, T6TE EYovue TOTIKG EAAYLGTO GTO X.

®) Av vardyer n "' (x9) kar ' (xp) < 0, TéTE EYoUUE TOTIKG UEYLOTO GTO X.

Znueiowon: Av f”(xp) = 0 i av dev vatdpxer n f(xp), ToTe TEETEL VO egeTAGOUUE TL GuUPALveL
ue dAAo TEATTO.
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Amodeign. Oa detgovue uévo to (o). "Exouue

0 < Py — tim LSOO L)

xX—Xo X — X X=X X — X
Emouévmg, umopovue va Beovue d > 0 dGTe:

i) Av xg < x < x9+ 6, 10T f'(x) > 0.

(i) Av xg — 6 < x < x9 612 f'(x) <O.
"Ectw y € (xg — 9, xg + 0).

1) Av xg <y < x9 + 6, téte epapuiétovtas To Jewonua puéong TWNS GTo [xg,y] Peickouue
X € (x9,y) ©GTE

JO) = f(x) = /()0 = x0) > 0.

(i) Av xp — 0 <y < xp, TOTE eapuUOtovTag To Jewpnua uéong TWng 6to [y, xo] Belokovue
x € (y,x0) ®GTE

) = f(x) = f(x)y—x0) > 0.

AnAodn, f(y) < f(xg) yio kABe y € (xg — 8, xg + 0). Emouévwg, n f €xel Tomikd eAdyloTo GTo Xo.
Od

5.8.1 Kuvetég ko KoiAeG GUVOQTNGELS

Oeweovye wa Tropaynyicwn cuvdptnon f : (a,b) — R. Av xy € (a,b), n «eglowon tng
EQOITTOUEVNG» TOV YQAPRUATOS TG f GTo (X, f(xp)) elvanr n

y = f(xo) + f/(x0)(x = x0).

Aéue 6L n f elvon kvpti 610 (a,b) av yia kdBe xg € (a,b) €ovue

() J(x) = f(x0) + f/(x0)(x = x0)

yia kdbe x € (a,b). Andadn, av to ypdoenua {(x, f(x)) : a < x < b} PelokeTon TAvVw ATS TNV
epagtrouévn. Adue 6tL n f elvar yvnoios kvpth 6to (a,b) av yia kKdbe x # xg n avigoTRTA
otnv (x) elvon yvioLaL.

Adue 6L n f elvan koidn ato (a,b) av yua kdbe xy € (a, b) éxovue

(%) J(0) < f(x0) + f'(x0)(x = x0)

yio kdbe x € (a,b). AnAadn, av to ypdonua {(x, f(x)) : a < x < b} BelokeTar kdT® ATS TNV
epagrtouévn. Adue 6tL n f elvar yvnoiwg koiAn ato (a,b) av yio kdbe x # xp n ovigéTNTA GTNV
(#x) elvou yviioLoL.
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TéAog, Aéue 6L n f €xer onueio kaumric oto onuelo xg € (a,b) av vitdeyel 6 > 0 dote n f va
efvar yvnelws kvt GTo (Xxg — 0, Xg) KoL yvnoimg kolAn 6to (xg, Xo + 0) N yvnolwg kolAn GTo
(xp — 6, x0) kow yvnoiwg KVETA GTO (Xg, Xo + ).

Oewonua 5.8.2. Ectw f : (a,b) — R mapaywyiciun cuvdptnon.

(@) Av n [’ eivar (yvnoing) avéovoa ato (a,b), 16te n f ivar (yvnoing) kvt 1o (a, b).

B) Av n f’ eivar (yvnoiwg) @bivovaa oo (a,b), tote n f eivar (yvnoiwg) koidn ato (a, b).

Amodeign. 'Ectw xp € (a,b) ko é6Tw x € (a,b). YmoBétouue TEOTA OTL X > Xo. ATS TO
Yedonuo péong twung, vitdeyel &x € (xg, x) ue Tnv WIGTNTO

F(x) = f(xo) = (x = x0) ' (£x).

AoV xg < & éxovue f'(€x) = f(x0), KL a@oV x — xg > 0 PAETTouye GTL

f(x) = f(xo) = (x = x0)f'(£x) = (x = x0) f'(x0).

YmoBétovpe thpa 6T X < xp. ATS To Jedpnua uéong TWNG, vItdeyxel ¢ € (x, xg) ue Thv
wBoTnTa

J(x) = fx0) = (x = x0) f' ().

AoV & < xp €éxovue f(&x) < f(x0), kaw apov x — xg < 0 BAEwovue dTL
J(x) = f(x0) = (x = x0) f"(€x) 2 (x = x0) ' (x0).

Ye kdfe meplmtwon, woyvel n (x). EAéygte ét av n f’ vwotebel yvnoing avgovca ato (a,b)
TdTE TTOlEVOUUE YVAGLOL aVIGHTNTO GTnV (*).

B) Me tov ido tEdTTO. O
H 8evtepn mopdywyos (av vidoxel) uiopel va pog ddael tingo@ogia yia 1o av n f elvar
KUQTN 1 KoiAn.

Oedpnua 35.8.3. Ectw [ : (a,b) = R 6vo popés mapaywyiciun cuvdgtnon.

(@) Av f”(x) > 0 yia kdbe x € (a,b), 16te n f eivar yvnoiong kvpth ato (a, b).

B) Av f”(x) < 0 yia kdbe x € (a,b), T0Te n f eivar yvnoiws koiAn ato (a, b).

Agtodeién. (o) Apov ' > 0 6to (a,b), n [’ elvan yvnolwg avgovca ato (a,b). ATé 1o Oedonua
5.8.2 émetan o gnrovyevo.

B) Me tov (8o TEdTTO. O

TéMog, Sivouue wa avaykaio GuvOrikn ywa va etvor to xg onuelo Raugting g f.

Oewpnua 5.8.4. Ecgtw f : (a,b) — R Vo popéc mapaywyiciun cuvdetnon kai €6Tw xg € (a, b).
Av n f éyel onueio kaumng oo xo, 10t f'(x0) = 0.
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Agtodeién. Oewovye tn guvdptnon g(x) = f(x) — f(xo) — f'(xo)(x — x9). H g dev €xer toTmikd
uéyloto N eAdlGTo GTO Xo: €xouue g(xp) = 0 kan g > 0 aELeTERd TOv Xg, g < 0 8eCd Tou xg —
n To avtiGTEOoPO.

Emiong, g'(x0) = 0 vaw g”(x9) = f"(x0). Av ritov g”7(xp) > 0 i g"”(x9) < 0 té1e OIS TO
Oeidonpa 5.9.1 n g Ja eixe akedtato ato Xxg, dromo. Emwouévag, f(xg) = 0. a

Ynueiwon. H cuvBnkn touv Oswonuatog 5.8.4 Sev eivar wkavi. H f(x) = x* Sev éyel onueio
KOUTAG 670 Xo = 0. Efvar yvnoiwg kvpth 6to R. Ouwg 7 (x) = 12x%, doa f(0) = 0.

Hapdderyua. Meletnote tn guvdptnon f: R - R ue

1
f@ = 2+1
H f elvan mapaywyicwn cto R, ue
, 2x
Fo= "y

Emouévag, n f eivan yvnolog avgovoa 6to (—oo, 0) kan yvnoing @bivouca gto (0, +00). Ilaipver
uéytotn tun gto 0: f(0) =1, kan lim f(x) = 0. H devtepn mapdywyog tng f opltetal avton
X—=+00

ko efval ton pe
2(3x% - 1)

(x2+1)3

) =

Emouévwg, f” > 0 ota (—00, —\/Lg) Kol (\/Lg 00), eve 7 <0 gto (—L\f, \/Lg) ‘Emetan 6tL n f el

3
onpuelo KOUTIAG GTA i\% ko efval: yvnolwg kuetn cta (—oo, _\/Lg) KO (\/ig, oo), yvnolwg koiin
L1

GTO (_ﬁ’ %) AuTtég oL TAnQo@oEies elval aPKETES Yo va oyedidaouue «OEKRETA TLGTA» Tn

YVQOUPIKI TToQAGTAGN TG f.

5.8.2 AcVOumtwTeg

L. 'Eotw [ : (a,+o0) — R.

(@) Aéue 6T n gvbeio y = B elvan opifovTia aciumTwTn TNG f GTO +00 AV

liT fx) =p.
x+1

Hapddeyuo: n f: (1, +00) = R pe f(x) = 153 €xel ogugdvtia acumtotn tny y = L

(B) Aéue 6T n evbeia y = ax + B (@ # 0) elvon wAdyia acUustwtn Tng f GTo +00 av
lim (f(x) — (ax +B)) = 0.
X—+00

Hopatnenate 6Tt n f €xel 1o oAU wio TAGYL0 AGVUTITOTN GTO +00 Kal Tl av y = ax+ 8 elvor
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n AGUUTTOTN TG f TOTE N KMGN TG @ VITOAOYIZETOL AITO TNV

= lim I
X—+00 X

KoL N gTabepd B vitoAoyitetal aTtd Thy

B= lim (f(x) - ax).

Avtictpo@a, yia va dovue av n f €xel TAAYO OGUUITTOTN GTO +00, €££TATOVUE TEWTO OV

lim @ Av autdé to 6o vTIdEXEL kKo ov elvor Sla@opeTikd aité Tto 0, To
X—+00

ouupoiitovue ue @ ko ggetdcovpe av vItdeyel o lim (f(x) — @x). Av kou avtd To 6QLO — ag
X—+00

VTTAQEYXEL TO

To JTovue B — VTTAQYEL, TOTE Ny = ax + B lval n TTAGYL0 AGUUITTOTN TnS f GTO +0o.

Hopddeyuo: n f: (1, +00) = R ue f(x) = "2;“_’“1_ 1 ¢yer TAGYL0 AGUUITTOT GTO +00 TNV y = x + 2.
pdyuort,
2
+x-1
lim @: lim %:1,
xX—+400 X X—>+00 x4 — X
KO P
lim (f(x)—x) = lim 22~ =9
X—+00 x—+00 x—1

2. Me avdloyo TpdTo opitovue — kol Peiokovue — TNV 0QLLOVTIA N TAGYLOL OGUUTTTOTN WS
cuvdptneng f : (—00,a) = R 610 —co (av VITAQEYEL).

3. Téhog, Aéue 6L n f: (a, xo) U (x9,b) — R £€xer (apiotepnt n de€1d) katokGQuen acUUIttoTn
GTO Xo OV

lim f(x) =+c0 1 1im+ f(x) = o0

X—)XO — 0

avtictowa. o Tapddeyua, n £(x) = 1 éyel apiotepn kot 8e81d acvuTttoTn 6to 0 Ty cudsia
Q w X Q Q u

x =0, apov lim 1= _0o ko lim 1= 4.
x—0- * x—0*t *

5.9 Aocxknoeig
A’ Oudda
1. Egetdote av oL mapardte meotdoelg eivar aAnbeic i wevdeic (wtioloynote TANE®GS Tnv agtdvTnon
GOG).
(@) Av n f elvar Topaywylcwn oto (a, b), 1éte n f elvon guveyic ato (a, b).
B) Avn f elvar Tapaywylown oto xo = 0 kow av f(0) = f/(0) = 0, t61e lim nf(1/n) = 0.
n—oo
) Avn f elvon Topaywylown 6to [a, b] ko Taigvel Tn uéyleTn TWA TS GTo Xo = 4, Téte f’'(a) = 0.
i) Av f'(x) = 0 ywa kG0e x € [0, 00) kan f(0) = 0, téte f(x) = 0 yia kGOe x € [0, c0).

®) Av n f elvan 800 @opéc Tmapaywylcwun ato [0,2] kaw f(0) = f(1) = f(2) = 0, téd1e VIAEYEL
xo € (0,2) dote f(x) = 0.
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(&) "Eotw f : (a,b) > R kot éotmw x9 € (a,b). Av n f elvar cuvexic 6To Xy, Toaywyicwn ce kdbe
x € (a,b) \ {xo} kow av vitdeyel to lim f'(x) = € € R, t61e f'(x0) = L.
X—Xo

(ot) Avn f: R - R eivar wopaywyicwn cto 0, tdte vTtdyer 6 > 0 dote n f va elvar Guveying GTo
(=6, 9).

Av n f elvon TTapaywyicwun 6to xog € R kav f/(xg) > 0, tdte vItdpyer 6 > 0 odote n f va eivon
QAYWYLGYL X
yvnoilwg avgovea ato (xog — 6, X + 0).

2. Egetdote av ov guvaptioels f, g, h eivon wapaywyicwes ato 0.
@ fx)=xavx¢Qra f(x) =0 av xe Q.

B gx)=0o0avx¢Qrm gkx)=x*>av xeqQ.

) A(x) =sinx av x ¢ Q kot A(x) = x av x € Q.

3. Etetdote av ou ouvopTnoes f, g, h elvan tapaywyicwes oto R. Av gival, e€etdote av n Tapdywyos
Toug elvan guveyrig ato R.

(@) f(x) =sin (i) av x # 0, kaw f(0) =0.
B) g(x) = xsin (}() av x # 0, kaw g(0) = 0.
V) Ax) = x? sin(i) av x # 0, kaw ~(0) = 0.

4. Aeigte 1L n ouvdptnon f: R — R e f(x) = % av x # 0 kar f(0) =1 elvon wopaywyiown ce kGO

xo € R. Egetdote av n f/: R — R elvaw guveyng guvdptnon.

S. Beelte (av vmdpyovv) ta onueio ata otrola elval Tapaywyiown n guvdetnon f :(0,1) —» R ue

fx) = {

6. Awote Ttapddeyua cuvdptnong f : (0,1) —» R n otola:

]

s x¢Q n x=0
, x=L pgeN, MKA(p,q) =1

_ =

() etvar guvexnc ato (0,1) aAdd Sev elvar TTapaywyicun 6to cnuelo xg =

,h > 2.

S = NI

®) etvan ovvexng oto (0,1) aAdd Sev elvon TTagaywyiown oto onueia x, =

7. Adaote Topddeyua guvdptnong f: R — R ue Tig €gng idtntec:

(@) f(-D) =0, f(2)=1rwm f'(1)> 0.

®) f(-D =0, f(2) =1xa f'(1) <O0.

) f(0)=0, f3) =1, f/(1) =0 v n f elvar yvnoimg avgovca ato [0, 3].
©®) f(m) =0 ko f'(m) = (-1)" yio kdbe m € Z, |f(x)| < % v kGBe x € R.

8. 'Eotw f,g: R — R rar éotw x9 € R. YmoBétovue 6t f(xp) = 0, n f elvar Tapaywyicun Gto Xy Kol
n g elvol guveyng 6o xg. AglEte 6T n guvdpTnon ywduevo f - g elval Toaywylcwn GToxy.

9. Tw kaBepio aAmwd TIC TOEAKATH GUVAETAGELS PEelTe Tn Uyt KAl Thv eAdoTn TWA ThG GTO
StdoTnpo TT0UV VITOSEKVVETAL.

(@) f(x)=x3-x*>-8x+1a10 [-2,2].
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®) f(x)=x+x+1ct0 [-1,1].
V) f(x) = x* - 3x oo [-1,2].

10. Aeigte 6T n e€lcwon:
(o) 4ax® + 3bx* + 2cx = a + b + ¢ éxeL TovAGyiGToV pia eica oo (0, 1).
B) 6x* —=7x+1=0 gxeL o TOM) SVO TEAYUATIKES TCES.

() x° +9x% + 33x — 8 = 0 éyel akEPHDS Uia, TLEOYULOTIKA, ELLa.

11. ’"Eoto a1 < -+ < a, 610 R kaw €00 f(x) = (x —ay) -+ - (x — a,). AelEte 41 n e€lowon f/(x) = 0 €yel
akBws n — 1 Adcetg.
12. Eyxedudote TIC YOAPIKES TTOQAGTAGELS TOV GUVOQTAGE®V

2

x2-1

fx) =

1 3
fx)=x+ = fx)=x+ =z fx) =

1+ x2

Yewpnvtag cav medio opLorov Toug To ueyalitepo vIToGUVoAo Tou R GTo oTtolo witopovv va oplgTovv.

13. Aivovton meayuatikol agbuol a1 < az < -+ < a,. Na PeebBel n eAdyyotn TWA Tng cuvdotneng

F) = 30x - ap?,
k=1

14. ’Ectw a > 0. Aei€te 6L n yéyiotn T tng cuvdetnong

1 1
+
1+x] 1+|x—q]

fx) =

v @ 2+a
€lval L.on ue Tra "

15. YmoBétouue 6TL ou GuvapTncels f kol g elvon Tagaywyicues ato [a,b] ko 6TL f(a) = gla) rau
f(b) = g(b). Aelgte 6T vITdEyel TOLVAd)IGTOV €va Ggnuelo x GTo (a,b) ylo TO 0TTOLO Ol EPAITTOUEVES TV
YOOPIKOV TToAcTAcE®Y Twv f kot g ota (x, f(x)) ko (x, g(x)) elvar wapdAAnAeg i tavtitovtal.

16. Aivovtow 8Vo Tapaywyiowes cuvagtioelg f,g : (a,b) - R dote f(x)g'(x) — f/(x)g(x) # 0 ya
ke x € (a,b). Aelgre 611 avdueca oe dvo pltes tng f(x) = 0 Beloketanr wa elta tng g(x) = 0, kot
avticTeoa.

B’ Ouada

17. "Eotw f : [a,b] — R, cuvveync oto [a,b], mopaywyliown cto (a,b), ue f(a) = f(b). Aelgte 6T
VIAEXOLV X1 # X9 € (a,b) date f(x) + f'(x2) = 0.

18. "Ectw f : (0, +00) — R mwapaywyicwn, ue lim f’'(x) = 0. Aelgte 6T
X—+00
lim (f(x+1) — f(x)) = 0.
X—+00

19. 'Ectw f : (1, +00) — R mopaywyicwn cuvdptnon pe tnv iidtnta: |f7(x)| < % vy kGbe x > 1. Aeifte

6w lim [f(x+ VX) - f(x)] = 0.



162 - TTapdywyog

20. "Eotw f,g 8Vo cuvapticelgs cuvexeic oto [0,a] kar magaywyicues ato (0,a). Ymobétouvue 6Tt
f(0) =g(0) =0 ko f'(x) >0, g(x) >0 cto (0,a).

(@) Av n f elvar avgovoa oo (0,a), delgte 6TL n @
®B) Avn {gi, elvar avgovsa gto (0, a), deigte 6TL n § elvar avgovaa Gto (0, a).

elvaw avgovoa ato (0, a).

21. () Aetgte 6L o kABe x € R woyver e¥ > 1+ x.

B) Aeigte 6T yia kGBe x > 0 1oy VeL

1
1--<logx<x—1
X

22. Aelgte 6T yia kGBe x > 0 kot yio kGBe n € N 1ox0Vet

Inx < n(\/}— 1) < AxInx.
Yvumepdvate 6t lim, e 1 (\/} - 1) =Inx ywa x > 0.
23. () Aeite 611 yio kGBe x € R 1oyver

lim nln<1+ f) = X.

n—oo n

B) Aetgte 6L yo kABe x € R 1oyveL

lim (1 + f) =e".
n—oo n

24. Meletiote tn guvdpinon
In x

fO) ===
X

G710 (0, +00) kaw GYedLAGTE TN YOAPIKNA Tng Tapdatacn. ITowdg elvar ueyoAvtepog, o € i o n°;

25. Aelgte 611 oL ouvapTRcelS In koL exp kavoTToloVV To €ERG: (A1) yio kABe s > 0,

X

lim — = 400
x—+00 x¥

kat (B) |
lim — =0,

x—+oo xS

AnAadn, n exp avgdvel GTo +oo ToyUTEQO aTtd oTroladnirote (ueydin) dvvaun tov x, eved n In avgdvel
07O +00 Bpadvtepa agtd oTtoladinIoTe (Ukehi) dvvaun Touv Xx.

26. 'Eoto f : R — R mwopayoyiciwn cuvdptnon e tnv widtnta f/(x) = cf(x) ywa kdbe x € R, dvov ¢
wa oTabed. Aglgte dTL vitdeyel a € R dote f(x) = ae™ yia kdbe x € R.

27. ’Eotw [ : [a,b] » R cuveyng, magaywyicwun oto (a,b), dote f(a) = f(b) = 0. AsiEte T yuo kGOe
A€ R, n guvdptnon g, : [a,b] = R ue

ga(x) = f'(x) + Af (%)

éxel wo plca ato ddetnua (a, b).
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28. 'Ectw a,b € R ye a < b var éotw f : (a,b) —» R moapaywyicwn cuvdeinon odote limy,- f(x) = +oo.
Aelete 6L vItdpyel € € (a, b) date f'(€) > f(€). [Ymodeisn: Bempnote tnv e f(x).]

29. Asigte 6T yia kGOe x € (0, ’5') oy vEL

. X
sinx > —.
b4

30. (u) 'Eotw f : R — R 8%o @opéc mapaywyicwn cuvdginon. YsoBétouue ot f(0) = f/(0) = 0
kot f7(x) + f(x) = 0 yio kdBe x € R. Aelgte 6T f(x) = 0 yia kdBe x € R. [Ymdbegn: Oewpnate tnv
g=rA+ (7]

®B) 'Ecto f : R — R 8o @oeég mapaywyicun cuvdetnon. YmobBétovue 6t f(0) = 1, f/(0) = 0 raw
S (x) + f(x) =0 yia kABe x € R. Aeigte 611 f(x) = cos x yia kdbe x € R.

31. () Aelgte 6m n eglowon tanx = x €xel akEPHOS ula Adon ce kdbe Sidatnua Tng woeeng I =
(kr — 5.k + 3).

B) 'Ectw a; n Mon tng mopartdve eglicnong oto Sidotnua I, k € N. Beeite, av vmdoyxet, 1o 6glo
limy 0 (ar+1 — i) KO SOGTE YEOUETQIKN gounveial.

I Oudda

32. Aivovtar mpayuatikol aBuol a1 < ag < -+ < a,. Na Peebel n eddyotn Twn tng cuvdptnong

n
8(x) = 2 Ix — ayl.
k=1

33. 'Ecto n € N kau é0tw f(x) = (X2 —1)". Aeitte 6T n g€icwon f(x) = 0 éxel akPOS n SLAPOEETIKES
AMioelg, 6Aeg ato didatnua (-1, 1).

34. Na Beebovv 6Aot ot a > 1 yia Toug omoiovs n avicdtnta x¢ < a* woyvel yia kébe x > 1.
Q Y S S XVEL'Y

35. 'Ectw f: [0,1] = R cuveyiic cuvdptnon ye f(0) = 0. Yrobétovue 61L n f elvon mwagaywyicn gto
(0,1) ko 0 < f'(x) < 2f(x) yia kGBe x € (0,1). Agigre 6T n f elvon oTabepn kot {on ye 0 oto [0,1].

36. 'Eotw f : R —» R magaywyiown cuvdgrtnon. Ysobétouue 6t f'(x) > f(x) yio kdbe x € R ko
f(0) = 0. Aceigte 6Tt f(x) > 0 yia kGBe x > 0.

37. 'Ecto @ > 0. Asitte 6T n gflcwon ae® = 1+ x + x?/2 éxel akEPOS wio TEOYUATIKA ElLa.

38. 'Egtw f : (0,+00) = R magaywyicwun cuvdetnon. Ymobétovue 6L n f efvon @eayuévn. AsiEte dtu:
yio kGbe a > 1,
tim 1% _

X—+00  x@

0.

39. 'Eoctw f : (a,b) —» R mapoaywylcwn cuvdgtnon ue lirzl f(x) = +o0. Aei€te 1L av vITdEyel TO
X—0~

lim f’(x) téte elvar {Go pe +oo.
x—b~

40. 'Eotw [ : (0,+00) — R magaywyiowun cuvdptnon pe lim f(x) = L € R. Aeigte 6t ov videyel To
X—+00

lim f’(x) tote elvan {Go ue O.

X—+00
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OMokAnpoua Riemann

6.1 O opweudc tov Darboux

Y& auTAv Thv TTaEdyeaeo divouue Tov oQLaUd Tov OAOKANQEAOUATOS Riemann yio @payuéves gu-
VaQTAGELS TTOV 0QltovTal Ge €va kAewatd Sidatnua. o wa geayuévn guvdptnon f : [a,b] —» R
ue un ovnIikeg Tuég, da JéAaue To oAokAnpoua va diver to eufaddv Tou xweiov Tov TreQikAe-
{eTtouw avduesa gTo yedonua tng guvdeTnaong, Tov oELLGvTio dgova y = 0 Kal TS KATOKOQUEES
evbeleg x = a ko x = b.

Opwoudg 6.1.1. (o) ‘Eotw [a,b] évo kAewgté Sidatnua. Awauépion tov [a,b] da Aéue kdbe
TETLEQAGUEVO VITOGUVOAO

P: {-x()’-xl""’xn}

Tov [a,b] ue xp = a kou x, = b. Oa vIwoBEToVUE TTAVTA OTL T X);, € P elvarl Sotetayuéva g
eENG:

Aa=x0<X1 < <X <Xpy1 << x,=b.
Ba ypdeouue

P={la=xy<x<---<x,=0b}

Yo vaL Tovicoude auTiv akeBads tn didtagn. Iagatnenote 4Tl aItd Tov oploud, kdbe diauépion
P tov [a, b] epiéyer TouAdylotov Vo onuelo: To a kow To b (To dkea Tov [a, b]).
B) Kdbe Swauépion P = {a = x9 < x1 < -+ < X, = b} yweltel 0 [a,b] ce n vwodiacTRUATO

[xk, Xk1], K =0,1,...,n—1. Ovoudtcovue TmAdTOS Tng drauéprong P To ueyaAitepo aIrd To unkn
QVTOV TV VTTOSOGTRUAT®Y. AnAAdN, To TTAATOS ThS SlauéELong LGoUToL Ue

IP]| := max{x; — x0, X2 = X1, ..., Xy — Xp_1}.

[Mapatnencte 3Tl dev aTtartovue vol LGATIEXOUV TA X; (TA 7 VITOSLOGTARATO SEV £X0UV AITAQOL-
{tnta to (8o unkog).
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(v) H Srauépion P; Aéyeton ekAémrtuvon tng P av P € Py, dnAadn av n Py TookVITTEL aTTo Thy
P ue tnv mocOnkn kdsowwv (Temepaocuéveov to mARNBog) cnueiwv. Xe avtiv tnv JeQiTttoon
Aéue emiong 6t n Py elvan Aemrtdtepn amd tnv P.

©) "Ectw Pj, P 600 Swauepicelg tov [a,b]. H kowh exkAémTuven twv Pr, Py elvon n Stouépion
P = P1 U Py. Evrolo BAéttovue 6Tt n P elvon Stapépion tovu [a,b] kar 6Tt av P glvar wa
Srauépion Aemtdtepn 160 amd v Py 66o kot agtd tnv Py téte PP 2 P (SnAadn, n P = P1U Py
efvan n wkeoTeEn Suvatrt Stapépion tou [a, b] TTov ekAeTTTUVEL TOWTOXEOVA Thv P Kol Thv Pog).

Oewpovue TOEO Wa @eayuévn cuvdptnon f : [a,b] — R ko wa Sopépion P = {a =

Xo < X1 < -+ < x, = b} toU [a,b]. H P Swopepicer 1o [a,b] 1o vwodwactigata [xg, X1],
[x1, x21, ..oy [Xks Xkt1)s - - o5 [Xn—1, 0] T kdBe k& = 0,1,...,n — 1 opitovue TOUG TEAYUATIKOUS
apBuovig

mi(f, P) = my = inf{f(x) : xx < x < X1}

Ko
My (f, P) = My = sup{f(x) : xx < x < xks1}-
‘OMou avtol o agbuol ogitovion kaAd: n f eivor geayuévn ato [a,b], dpa elvor @ooayuévn e
KAGBe vmodidoTnua [Xi, xp+1]. Two kAOe k, To givoro {f(x) : x;p < x < Xp4q) elvar un kevd ko
@Eayuévo vItogvvolo tou R, dpa €yel supremum kow infimum.
TNo kdBe Swapépion P tovu [a,b] opltovue Toea To dvw kol To kKdTw dbgoloua tng f wg
TEOC Ty P ue tov €€ng tpdTo:

n—1

U, P) = D Mt = x0)
k=0

efvar to dvw dbpoicua tns f ws mEog P, kot

n—1

L(f,P) = Z my (X1 — Xk)
=0

efvar To kdtw dbpotoua tng f we TEOS P.

Amé 1ig Vo monyovueves Gxéaelg PAEmovpe OTL yia kdbe Stauéplon P iayvel
L(f,P) < U(f.P)

a@oV my < My va xgy1—x > 0, k=0,1,...,n—1. Xe gxéon ye 10 «euPfadov» Jrov TTeocITafovue
va opioouue, TTEETIEL VO GREPTOUOGTE TO KATw dBgowsua L(f, P) Gov Wio. TQOCGEYYLon ard KATw

KoL T0 v dbgotwoua U(f, P) cav wa Tpocéyyion amo Tdve.
Ba deteouvue GTL GYVEL Uil TTOAY TILO LGYUEN OVIGOTNTA!

Ieotaon 6.1.2. Ectw f : [a,b] = R @payuévn cuvdptnon kot é6tw P1, Py 6U0 Siauepiceis
Tov [a, b]. Tote,
L(f’Pl) < U(f$P2)
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H amddeien tne Ilpdtacng 6.1.2 Ya Pacietel 6To €€ng Anuua.

Anpua 6.1.3. Eotw P={a =xp < x1 < -+ < Xp < Xgq1 < +++ < X = b} kOl X <y < Xp41 VIO
kagowo k =0,1,...,n—1. Av Pi=PU{y}={a=xp <x1 < - <X <Y < Xg41 < -+ < X, = b},
TOTE

L(f,P) < L(f, P1) < U(f, P1) < U(f, P).
AnAadn, ue tnv TeocOnikn evdg anuelov y atny dtauépion P, 1o dve dbpoloua tng f «Ukolver»
EVR TO KAT® ABpOoUa TG [ «UEYAADVEL».

Amobeign tov Ariguatos 6.1.3. ©€touue
my) = inf(f() : xe < x <)

KO
my) = inf{f(x) 1y < x < ).

™
k

Téte, mp < m;’ wou my < m,(cz) (doxnon: av A C B té1e inf B < inf A). Tpdgouue

L(f, P1) = [mo(x; = x0) + -+ + m{(y = x) + m? (s = 3) + - -
+ my—1(xp — Xp-1)]
= [mo(xy = x0) + - -+ + mp(y — X)) + mp(Xes1 =) + -+
+ Mp—1(Xn — Xp-1)]
= [mo(x1 — x0) + -+ + mp(Xpe1 — xp) + - -+ + Mp—1(Xp — Xp-1)]

— L(f, P).
‘Ouota Setyvouue 6 U(f, P1) < U(f, P). H

Amodeign tng Ilpotaong 6.1.2. Oewpovue tnv kowh ekAémtuvon P = P U Py tov P; kow Po.
H P mokvTtel amd tnv P ue Stadoxki Tpocbnkn Temepacuévev 1o TTABog onpeimv. Av
epoapuocovue To Anuua 6.1.3 semtepacuéveg to TANBog @oég, Ttaipvovue L(f, P1) < L(f, P).

‘Ouora PAETtovue 6tL U(f, P) < U(f, P2). A6 tnv dAAn mtdeved, L(f, P) < U(f, P). Zuvdv-
A4CovVTOGS TO TTOQATIAV®, ExoUUe

L(f, P1) < L(f,P) < U(f, P) < U(f, P2). 0
Bewpolue TEA Ta VITOGUVOAA Touv R

A(f) = {L(f, P) : P Swopépion tov |a, b]}

Ko

B(f) = {U(f, 0) : O dwauépon tov [a, b]}.
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Ao tnv ITpétacn 6.1.2 €xovue: yo kdBe a € A(f) ko kdBe b € B(f) woyvel a < b (eEnynote
ywatl). Emouévwg, sup A(f) < inf B(f) (doknon). Av Aowtév oplcovue Gav KATw 0AOKARQWUA
g f o7o [a,b] T0

b
f f(x)dx = sup {L(f, P) : P Swapépion tov [a, b]}

KoL oV dvw odokAripwua tng f ato [a,b] To

b
f f()dx = inf{U(f, 0) : O dwapépon tov [a, b]},

b b
f Foodx < f Foodsx.

Oowoudg 6.1.4. Mo geayuévn guvdptnon f : [a,b] — R Aéyetaw Riemann odokAnpdaiun av

b )
ff(x)dx= I = f f(x)dx.

O apwbuos I (n kown Twn Tov KAT® Kol Tou dve OAOKANQEOUAtog tng f ato [a,b]) Adyeton

Exouue

oAokArpwua Riemann tng f 610 [a, b] kow cuufoiiceTan pe

fa ’ f(dx 1 f ’ f.

6.2 To kertnElro oAokAngwasiudtntag tov Riemann

O 0QLoUGS TOU OAOKANQOUATOS TIOV SOCOUE GTNV TIEONYOUUEVR TIARAYQEAPO elvar SUGYENGTOGC:
dev elvar €UKOAO VO TOV XENOIWOTTONGEL KAVE(S Yo va del av wio. @eoyuévn cuvdptnon eivor
oAorAnpwcn N éxt. Xuvnlwg, xEncyoIrolovue To akOAovBo KELTAELO OAOKANQWGWOTNTAG.

Oeoonua 6.2.1 (koutiplo Tov Riemann). Ectw f : [a,b] — R ppayuévn cuvdptnon. H f eivai
Riemann olokAnpdaiun av kat uovo av yia kdbe € > 0 usropovue va Bpovue Srauépion P, tov
[a, b] dote

U(f, Ps) — L(f, Pe) <&

Agrodei&n. Ymobgétovue mpdTa 6Tl n f elvarl Riemann oAlokAnpaowun. AnAadn,

b fodx = ’ f(x)dx = r f(x)dx.
| senae= [ seoae= |

"Eotw € > 0. A6 Tov 0Q1oU6 ToU KAT® OAOKANQ®OUOTOS S supremum tov A(f) kal ot Tov
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£-Y0QAKTNELOWS Tou supremum, vITdExel Swapéuon Pp = Pi(g) tou [a, b] dote

b &
f fe)dx < L(f, P + 5.

Ouoiwg, aTté Tov 0QLOUG TOU dve OAOKANQEOUATOS, LTTdEYel dtauéoion Py = Po(e) Ttov [a,b]
WGTE

o &
f f@dx > U(f.Py) = 5.

Bewpovue tnv kown ekAémtuvon P, = Pp U Py. Tdte, amd tnv Ilpdtacn 6.1.2 €xovue

U(f, Ps) — = < U(f, Py) —g

b b
<ff(x)dx:ff(x)dx

< L(f.P) + g < L(f, Ps) + g

£
2

att’ érou €metar OTL
0 < U(f’PS)_L(f’P&‘) <eé.

Avtictopa: vtobétovpue GTL yio kAOe & > 0 vitdpyxer Swayépion P, tov [a, b] daote
U(f, Pe) < L(f, Pe) + €.

Téte, yio kGBe € > 0 €xouvue

T b b
f f)dx < U(f, Pe) < L(f, Pe) + € < f f)dx + e.

Emedn 1o € > 0 ntav tuydv, émetal 6T

b b
f Fods < f (R,

KoL 0pov n avtigTEoEn avigdtnta woyvel Tavta, n f elvar Riemann oAoxkAnpoaiun. O

To kpttiplo Touv Riemann diatuTteveTon 1IGodvvaua wg eENg (egnynate yuatl).

Oedpnua 6.2.2 (keitnpwo tov Riemann). Ecotw f : [a,b] — R ppayuévn cuvdptnon. H f eivai
Riemann oAokAnpdaciun av kar uévo av virdpyel akodovbia {P, : n € N} Siauepicewv Tov [a, b]
W0GTE

Tim (U(f, P) = L(f, P) = 0.

Hopadeiyuata. Oo xENGWOTIOMCOVUE TO KQELTAQELO TOu Riemann yio voa €getdoouye ov ot
TOEOKAT® GUVOQRTAGELS elvan Riemann oAOKANQOGUES:
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(@) H cuvdptnon f : [0,1] = R ue f(x) = x%. T kdOe n € N dewpovue tn Srauéoion P, tov
[0,1] oe n (oo vIwodracTALOTA UWikoLGS 1/7:
n-1 n

1 2
P,,={0<—<—<---< <—=1}.
n n n n

H cuvdptnon f(x) = x? eivon avgovca ato [0,1], emwouévag

1 1\ 1 n-1\1
L(f,Pn>=f<0>—+f(—)-+...+f( )_
n nln n n
! 0+12+22 (n-1*
T n n2 | 2 2
CP+2%24--4(n-D*  (n—-Dn@2n-1)
- nd - 6n3
> -3n+1 1 1 1
:—:—__+_
6n2 3 2n 6n?
KOl
1\ 1 2\ 1 n\ 1
U(f,Pn)=f(—)—+f(—)—+---+f(_)_
nln nln nl’n
1 12+22+ +n2
n\n?2 n? n2
P+ 2%4 40’ an+ D@+ 1)
- n’ B 6n3
2’ +3n+1 1 1 1
==t — + —.
6n2 3 2n  6n?
"Erteton 4Tl

1
U(f, Pn) = L(f, Pn) = P 0.

AT6 To Osmponua 6.2.2 cuuttepafvoupe 6t n f efvan Riemann oAokAngacun. Mitogovue
uwdAoto vo feovue Ty TR Tou oAokAnpaiuatog. Ta kdbe n € N,

1 1 1
- —+— =L{,P
3 2n  6n2 (/- Pu)
1 1 Al
<fx2dx=f xzdx:fodx
Yo 0 0
< U(f, Pp)
1 1 1
= =4 — + —.
3 2n 6n?
Apov
1 1 1 1 1 1 1 1

N +—+— > —,
3 2n 6n? 3 3 2n 6n? 3
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1
léfodxél.
3 0 3

1
1
f Xdx = =
0 3

(®) H cvvdptnon u : [0,1] —» R ue u(x) = Vx. Mogeite va yenGWoTomrGeTe TV akoAovdin

gretal 0Tl

AnAodn,

Sapepicemwv Tov JrEonyouvuevoy Taadelyuatos yio va deléete dtL tkavotoleiTal To KQLTNELO
Tov Riemann.
210 (810 GUUITEQAGUO KATAAYOUUE OV XENGULOTIOGOUUE Wol SLopoeTIkA akoAovBia dia-

uepicewv. T kAbe n € N Jewpovue tn Srapépion

1 22 n-12% n?
0<s<—=5<--< <—:1}.
{ n? n2 n2 n

H u elvan avgovca cto [0, 1], emtouévwg

n—1
k{(k+12% K2
L(u, P,) — (( ) - —2)
in n
KOl )
n- 2 2
1{k+1) k
U(u, Pn) = ( b - —2) )
—on n n
"Emtetan 41

»—a

n—

k+1 k+12 K
Ulu, P,) — L(u, P,)) = ( ;“ n)(( :2) _n_2)

>~
x ©

k=0

= ((k+ D? kz)
0

n? n?

S|I—= S|=

AT o Oedpnua 6.2.2 guurtepaivovue 6Tt n u elvon Riemann oAokAnpacuyn. Agrvouue Gov

doknon va Sefgete o1t
2
lim L(u, P,) = hm U, P,) = 3
n—o00

H cuykekpuwévn emiloyn dtauepicewv TTou kAvaye €xel To TAEOVERTNUA OTL UItoQelTe €UKOAO
va yedwete to L(u, P,) kou Uu, Py,) e RAEGTA woeen. ATid tnv tedevtaio iodtnta metal 6T

1 2
f\/}dx:—
0 3
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(y) H ouvvdptnon tovu Dirichlet g : [0,1] —» R ue

1 av x gntég
g(x) = )
0 av x dpentog

Sev gfvar Riemann oAokAnpoown. Eotw P ={0 = xp < x1 < -+ < X < Xp1 < -+ < X, = 1}
Tuxovoa Sauépion tovu [0, 1]. YroAoyitovue To kdTw Kot To dvew dBoLoUa TG g WS TIEOS TV
P. T k60e k = 0,1,...,n—1 vItdeyouv EnTog gi Ko AEENTOS &) OTO (X, Xk+1). AoV g(qr) =1,
glax) =0 kaw 0 < g(x) <1 010 [x%, Xk41], ovuTeQOUivovue OTL My = 0 kow My = 1. ZuveTtwg,

n—1 n—1
L(g,P) = ) mi(xis1 = x0) = >0 (et = %) = 0

k=0 k=0

et n-1 n-1
U@, P)= D Ml —x0) = ) 1+ (a1 = x) = 1.

k=0 k=0

AoV n P itav tuxovca dwapépion tovu [0, 1], alpvouye

1 1
f gx)dx =0 KO f g(x)dx = 1.
Y0 0

Emouévmg, n g dev elvar Riemann oAokAnpocytn.

®) H guvdgtnon h: [0,1] - R ye

X av x entdg
h(x) = )
0 av x dpentog

Sev elvar Riemann odokAnpoown. 'Eotw P = {0 = xg < x1 < -+ < X < Xpq1 < -+- < Xy = 1)
Tuxovca Swauépion tovu [0,1]. Tw kdbe k = 0,1,...,n — 1 vdyel AEENTOS @ GTO (X, Xk+1)-
AoV h(ag) = 0 ko 0 < h(x) <1 610 [Xk, Xk+1], CUUTTEQOUVOUUE OTL MYy = 0. XUVETIWG,

L(h,P) = 0.

Emtiong, vmdoyel ontog gi > (X + Xg+1)/2 010 (Xk, Xkt1), AR My = h(qr) > (Xg + Xg41)/2. "EmteTon

ot
ol Xp + Xp 1 -l
+1 2 2
Uh,P)> Y == (et = 30) = 5 ) (3 = 3)
=0 k=0
xXo-xg o1
2 Y
Agpov

U(h,P)— L(h,P) > %
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yio kdBe Srauépion P tovu [0,1], To keitigo tou Riemann dev ikovottoleitan (Trdete € = 1/3).
Emouévmg, n h dev elvar Riemann oAokAnpocyn.

(e) H guvdptnon w: [0,1] - R pe

w(x) = {

efvaw Riemann oAoxkAngacn. Evkola eAéyyouvue 61t L(w, P) = 0 yio kdBe Swouépion P tovu
[0,1].
‘Ectw € > 0. ITagatngovue 61t t0 gvodo A = {x € [0,1] : w(x) > &} elvan TreTTEQOGUEVO.

)

aowxgQnx=0
o,vx:%’, p,q €N, MKA(p,q) =1

Q=

[Todyuatt, ov w(x) = € 1éte x = p/q vouw w(x) = 1/g > € dnhadn g < 1/e. Ou gntol Tov [0, 1] TTOU
VEAPOVTOL Gav avAymyo KAGGUATO Ue TIAQOVOUaoTA To oAU {Go ue [1/€] elvar TteTtepacuévol
70 TAMB0¢ (Eva dve @edyuo yioo To TTAMB0C Toug glval 0 aQuds 1+ 2+ --- + [1/g] - egnynaote
yiati)].

"EGtow 71 < 72 < -+ < zy wla aplBuncn tov ctoyelov tov A. Mtogovue va Bpovue géva
vIrodiacTAaTA [a;, b;] Tov [0, 1] oV €rouv UAKN b; —a; < /N Kol IKavoTIoloUV Ta €E1G: ag > 0,
ai <zi<biavi<Nrwmay < zy < by (@ogatnpnate 6t av € < 1 1éte zy = 1 omdTe TEETEL
va emA€govue by = 1). Av Jewpnrcovue tn Stapéoion

P.={0<ai<bi<ag<by<---<ay<by <1},
Exouue

Uw,P))<e-(a—-0)+1-(by—a)+e-(ag—b) +---+1-(by_1 —an-1)

+8'((IN—bN_1)+1'(bN—aN)+8-(1—bN)

<e-(mt@—b++ @y — by + (1= by))
N
+ Z(bi - a;)
i=1
< 2e.
INa to tuxdv € > 0 PBerkaue Srauépwon P, tov [0,1] ye tnv 8idTnta
Uw, Py) — L(w, P,) < 2e¢.

A6 10 Oedpnua 6.2.1, n w elvon Riemann oAokAnpaaciun.

6.3 Av0 kAdcelg Riemann oAOKANQ®OGIU®OV GUVAQTNGEDV

Xonowomolwvtag To KEltnElo tov Riemann da Selfovue OTL oL povotoveg kol ov Gguvexels
cuvaptnoes f : [a,b] — R elvar Riemann oAokAnpocylec.
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Oewpnua 6.3.1. Kdbe yovotovn cuvdptnon f : [a,b] — R egivar Riemann olokAnpaaciun.

Amobeién. Xwels mepropioud tng yevikdtntog viobétovye 6t n f elvar avgovca. H f elvan
TEOPAVAOS @Eayuévn: yia kdbe x € [a, b] éxouue

fla) < f(x) < fD).

Emouévag, €xel vonua vo egetdoovpe Ty UTTaQEn 0AOKANQE®OUATOS Yo Ty f.
"Ectw € > 0. Oa Peovue n € N apketd ueydio odate yia tn Stauépion

_ Ab — _
Pn:{a,a+b a,a+ G a)““’a_'_n(b a):b}
n n n

ToV [a, b] 6e n (6o VITOBLOGTARLATO VoL LGYVEL
U(f, Pn) — L(f, Py) < &.

®¢touue
k(b —
Xp=a-+ ( a)’ k=0,1,...,n.
n

Téte, apov n f elvar avgovca €xouvue

n—1 n—1 b—
U(F.Po) = ) Myt =50 = ) f()——
k=0 k=0
b —
= TS () 4 fE),
EV®
n—-1 n—1 b—a
L(fPo) = ) milsies =50 = ) fn)—
k=0 k=0
b —
= T (o) + o fOnn).
Emouévac,

[fCn) = fx0)I(b —a) _ [f(B) — f(@)]Ib ~a)

n n

U(f, Pp) = L(f, Py) =

TO 0700 yiveTan WwkEdTEQRO aIrd To £ > 0 Jrou pag 860nke, apkel To n va elvor areTd ueydio.
A6 10 Oedpnua 6.2.1, n f elvon Riemann oAokAnpadaouun. O

Oewpnua 6.3.2. Kdbe guveyric cuvdgtnon f : [a,b] — R eivar Riemann odokAnpdaiun.

Agrodeién. ‘Eatw € > 0. H f elvar cuvexng 6to kAewotd Sidatnua [a, b], dea eivar ogoiduoppa
cuveyrig. Mirogovue Aowmtdv vo feovue 6 > 0 ye tnv €gng widtnta:

Av x,y € [a,b] vau |x —y| <0, 161 |f(X) — f(Y)| < ﬁ.
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Miropotue emtiong vo Bpovue n € N date

b—a
n

< 0.

Xweltovue To [a, b] 6 n vTOSaGTARATA TOU W{0V UAKOUG }% Bewpovue dnAadn tn droyépion

b-a 2b-a nb-a
P,,={a,a+ ,a+ ( ),...,a+¥=b}.
n n n
Oplcouue
k(b —
xk:a+M, k=0,1,...,n.
n
"Ectw k=0,1,...,n—1. H f elvar cuveying ato kAeloT6 Stdatnpa [xx, xr+1], dea Ttaipver uéyiotn

ko Aot TWA Ge aTd. YTtdeyouv SnAadh v, v, € [xk, Xi+1] @oTe

My = fO)  woa m= Q).
EmuatAéov, To WAKOG TOU [Xk, Xk+1] €lvan {co pe b%“ < 9, doa
v, =¥/ <6.

AT v emidoyn tou ¢ Talgvouue

My = mi = £O7) = FO) = [fOD = FOI < 57—

‘Eteton 611

n—1

UCF, Pa) = L, P) = ) (M = mi) (st = 1)
k=0
n—1 s
< Z B g ket~ Xe)
k=0
£

b a( a)=¢

ATé t0 Oedpnua 6.2.1, n f elvan Riemann oAokAnpdcyun. O

6.4 Idiétnteg TOLV OAOKANQEWUATOC Riemann

Y& aUTAV TRV TTAQAYQMMO ATTOSEIKVUOUUE AUGTNEA UEQIKES ATTS TIC TTLO PAGIKES WBLOTNTES TOU
olorAnpouatos Riemann. Ou asodelgelgc tov vtololmmwy elvar yio koA doknon stov da Ggag
Bonbngel va egokelmwbelite ue Tic drauepicelg, Ta dvm kol KAT® abpoiouata KATT.
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Oempnua 6.4.1. Av f(x) = c yia kdbe x € [a, b], T0te

b
f f(x)dx = c(b — a).

Amodeién. 'Eotw P = {a = x9 < x1 < -+ < x, = b} wa Swayépon tov [a,b]. Tw kdbe
k=0,1,...,n—1éovue my = My = c. Etouévac,

n—1
L(f.P)= U(f,P) = ) el = xp) = c(b - a).
k=0
"Emtetan 4Tl L
b b
[rex=co-a = [
Emouévac,
b
f f)dx = c(b - a). O

Oeonua 6.4.2. Ecotw f,g : [a,b] —» R odokAnpawciues cuvaptiiceis. Tote, n f + g eivar

b b b
f[f(X)+g(X)]dX=f f(x)dX+f g(x)dx.

Agtodeién. '‘Eoto P = {a = xo < x1 < --- < x, = b} Suauépion tov [a, b]. Twa kdbe k = 0,1,...,n-1

0AOKANEMOGLUN KoL

opltouue
my = nf{(f + g)(x) : xx < X < Xt}
M = sup{(f + &)%) : xx < x < X1}
my = inf{f(x) : 0 < x < Xept)
M = sup{f(x) : xx < x < Xp41}
my = inf{g(x) : x < x < xqn)
<x<

M} = sup{g(x) : x;
[o kdBe x € [x, xk+1] Exovue my +my’ < f(x) + g(x). Esouévwg,
my +my < my.
Ouolwg, yio k4B x € [xk, xi11] €xovue M; + M} > f(x) + g(x). Emouévac,
M, + M| > M.
‘Egteton 6T1

L(f,P)+ L@ P) S L(f+&P) S U(f+8 P) < U,P)+ U P).
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"Ectw € > 0. Ymdeyouvv Swauepicels Py, Py tou [a, b] dote

E b E
UG Py -5 < f fCodx < L(f Py + 5

KOl
£ b £
U(g, P2) — 2 < g(x)dx < L(g, Py) + ok
a

Av Jewpncovue tnv kown Toug ekAéTTuven P = P U Py €pouue

Uf,P)+U@ P -e< U, P)+U@g P2)—¢

b b
<f f(x)dx+f g(x)dx

< L(f,P)+ L(g,P2) +¢
< L(f,P)+ L(g,P) +e.

Yuviudgovtog ue Tig TTEonyoUueveg aviagdtnteg PAETTOUUE OTL
b b b
[ romir-e<vgsen-o< [ fodse [ g
a a a
b
<Ufrgpres [ (Frpwdre
a

A@o? to £ > 0 ftav Tuyov,

b b b b
f (f + 90 < f FOodx + f o(x)dx < f (f + g)(dx.

‘Ouag, o
b b
f (f +9)(®)dx < f (f + g)(x)dx.
Emouévac,
_h b b b
f (f + &9)(x)dx = f fx)dx + f g(x)dx = f (f + @)(x)dx.
‘Emetal to Oemonual. O

Oeonua 6.4.3. Eotw [ : [a,b] — R odokAnpioiun kai égtw t € R. Tote, n tf eivar olokin-

b b
f(tf)(x)dx:tf f(x)dx.

Amodeign. Ag vmmobécouue meoTa 6Tl £ > 0. 'Eotw P ={a = xo < x1 < --- < x, = b} Sopépion

pwaun oo la, b] kot
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Tov [a,b]. Av yia k= 0,1,...,n—1 opicovue

my = inf{(tf)(x) 1 xx < X < X1}y My = sup{f)(x) : xx < x < X1}

Ko

my, = inf{f(x) : x < X < Xt} My = sup{f(x) 1 xx < x < X1},

efvar pavepd ot
my = tm), won My = tM;.

Emouévac,
L(tf, P) = tL(f,P) vou U(tf,P) =tU(f, P).

b b b b
f tfHx)dx = tf f(x)dx wo f tf)(x)dx = tf f(x)dx.

AoV n f elvol oAokAnNQ®OGWN, €xouue

Lbf(x)dx = ff(x)dx.

‘Eteton 611 n £f elvar Riemann oAokAnpwaciun, kot

b b
f (tf)(dx =1 f f(x)dx.

Av 1 <0, n pévn allayi to TTEonyovuevo ertxeionua elvan 0T Tweo my = tM; wow My = tm.

"Emtetan 41

YUUTTANQE®OGTE TNV astodelen wdévol Gag.

TéAog, av t = 0 €xovue tf = 0. Erouévmg,

fabtfzozo-fabf. O

AT6 ta Oeswerpoata 6.4.2 ko 6.4.3 TTEOKVTTTEL AUEGO N «YQOUWKOTATA TOU OAOKANQ®UO-
TOGC».

Oeppnua 6.4.4 (yoouwkdtnto tov oAokAnpauatog). Av f,g : [a,b] — R eivar §vo odokAn-
pwaiues guvapticels kal t, s € R, 16te n tf + sg eivar olokAngawaiun 6o [a, b] kai

b b b
f (tf + sg)(x)dx = tf f(o)dx + sf g(x)dx. O

Oedpnua 6.4.5. Ectw f : [a,b] —» R @payuévn cuvdptnon kol é6tw ¢ € (a,b). H f eivai
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olokAnpaaiun 6o [a,b] av kar uévo av eivar odokAnpdciun ata [a,c] kat [c, b]. Tote, iGyvel

b C b
f f(x)dx = f J(x)dx + f f(x)dx.

Amobeién. YmobBétouue mowta 4Tl n f efvan oAokAnpwown cta [a,c] kau [¢,b]. "Ecto £ > 0.
Ymdpyouv Swauepiceic Py tovu [a, c] kow P2 Ttovu [c, b] date

LU P < f FQodx < UG Py . UG, PY ~ L0 P < &

Ko

b
e
LfP) < [ fdx < UG Po) ean UUP) = L P2 < 5.
c
To gtvoro P, = P; U Py elvon Stauépion tov [a, b] kow 1oxvouv ot
L(f, Ps) = L(f, PV + L(f, P2) xaw U(f, P¢) = U(f, P1) + U(f, P3).
AT TIC TTARATTAVK GYEGELS TTOlEVouUE

U(f. Pe) = L(f, Pe) = (U(f, P1) = L(f, Pp) + (U(f, P2) = L(f, P2))

& &
<-+-=c¢
2 2

AoV 10 £ > 0 Atav Tuxov, n f elvor oAokAnpwown cto [a,b] (kertrigio Tou Riemann).
EmuamAdov, ywa tnv P, €xovue

b
LU, Py) < f Fdx < US, Po)

KO, OJT0 TIS TTQONYOUUEVES GYEGELG,

C b
L(f,P,) < f Fdx + f Fodx < U, Py).

Emouévac,

g U(f’Ps)_L(f’PS)<8,

fabf(x)dx— (j:f(x)dx+ fcbf(x)dx)

kol a@ov to € > 0 fitav Tuxdv,

j;b f(x)dx = f: f(x)dx + fc‘b f(x)dx.

Avtiotopa: vtoBétovpe 6Tl n f elval oAokAngadaon ato [a, b] kaw dewpovue € > 0. Ymdoyet
Sapépwon P tov [a, b] dote
U(faP)_L(f’P) <é&.
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Av ¢ ¢ P 9étovue P’ = P U {c}, omrdte wdAL €xouvue
U(f’P’)_L(f’P,) < U(f’P)_L(f’P) <e.

Miropotue Aotmtdv va vrtoBécouue 6t ¢ € P. Opicovue P = PN la,c] kxow P = PN [c,b]. Ov
P1, Py etvon Swapepicels towv [a, c] ko [c, b] avticToiya, ko

L(f’P):L(f’P1)+L(f’P2)’ U(faP): U(f’P1)+U(f’P2)

Apov
(U(f’Pl)_L(f’Pl))+(U(f’P2)_L(f’P2)): U(f,P)_L(f,P)<8,

rretal 0Tl
U(f,P1) — L(f,P1) <& var U(f, P2) — L(f, P2) < €.

Aot to £ > 0 nTav Tuxdv, To KELTELo Tov Riemann deiyvel 6TL n f elvol OAOKANQ®OGWN GTO
[a, c] kou [c, b]. Tdea, ard To TEOTO UEEOS TG AIddelEng Talgvouue Thv 1GdTnta

Lbf(x)dx = j:f(x)dx+ Lbf(x)dx. O

Oewpnua 6.4.6. Ectw f : [a,b] — R odokAnpdciun cuvdpinon. YmobOétovue 61t m < f(x) <
M yiwa kdBe x € [a, b]. Tore,

b
mb —a) < f f()dx < M(b — a).

1 b
m ja‘ f(x)dx

Agtodeién. Apkel va dogtiotdoete 6TL yio kG0e Stauépion P tov [a, b] woxver

Znuegioon. O aQBLog

efvaw n yéon tiwn tng f oo [a, b].

mb—a) < L(f,P) < U(f,P) < M(b—-a)

(To omolo elval TToAU €UKOAO). O

oégwoua 6.4.7. (o) Ectw f : [a,b] — R odokAnpwciun cuvdptnon. YmoBétovue ott f(x) = 0
yia kdabe x € [a, b]. Tote,

b
f f(x)dx = 0.

B®) Eotw f,g : [a,b] = R odokAnpwaciues cuvaptiicels. YmoOeétovue ot f(x) = g(x) yia kdbe

x € [a,b]. Tore, , ,
f Foodx > f ¢(0)dx.
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Agtodeién. (o) Epagudtovue 1o Oedpnua 6.4.6: usrogovue va stdeovue m = 0.
®) H f - g elvaw odokAnpaoaciun guvdptnon kot (f —g)(x) = 0 yia kdbe x € [a, b]. Epapudcouvue
70 () ylo T f — g Kol YENGWOITOLOVUE TN YEOAUUKOTITO TOU OAOKANQ®ULOTOC. a

Oewonua 6.4.8. Ectw [ : [a,b] — [m, M] odokAnpdaciun cuvdetnon kat €6tw ¢ : [m, M] - R
ouveyric guvdptnon. Tote, n ¢ o f : [a,b] — R eivar odokAnpaaciun.

Amobeién. 'Eotw € > 0. Oa Bpovue dwauépion P tovu [a, b] ue tnv idotnto U(p o f, P) — L(p o
f, P) < &. To ¢ntovuevo €meton amd to koLtnplo tov Riemann.

H ¢ elvan cuveyng oto [m, M], dpa elvar gayusévn: vmdoxer A > 0 oate |p(¢) < A yo
kAbe & € [m, M]. Eztiong, n ¢ elvar oyowduopea cuvexng: av décovue € = €/(2A + b —a) > 0,
vmdpxel 0 < 6 < & daTe, Yo kAbe &, € [m, M] pe |€ — n| < § wyvel |p(€) — ()] < €.

Epapudtovtag to keltriiplo Tou Riemann yia tnv oAokAnpacwn guvdeinon f, Belokouue
Swapepion P={a =x9 < x1 <+ < X < Xg41 <+ -+ < X, = b} daote

n—1
U(f, P) = L(f, P) = ) (Mi(f) = mi f) (et = xe) < 6%
k=0
Oplcovue
I={0<k<n-1: M(f)—m(f) <9}
J={0<k<n—-1: Mi(f) —m(f) = 6}.

[Mapatnpovye to €ENG:
1) Av k € I, 161 Yo RGO x, X' € [xg, Xk41] Exovye |f(x)— f(x)] < Mp(f)—mp(f) < 6. Taigvovtag
&= f(x) vau n = f(x'), épovue &,n € [m, M] van € — 77| < 6. ETtopévag,

l(@ o f)(x) = (@ o HX| = le) — el < &1.

AoV ta x, X’ ATav TUXOVIQ GTO [Xt, Xk+1], cvumepatlvouue 6Tt Mip(p o f) — mp(p o f) < &
(egnyriate yati). ‘Emetal 6T

D (Mg o f) =m0 (st = x) < & ) (ot = %) < (b= @)ey,

kel kel

(i) T To J €xouvue

§ ) Ot = %) < (M) = mi(H) st = x1) < 6%,
keJ keJ
doa
Z(Xk+1 —xx) <0 < &1
keJ

Ewiong,

(@ 0 /X)) = (g o HEN < (o HI+ (@ o HX < 24
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vy KA0e x, X" € [xg, xr+1], dpa Mi(p o f) — mi(p o f) < 2A yo kdbe k € J. "Estetan 611
D (Milpo f) = milp o )it = X0) < 24 D (¥t — 1) < 248,
keJ keJ
>UvdudcovTag T TTOQATIAV® GUUTIEQALVOUUE OTL
n—1

Ulpo f,P) = Lipo f,P) = > (Mi(g o f) = mi(p o /))(Xest = %)
k=0

= > (Mi(g 0 f) = milp © )1 = xi)

kel

+ D (Ml o ) = milep © )it = x0)

keJ
< (b-a)e +2A¢g = ¢&.
Avtd oAOKANQ®VEL TNV ATTOdELEN. O

Xepnowomoldvtag To Oewpnua 6.4.8 uiropovue va eAgygouue eUKOAQ TNV OAOKANQ®WGILOTN-
T SLPOE®V GUVAQTAGEMY TTOV TTROKVITTOUV AITO Tnv GUVOEGN ULOG OAOKANQOGUNG GUVAQTN-
ong f ue katdAAnleg cuvexeic GuvaQTAGELS.

Oewonua 6.4.9. Ectw f, g : [a,b] — R odoxkAnpwciues cuvaptricels. Tote,

b
f f)dx

(o) n |f] elvar odokAnpwaiun kat

b
< f Fld.

®) n f? eivar odokAnpdaciun.

(V) n fg eivar odokAnpaaciun.

Agrodeién. Ta (o) ko (B) elvan dueges guvémieleg tov Oewonuatog 6.4.8. Twa to (y) yedwte

(- (f -8

fg 1

KOl XENGWOITOGTe 10 (B) G Guvduacuod ue To yeyovog 6Tl ol f+g, f— g elval oAokAnpodGues.
O

. . , b . . .
Mo cvupacn. Q¢ toea oplcaue To fu f(x)dx puévo oty mepinmtwon a < b (SovAevaue GTo
KAELGTO Sidatnua [a, b]). To TTEOKTIKOUS AGYOUS ETTERTEIVOUULE TOV 0QLGUO KO GTNV TIEQITTTOGN
a > b wg €ghc:

(o) av a = b, étovue faaf =0 (yo kdBe f).

B) ava>bxoun f:[b,al —» R elvaw oAokAngadcin, opitovue

b
ff(x)dxz—fdf(x)dx.
a b
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6.5 O oQieudc tov Riemann

O oplouls Tov dWoaUe Yo Thy OAOKANQGdTNTO Wag @eoyuévng guvdotnong f : [a,b] — R
opeiletar gtov Darboux. O TTEATOS OVGTNEAOS 0QLGULAS TNG OAOKANQWGUOTNTAS ddOnKke ATTd
Tov Riemann ko givor o €gnc:

Opwouds 6.5.1. 'Ectw f: [a,b] —» R @eayuévn cuvdgtnon. Aéue 6tu n f elvar odokAnpoaotun
o670 [a, b] ov vitdeyel évag TTEayuaTikdg abuds I(f) ue tnv €Eng W&idTnta

T kGBe & > 0 puaropovue va Beovue § > 0 dote: av P ={a=xg < x1 < --- < X, = b}
elvan Stagépron tov [a, b] ue TAGTOG ||P]] < 6 kaw av & € [xk, xx+1], K =0,1,...,n—1
elvan Tuyovca eTloyn cnuelwv aTtd o VITOSLAGTALATA TTOV 0Qitel n P, tdte

n—1
D FE i - 50 — ()] < &.
k=0

Ye avtn tny Jrepitttwon Adue 61l o I(f) elvan to (R)-oAokAMpwua tng f oto [a, b].

—
—

Yuufoiiouds. XuvvnbBwg ypdopouvue E yio tnv emmdoyn onuelwv {&o, &L, ..., En-1) kA X(f, P, E)
yla To dBgolcua

—

3

FE)(Xpa1 — xx).

T
<)

opatneiate o1l TOEA To E «uItelgépyxetal» Gto cuufolaud >.(f, P,E) apov ywo tnv (Sio
Siapépon P prropovue va €xouvue TTOAAES SlapoeTikés eTloyéc E = (&g, &1, ..., En—1) Uue & €

[ Xk, Xkt

H Baown 8éa micw amd tov oguoud elvar 4t

b
f f(dx =lim Y’ (f, P,E)

6tav To mAdTog Tng P telvel gto undév kal ta & emAgyovial avbalEeETO GTO VITOSLAGTARATO
TT0V 0QigeL n P. Egtedn dev €yovue GuvavTAGeL TETOLOU £{80UGC «HQLa» WS TOEM, KOTOPEVYOUUE
GTOV «EWLAOVTIKG 0QLGUO».

YKOTOG AUTAS TG TTaQAYEAEOL lvol n aTtddeien tng 1woduvauiag Twv V0 0ELoW®OY O0AO-
KANQGOTNTOG:

Oedonua 6.5.2. Eotw f : [a,b] —» R @payuévn cuvdptnon. H f eivar odlokAnpdaiun katd
Darboux av kar uévo av eivar odokAngaciun katd Riemann.

Agrodeién. Ymobétouye meodTa 6TL N f elval oAokAnpaicwn katd Riemann. Tpdeouue I(f) ya
TO OAOKANQwUa Tng f ue Tov opwsud tov Riemann.

‘Ecto € > 0. Mmopovue va Beovue wo Stapépon P = {a = xg < x1 < -+ < x, = b} (ue
aEKeTd WkES TTAGTOC) daTte yo kdbe emidoyi onuelwv E = {£0, &1, - . - €1} UE & € [ Xk, Xkt1] VO
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1oxveL
n-1
£
2 @k = x) = 1) < 7.
k=0
la kdbe k = 0,1,...,n —1 uwogovue va Beodue &,& € [xk, x1] doTE
> fE) - ——— xar My < fE)+
CZTOE T qp—ay " RSO T Yy —ay
Emouévac,
n—1
, £ £
L(f.P) > % FEN @ =) = 7 > () = 5
KO 1
< 1" £ €
U P) < ) fED e =2 + 7 <I(N) + 5.
k=0
‘Emetal 6Tt

U(f.P) - L(f.P) <&,

dnAadn n f eivar odokAngaown katd Darboux. Emioneg,

E b _b E
-2 < f Fdx < f Foodx < 1) + 5,

KoL a@oV to € > 0 ritav Tuyodv,

b b
f Fdx = f Fdx = 1.
AnAodn,

b
f fdx = I(f).

Avtictpopa: vmobétovue 6L n f elvaw oAokAnpwcn ue tov opwoud tov Darboux. “Ectm
£ > 0. Ymdoyer Swapépion P ={a = xo < x1 < --+ < x,, = b} t0V [a, b] date

€
U(f,P)—L(f,P) < 1
H f elvow @payuévn, SnAadn vitdoyxer M > 0 wate |[f(x)| < M yia kdBe x € [a,b]. EmAéyouue

5= €

= >0
enM

"Eoctw P’ Sopépwon tov [a, b] ue wAdtog ||P|| < 8, n ogroia eivar kar ekAémtuvon tng P. Téte,
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vyl kKG0e emidoyn E onueiwv agtd to vIrodiacTAgATo TIov 0Qltel n P’ €xouue

b
fa fodx =2 <L PY < LUYP) < Y (P
b
<U(LP) < U(fP) < f foodx+ £

AnAodn,

Yore- [ " fd

Zntdue vo Sef€ovpe to (8lo TEdyua yia Tuyovoa Siauéeion Pp ue TTAGTOS wikedTeQo amd § (n

£
< -.
2

SuokoMa elvan oTL wa té€tota Sapgpion dev €xel kavéva Adyo va elvar ekAéTttuven tng P).
‘Ectw Pi={a =y <y1 <:-+ <Yyn = b} wa tétola dwauépon tovu [a,b]. Oa «Tpochécouue»
otnv P éva-éva 6Aa ta cnueia x; tng P to omoia Sev avikouv atny P (autd givor to TToAD
n-—1).
Ac movue 61l éva tétolo x; Peloketar avdueca ota Stadoxikd onuelo y; < yi41 Tng P

Bewpovue v Py = P U {x;} row tuxovca emiAoyn =0 = {0,¢1, ..., &m-1} ue & € v, yirl,
I =0,1,...,m — 1. EmAéyovue 8o onueta & € [y, xi] wouw & € [xg, yir1] van dewovue tnv
eTmloyn onuelwv =@ = {0, &1, - - ,§1_1,§; ,E . Emmt) ovu avtioToyel otnv Po. “Exouue

Y P ED) = Y P E®)

= 1fED Y1 — y1) = FED k= )

= fED1 = X0
<3M max [yi+1 — yil < 3M6

I
o’

Avtikabiotoviogs tm Socuévn (P, EM) ue 6Ao ko AemtdTeQES Srouepicelg (Pr, 2% mov
TEOKVUTITOVV Ue Thv TTRoGOnkn onueiwv tng P, uetd asmd n to oAV frigato @Tdvovue Ge po
Srauéoion Py kar wa emmidoyn onuelwv 20 ue tig eng dTnTeg:

(@) n Py etvar kown ekAémrtuvon tov P ko Py, kol £xel TAGTOS WKQEGTEQO TTd J.

B) apod n Py elvan ekAémttuven tng P, €xouye

Yrez- [ " fod

(y) a@oV kdGvaye to TOAVY n PAgaTo yia va @tdoovue otnv Py kot agov ce kdBe Priwa to

£
< -
2

£
2n’

| Y PE) - (P E)

aBpoiouata agelyav To ToAD €youue

& &
<n— = —.
2n 2

AnAadri, yia thv Tuyovca Srapépion P; TAGTOUS < 0 KoL Yol TV TUXoUGa, ETTIAOYRA =D Gnueiov
Y X uee Y X Y u
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artd ta vrodracTipata tng Py, €gouue

YnEn- | " fd

<

DA PLED) = Y (P, E)

b
YPE®) - [ feds
& & ¢

<-—+-=e
2 2

+

‘Emteton 6L n f elvor oAokAngocyn ye tov opioud tov Riemann, kabadg ko 6t ov I(f) ko
b , ,
fa f(x)dx eivan (ot O

6.6 To Yewonua péong tov OAOKANE®TIKOV AoylGHov

"Eotw f : [a,b] - R wa Riemann olokAnpgoown cuvdgptnon. Xto Trponyovuevo Kepdialo

1 h
m fa f(x)dx

g f ato [a,b]. Av n f viotebel guveynig, Téte vtdpyxel £ € [a, b] ue Tnv WidTnTO

oplooue tn uéon Tiun

L b
&) == f Jf(x)dx.

O oyvELOUGS aWTOS elvar duecn GUVETTELD TOV €EAC YEVIKOTEQOU TewERUATOGC.

Oeppnuo 6.6.1 Bedpnua uéong TWAS ToUv OAOKANE®TIKOV Aoywouov). Eotw f : [a,b] — R
OUVEXHG cuvdeTnon Kal €6Tw g : la,b] — R odokAnpaaciun cuvdptnon ye un QQVATIKES TIUEG.

Yrrdpyel € € [a, b] date

b b
f FgC0dx = £©) f ¢(x)dx.

Agtodeién. Ou f kou g elval oAokAnpaoyleg, dpa n f - g elvol oAokAnpacwn 6to [a,b]. H f
elvan guveyneg ato [a, b], doa Talpver eAdytotn ko uéyigtn Twn. ‘Eatom

m=min{f(x): a < x< b} wauw M=max{f(x): a<x<b}
AoV n g mtalgvel un apvnTikég TWES, €xouue
mg(x) < f(x)g(x) < Mg(x)
yia kdbe x € [a, b]. TuveTtdg,

b b b
m f g(x)dx < f fgdx < M f g(x)dx.

AoV g = 0 670 [a, b], éxovue fa b g(x)dx = 0. Awokpivoupe 5V0 TEQUITTOGELS: AV fa b g(x)dx =0,
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TéTe amd TNV fa b f(0)g(x)dx = 0. Emtouévwg, n gntovuevn gxéon woyvel yia kdbe & € [a, b).

b
YmoB<étouue AotTtév 6T fa g(x)dx > 0. Tére,

o [y Fsdx y
h fa b g(x)dx h

Aot n f elvar guveyrig, to Oedpnuo Evdidueoncg Twng deiyvel 6t vatdpyel € € [a, b] daote

[} fogdx

[ =
fab g(x)dx

"Egtetor To GUUITEQOGUAL. O

I6oweua 6.6.2. 'Ectw f : [a,b] — R cuveyric guvdptnon. Ymdpyel & € [a, b] dote

b
f fx)dx = f(&)(b - a).
a
Agrodeién. Elvor dueon cuvémela touv Oewpnuatog 6.6.1, av dewericovue tnhv g : [a,b] — R ue
g(x) =1y k@Be x € [a, b]. O

Y1nv emouevn mapdyeapo da detfovue (Eava) to Idpwoua 6.6.2, avtn tn @opd cav dueon
GUVETTELL TOV TTRMOTOV JeueAlddous Jemwenuatos tou ATelQocTikoy Aoyiouo.

6.7 To deueModdn dewenuata tov ATEROGTIKOV Aoyieuov

Optoudg 6.7.1 (adpoto orokAnpwua). ‘Eatw f : [a,b] — R odokAnpdon cuvdotnon. Eidaue
6Tl n f elval oAokAnEwaGn 6to [a, x| ywa kdbe x € [a, b]. To adpicro odokAripwua tne [ elvar
n ouvdptnon F : [a,b] = R mov opiteton asd tnv

F(x) = f ) f(tdt.

XENOWOoTOLWVTAS TO Yeyovog OTL kdbe Riemann oAokAnpaoown cuvdQinon eival @ooy-
uévn, da delgovue GTL TO AGELGTO OAOKANQE®UO UG OAOKANQAOGWNG GuvdETnong elival TTAVTOTE
GUVEYNGS guvdgTnon.

Oewonua 6.7.2. Ectw f : [a,b] = R odokAngdciun guvdptnon. To adpicto odokAnpoua F
¢ f eival guveylic cuvdptnon 6o [a, b].

Amodeign. Apov n f elvar oAokAngoacyun, eival €€ opuouotv eeayuévn. AnAadn, vitdeyet M > 0
wote [f(x)] < M yo kGO x € [a, b].
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‘Ectw x <y a7o [a,b]. Tote,

|F(x) = FO)l =

fx ’ f(t)dt’

fa ’ f(dt - f ) f(t)dt’ =

y
< [ vtotar < a1
X
Emouévmg, n F eivaw Lipschitz cuveyng (ue otabepd M). O
Mgropotue va Sefgouye KATL 1GYVEATEQD: GTa cnuela guvéxelag tng f, n F elivol wogaywyiciun.

Oedonua 6.7.3. Eotw f : [a,b] —» R odokAnpwciun cuvdptnon. Av n f eivar Guveyric ato

X0 € [a, b], ToTe n F eivar wapaywyiciun 6To xog Kol
F'(x0) = f(x0).

Agmodeign. Ymobétouue 0Tl a < xg < b (0L dV0 TEQUIITMOGELS Xg = a N xg = b eAéyxovTal duola,
ue tn gvuPfocn TTov KAvoue otnv agyn touv Kegalaiov). Oétovue 1 = min{xg — a, b — xp}. Av

|h| < 61, ToTE
Flxo+h) - F L( o x°
(xo + h) W _ fxo) = 1_1( fdr — f f(t)dt) = f(x0)
1 xo+h Xo+h
= E( f(0dt - f(xo)dt)

1

X()+/’l
- f ) - fCxo)dr.

‘Ectw € > 0. H f elvaw cuveyic 610 xo, dpa vrtdexel 0 < § < 01 date av |[x — xo| < § TéTE

1f(x) = f(xo)l < €.
‘Ectw 0 < |h| < 0.

(@) Av 0 < h < 6, t61¢

F(xo+h)— F(x)
h

- fo)| = f ) = fods

0

1 xo+h
<1 f ) — ool

S
h Jy,

1 x0+h 1
é—f gdt = —-he =&.
h Jx, h
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B) Av =6 < h <0, 161¢

F(xo+h)— F(x)

1 [
= o) = [ [ o - reom
1 X0
< — |f () — f(xo)ldt
Al Jxg+n
X0 1
< m o edt = m -(—h)e =¢.
"ETteton 6TL Flxo + ) — F(xo)
. X0 —I'(x0) _
llzl_I)I(l) h - f(xO),
dnAadn F’(xg) = f(xg). O

M dueon cuvémela eivorl 1o TRWTO deucliiddes Jedpnua Tov Aselpoatikot Aoyiouov.

Oeppnua 6.7.4 (TTpoTOo YepeMmddeg dedpnua Tov ATtelpocatikoV Aoywouov). Avn f : [a,b] - R
gival GUVEYHGS, TOTE TO A6ELGTO oAokApwua F tng f eival tapaywyiciun cuvdpinon kKal

F'(x) = f(x)

yia kdabe x € [a, b]. O

oégwoua 6.7.35. Ectw f : [a,b] — R cuveyric cuvdptnan. Ymdoyer € € [a, b] éote

b
f J)dx = f(€)b - a).

Agrodeién. E@apuotovue to decdpnua uéong Tiwing Tov Sia@oeiko Aoylouov yio tTh cuvdetncn
F(x)= [ f(t)dt G0 [a,b]. O

Ac vroBécouue Twa 6t f : [a,b] = R elvon wa cuveyng cuvdgtnon. Mo TtaQaywylown
guvdptnon G : [a,b] — R Aéyetan wapdyovoa tng f (i avuistapdywyos tng f) av G'(x) = f(x)
yua k4Be x € [a, b]. Toupava pe 10 Oedpnua 6.7.4, n guvdetnon

X
F(x) = f f(®dt
a
elvan wapdyovca tng f. Av G efvon wa dAAn Tagdyovaa tng f, tote G'(x)—F'(x) = f(x)—f(x) =
0 ywa kdBe x € [a,b], dpa n G — F elvaw gtabepn ato [a, b] (A cuvértela Tov dempnuatog
uéong Tng). AnAadn, vitdpyel ¢ € R date

Gx)—F(x)=c

yia kdbe x € [a, b]. ApoV F(a) = 0, staigvovue ¢ = G(a). AnAodn,

f ' f@dr = G(x) = G(a)

a
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n aAAM®OC

X
G(x) = G(a)+f f(ndt
a
yia kdBe x € [a, b]. "Exovue Aotmtdv delEel to €€nc:

Oewpnua 6.7.6. 'Ectw f : [a,b] = R guveyric cuvdptnon kat é6tw F(x) = fa * f(®dt To adpicTo
olokAripwua tng f. Av G : [a,b] — R eivar yia wapdyovca tng f, 10te

G(x)=F(x)+G(a) = fx f(®dt + G(a)

yia kdbe x € [a, b]. EibikoTepa,

b
f f(x)dx = G(b) — G(a). O

Znueiwon: Aev glvolr 6ootd 6TL yio kdbe Tagaywyiown cuvdetnon G : [a,b] — R woxvel n
gétnta .
Gb) - G(a) = f G’ (x)dx.
a

INa mopeddetypa, av dewpncovue tn cuvdotnon G : [0,1] —» R ye G(0) = 0 kaw G(x) = x% sin x—12
av 0 < x < 1, 1é1e n G eivon topaywyicwn ato [0, 1] adldd n G” dev elvar @eayuévn guvdetnon
(eNéyETe TO) OTTGTE Sev UITOQOVUE VO WAGUE YLOL TO OAOKANQLUA fa b G'.

Av Suwg n G : [a,b] — R elvon mopaywyicwn kar n G’ elvar oAokAnpadacun 6to [a, b], téte
n wotnta woyvel. Avtd elvon to evtepo Jeueliddes dedpnua Tov ATrelpocTikoy AoyiGuou.

Oedpnua 6.7.7 (Sevtepo Yepuehwdeg demdpnua tov ATtelpoctikoV Aoywsuov). ‘Ectw G : [a,b] —
R srapaywyiciun cuvdgtnon. Av n G’ eivan odokAngaaoiun c7o [a, b] tote

b
f G’ (x)dx = G(b) — G(a).

Amodeign. 'Eotw P ={a = xo < x1 < --- < x, = b} wa Swapéoion tov [a, b]. Epagudcovtag to
Oedonua Méong Twng ato [xg, xk+1], K = 0,1,...,n—1, felokovue & € (X, Xk+1) UE TNV WOLOTRTA

G(xkv1) — G(xi) = G'(E)(Xps1 — X0)-
Av, yia kdBe 0 < k < n—1, oploouvue
my = inf{G"(x) 1 xp < x < g1} wOW My = sup{G'(x) 1 xp < x < X,

TOTE
my < G'(&) < M,
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7

dea

T
L

LG, P)< ) G0k —x) < UG, P).
0

~
1l

AnAadn,

—

LG, P) < ) (Glxpr) = G(xp) = G(b) - G(a) < UG, P).

S

T
=

AoV n P Atav tuyovco kot n G’ glvar oAokAnpdoun 6to [a, b], malpvovtag supremum wg
TIRoG P Gty aQloten avigotnta ko infimum g 1eog P 6to 8e€ld WEAOG Tng Jrponyovuevng

avieoTnTag, guuItegaivouue 0Tl

b b
f G'(x)dx < G(b) — G(a) < f G’ (x)dx,

TT0V €lval To ¢ntouvuevo. O

6.8 M£0050L 0AoKANEWGNG

Ta Yewpnuata avTAg TG TAEAYEAMOU «TTeRLYRd@ouv» dV0 yenatues uebddous oAoKANE®GNG:
TNV OAOKANQMGN KATA UEEN KOL TNV OAOKANQMGN UE QVTIKATAGTOGN.

ZvuPoriauds. Av F : [a,b] — R, 16te guupwvolue va ypdeouue
b
[F(0l; = FW)|, := F(b) - F(a).

Oedonua 6.8.1 (oAokAMpwon katd uéen). Eotw f, g : [a,b] — R stapaywyiciues cuvaptricerg.
Av ot f' ko g’ eivar 0AOKANQWGLUES, TOTE

f f¢' = (F9)) - (Fo)a) - f fg.

Ei6ikotepa,
b b
f FO08' dx = [f(0g(0l; - f f' gz,
Amodeign. H f - g elvan Ttapaywylown ko

(f -8 (x) = f(0)g'(X) + f(x)g(x)

070 [a,b]. ATté tnv vitéBeon, ov cuvagticels fg', f'g elvar ohokAnphoyeg, doa kar n (f - g)’
elvar oAokAnpoaun. ATd to devtepo JeueAwdes dewpnua tov ATelpoctikoy Aoyleuov, yia
KAOe x € [a, b] éxovue

/ e | = | ) = (o) - s)a)

O devtepog 1GvEIGUAS TTEOoKVTTTEL av d€couvue x = b. O
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M epaguoynt eival to «3eUtepo dempnua LEong TWAS TOU OAOKANQ®MTIKOU AOYLGULOU».

Ioégwoua 6.8.2. Ectw f,g : [a,b] —» R. YmoOérovue 611 n f eivar cuveyric gto [a,b] ki n g
gival LovoTovn Kol GUVEXKS Jtapaywyiaiun ¢to [a, b). Tote, vtdpye & € [a, b] oote

b ‘ b
f F(0gx)dx = g(a) f( S(dx + g(b) ff Jf(x)dx.

Amodeién. Oswovye T0 A6ELGTO OAOKARQwUa F(x) = fu iy f(tdt ting f oto [a,b]. Téte, TO
ntovuevo Jalgvel Tnv €ENC Loeen: vTtdoyel & € [a, b] wate

b
f F'(x)g(x)dx = g(@)F(§) + g(b)(F (D) - F(£).

H g elvan cuveyodg moagaywyicyun, deo UItopovue va £paQudGouLe OAOKANQE®GN KATA UWépn GTo
aLoteEd uéhog. "Exouvue

b

b
f‘Fumqu=ﬂwam—nmam—jﬁﬂmgqu

a a

b
=nmam—jﬂﬂmguwx

apov F(a) = 0. Epaguotovue 1o Jewpnua uéong tiwng tov OAokAnpwtikol Aoyieuov: n g etvon
wovétovn, doa n g’ Swatnpel seoonuo 6to [a,b]. H F elvon cuvexng ko n g’ oAOKANQ®GUn,
dea vItdeyel € € [a, b] wote

b b
f F(x)g'(x)dx = F(¢) f g'(dx = F(&)(g(b) - g(a)).

Avtikabigtovtac agtnv (5.3.8) Jaigvouue

b
f F'(x)g(x) = F(b)g(b) - F()(8(b) — g(a)) = g(@)F(£) + g(b)(F(b) — F(¢)),

SnAadn to gntovuevo. O

Oedonua 6.8.3 (poto Jedpnua avikatdetoong). Eotw ¢ : [a,b] — R swapaywyiown cu-
vdaptnon. YmoOétovue ot n ¢’ givar odokAngaowun. Av I = ¢([a,b]) kat f : I — R eivar wia

GUVEXIS GUVAQTNGN, TOTE »
¢

b
f fle)¢' () dt = f(s)ds.

p(a)

Agtodeién. H ¢ elvon ouveyng, dea to I = ¢([a, b]) eivon kAewgtd Sdotnua. H f elvor cuveyig
oo I, doa eivow odoxkAnpwacun oto I. Opltovue F : I — R ye

F(x) = xf(s)ds
@la)
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(wapatnenate 6Tl To p(a) Sev eivon astogaitnta dkgo tov I, ndadn n F dev elvar astagoitnto
TO a6QLeTO OAokAEwua T f 6to I). ApoV n f elvar Guvexiic Gto I, 10 TTEOTO JeueAwdeg
Yedpnuo tov ATelpooaTtikol Aoyiouov delyvel 6t n F elvor stopaywyicwn oto I ko F/ = f.
‘Emteton 611

b b
ff(so(t))so'(t)dt:f F'(o(1)¢’ (1) dt.

ITapoatngovue 4Tt
(Flop)-¢' =(Foy).

H (F' op)-¢’ elvar odokAnpadown 6to [a, b], dea n (Fog) elivar odokAnpoaoun oto [a, b]. Amé
70 Sevtepo JeueAMwdes Jewpnua Tov ATtelpoatiko) Aoyigpoy Jraipvouue

b b b
f(fow)’90'=f(F'Ow)'tP'=f(FOQO)'=(F°<p)(b)—(F090)(a)-

o(b) o(a) o(b)
<Fo¢>(b>—(Foso)(a)=f f—f f=f 1.
w(a) @(a) w(a)

TTafEvouye TO CNTOUUEVO. O

Apov

Oedonua 6.8.4 (Bevtepo Jedpnua avtikatdataong). ‘Ectw ¥ : [a,b] — R cuveydc mapayw-
yiown cuvdgtnon, ue ¥'(x) # 0 yia kdbe x € [a,b]. Av I = y([a,b]) kar f : I — R eivar wia
GUVEXIG GUVAQRTNGN, TOTE

b (D)
\fﬂwmmzf)f@@ﬂmm&

(a

7

Amodeién. H ' elvon guveyrig kar dev undevicetar 6to [a,b], dpa elvar stavtoy detikn n
Tavtoy aQvntikin Gto [a,b]. Xvvemdg, n ¥ elvar yvnolwg wovétovn c6to [a,b]. Av, ywelg
TEQLOELGUG TNG yevikdTntag, vitobécouvue OTL n ¥ elvar yvnolwg avgovca tote opiteTan n
avtioTopn GuvdeTnon Y11 = R g ¢ oto I = y(a,b]) = [¥(a), y(b)]. Epapuoégouue to
mowTo dedonua aviikatdetaong yia T f - Y (mapatnenote 6t n (YY) eivar Guveyig
oto I). "Exouvue

W (b) b
fw " fw™ = f [(f- ™) oyly/

b
= f (fow) - [y oyly
b
=f(fow)-(w‘1ow)’

=j:)fo¢/,

Avté agrodewviel To nTovueVo. O
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6.9 Tevikevuéva OAOKANQEOUATO

Y& QUTAV TRV TTOEAYEAEPO ETTEKTEIVOUUE TOV OQLGUG TOU OAOKANQOUATOS Yo GUVOQTAGELS TTOU
dev efvan peayuéves 1 elvarl oguouéves ge Sactnyato Tou Sev elval KAEIGTA KOl @EOAYUEVAL.
Oa 0EKeGTOVUE GE KATTOLEG PACIKES KL YENGLUES TTEQLITTOGELS.

1. Ymobétouvue 6t b € R i b = +oo kat f : [a,b) —» R elvar wo ovvdgrnon mov eivor
olorAngwaoun kotd Riemann ce kdfe Sudotnuo tng woeeng [a,x], 6mov a < x < b. Av

VTTAQEYEL TO
X
lim f f@dt
x—b~ J,

kol elval TEAyULATIROS aBudg, tote Adue dtL n f efvan oAorkAnpaaciun 6to [a, b) kou opicouue

b x
f fwyd = tim f fyd.

7 z z z z b z 7z, ré
Av 10 «b8QLo» elvon +oo TdTE Adue OTL TO fa f(®)dt agorkAiver 6To0 +oo. EvieAwc avdloya
0QlteTan To yevikeuuévo olokAMpmua wog cuvdetnong f : (a,b] = R (61tov a € R h a = —c0)
TOU elvol OAOKANQ®GUN GTo [x, b] yio kKAOe a < x < b, va glvor TO

b b
f f®dt = lim+ f f()dt,

ov To TedevTolo GQLo VTTAQXEL.

Hapadeiyuata

(0) Bemwpovue tn guvdetnon f :[1,00) —» R ue f(x) = xil TNao kd@Be x > 1 éyovue

1 1 1
f Sdt=—-f=1--.
1t t X

YUvETIOC,
00 X 1
f f(@®dt = lim f f(@®dt = lim (1 - —) =1
1 x—oo Jq X—00 X
(B) Bewpovue tn guvdgtnon f : [1,00) —» R ue f(x) = % INo kGBe x > 1 éxovue
1
f ;dt =Intl{=Inx—Inl1=1Inx.
1
YUVETIOC,

f f(t)dt = 1imf f(t)dt = lim Inx = +co.
1 X—00 1 X—00

(y) ®ewpovue tn cuvdgtnon f : (0,1 —» R ue f(x) = Inx. IMogatngnote 6Tl n f dev elvon
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pooayuévn: 1iI(I)l Inx = —oc0. T kdBe x € (0,1) éxovue
x—0*

1
f Intdt=tlnt—t|'= —1— xInx + x.
X
ZUVETIOG,
1 1
f f(®dt = lim f f(@®dt=lim(-1-xlnx+x) = -1
0 x—0* )y x—0*

1
1-x

©) Bzwpovue tn cuvdptnon f : [0,1) - R ue f(x) =

7 . . 1 _ ’ 7
oayugvn: xh_)nll_ i = e T kaBe x € (0,1) €xovue

. Hopatnenate 6L n f Sev elvan

X
1
dt=-2V1-t[}=2-2V1—x.
fo N 0
ZUVETIOG,
1 X
f f(@®dt = lim f f@dt=1lm(2-2V1l-x)=2.
0 x—1- 0 x—1-

(&) ®ewovye tn cuvdptnon f : [0,00) —» R ue f(x) = sinx. Twa kdBe x > 0 éyovue
X
f sintdt = —cost [j=cosx — 1.
0

’ . . ’ , , o . ,
Aot 10 6pLo lim (cos x — 1) dev VITAEXEL, TO YEVIKELUEVO OAOKANQMUAL fo sintdt dev qraipvel
X—00
KGO0 TIWA.

2. YmoBétovue 6Tt b e Rt b =40 kaw a € R h a = —o0. "Ectw [ : (a,b) — R wa cuvdptnon
Tov elval oAokAnpoaoun katd Riemann ce kdbe kAelgtd Sidotnua [x,y], émov a < x <y < b.
Oeweovue TUXSV ¢ € (a,b) kol egeTATOVUE OV VITAEYOVV T YEVIKEVUEVO, OAOKANQMOUOTA

¢ b
ff(t)dt KO ff(l‘)dt.

4 7’ z 7 7 z 7 b Vé
Av vmdeyouvv ko Ta 600, TdTE Afue OTL TO YEVIKEUUEVO OAOKANQ®UO fa f(®) dt vtdpxer ko

fabf(t)dt = j:f(t)dH fcbf(t)dt.

[Hapatnencte 6T, Ge AUVTAV Tnv TER(TTOon, n TWwn Tov abpolcuatos Gto §e&ld wéAog dev

etvan (oo pe

€g0TATAL QITG Ty €TAOYA Tov ¢ GTo (4, b) (EEnynote yiatl). TuveTTOS, TO YEVIKELUEVO OAO-
KAMPopo 0piZetor KAaAd ue autdv tov Te6TT0. Av KAITOW0 aTtd TO SV0 YEVIKELUEVO, OAOKAN-
QAT fa ¢ f()dt xar fc b f(®) dt Sev €xer Twn, téte Adue OTL TO fa b f(®)dt dev opiceTan (Sev €xer
TWwh). ETIC TEQLITTOGELS TTOU KATIOW0 aItd T 8V0 N Kol TO. dV0 YeEVIKEUUEVA OAOKANQOUATO
QTTORALVOUV GTO *0o 1GYVYOUV Ta GUVABN Yl TIS WORMES a + oo.

Iapadetyuato
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X _
x241°

~ Yot In(x2 +1
f f(t)di = lim f di = lim 2D
0 x—eo ] 2+1 X—00 2

0
j‘ﬂnm:—m

YUVETIOG, TO f_ O:o f()dt Sev oplgeTan: €xouvye ATTEOGIOQLGTN LOEPN (+00) + (—00).

(B) Bewpovue T cuvdptnon f: R — R ue f(x) = 5—. ‘Exouvue

x2+1°

(@) ®ewpovue tn guvdetnon f: R — R pe f(x) = Eyouue

‘Ouoia,

00 X 1
f f(®)dt = lim f dt = lim arctan x = /2.
0 X—00 0

?+1 x—00

‘Ouota,
0
f fodt =n/2.

<1 o 1 <1 Ton
dt = dt + dt=-+_-=m.
Iwr2+1 ,L,t?+1 foz2+1 2 27"

6.9.1 To KELTAQELO0 TOU OAOKANQEAOUATOC

YUVETIOG,

"Eoto f: [a,00) = R* un apvntki guvdgetnon, n otoia eivar oAdokAnpwon ce kdbe Sidotnuo

[a, x], 6mov x > a. Xe avTtAv Tnv TeQlTTTwon, n guvdTnon

F(x) := f ) f(t)at

elvow avgovca GTo (a, +00). XUVETTMG, TO

f " f(oydt = lim f ' f(0) dt

VTIdEYEL av kow wévo av n F eivarl dveo @eayuévin. AlopoQeTikd, fa ® F(t) dt = +co.

Avtictoro amotédecua elxaue Sel yio tnv GUYKAIGN GEQMOV Y7, x UE WL-0LQVITIKOUG
6povs. Mo tétolo oelpd GUYKALvEL av Kol u6vo av n akoAouvbia (s,) TOV UeEK®OV 00QoL-
oudtwv Tng efivol dvw @ayuévn. ApoeTikd, OITOKA{VEL GTO +00.

To emduevo Jewpnua Siver éva KELITAQELO GUYKAMONGS YLoL GEWRES TTOU YRAPOVTAL GT LOQEET
ey f(k), 610U f 1 [1, +00) — R efvan wa @bivovoa un-apvntiki cuvdotnon.

Oewpnua 6.9.1. Eotw f : [1, +00) — R pbivovca cuvdpinon ue un agvntikes Tiues. Oswpovue
nv arodovbia (ay) ue a; = f(k), k = 1,2,.... Tote, n Gelpd un AEVNTIKGOY 6wV Y, di CUYKALVEL
Qv Kal 4ovo v TO YEVIKEVUEVO 0AOKANQmUA flm [ dt vragyet.

Amodeign. Amd to yeyovog 6Tl n f elvan @Bivovca meorvTTTEL dueca 6Tl n f elvol OAoKAN-
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pwown oe kdbe didotnpa [k, k + 1] kat

k+1

a1 = flk+1) < . f@dt < f(k) = ai

v kdBe k € N. Av vroBécouvue 6T n Gewpd 277, ax GuykAivel, ToTe yia kKdBe x > 1 €xovue

=

[

x [x]+1 [x] ket [x
[ roa< [ roa=d [ o< Yo <) o
k=1

k=1 k=1
f " f(t)dt = lim f ' f(t)dt
1 X—00 1

vmdoxel. AvticTooga, av To floo f(@®) dt vtdpyel, yia kdBe n € N €youue

"Eteton 4Tl T0

k+1

Sn=f(1)+f(2)+-"+f(n)<f(1)+ka f@)dr
k=1

- )+ fl Fdr < F)+ fl .

AoV n akolovbia (s,) TOV UEQIKOV ABQOGUATOV TG Y~ ax elval dve @eayuévn, n Gelpd
GUYKALVEL. 0.

Hapadeiyuata

() H oe10d 32, kl—ik QITtoRALVEL BLOTL

00 In x y
f —dt = lim —dt = lim = = lim (In(In x) — In(In 2)) = +co.
9 X—00

tint x—00 X200 Jipg Yy

(®) H oepd X2, m GUYKALvel SLoTt

00 1 ) X 1 _ In x ] 1 1 1
f dt:hmf dt = lim —=lm|—-—|=—.
2 t(In7)? xe0 Jo o t(Int)? 150 Jing y2 aoe\In2  Inx/  In2
6.10 Aoxknoceig
A’ Oudda
1. ’Eotw f : [a,b] = R. Etetdote av o wapakdton TeoTtdoelg eival aAnbeig i weudeic (artioAoynote
TALE®S TNV ATTAVINGI Gag).
(@) Av n f efvon Riemann olokAnpwoiun, téte n f efvor @eayuévn.
B) Av n f elvan Riemann olokAnpacun, tote malgvel uéylgTn Twn.

) Av n f elvar @eayuévn, tote elvan Riemann oAokAnpaciun.

) Av n |f| elvan Riemann oAokAnpoown, téte n f elvar Riemann oAokAnpaacuun.
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(€) Av n f eivax Riemann oAokAngaocwn, téte vtdeyxet ¢ € [a, b] dote f(c)(b —a) = fa b f(x)dx.

(ot) Av n f eivar eeayuévn ko av L(f, P) = U(f, P) ywo kdBe Sopdpion P tou [a, b], té1e n f eivon
GTadepn.

@ Av n f elvon @eayuévn kar av vmdexer dtauéowon P wote L(f, P) = U(f,P), 1é1e n f elvan
Riemann oAokAngoaouun.

() Av n f eivax Riemann oAokAnpaoown kow av f(x) = 0 yio ke x € [a,b] N Q, td1e

j:)f(x)dx =0.

2. 'Eoto f : [0,1] - R @payuévn cuvdgptnon pe tnv widtnto: yia ke 0 < b < 1 n f elvan
olokAnpoown gto didatnua [b,1]. Aelgte dtu n f eivow odokAnpwacwn ato [0, 1].

3. Amodelgte 6L n guvdptnon f: [-1,1] - R ue f(x) = sin% av x # 0 kat f(0) = 2 efvaw oAorkAnpacun.

4. 'Ecto g : [a,b] - R @eayuévn cuvdptnon. Ysobétovue 6Tt n g elvol Guvexng mavtov, ekTog aIrd
éva onuelo xg € (a,b). Aelgte 4T n g efvol OAOKANQ®OGIUN.

5. XQENnoWwomoldvTog To KELTRELo Tou Riemann attodelEte 0Tl oL TaQARAT® GUVOQRTAGELS £lval OAOKAN-
QWGLLES:

(@ f:[0,1] » R ue f(x) = x.

®) f:10,7/2] - R ue f(x) =sinx.

6. Etetdote av ol woeakdto cuvaptioels eivar olokAnpwotues oto [0,2] kow vItoAoyiote To olo-
KAQwUo Toug (av VTTEQ)XEL):

(@) f(x) =x+ [x].

® fx)=1avx= % yia kdgtowov k € N, kot f(x) = 0 adMadg.

7. '"Ecto [ : [a,b] — R cuveynic cuvdptnon ue f(x) = 0 yia k40 x € [a, b]. AelEte 611

b
f f(x)dx=0

av kot uévo av f(x) = 0 ywa kéBe x € [a, b].

8. 'Eotw f, g : [a,b] — R cuveyels cuvagticels date

b b
ff(x)dxzf g(x)dx.

AetEte 6L vItdeyel xo € [a, b] dote f(xg) = g(xo).

9. 'Ecto [ : [a,b] — R cuveynic cuvdptnon ye thv ididtnta: yio kdbe cuvexn cuvdetnon g : [a,b] — R
LGy VL

b
f f)g(x)dx = 0.
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Aetgte 6T f(x) = 0 yio kGOe x € [a, b].

10. 'Eoctw f : [a,b] — R cuvexnc cuvdptnon ue tnv i8idtnta: yio kdbe cuvexn cuvdptnon g : [a,b] —» R
Ttov kavoTolel tnv g(a) = g(b) = 0, wyvel

b
f f)g(x)dx = 0.

Aetgte 6T f(x) = 0 yio kGBe x € [a, b].

11. ’Ectw f, g : [a,b] = R olokAnpoocues cuvaptncelg. Astgte tnv avigdétnta Cauchy-Schwarz:

b 2 b b
( f f(x)g(x)dx) < ( f f2<x>dx) - ( f g2<x>dx).

12. 'Eoto f:[0,1] —» R olokAnpohaowun cuvdptnon. Agigte 6L

1 2 1
( f f(x)dx) < f )
0 0

Ioyvel to (810 av ovtikatacticovue To [0, 1] ue Tuydv didotnua [a, bl;

13. ’Ectw f: [0,1] = R oloxkAnpociun cuvdginon. Aei€te 6L n akolovbia
1 L[k
an = ; ;f(;)

GUYKALvel GTO fol f(x)dx. [Yarobeign: Xpnowomomate Tov oQloud touv Riemann.]

14. Aelgte 61
NI+ V244
lim =
n—oo n\/ﬁ

2
3
13. ’Ectw f : [a,b] = R olokAnpdciun cuvdgincn. Aeigte 4L vdpyel s € [a, b] date

X b
f f(Hdt = f f(0dt.

Mgtopotpe Tdvto vo eTmAéyovue €va TETOL0 § GTO OVOIKTO Sidotnua (a, b);

16. 'Ecto f : [0,1] — R olokAnpodcun kot JeTiki GuvdeTnon Octe fol f(x)dx = 1. Aet€te 6TL Vo kABe

n € N vmdoyer Swopéoion {0 =19 <t; <--- < t, = 1} dote f:” f(0dx =1 yia kdbe k=0,1,...,n -1

17. 'Eoto f:[0,1] = R cuveyning cuvdptnon. Aeigte dtu vtdpyer s € [0, 1] date

1
f fx)x’dx = @.
0 3

18. YmoBétouvue 6ti n f: [0,1] —» R elvow guveyng kor 4tu

X 1
f Fodr = f Foydr
0 X
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yia kdOe x € [0,1]. Aelgre 6t f(x) = 0 yio kdBe x € [0,1].

19. 'Ectow f,h : [0,+00) — [0, +00). YmoBétovue 6T n h elvan cuveyng kaw n f efvor Ttapaymnyicun.

f (%)
F(x) = f h(t)dt.
0

Opltovue

Aetete oL F/(x) = h(f(x)) - f/(x).

20. 'Ectw f: R — R cuveyng kaw €5tw 6 > 0. Opltovue

X+0
8(x) = f f(ndt.
x=0
AelEte 6L n g elvan TTapaywylown ko Beelte Ty g’

21. 'Eotw g,h : R —» R mopaywylowes cguvapticels. Opicovue

g(x)
G(x) = f 2dt.

h(x)

Agtgte 611 n G elvon wopaywyicwn oto R ko feelte thv G'.

22. 'Ectw f : [1,+00) — R cuveynic guvdptnon. Opigouue

F(x) = flf(;) d.

Boeite tnv F’.
B’ Ouada

23. 'Ectw f : [0,1] — R ouveynic cuvdptnon. Oplgovue pio axkolovbia (a,) 9étoviag a, = fol f(xMdx.
Aetgte 6t a, — f(0).

24. Acigre 6T n akohovdic y, = 1+ 5 + 4 +---+ 1 — [T Ldx Guyiivew
25. 'Ectw f: [0,1] = R Lipschitz cuvexnic cuvdgtnon dote
If () = fO)I < Mlx -y

yio kGO x,y € [0,1]. AeiEte 6L

<M
= on

1 J 1 n E
fof(X) x—;;f .
yia k40e n € N.

26. 'Ectw [ : [a,b] = R cuveyig cuvdptnon e tnv e€ng widtnta: vitdeyxer M > 0 dote

lf(l < Mf lf(@)ldr

vy kG0 x € [a, b]. Asigte 6T f(x) = 0 yio kGBe x € [a, b].
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27. 'Ectw a € R. Aelgte 611 Sev vrdpyer detiki cuveyng cuvdpinon f: [0,1] - R dote

1 1 1
f f)dx =1, f xf(x)dx =a o f ¥ f(x)dx = a*.
0 0 0

28. 'Eoto f : [a,b] —» R cuveync, un apvntikii cuvdptnon. @étovue M = max{f(x) : x € [a, b]}. AciEte
b 1/n
Yo = ( [ [f(x)]"dx)

29. ’Ecto [ : [a,b] = R olokAnpddcn guvdetnon. Xkoitdg auTig tng doknong eivar va det€ovue 4L

0Tl N akoAovBio

GUYKALvVeL, ko lim, o ¥, = M.

n f éyel woAd onuela Guvéxelag.
(o) Ymrdpyel drauépwon P tov [a,b] date U(f, P) — L(f, P) < b — a (egnynate yiatl). AsiEte 6T vmtdeyovv
ai < by 670 [a,b] dote by —a; <1 ko

sup{f(x) : a1 < x < by} —inf{f(x) :ay < x < by} < L.

(B) Emayoyikd 0plcte KIBOTIGUEVA SLOGTALNTO [y, by] € (-1, byo1) Ue WHAKOG WIKEOTEQEO AT 1/n OGTE

SUPLFC0) < x < by) ~inflf() g < ¥ < by) <

) H toun autdv tov kBoTiouévov Staotnudtov mepuéyel arppag éva onuelo. Aglgte 6tL n f elvan
GUVEYNG GE AUTO.

©) Topa delgre dTL n f €xer dmelpa cnueia Guvéxetas o [a, b] (Bev ypeidieTon TEELGGOTEEN SovAELd)).

30. 'Ectw f : [a,b] = R oloxkAnpadon (Gxt avoykactikd cuveyng) cuvdptnon ue f(x) > 0 yia kdbe

x € [a, b]. Aeilgte 6T
b
f F(x)dx > 0.

31. ’Ectw f: [0,a] — R cuveyng. Aegigte 61, yio kdbe x € [0, al,

f ) Fu)(x — w)du = f ) ( f ' f(t)dt) du.
0 0 0

32. 'Ectw a,b € R ue a < b rar f : [a,b] = R cuveydg mapaywyiciwn cuvdgtnon. Av P = {a = xg <
Xx) < -+ < x, = b} elvan Sropépion tov [a, b], delgte 6T

n-1

b
fGran) = fx0l < f (ol d.

k=0

33. "Egtw [ : [0,+00) — [0, +00) yvnoiws avfovca, cuvex®s mopaymyicwn cuvdotnon ue f(0) = 0.
AetEte 611, yio kGBe x > 0,

X f(x)
f f@)dt + o dt = xf(x).
0 0
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34. 'Eoto f: [0,1] — R cuveywes moapaynyicwn cuvdgtnon ye f(0) = 0. Aglgte 6t yio kdbe x € [0, 1]

1 1/2
If(x)|<( fo If’(t)lzdt) .

35. 'Ectw f: [0, +0) = R cuveyiig ouvdptnon ue f(x) # 0 ywa kGBe x > 0, n omwoia tkavoTtolel tnv

Loy Vel

FO)? =2 f " fodr
0

yia kdBe x = 0. Aeigte d1u f(x) = x yia kdbe x = 0.

36. 'Ectw f : [a,b] = R cuveyw¢ mapaywyicun cuvdpinon. Aelgte 6T
b b
lim f f(x)cos(nx)dx =0 row lim f f(x)sin(nx)dx = 0.
37. Egetdote g mEOG T GUYKALGN TG akoAovbieg

a, = f sin(nx)dx ot b, = f | sin(nx)|dx.
0 0

38. 'Eotw f : [0, +00) = R cuveywes magaymyicwn cuvdptnon. AelEte 1L vTtdyouvv cuvexels, avEovceg
kol deTikég guvagtnoes g, : [0, +00) —» R dote f =g - h.

I Oudda

39. 'Eoto f: [0,1] = R ue f(0) = 0. Ymobétouue 4L n f €xel guveyn mapdywyo ko 61t 0 < f/(x) < 1

1 1 2
f [f(x)]?’dxs( f f(x)dx) .
0 0

40. 'Eoto f :[0,a] — R cuvdptnon pe cuvexn mapdymnyo ko f(0) = 0. AslEte 41

yia kdbe x € [0,1]. Aelgte

f forod < f o
0 0

41. 'Ecto fy : [0,00) = R cuveync cuvdptnon. o kdbe k =1,2,... oplcovue fi : [0,00) = R ue

Ji(x) = fo S (D) dt.

Aelete 6T

1
Jilx) = (

! k-1
Tl)! ‘[O f(t)(x - t) dt.

42. ’Eotw f : [0,00) — (0,00) ouotduoppa cuvexng cuvdprnon. YmoBétouue OTL TO YEVIKELUEVO
OAOKAR QWU fom f(x)dx elvon memtepacuévo. Agfete 6t lim f(x) = 0.
X—00
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43. 'Ectw f : [a,b] = R ue f(a) = f(b) = 0. YwwoBétovpe ot n f elvan Guveyng kot Tt fab[f(x)]zdx =1
Me oAokARQwGoN KATd TTodyovTeg SelEte Gt

b 1
f xf(x)f (x)dx = —3

KO, XENGWOTIOLWVTOS TO TIAQATIAv®, SelEte OTL

b b 1
( f xz[f(x)]zdx)( f [f’(x)]de)>Z.

44. 'Ectw f,g : [a,b] = R olokAnpoaciues cuvapticelg. Aegigte ém
b
a

1 b
; f [ f (f(y)—f(x))(g(y)—g(x))dy] dx

b b b
= (b—a)f f(X)g(X)dx—(f f(X)dX) (f g(X)dX)~

Av ol f rau g glvar aEoVoEg, XENOWOITOLDOVTAS TO TTOQAITAV® delfte 6T

b b b
( f f(x)dx) ( f g(x)dx) <(b-a) f Fg(0) dx.

43. 'Ectwo f: [1,00) = R cuvdptnon ye cuvexn mapdywyo. Asite oti, yia kdbe k € N,

k+1 k+1
flk) = f(x)dx - f (k+1-x)f(x)dx.
k

k
46. (0) 'Eotw f:[0,1] — R cvvexnc cuvdetnon. Aelgte 4L

1
lim | x"'f(x)dx=0.

—
n—oo 0

®B) 'Eoto f:[0,1] — R guvdgtnon ue cuveyn mapdymyo. AeiEte o

1
lim n f X (x) dx = £Q).
0

n—oo

47. (a) ‘Eotw f : [a,b] = R cuvdptnon ye cuvexn mapdywyo. Asifte 61

1/vn
lim nf(x)e™™ dx = f(0).

—00
n 0

®B) "Ecto f : [a,b] — R cuvdptnon ue cuvexn moapdywyo. Aelgte dtu

1
lim nf(x)e™™ dx = f(0).
0

n—oo






KEDAAAIO 1

Ocwonua Taylor

7.1 Ozwenua Taylor

Oqewoués 7.1.1. ’Ectow f : [a,b] — R ra €otw x9 € [a,b]. YmoBEtovue 6t n f elvan n
POoQEC TTapaywylown ato xg. To woAvdvuuo Taylor tdéng n tng f 6To x¢ €lval TO TOAVGVULUO

Ty fx : R — R 00 0pfteTan wg e€ng:

LI (9]
Tofa(®) =) LU0 o,

!
ok

SnAadn,

(x = x0)".

77 (n)
T = f00) + (o) x0) 4 L0 (g o4 L)

2 n
To vgtdAowzro Taylor tdéng n tng f 6To xo elvow n guvdetnon R, f, : [a,b] — R mov oplteton
WG €ENG:
Ry, .00 (%) = f(X) = T £, (%)
Otav xg = 0, cuvnBigovue va ovoudicovue to Ty 0 KO R, 7o ToA@vuuo MacLaurin kot

vTtéAouwro MacLaurin tng f avtigtoyya.
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Hogatngnon 7.1.2. Hopaywyicovtag 1o Ty, 7, PAETTOVUE OTL

n_ k)
Tn,f,X()(x) = Z f (xO)(x - xO)k’

k! doa T x(x0) = f(x0),
k=0 :
) B n f(k)(xo) 1 ) -
nﬁ“@)_§:®—1ﬂ@_xw o Gea T, p, (X0) = f(X0),

(k)
e >—Z£{ om0 dea T (o) = £ Go)

(k)
TV () = Zé( ”‘;3( —x)f" dea T (o) = f(xo).

AnAadn, 1o Tolvwvuuo Taylor TdEng n tng f GTO Xo LKAVOTIOLEL TIG

T (x)= fPxo),  k=0,1,...,n

n,f,xo

ko efvor to wovadikd TroAvwvupo Babuol To TOAU (Gov ye 7 TOU €xEL AUTA TNV WBoTNTA
(e&nyricte ywoti).

Haeatignon 7.1.3. 'Ectw f : [a,b] — R kat é6tw xo € [a,b]. YwoBEtovue éti n f elvan n —1
Poég Ttapaynyicwn 6to [a, b] kot n @oEES Tagaywyicun 6to xg. Iapatnriicte 6TL

fO@), _
nfx(,()—z 1())' o)1

Ko

(s+1)
Ty Lf, xo(x) Z f ( 0) - x0)".

Oétoviog k = s + 1 6e AWTA TNV 1GGTNTA GuUTIEQAlvouue OTL

’ —
Tn,f,xo =T,/ xo-
‘Eteton oL
4 —
Rn,f,x() - Rn—l,f’,x() *

Ieétacn 7.1.4. Ectw f : [a,b] — R kai éotw x¢ € [a, b]. Ymobétovue 611 n f eivar n—1 popés
sapaywyicun cto [a, b] kat n poeés Tapaywyicun cto xg. Tote,

. Rn,f,xo (x)
lim ——— =
x=x0 (x — xp)"

Amobeign. Me emayoyn g meog n. o n = 1 €xouvue

Ru .0 (x) = f(x) = f(x0) = f'(x0)(x = x0),
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7

doa
Rigon) _ () = fx0)

X — X0 X — X0

- f'(x0) = 0

étav x — Xxp, AITG TOV 0QLGUG TNG TTARAYNDYOU GTO cnuelo xg.

YmoBétovue 611 n TmEdTAcon oXVEL Yo B = m Kol Yo KdBe GuvAQTRGN TOU KAVOITOLEL
T1c vrobécels. ‘Eotw f : [a,b] — R, m @opéc mapaywyicwn cto [a,b] kar m + 1 @oeég
Tapaywylown ato xg. Tote,

lim Ry (X) = lim (x — x0)™ = 0
X—X0 X X—X0

KOl
m+1 frXo (x) s Rm,f’,xo (x)

Y e =0
x=xo [(x — xo)m+1] x—-xo (m+ 1)(x — xo)™

aTd Tnv emaywykin vtéfeon yia tnv . Eeoagudtovtag tov kavéva I'Hospital oAokAnpdvouue

TO ETTAYWYIKO Pripal. O

Anpua 7.1.5. ‘Ectw p wolvavuyo abuot To oAU (Gov ue n 70 0IT0l0 IKAVOITTOLEL THY

711 hm—ﬂﬂ—_
x=x0 (x — xp)"

Tote, p = 0.

Amobeign. Me emaywyn g meog 7. o To emaywyikd PAgo TTapatnQovue TEOTO 4T

p(xp) = lim p(x) = lim P

X—X0 (x - X()) (X * )n -

YuveTtwg, p(xg) = 0. Emtouévac,
p(x) = (x = x0)p1(x),

0mov p; woAvwvuuo Babuot) To TToA) (Gov ue n —1 To omolo wkavoTtolel Thv

lim p1(x) ~ lim p(x) _
x=x0 (x — xp)" 1 xox0 (x — xp)"

Av vrtoBécouue 4L n Ipdtacn woxvel ya tov n — 1, téte p; = 0 dpa p = 0. 0.
H ITpdtaon 7.1.4 ko to Anypa 7.1.5 agrodeikviouv Tov €ENGS XOQAKTNEIGULS TOU TTOAV®WVULOU
Taylor Ty x,:

Oewonua 7.1.6. ‘Ectw f : [a,b] = R kat é5Tw x¢ € [a,b]. YmoOétovue ot n f eivai n—1 @opés
Japaywyicun 1o [a, b] kar n popéc Tapaywyiciun 6to xo. Tote, o swolvdvuuo Taylor taéng
n g f ato xg €ivatl To govadikd mwolvwvuuo T Babuot To oAU (Gov ue n To 0ITOLO IKAVOTTOLEL
v

71.2) lim L9 =T _

x—-x0 (X — xp)"*
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Amédeién. H Ilpdtacn 7.1.4 Selyver 6T to T r,, wavoTtolel v (7.1.2). T tn povadikdtnto
apkel va Tapatnenoete 4t av dvo moAvavuua T, Te fabuot to TToAD {Gov pe n IKAVOTTOLOUV
v (7.1.2), téte 10 TWOALWVULUO p = T7 — T9 wavomolel tnv (7.1.1). Amo 1o Anupa 7.1.5
cuuttepatvovue 6t Ty = To. O

Hagatngnon 7.1.7. To Osmpnua 7.1.6 uag Siver évav éuueco TeoTTO Yoo va Pelorouue To
moAvdvugo Taylor tdgng n wag guvdptnong f oe kdgowo onueio xg. Agkel va Peovue éva
ToAvdvulo Babuov to ToAD {Gov pe n To oTtolo kavoTtolel Tnv (7.1.2).

(i) H ouvdptnon f(x) = ﬁ elval drelpes opéc mopaynyiown oto (—1,1) ko €xovue der 4L
1 9 [
T =l+x+x"+--+x"+--- yua rGOe x| < 1.
Oa delfouue 6L, yio KGOe n,
Tpro(x) =Ty(x):=1+x+---+x".

[Mapatneovye 4Tt

1 1— xn+1 xn+1
—_ T = —_ = .
S(x) n(X) 1—x 1—x 1—x
Emouévac,
CfO-Tw . x
lim ———~ = lim —— =0,
x—0 x" »-01—x

KOL TO TNTOVUEVO TTQOKVTITEL aTtd To Ocwonua 7.1.6.

(i) H ouvdgtnon f(x) = ﬁ elvar drelpes @opéc opaynyiown oto R kot €xovue det 6L

1

= =1-x2+x 4+ ()P + -y kA0 [x] < 1
X

Oa delfouue 6L, yio KGOE n,
Ton£.0(%) = Tans1,£0(%) = Tan(x) := 1= &% 4 x% -+ (=),

[Mapatnpovye 4Tt

f(x) T (x) — 1 _ 1- (_1)n+1x2n+2 _ (_1)n+1x2n+2

n L+ L+ x2 1+ x?
Emoyévamcg,

fim L0 =T _ e GO

x—0 y2n+1 ok S
KO (TTROPAV®MS)

fim L0 T2 D2

x—0 x2n ek SR ,

OTTATE TO CNTOVUEVO TTROKVTTTEL ATtd To Oewonua 7.1.6.

To Becyonpa Taylor Sivel evyonotes ekpedacels yia to vitéAowro Taylor R, r,, TAENS n wog
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guvdptnong f oe kAo onuelo xg.

Oewpnua 7.1.8 (Oewpnua Taylor). Ectw f : [a,b] —» R wa cuvdptnon n + 1 popéc mapayw-
yiown avto [a, b] kat éaTw X € [a,b]. Tote, yia kdbe x € [a, b],

(1) Mopgr Cauchy tov vrodoimrov Taylor: Yrrdpyel & ueta&v Twv xo KOl X WGTE

(n+1)
(7.1.17) Ry fxo(X) = f (5)(x &)"(x = xo).

(it) Mopori Lagrange tov vitodoimtov Taylor: Yardpyel & ueta&v twv xg Kal X dGTE

So@ nt
(7.1.18) R fry(X) = m(x — xo)"*L.

(iii) OAorAnpwTIKH woEr Tov vitodoimov Taylor: Av n f"* efvar olokAnpdaoun cuvdetnon,
TOTE

(7.119) Rmmn=$f?W%m-wa

Amodeign. Xrabepotolovue To X € [a, b] kal opltovue ¢ : [a,b] — R ue

NM

¢m=&ﬁm=ﬂmAZ (x =k,

k=0

Hoapaywylcovtac we meog ¢ BALTTouUE GTL

(k+1)
f (f)( Y

f(k)(t)( ~ )k 1)

¢'(0 D!

ACE Z(
k=1

(n+1)
L0y,

ootV To uecaio dbpoloua eivon tndeokoTtikd. Iapatnpnote eriong 6Tl
QD(XO) = Rn,f,xo(x) Kol (,D(X) = Rn,f,x(x) =0

@) Ta tn wopen Cauchy touv vToAoiTtov e@aguotovue t0 Oswdonua Méonc Twng yia nv ¢
0TO SdoTnuo ue ArEO X KoL Xo: YTTAEYEL € LETAEY TV Xg KOL X OGTE

Ru fx0 (%) = @(x0) = @(x) = ¢' (§)(x0 — x).

A6 Ty

'€ = -

(n+1)
£ gy
n

ggretal 0Tl

(n+1)
Rugoa) = T gy w0
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(ii) Ta tn popen Lagrange Tov vitoAoitov epapudcovue To Ocwpnua Méong Twng tov Cauchy
Vi TV @ KoL yio T g(f) = (x — £)" 6o Sidotnua ue drea x Ko Xo: YTAQYEL & UETAED Twv

Xo KOL X WGTE
R pxy(X)  @(x0) —(x) _ ¢'(&)

(x—x0)"L " glxo) —g(x) ~ g(&)’

"Emtetar 4T -
A (5]
T G L@

—(n+D(x-&n (n+1)!

(i) T Tnv OAOKANEWTIKA LoEEN Tov VIToAol{TTou TTapatnEovue 4Tl (AITd Tnv LVITEBecn wag)

R (X) = (x = x0)"*.

n ¢ elvar oAokAnQ@Gun Gto didoTnpo pe dreo X KoL Xg, OTOTE £QAQUOTETAL TO SeVTEQO

PeueMmddec Jewpnua tov AmelpocTtikoy Aoyieuov:

Ry, 120 (X) = @(x0) — ¢(x) = f (1) dt

X0 £(n+1)
=— 0 (x-0)"dt
n'

X £(n+l)
_ f 770y,
x Nl

"Etol, €xovue TG TEELS WORPES Yo TO VITOAOLTTO Ry, (X). O

Ytnv emduevn Iapdypapo da yencwomoticovue 1o Oswonua Taylor yio va Beouvue To

avagtTuyua 6e duvanocelpd Twv BAcIKOV VTTEQRATIK®OY GUVAQTAGE®V.

7.2 Avvopocelég kar avasttoyuata Taylor

7.2.1 H exBetikn gvvdgtnon f(x) = e*

Hapatnpovue 611 fP(x) = ¢* yio kGPe x € R kaw k = 0,1,2,.... Ewdikétepa, fX(0) = 1 yio kdOe
k > 0. Zuven®g,
n
Xk x? x"
Tn(X) = Tn,f,()(X) = ;F = 1+X+Z + -+ ;

‘Ectw x # 0. Xpnowotowwvtag tnv woeen Lagrange tov vitoAoistov saigvouvue

3
e,
Ry(x) := Ry ro(x) = PuA
n( ) n,f,O( ) (I’l-l-l)’
yio kGTtowo & petafd tov 0 kar x. Tw va ektyincovue to LITOAOLTTO Stakeivouue 8V0 TTeQL-
TTTWOCELG.

e Av x > 0 tdte

& X+l
e 4 ex

(n+1)! S (m+ D!

IR ()| =
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o Av x < 0, té1e £ < 0 ke €f < 1, dpa

£ n+1
e |x]
Ru(x) = ——x" < ——.
Ra(2) (n+1)!| "< (n +1)!
Ye kdbe TeplmToon,
|x]y -|n+1
eMlx|
R,(x)| < .
Ra < G
[x] | y+1
‘Ecto x # 0. E@opudtovtag To KELTRELo Tou AGyou yio tny akoloubia a, = e(nljfll)! BAETTOUUE
ot
An+1 _ |x] Y
a, n+2
dea
lim |R,(x)| = 0.
n—oo
YUVETTOG,

© i
X _ 1 _ X
€= nh_>n§o Tu(x) = ; k!

yia kdbe x € R.

7.2.2 H cvvdetnon f(x) =cosx

[Mogatngovue 4Tl f(zk)(x) = (-D¥cosx ko f(Zk“)(x) = (=D¥sinx yioo kdbe x € R ko k =
0,1,2,.... Elwoteoa, fZ(0) = (=D ko f@+D(0) = 0. Tvvemddg,
(_ 1)kX2k x2 x4 (_l)nx2n

Tgn(x)IZTzn’f’o(x)z - = ]-— 4 — -y —
;0 (2K)! 21" 4l (2n)!

‘Ecto x # 0. Xpenowomolwvtag tnv woeen Lagrange tov vitoAolmov staipvouue

(2n+1)
f (f) x2n+1

Ron(x) := R2n,f,0(x) = 2n+1)!

100 KAITOL0 eTAEY TV KOl X. 0L VO EKTWWACOUUE TO VITOAOLTTO Trapotneovue OTL
JT UeT T 0 r T Ue TO VITOAOLTTO TTaATNEOUUE OT
|F@ D (&) < 1 (elvan kdaolo nuitovo 1 Guvnuitovo), dea

|x|2n+1
Ry (%)) < ———.
| 2n( )| A (2n+ 1)‘
2n+1
Epapudcovtag To KeLTrnelo tov Adyou yia tnv akoiovbia a, := % BASmovue ot

lim [Rgn(x)| = 0.
n—oo
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YUVETIOG,
o0 (_1)kx2k
(2k)!

cosx = lim T9,(x) =
n—o00 =0

yio k@fe x € R.

7.2.3 H cvuvdetnon f(x) =sinx

Hapatnpovue 61t f@PV(x) = (=1)Fsinx ko f@*D(x) = (=1 cosx yia k4Be x € R wau k =
0,1,2,.... Eidikdtepa, f(Zk)(O) =0 ko f(Zk”)(O) = (-D*. Tvuvemac,

—I)kx2k+1 3 5 (_1)nx2n+1

n
[p— = ( =
Tons1(x) := Tans1 £0(x) = kZ; R R R T T

"Ecto x # 0. Xpnowomolovtag tny woeen Lagrange tov vitoAolstov staipvouue

(2n+2)
EE) s

Royi1(x) = R2n+1,f,0(x) = 2n +2)!

yioo kdgowo & petofd tov 0 ko x. T vo eKTWACOUUE TO UTTOAOLTIO JraQatngovue 6T
[F@*2(£)] < 1 (etvon kdaTolo nuitovo 1 Guvnuitovo), dea

|x|2n+2
R )< —.
IR2n+1(x)| 210!
2n+2
E@apudtovtag to KeLtriplo tov Adyou yia tnv akoiovdbia a, := % BAETTouue OTL

nll_)H(}o |Ron+1(x)| = 0.

UVETIOC,
) . & (_1)kx2k+1
sinx = lim T9,41(x) = Z -
—00 |
n — (2k + 1!

yio kG0e x € R,

7.2.4 H cvvdetnon f(x) =In(1+ x), x € (-1,1]

D (e
Hapatnpovue 6t fK(x) = % yio kG0e x > —1 wou k = 1,2, .... Eldkdtega, f(0) = 0 ko

FP0) = (-1 k - D! yia k6B k > 1. Tvvemdg,

5 (=D Ik 2 x (=1 1y
Th(x) :=ThpoX)= ) ———— =X——+—— b ——,
; k 2 3 n

Xenowomolwvtag to dewdpnua Taylor prrogovue va eAédygouvue 6Tt av —1 < x < 1 téte

lim |R,(x)| = 0.
n—o0
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YUVETTOG,
)k 1k

In(1 + x) = hmT(x)—Z( !

vy kdBe x € (—1,1] (getpd Mercator).
Ewwkdtepa, yia x = 1 swaipvouvue tov tuso tov Leibniz

1 1 -1t
=t 3 4 n

AgVTEQOS TEOTIOG: ATS Tn GYéon

‘ -

"
=1—t+2 4+ ()" () — (-1
(-1 (V' @#-D

p—

+1

éxouue, yia kdbe x > —1,

| 2 3 n
ln(l"‘x):f—dt:x—x—+x—+...+(_1)"—1x_
0 1+1¢ 2 3 n

Av ovoudoouye Fp(x) tn Siapod

2 3
In(1 + x) — x—x—+x_+...+(_1)n—1x_n
2 3 n

n tor
Fn(x) = (—1) ﬁ mdt

ExTiudvtos to oAokAQwua 0Ttwgs Ttoty, PAETTOVUE OTL

1 n+1
|F,(x)] < max {1 —} i

+1) n+1

€xouue

yia kdbe —1 < x < 1. Zuvemog, lim,—,o Fr(x) = 0. "Exteton 611

(5]

In(1 + x) = Z(—D"—l%n

n=1
F,(x
vy x € (—-1,1]. 1 () = 0, 1o omoio agrodeikviel oTL F,(x) =
X
Ry fO(x)
‘Otav x| > 1 n oepd amorAiver (apov n axkoAovdio ( ) dev telvel gto 0) kot yia x = —1

egriong amokAivel (0puoviki GelRd).
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7.2.5 H dwwvvukn cuvdeinon f(x) = (1+ x)% x> -1

H f opltetan améd tnv f(x) = exp(aln(l + x)). Av a > 0, to égto lim,,_; f(x) vItdyel ko elvar
tco ue 0, 8ot In(1 + x) = y = —oo kot exp(ay) — 0. Xe avtiv tnv mepimtoon uitopovue
va erektelvouue to Tedlo oplouoV tng f Gto [—1,00) Y€tovtag f(—1) = 0. INapaywyictovtag
BAETTouue OTL

O =a@-1---(a-k+11+x*F
fR0)y=a@-1)---(a—k+1).

YUVETIOC,
= (a
Ta(x) = Tof0(¥) = ) (k)xk
k=0

41OV

a aa—1)---(a—k+1)
) |

- k!
Hogatnenate 6t av a € N 161e ( ) 0 ywa kdBe k € N ue k > a, omdte
< la
a _
1+ x)" = ;(k)x .

Ymobétovpe Aowtév 6T a ¢ N. Oa Seigovue 6T, 6tav |x| < 1, téte T) f0(x) — f(x). Xenowo-
Totovue T popen Cauchy tov violoistou: vItdeyel & avduecsa 6to 0 KAl GTO X OGTE

(n+1)
Ri = T g =

_ala-1)...(a-n) (x-¢&\" ' i
! (1+g) 1+ x

INa va detgovue 6L lim R, (x) = 0 6tav |x| < 1, wapatngovye meaiTa 4Tt
n—o0

A+ (x - ¢)'x

aa-1)...(a-n)
n!

— <|x| 6tav x| < 1.
1+§

Ipdyuatt, av 0 < & < x égouue

x—§&|  x-— f
1+¢ 1+§ 1+§

< x=lx.

Av -1 < x < ¢ £ 0 9ewovye tnv guvdptnon gy : [x,0] - R ue

_r _x_+1_1
gx(&) = 1+¢ £+1
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n otola elvar @Bivovoa (apov x+1> 0) doa €xel uéyiotn Twn Ty g,(x) = 0 ko eAdylotn TNy
gx(0) = x omdte ywa kAOe t € [x, 0] €éxovue g+(£) <0 doa

;CT_; = —gx(§) < —gx(0) = —x = [«].
‘Emetanl 6Tt
O e (’f - ) 1+
< a(a—1)...(a—n)xn‘|(1+§)a_1x|
n!
< ala — 1)’.1.‘.(a - n)xn‘ M(x)

émtov M(x) = |x max(1, (1 + x)7) (doknon), dea apkel va Seifovue dTL

_ a(a—l)...(a—n)xn .

n!

kabdg n — oo, "Exouvue

aa-1)...(a-n)a-m+1) n! x*!
ala—1)...(a—n) (n+ 1! x"

Yn+l _ a-n+1

Yo

X| .

n+1
Mo kdbe n > a—1éovue la— (n+ 1) =n+1-a, dea

a-(n+1) | n+l-a

Yn+1
—_— = x| =
n+1 n+1

= x| = |x] <1
Yn

étav n — oo, doa y, — 0. AslEaue 6t av x| <1 téte lim R,(x) = 0. ea,
n—00

0
Q+x0=> (“)x"
n=0 k

yio -1 <x <1

Ia |x] > 1 n oepd agtokAiver (kprtigo Adyov). Ta |x] = 1 n guumepupopd egaptdtol aTd
v Twn Tou a. o apddeyua, 6tav a = —1, n Gelpd amorAivel kol GTa dV0 AkEA (YE®UETELKA
oelpd pe Adyo x). Amodekvietal 6Tt 6tav a = —1/2 n gelpd GuykAivel yia x = 1 kot aTtokA{veL
yia x = —1, ko 6tav a = 1/2 (kow yevikdtepa dtav a > 0), n gelpd GuykAivel kol GTa S0 drQa.

7.2.6 H cvuvdptnon f(x) = arctanx, |x| <1

Eekvdue amod tnv

* 1
arctan x = f dt.
o 1+ 2
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Avti va TTapaywyicovue n @oég tnv arctan 6to 0, elvol eUKOAGTEQO VO OAOKANQ®WGOUULE TNV

1 -1 n+1t2n+2
=1—t2+l‘4—t6+---+(—1)”t2"+—( )
0TOTE , - -
* 1 n X l,n
f dl:x_x_+...+(_1)nx +(_1)n+1f dt.
o 1+7 3 2n+1 0 1+172
Av oplcouue
3 2n+1
X X
= - — 4+ _1 n_-__
Pr) =X =3 e

éxouue

X t2n+2
() = pu()] = ‘ fo dr

{x] |x|2"+3
1+ 72 0

2n+3

omdte, dtav [x| < 1, PA€rovue 6L lim p,(x) = f(x), SnAadni
n—o00

x2n+1 XS 5

X
=X——+—+--
2n+1 3 S

arctan x = Z(—l)"
n=0
v x € [-1,1].

7.3 XUVOQTNGELS TTAQAGTAGIUES GE SUVAUOGELRA

Opwoudg 7.3.1. Aéue 6L wa ouvdptnon f: (—R,R) — R eivor ;tapactdown ce duvouocelpd

ue k€vtEo to 0 av vItdeyer arkolovdia (ax),”, TRAYUATIKOV AQULWY KCTE

(5]

fx) = Zakxk

k=0
yio kGBe x € (—R, R).

To dewpnua TT0V aKkoAlovbel Selyvel dTL ov wa cuvdeTnon elval TOEACTAGN GE SUVOULOGEL-
4 610 (=R, R), t61e elvan ATTees POEES TTaaywylon kol ol TTapdywyol Tng vitoAoyitovTon
Ue TTaQOAYdYION TV 6pwv Tng duvauocelpds. AvAaloyo, VTTOAOYIZETAL TO OAOKAMQWUE TG G
KGOe vrodidotnua Ttouv (=R, R).

Ocwponua 7.3.2 Dedonua Tagaydylong Suvauocepdv). ‘Ectw Y., a,x" wa Suvauoceipd wov
ouykliver 6to (—R, R) yia kdsoiov R > 0. Oswpovue th cuvdptnon f : (—R,R) — R ue

(59

fx) = Z aixk.

k=0
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Tote, n f eivar dstelpes popéc apaywyiciun: yia kdbe k > 0 kai yia kdbe |x| < R iGyvel

[ee)

FOx) = Z nn—1)-(n—k+ Dax" .

n=k

Emiong,
_ f™(0)

n!

, n=0,12,...

dp

kat, yia kdbe |x| < R, n f eivar odokAnpaciun ato [0, x] kat

" _ 3 an +1
fof(t)dz_;—nﬂxn .

Agtodeién. Aslyvovue medTa 0TL, yia kdbe x € (—R, R),

[ee)

7.3.1) F(x) = Z na, .

n=1
AoV |x] < R, vTtdpyel 6 > 0 date |x] + § < R. "Emeton (egnynate yotl) ot

[e9)

D lanl(xl + 6)" < +oo.

n=0

"Ectw 0 < |f] < 6. [Hopatnpncte 6T

n n
I(x+ )" = X" —nx" ] = " XK = Z " K1k k=2
k k
k=2 k=2
2 5(n\ . 2 &5 n\o
k=2 k=2

YUVETTOG,

fa+n-f) i I

o (x4 ) =X -l
t D

t

n=1 n=1

<
< 5 D lanlad + 0",
n=0

IMaipvovtag to dpo kabws to ¢ — 0, BALTTouue OTL

lim M - Z na,x"\,

t—0 t “~
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T0 0oTtolo agtodekviel thy (7.3.1).

XQNGUOTIOLHVTOS TO KEITHELO pitag BAETTovue 6Tl n duvagoacelpd 3, na,x" ! éxeL v (S
aktiva GUykAlong ue thv 3 a,x" (egnynate yott). Epaoudgovrag Aowrév tov i8to GuAloyicoud
vy tnv f7 otn 9éon tng f, PAETTovue dTL

(o)

@) = Z n(n — Da,x"~2.

n=2

Yuveyltovtag ue tov (8o TeOTOo, amodeikviovue 6Tl n f elval AITERES POEES TTaAywYioun
KoL OTL yio kGOe k > 0 ko yioo kdBe |x| < R 1oyvet

(o)

(7.3.2) FO@) =Y nm =1 (n =k + Dayx"™.

n=k

®¢toviac x = 0 otnv (2) PAETTouue OTL
F90) = K

vy kGBe k > 0 (wopatnpnote 6tu: av décovue x = 0 gto de€ld uédog tng (7.3.2), 1é1e GAoL oL
6ol Tov abpoicuatog undevicovtan, ekTdS amd ekelvov ToOU avtieTolyel GTny TWN 1 = k KoL
govtan pue k(k—-1)---2-1- apx® = klay).
7 Z , Z z o) a +1 -« ;
[a tov tedevtato woxvELoud, Tagatnpovue 6Tl n duvauoced 37, 24 x"" éxel v (B
aktiva cUykAiong ue Ty 3,7 o a,x" (egnyrnote yotl) kou saaywyigovtag 6o meog 6o Tty

[

Fx) = ) !

n=0

oto (=R, R) mtaipvouue

(o)

F'(x) = Z anX" = £(x).

n=0

ATt6 10 JepueMmdeg Jedpnua tov ATelpoaTikoV Aoyiouot €metal 4Tl

[

’  FO) - FO) = Fxy = 5 _8n_ 1
fo f(t)dt = F(x) F(O)—F(x)—;nJrlx”

yia kdbe x € (=R, R). O

IIogweua 7.3.3 Bewponua povadikdtntag). ‘Eatw (ax), (by) akolovbies moayuatikay aplfuwv
ue tny e&nic ibiotnta: virdpyel R > 0 dote

o0
St -

k=0 k

bkxk

(9]

0
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yia kdbe x € (R, R). Tore,
ar = by ylakdabe k=0,1,2,....

Agtodeién. Amé 1o Oedonpa 7.3.2, yio th cuvdetnon f: (—R,R) —» R ue

fx) = Zakxk = Zbkxk
k=0 k=0
éxouue
F®0) = klag = kb
yia k4Be k > 0. XuveTtdg, a; = by ywo kdbe k > 0. O

7.4 Aoknoeelg

A’ Oudda

1. "Eoto p(x) = ap + apx + -+ + @, X" molvdvupo Pabuov n ko éotw a € R. Aeglgte d1u vdoyouvv
bo,bl,' . ,bn € R daote

p(x)=by+by(x—a)+---+b,(x—a)" yokdBe x € R.

Aelete 6T
(k)
b = pk'(a), k=0.1,....n.

2. Tedwte kaBéva aTTd TO TORAKATM TTOAVDOVULO GTn LWoEQN by + bi(x — 3) + -+ - + b, (x — 3)™:

p1(x) = X2 —4x-9, po(x) = x—12x% + 442% + 2x + 1, p3(x) = .

3. T kdBe plo amwd TIg TAEAKAT® GUVARTAGELS, va Peebel To ToAvwvuuo Taylor T, r, TOU VTTOSEL-
KVUETOL.

(T350) : f(x) = exp(sinx).
(Tonstpo) @ f0)=1+x*)7
(Tnpo) : fO=1+n7"
(Tayo) @ f)=x"+x>+x
(Ter0) : fx)= 2+ +x

(Tsf1) @ fx)=x"+x"+x

4. 'Ecto n = 1 v f,g : (a,b) — R cuvagticeic n @opés mopaymyicyes ato xg € (a,b) &date
f(x0) = f'(x0) = -+ = f*P(xo) = 0, g(xo) = &'(x0) = -~ = g" P(x0) = 0 waw g (x0) # 0. Aeigre 610

fim £ _ L G0)
=x g(x) g™ (xo)
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S. 'Eotw n > 2 ko f : (a,b) —> R cuvdptnon n @opéc mapaywyiown oto xg € (a,b) dote f(xg) =
F(x0) == f"D(xp) = 0 ke fP(x0) # 0. AeiEte 61

(@) Av o 1 eivou dTiog KoL f™(xg) > 0, Téte N f €XEL TOTMIKS EAAYLGTO GTO X.

®) Av o n givan dptiog kot fP(xp) < 0, TOTE N f €YEl TOTKS UEYLGTO GTO Xo.

(Y) Av o n elvon mepLttoc, T6Te n f dev €xel TOTKO UEYIGTO 0UTE TOTIKG EAGYLGTO GTO Xg, AAAA TO Xg
efvaw onuelo kausng yua tnv f.

6. Av f(x) =1Inx, x > 0, Beelte Tnv TAnGLEGTEEN gvBeia kAL TNV TTANGLEGTEEN TTOQABOAN GTO YEAENLOL
¢ f oto onueio (e, 1).

7. Boeite to woAvwvuuo Taylor T, so yio tn uvdgtnon f: R — R mwov ogigetar wg €&ig: f(0) = 0 kau
fx)y=eV,  x#o0.
8. 'Eotw f : R — R duelpeg @oeég mapaywyicwn cuvdgrinon. YioBétouvue 6tu 7 = f ko f(0) = 1,

1(0) = f7(0) = 0.
(@) "Ecto R > 0. Asigte 1L vmdeyer M = M(R) > 0 date: ya kdbe x € [-R, R] kow yia kG0e k = 0,1,2,.. .,

IFP ) < M.

(B) Beeite to woAvwvuuo Taylor T3, ro Kou, XENGLLOTTOLOVTOS TO (0) KAL OTLOLOVONITOTE TUTO VITOAOLTTOV,
Selgte oTL

i 3k
fx) =

p (3k)!
yio kG0e x € R.

9. Boctite TpocEYYIGTIKN TN, ue GEdAua wKkedTeeo Tov 1078, yia kaBévav aTré toug apBuots

. . .1 9
sinl, sin2, sin 5, e, e°.
10. (o) Aeilgte 6T
n ‘ 1 + aret 1
— = arctan — + arctan —
4 2 3

KOl

1 1
= 4 arctan — — arctan ——.
arctan 5 arctan 239

(B) Aciete 6TL m = 3.14159 - - (ue dAAa AGyLa, PEElTE TEOGEYYIGTIKA TWA Yoo TOV aQbud m ue opdiuo

NS

wikedTEQEO Tou 1076).

B’ Oudda

11. "Ectw f : [0,1] = R 800 @opés mapaymwyiciun cuvdetnon ue f(0) = f(1) = 0. YmoBérouue 6T
If” (0] £ M yuo kdbe x € (0,1). Aelgte dn [f'(x)| < M/2 yia kdBe x € [0,1].

12. '‘Ecto f : R = R &Uo @oeés mapaymyicwun cuvdptnon. Av M = sup{|f©x)| : x e R}, k = 0,1, 2,
delete 6TL
My < 2+ MyM;.
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13. "Ectw f : R — R cuvdptnon ywo tnv otoia videxel n f”(0).
soAvdvoupo Taylor tng f, delEte 6T

@+ f=0) - 2f(0).

4 — 1
11O =lim =
14. T kabepio aTtd TIg SUVANOGELRES
. D B
(L) 1-x+ 5 § Z
i) 1-x+x5-x"+
D xt x°
(iib) ———t— - —+
2 3-2 -3 5-4
2 4 6 8
. x> Xt X x
(iv) 1+2—!+4—!+a+—'+

Xenowomoidvtag KaTtdAAnAo

va Beelte tnv aktiva cUykAMong R kKot T0 GUVOA0 GUYKAMGONGS TS SuVOUocelRds, KOOMS Kal TUTTO Yo Tn

guvdptnon mou opitetan atd tnv Suvauocelpd 6to (—R, R).

15. Beeite To moAvdvuuo Taylor T, o yia Tn Guvdgincn

f(x) = f ) e’dt,  (xeR).
0

16. Ymwoloyiate to avdmtuyua Taylor (ue kévipo to 0) tng cuvdeTnaong

8(x) = xcos(Vx).

o Tolég Twég Tou x cuykAiver, Na BeeBouvv or g?9(0) kan g@Y(0).

17. YmoAoyiote To avdmtuypa Taylor tng cuvdptnong f(x) = e’2 = X2

XONGUOTIOL®VTAS TO AIrodelEte 4TL

9 x6 2 /g
Pr—<e -
24

—x2/2

yia kG0e x € R.

18. 'Eotw f: R — R 800 @oeés mopaywyicwn cuvdetnon ue
f(x) =0, yia kGBe x e R.

YmoBétouvue dtL
f’(x) £0, yio kGbe x € R.

Na Seieete ot n f elvon gTabepn.

ue kévipo to 0 6to R, kat






KEDAAAIO 8

Texyvikég oAOKANQWGNG

Ye autd To KepdAao Ttepypdeouye, xweic wiaitepn ovotnedtnta, Tic Bacikés uebddoug vito-
Aoyiopuot oAokAnpoudtmv. Afveton o guvdtnon f kot dédovue vo feovue uio ovVTLITOQAY®WYO

g f, 6nAadn wa cuvdetnon F ye tnv widtnta F/ = f. Tote,
ff(x)dx =F(x)+c.

8.1 OMAokAngwon pe aviikatdcTocn

8.1.1 IIivakag GToLElwd®V OAOKANQ®UATOV

Kdbe tomog Ttagayoyiong F/(x) = f(x) wag Siver évav 100 oAokAipwong: n F elvan avii-
TaEdywyog tng f. Mitogouue €tal va Snutoveyncovue vav Jrivoko Boctkev 0AOKANQ®UAT®Y,

OVTIGTEEPOVTOS TOUGS TUTTOUC TTOQAYMDYIGNS TV TLO BAGLKOV GUVOQTAGEDV:

xa+1 1

fx“dxz , a# -1, f—dx:1n|x|+c
a+1 X
fexdx:ex+c, fsinxdx:—cosx+c

. 1
fcosxdx=s1nx+c, f 5 dx=tanx +c
COSs® X

1 1
dx =—cotx+c, f—dx:arcsinx+c
fsinzx V1 — x2

1
dx = arctan x + c.
1+ x2
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8.1.2 Ymoloyieuds tov [ fle(x)y’ (x)dx

H aviwkatdotaon u = ¢(x), du = ¢’ (x) dx pog divel

f Jle(x)g’ (x) dx = f fydu, — u=(x).

Av to olokAipoua Segld vtoAoyiceTar evkoAdTEQQ, FéTOVTAG GTTOV 1 TV @(x) VIToAoyicouue
TO OAOKAQ®UO AQELGTEQRC.

IHogadeiynata
(o) T Tov vITOAOYIGUS TOU
arctan x
[ s
1+ x
9étovue u = arctan x. Téte, du = 2% ko avayduacte GTo
1+x

2
fudu=u—+c.
2

2
arctan x arctan x
| dx = LD

"Emtetar 4T

1+ 77 9

®B) T Tov vIToAOYIGUS TOU

sin x
tan xdx = dx
cos x
Yé€tovue u = cos x. Tdte, du = —sin x dx KoL AVOYOUAGTE GTO

1
—f—du:—ln|u|+c.
u

ftanxdx: —In|cos x| + c.

"Emtetan 4TL

) T tov vIroAoyGud Tov

cos( Vx)
———dx
Vx
Yétovue u = /x. Téte, du = 2"—% KOL OVOYOUOGTE GTO

chosuduzZsinu+c.

"Emtetar 4TL

cos(Vx) 4

7 x = 2sin(Vx) + c.
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8.1.3 Tewywvouetikd oAoKANQOUATA

OLOKANEOUOTA TTOV TTEQLEYOUV SUVAUELS N VIVOUEVO TOLY®VOUETQIK®OV GUVAQTAGEWV UITOQOUV
va avoyBolv Ge aTTAoUGTEQO OV YENGLULOTIONGOUUE TIC BAGLKES TOLYWVOUETEIKES TAVTOTNTEGS:

sin? x + cos?x =1, 1+tan®x = 3
cos® x
9 1 9 1+ cos2x
I+cotx = ——, Cos" X = ——
sin” x 2
.9 1-cos2x . .
sin” x = — sin2x = 2sin x cos x
. ) cos(a — b)x — cos(a + b)x . sin(a + b)x + sin(a — b)x
sinax sin bx = 5 s sinax cos bx = 7
cos(a + b)x + cos(a — b)x
cosaxcosbx = .
2
Hogadeiynata
(o) T Tov vITOAOYIGUS TOU
f cos? xdx
2 1+cos 2x

XQNOWOTIOLOUUE TNV COS™ X = “5-=%1 €youue

1+ 2 1 1 9
fCOSZde:f¥dx:§fdx+§fcoszxw:g+snlx+c

Me tov {8io TedTTo UItogovue va vITAoyiGouye TO f cos? x dx, yonoyomoudvtag Tnv

=—+ + =—+ +
4 2 4 4 2 8

4 (1+cos2x)2 1 cos2x cos?2x 1 cos2x 1+cosdx
cos* x = — ] = =

®) T Tov vIToAoYIGUO TOU

fsin5 xdx = fsin4 x sinxdx = f(l —cos? x)? sin x dx

elvaw gTeoTIUdTEQN N avTikatdoTacn u = cos x. Téte, du = —sin x dx Kol ovayoUaGTe GTO
2w W
- | a-u®*du=-u+—-—+c.
3 )
‘Emteton 6T1

5

. 5 2cos®x  cosd x
sin® xdx = —cos x + 3 - +c.

Tnv (8o u€Bodo piropovue vo XENGULOTTOLLGOUUE YLOL OTTOLOSAITOTE OAOKANQMUO TNG LOQRMNG

fcosm xsin” xdx
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ov évag amod toug exkbéteg m, n eival TeELTTOS KoL 0 AAAOS doTios. Ta Twapddeyua, av m = 3
KoL 1 = 4, ypdeouue

fcosg xsin® xdx = f(l — sin? X) sin? x cos xdx

KO, UE TRV OVTIKATAGTACN U = Sin X, vayOUaGTe GTO AITAG OAOKALQ®UO

f(l - uz)u4du.

(y) Avo xpncuo oAokAnpouato eivor to

ftan2 xdx KOLLfCOt2 xdx.
I o TTEOTo yedgouue

1
ftanzxdx:f( 5 —1)dx=f[(tanx)'—l]dx:tanx—x+c,
cos? x

Ko, duota, yo To Sevtepo ypdpouue

1
fcothdx:f( — —1) dx:f[(—cotx)’—l]dx:—cotx—x+c.
sin” x

8.1.4 YstoAoywoudg tou f f(x)dx ue Tnv avtikatdcTacn x = o(t)

H avtukatdataon x = ¢(f), dx = ¢'(t) dt — émov ¢ avtioTEéwun cuvdetnon — uog divel
[ rwax= [ sewns o

Av 10 oMokAMpoua SeEd vTToAOYICETAL EUKOAGTEQA, DéToVTag GTToV ¢ Tnv ¢~ !(x) VIToAoyigouuE
TO OAOKARQWUO AELOTEQG.

[Hogadeiynata: TELYOVOUETQIKES AVTIKATAGTAGELS

(@) e olokAnpauata Tov Trepéyovy v Va2 — x2 9étovue x = asint. Tdte,
Va? — x2 = acost o dx = acostdt.

INa Toeddetyua, yioo Tov UTTOAOYIGUS TOU

f dx
xX2V9 - 42
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av 9écovue x = 3sint, tote dx = 3costdt kow V9 — x2 = 3¢0S 1, Ko AVOYOUAGTE GTO
3costdt 1 dt 1
.2—:— 9 = ——cotfr+c.
9sin“#3cost) 9J sin®t 9

cost V1 —sin’¢ V9 — 2

sint sin ¢ X

Tdte, ammd thy

cott = ,
TTalEvouue

dx V9 — x2

- +C.

2o-  9x

(B) e oloxkAnpouata 7oL TTEEEXoVY Ty VX2 — a? détovue x = a/ cost. Tdte,

asint
Vx2 —a? = atant v dx = o dt.
cos? ¢

INa Twoeddetyua, yioo Tov UTTOAOYIGUS TOU

f Vx2 -4
—dx,
X

2sint _ 2tant
cos?t dt = cost

2tant 2tant 9
—_— dt =2 | tan”tdt = 2tant — 2t + c.
2/cost cost

dr xou Vx%? —4 = 2tant, Kol QVOYOUOGTE GTO

av Jéocovue x = To0te dx =

cost’

N ,
xz 4 Taigvouue

A@o0 t = arctan
N Vx2 -4
fx—dxz Vx2—4—2arctanxT +c.
X

(y) e odokAnpouata Tov TepLéyouvy v Vx2 + a? 9étovue x = atant. Téte,

a a
Va2 + a2 = — ko dx = dt
cost

cos?t

lNa woeddetyua, Yoo Tov UTTOAOYIGUS TOU

f Vx2 +1
—a =
X

av Jécovpe x = tant, 10te dx = Coiz - dt ko Va2 +1= ﬁ, KOL OVOYOUOGTE GTO

1 1 1 cost 2
- d[ = d[ = — +cC.
cos t tan?  cos? ¢ sin? ¢ 3sin®t
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X

A@ov t = arctan x, BAETTovue OTL Sint = tanfcost = —=—
® pAzmouy Ve

KoL TEMKA TTO{vouue

2
+1

7 dx = 3 +c.
X 3x

[ e

8.2 OMAokAngwon katd uéen

O TUTT0¢ Tng oAoKAE®GNGS Katd uéen elvatl:

f f(0g' () dx = f(x)g(x) - f J'(0)g(x)dx,

KO TTEOKVTTEL dpeco attd tnv (fg) = fg' + f'g, av odokAngobcouue ta Vo puéAn tng. Xuyvd,
efvar eukoAGTEQO VO VITOAOYIGOUUE TO OAOKANQMUO GTO SEELO UENOC.

Hoagadeiynata

(o) o Tov vwoAoyoud Tou f xlog x dx ypdgouye

1 21 1 21 2
fxlogxdxzif(xQ)'logxdxzx ;gx—ifxdx: al ng—xz+c,

B) T'ia Tov vwoAoyoud Tov f X cos x dx ypdpouue

fxcosxa’x:fx(sinx)’dx:xsinx—fsinxdx:xsinx+cosx+c.

(y) T Tov vItoAoyiGud tov f e* sin x dx ypdpouue

szexsinxdx

f(ex)' sin xdx = exsinx—fexcosxdx

e“sinx — f(ex)/ cosxdx = e*sinx — e*cos x + fex(cos x) dx

e*(sin x — cos x) — fex sinxdx = e*(sinx — cos x) — I.

"Eteton 4Tl s )
) e*(sinx — cos x
efsinxdx= —— +¢
2
©®) o Tov vITOAOYLGUS TOU f xsin? xdx yonowomowdvtag v tovtétnta sin?x = %
yvedpouue

2
fxsin2xdx:fgdx—fxcosé X) dx.

T To 8eTEQO OAOKANQWUA, XENGULOTTOLOVUE TNV OVTIKOTAGTOON U = 2X KOl OAOKAQE®OGON KATE
uépn 6mws gto (B).
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(e) T Tov vITOAOYLGUS TOU f log(x + Vx)dx yodpovue

flog(x+ Vx)dx = f(x)' log(x + Vx)dx = xlog(x + Vx) —f al ! ) dx.
X

+ﬁ(l+2x/?c

Katdmw, eQaoudlovye TV avTKatdoTacn u = yx.

8.3 OAokAnQEwon ENT®WV GUVOQTAGEDV

Ye avti tnv Todyeago reptypdpouue wa wéBodo ue tnv ottola uiroeel kavelg va VITOAOYIGEL

TO 0OELGTO OAOKANQ®UO OTTOLLGONTTOTE PNTAS GUVAQTNGNS

p(x) ApX" + Ay X4+ arx + ag
q(x)  bpxX™ + by x4+ +bix+ by

f(x)

H modtn magatipnon eivaw étr urtopovue mwdavra va vitobétovue 6t n < m. Av o Babudg n
Tou aEwunti p(x) elvan ueyadvtepog N {Gog amd tov Pabud m tov TaovouacsTi g(x), TéTe
Srargovue To p(x) ue To g(x): VILAEYOVV TToAVWVLUA T(X) KoL U(x) dGTe 0 fabuds Tov v(x) va
elval wkEATEQOS ATTd M Ko
p(x) = 1(x)g(x) + v(x).
Tére,
m(x)g(x) + v(x) u(x)
Jx) = ———— =) + —.
q(x) q(x)

YUVETIOG, YO TOV UTTOAOYIGUS TOU f f(x)dx yitopovue T®EO vo VITOAOYiGouuE XWELGTA TO
vx)

2 dx (pntn cuvdetnon ue

f 7(x) dx (QITAG OAOKRANQ®UA TTOAMV®VUWKAG GUVAQTNONG) KoL TO f
v mEocbetn wWidtnta 6Tl deg(v) < deg(q)).

Ymobétouvpe Aotmtdv gtn guvéxela ot f = p/q wou deg(p) < deg(q). Mitopovue emicong va
vmobécouue 6Tl a, = by, = 1. XEnoWomolovue TR To YEYovoS GTL KAOe TToAvdVLLO avaAveToL
Ge ywouevo Tewtopdbunv kot Sevtepofdbutwy dpwv. To g(x) = x™ + -+ + bix + bg yedpeTan
GTn HLoEEn

q(x) = (x—a)" -+ (x — ) (& + Brx +y)" - (F + Bix + 7).

Ov ay, ..., q; elvou or TTEOYWOTIKES QItes Tov g(x) (kou r; elvou n FTTOAAQTTAGTRTA TG QLTS ;)
EV® oL 6QOL X+ Bix+vyi etvan Ta ywoueva (x — z;)(x —Z;) 0Itov z; oL Wyadikég pites Tou g(x) (ko
s; elvor n groAaTtAdtnta tng picog z;). Ilapatnerote 6Tl kKABe GQOS TG UWOEENRS X2+ Bix + i
éxel apvntikn Siakpivovca. Emiong, ot k, s > 0 kow rp+ -+ + rg + 251 + -+ - + 25, = m (0 Pabudg
ToU ¢(X)).

Todouye tnv f(x) otn woeen

X+ Ay X4 aix + ag
(x—a) - (x — ) (X% + Brx + y)%t - (22 + Bix + )%

flx) =
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KoL TV «avadvovue Ge aTtAd KAAGUaTOy: VITAEXOVY GUVTEAEGTEG A, By, Iy date

A A A
flx) = no 2 _ it
—a; (x—ap)? (x —apn
+ oo
LA e A
x—ar  (x—ay)? (x — ap)™
Bux+Tq Biax + T2 et By x + 't
X+pix+yr (X2 +Bix+ y1)? (x2 + Brx + )%
+ P
Bpx +1Iy Bpx+1Tp B x + Iy,

+ + o —1
XH+pix+y (X2 4+ Pix+y)? (X2 + Bix + )%

H gipeon tov cuvieAeaT®dV yiveTal oS €EAC: TTOAATIAOGLAToVUE TO. dV0 UEAN TG LGGTNTAG UE
70 g(x) ([TAEATNENGTE GTL LGOVTAL UE TO EAAYLGTO KOWG TTOALATIAGGLO TV TTAQOVOULAGT®OV TOU
deg00 uédovg). IlpokvTmtel TéTe W lgdTnTa ToAVWVUUWY. ELodvovtag Toug GuvteAeGTég
Tovug, Taigvovue €va GUGTIUA M EELGOGEMY UE M OYVOGTOUS: TOug Ajy,. .., A jrj» Bits -, Bis;s
Fi,....Ti, j=1L..ki=1,...,L

Metd amtd avtd To PAna, XENOGWOITOLOVTAS TNV YQOUWULKOTNTO TOU OAOKANQ®OUATOS, OVOL-
YOUAGTE GTOV UTTOAOYIGUO OAOKANQMOUAT®V TV €5AG V0 LoEP®OV:

(@) OMoxAngaéuata Tng woeeng [ mdx. Avtd vrodoyitovtar dueca: av k > 2 TéTe

1
f G T Tk D T

1
f dx=In|x—-al+c.
xX—a

() OMokAnE®UOTA TNG LOEPNG f (x23x+r

+bx+y)k

row av k =1 161¢e

dx, 6710V TO X +bx+7y €XEL GEVNTIKIA SLOKQEIVOUGAL.

TFpdpovtag Bx + T = g(Zx +b) + (F - %b) oVOyOUaGTE GTO OAOKANQMOULOTO

2x+b 1
— = " dx xka - dx
(X2 + bx +y)k (X2 + bx + y)k

To TEWTO VITOAOYICETOL UE TV OVTIKATAGTAGN y = X2 + bx +7y (ggnynate yatl). Ta To devTego,

2 2 —p2
4 / 2 b 4y—b ‘ b V4y-b
yodpouue TEdTO X° + bx + 7y = (x + i) + ~7— KO Ug TNV ovTkatdotacn x + 5 = Y

OVOYOUOGTE (EENYRGTE YLAT() GTOV UITOAOYIGUG OAOKANQOUAT®OV TNG LORENS

1
I, = —dy.
. f(y2+1)k Y

O vmoAoyiouds tov Iy faciceton oty avadgoukn ayéon

Ly %1
2k (2 + DF 2k

liv1 = k-
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T tnv agtddergn yonowottolovue oAokApwaon katd uéon. Fpdpouye

xfoﬁ+nk B fb°<2+nky_<y+1% \fo»+nﬁl

B y y +1-1
- (y2+1)k+2k (y2+1)k+1 Yy

y 1 1
= ————+2k | ————dy-2k | ———d
02 + 1F fw+my fw+mﬂy
= Y + 2k]k - 2k1k+1.

(yz + 1)k

‘Egteton To ¢gntovuevo. I'vopitovue dt

1
I = dy = arctany + c,
1 fy2+1 Y y

d4Qa, XENGLLOTIOLOVTAS TRV avadpowkn oxéon, ustogovue Stadoxkd va feovue ta Is, Is, . . ..

Hoagadeiyuato

(o) T Tov VITOAOYLIGUS TOU OAOKANQMUATOG

f 3x2+6 J f 3x2+6 J
————dx= | —— dx,
x3 +x%2 —2x x(x—1(x+2)

tntdue a,b,c € R odate

3x2+6 a b c
—_—— =+ — + .
x(x=-D(x+2) x 1 x+2
TFpdpouue
3x2 +6 _a(x—=D(x+2) + bx(x +2) + cx(x — 1)
x(x-Dx+2) x(x — 1)(x + 2)

(@+b+0)x*+(@+2b—-c)x—2a
x(x = 1D(x+2) ’

KoL AUvouue TO GUGTNUA
a+b+c=3, a+2b—-c=0, —2a = 6.
H AMdon eivan: a = =3, b = 3 kaw ¢ = 3. Tuvemag,

3x%2+6 dx
——dx = -3 3
fx(x—l)(x+2) o fx+2

—3In|x|+3In|x—1]+ 3In|x + 2| + c.

dx
—+3
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B) Twa Tov VITOAOYLGUS TOU OAOKANQWUATOS

f5x2+12x+1 5x% +12x + 1
———dx= | —————dx,
x34+3x2 -4 (x=D(x+2)?2
ntdue a,b,c € R dote

5x2 +12x + 1 a b c

G-Dx+2? x—1 x+2 +22

Tpdpouue

S5x2+12x+1 a(x+2°+bx—Dx+2)+c(x—1)
(x=Dx+22% (x = 1)(x + 2)2
(@a+b)x*+a+b+c)x+(4a—-2b—c)
(x = D(x + 2)2 ’

Kol AUvouue TO GUGTNUA
a+b=2>5, 4a+b+c =12, 4a—-2b—-c=1.
H Adon gtvar: a =2, b = 3 ko ¢ = 1. ZuveTdg,
5x% +12x + 1 dr = f dx
(x = D(x + 2)2 X+ 2 (x + 2)2

1
2Injx -1 +3In|x+ 2| - —— +c.
X+ 2

(v) T'ia tov vIroAoylGud Tou OAOKANQWUATOS

f x+1 f x+1 dx.
x5—x4+2x3—2x2+x—1 (x = D(x% +1)2

ntdue a,b,c,d,e € R date

x+1 a bx+c dx+e

= + + .
x-DZ+12 x-1 x2+1 (x2+1)?

KataAiyouye gtnv
x+1l=a(@@+ 1)+ bx+)x=DP + D+ dx+e)x—1)
Kol AUvouue TO GUGTNUA

a+b=0, -b+c=0, 2a+b-c+d=0, -b+c—-d+e=1 a-c—-e=1
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H Aon etvan: a=1/2, b=-1/2, c = -1/2, d = -1 kot e = 0. XuveTtdg,

x+1

/

1 dx 1 x+1
2 ;_Qfx2+l
1 dx 1 2x

2 ﬁ_lthl

2

dx —

1

2

1 1 1 1
—1n|x—1|—11n|x2+1|— 5arctanx+ -

8.4 Kdiroleg YpNGWES AVTIKATAGTAGELS

8.4.1 Pntéc GUVOQTNGELS TOV COS X KO Sin X

INa Tov VTTOAOYLGUS OAOKANQWUATWV TG LWOQRPNS

dx

WO —xt+2x3 -2x2+x-1

X
_* 4
212

dx

f 1 (x2+1)
= | —5—=dx

x2+1 2 (2+1)2
2x2+1

fR(cos X, sin x) dx

6mov R(u,v) eival mnAiko ToAvwviumv ue UETAPANTES U KOl v, GUXVA XENGLULOTIOLOVUE TNV

QVTIKOTAGTOCN

[Mapatnencte 0T

Ko

Emiong, % =

I+tan® §
= 5oz =
2cos” 5

SnAadn

2 E)

dx

"ETol, avayouaote GTO OAOKAQMUA

AgSouévovu é1L n guvdptnon F(u) = R(

2du

X
u =tan —.
2
COSZ§—sm2§ 1—tan2§ 1—u?
CcoS X = — = 5 = 5
c052§+sm% l+tan®5 1+u
, X x X ox  2tang 2u
sinx = 2sin—cos — = 2tan — cos” — = < = .
2 2 2 2 1+tan2§ 1+ u2

14 u?

2u

fR 1—u?
1+u2’ 1+ u?

1-u?

2u

1+u?’ 1+u?

)

2
1+u?

2
du.
)1+u2 !

elvonl QnTn GuvdETNon Tou U, To TeEAevTtalo

oMoKRAE®UO VITOAOYICETAL Ue Th PéBOSO TTOU TTEQLYEAWAUE GTNY TTEONYOVUEVI TTORAYQOPO.

Iogadeiynata.
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(@) T Tov VITOAOYLIGUS TOU OAOKANQMWUATOS

1+sinx
[[rsine,
1-cosx
: — X . 2 _ 1= s 2u . .
étovue u = tan 5. AQoV dx = =5du, cosx = {77 KAl sinx = {75, AvayouacTte 6GTo OAOKANQ®
uo
(1 + u)?
w1 +u?)

To 0Ttolo vIToAoyiteTan ye avdivon ce aTtAd kKAdouotol.

(@) To Tov VTTOAOYIGUS TOU OAOKANQEMUATOS

[
1+sinx

4 _ X " _ 2 : _ 2u
Yétovue u = tan 5. AQoV dx = =du ko sinx = =5,

1 2 1
f2 arctan u T du = 4 farctan u———du
1+—’;21+u2 (1+ u)?

1+
1 ’
4farctanu(——) du
1+u

arctan u

+4f;du.
1+u A+ u®)A + u)

To televtaio oAokAE®UO VITOAOYITeETOL ue avdivon e aTtAd kKAdouoTa.

aVayOUaGTE GTO OAOKANQMULAL

= -4

8.4.2 OAOKANQEOUATA OAYEBEIKOV GUVOQTNGE®V ELGIKNG LOQPNG
[Teprypdgpouue €86 KATTOLEG AVTIKATAGTAGELS TTOU XQNGLLOITOLOUVTOL Yid TOV VITOAOYIGUS OAO-
KANQOUAT®OV TG LoEENg

fR(x, V1 - x2) dx, fR(x, Va2 - 1) dx, fR(x, Va2 + 1) dx,

omov R(u,v) elvan TnAiko TTOAVOVUOU®Y Ue UETOPANTEG U KoL V.

(@) T to oAokApwua f R(x, V1= x2)dx, kdvouvue TEOTA TNV aAlayi UeTaBANTAG x = sinf.
A@oV V1 —x% = cost kar dx = cos tdt, avayduacte GTo OAOKARQ®UL

f R(sint,cost)costdt,

TO 0IT0{0 VITOAOYITETOL e TRV OVTIKATAGTAGN TNG TTRONYOVUEVNS VITOTTOQRAYQAMOV (QNTR GU-
vdtnon Twv cost Kol sint).

B) Ta to oAokAnpwua f R(x, Vx2 = 1)dx, wa 8o glvon vo yenowoTtomicovue Ty aAAoyr
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4 __1 1 2 _ 1 _ sint _ sint . . ,
uetapintic x = ——. Téte, Vx* —1= & kar dx = e dt. Avayouocte €TGl GTo OAOKANQWUA

1 sint) sint .
fR —, dt = le(cos t,sint) dt
sint’ cost) cos?t

vyl kdgtola enti guvdetnon Ri(u, v), To 0Itolo VITOAOYITETAL UE TNV AVTIKATAGTOCN TNG TTQON-

YOUUEVING VTTOTTOQAYQRAPOU (QNTA GUVAQTNGN TWV COSf KoL Sinf).
Eival 6uwg TeoTidTeQo Vo XENGLLOTIONGOUUE TNV €ENG QALY UETARANTAG:

u=x+ Vxz-1.

Té1e,

2 2 2
+1 -1 -1
xzu , Vx2 — _ U , dx:u du.
2u 2u 2u?

Avayduacte €161 GTo ENTO OAOKANQ®UA

241 w?-1\u? -1
fR u ’u u du
2u 2u 2u?

70 oTtolo vIwoloyitetan ye avdivon e agtAd kAdouotol.

B) Ta to oAokAnpwua f R(x, Vx2 + 1)dx, wa 1880 elvon vo yenGWOTOGouue Ty aAAoyr

/ 7 1 1 7 7 /
uetapAntig x = —cotz. Tdte, Va2 —1= o7 ko dx = o dt. Avayduacte €161 GTO OAOKANQWUA

t 1 1
fR (_ C?S , — ) dt = le(cos t,sint) dt
sint’ sint/ sin?¢

yia kKdaowo enth guvdtnon Ri(u, v), To ottolo VITOAOYICETOL UE TV OVTIKATAGTAGN TNG JTEON-

youuevng VIToTOQAYRAMOU (QNTA GUVAETNGN TWV COS ! KoL Sin f).
Eilvon éuwg mrpotiwdtepo va xenGlloTtotiGouue thy €Eng aAAayn ueTafAnTing:

u=x+ VxZ +1.

Tote,

9 9 9
-1 +1 +1
X = u2 , Vez—1=14 , dx ="~ du.
u

Avayduocte €16l GTo ENTé 0OAOKANQWUA

f w =1 > +1\u?+1
R s du
2u u 2u?

To oIrolo vIoAoyiteTal ue avdivon ge aTtAd kKAdGuaTa.

INogadeiynato
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(@) T Tov VITOAOYLIGUS TOU OAOKANQMWUATOS
f VxZ —1dx

1—u?®

2 ) 2_ .
utl  Tore dx = uszldu KOL X — U = 5=, OTOTE

2u

9 12
fMdu'
4u3

B) o Tov VITOAOYIGUS TOU OAOKANQEOUATOS

Yétovue x% — 1 = (x — u)®. Icodvvaua, x =
aVayOUOGTE GTOV VITOAOYLGUO TOU

f 1
—dx
xVx2+1
Yétovue u = x + Vx% + 1. Torte,

2 2 2

-1 +1 +1
“ . xz—lzu s dx:u
2u

2
fuz—ldu

To 0Ttolo vIToAoyiteTan ye avdivon ce aTtAd kKAdouotal.

X =

Avayduacte €16l GTO OAOKANQ®UA

8.5 Aocknosig
A’ Oudda
1. YwroAoylote Ta akéAovBa oAokAngouoToL:
2 2x% + x +1 3x% +3x+1
f_xdx, 2 axsl dex
X2 +2x+2 (x+3)(x—1)2 x3+2x2 +2x+1

2. YmoAoyicte ta akdAovbo 0OAOKANQOUOTOL:

f dx f dx f dx dx
xt+1” Vx+ Ax’ xVZ -1’ Viter
3. YmoAoyicte Ta akdAovbo OAOKANQOUOTOL:

. dx
fcossxdx, fcoszxsmsxdx, ftanzxdx, f e f\/tanxdx.
cost x

4. XenowoTrotdvtos 0AoKANQwon katd pépn, deifte 6tu yia kGBe n € N,

f dx 1 X . 2n—1 f dx
G2+ 202+ 1) 2n 2+ 1y
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S. YrmoAoyigte Ta aroAovBa OAOKANQOUOTOL

2
[z [ammmt [
fxcosxdx, fexsinxdx, fxsinzxdx
1 4
flog(x+ Vi) dx fﬁdx, f(xz-:l-;(x—l)
3
e - e e 2
6. YmroAoyiGTe TO OAOKANQ®OULOTO

. 1
fsm(log x)dx , f x_\/} log(1 — x) dx.

7. YmoAoyiGTe TO OAOKANQWUOTO

xarctan x xe*
S dx, T
1+ x2)? 1+ x)?

8. YmoAoyigte To OAOKANQMOUATA

f e* dx. f log(tan x) dx
1+ e2x cos® x

9. Ywoloyicte Ta OAOKANQEOUATOL

iox i tand x
f 5 dx f 3 dx
o cos?x _z cos3 x
5
f xlog( 14+ x2)dx f xtan? xdx.
0 0

10. YsroAoyicte To akéAovba eufadd:

INCRFNEY

(o) Tov xwelov TTOU BEICKETOL GTO TEATO TETAQTNUOQLO KAl PEACGETAL OITO TIG YROPIKES TTAQAGTAGELS
Twv cuvapticewv f(x) = Vx, g(x) = x — 2 kar agrd Tov x-dfova.

B) Tov xweiov TTOU EEAGCETOL OTTO TIS YEOPIKES TTOQRACTAGEIS TwV GUVOQTACEWV f(X) = COSX KoL
g(x) = sinx oto Sidotnua [, 2.

B’ Oudda

11. YmoAoyicte To. OAOKANQWUATO

f1+sinxd f 1 d f f
T ax, —__ax, P
1-cosx sin x a+ xZ)2 VI —x2
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1
fmdx, fxarctanxdx, f\/%dx, f\/xz—ldx.

12. YmoAoyiate T0 OAOKALQ®ULO
f T xsinx
—dx.
o 1+cos?x

s .
2 sin x
——dx
o0 SInx+cosx

13. YmoAoyigte TO OAOKANQMWLO

14. YmoAoyicte To oAoKAp®UO

b

f4 log(1 + tan x) dx.

0

13. Aelgte 6L TO yevikeuuévo OAOKALQ®ULA
f xPdx
0

16. YmoAoyiote Ta akdAovOa yevikELUEVA OAOKANQMOUOLTOL:

00 1 1
2 dx
xe “dx, f , log xdx .
jo‘ -1 V1—x2 0

17. Aeigte 611, yuo kGbe n € N,
f e x"dx = n!
0

3

s [C g 1
lim x%¢™ f efdr,  lim — f ¢'sint dr.
X—+00 0 x—0*" X 0

dev elvan memepacuévo yia kavéva p € R.

18. Beelite ta dpra
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