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Modnpatixy Avdivon
120 PUINEBL0 Aoxfioewy (unodeiielc)

Aoxnon 1. Tnoloylote ta oxdhoudo ohoxAnemuaTa:
2z 222+ +1 322 + 3z +1
————dzx, —— > dz dzx.
2+ 22+ 2 (x+3)(z—1)2 3+ 222+ 20 +1

Ynébaén: (o) T'pdgouye
/ 2z do — / 2z d
2r2+27 " ) @r12+1 ™

X0 YENOWOTOLOVUE TNV avTixatdotoon y = = + 1.

(B) Avddluon oe amhd xhdopoto. Zntdue a,b, c € R dote

22+ 41 _a n b n c
(z+3)(z-1)2 243 2-1 (z-1)2

ExéyEte 6tta=1,b=1xumc=1.
(v) Mopotneotpe 6t 22 + 222 4+ 22 + 1 = (z + 1)(2? + = + 1) xou xévouue avéhuon oe anhd xhdopote. O

Aocxmon 2. Trohoylote ta axdhouvda oloxAnpwyota:
/ dz / dz / dz / dz
zt41"7 VT + a2 =1 Viter '
Trédaén: (o) Hapatnpotye 6t ot 41 = (22 +1)%2 — 222 = (22 +v22 +1) (2?2 — V22 + 1) xu xdvoupe avéhuon

o€ AnAd XAGOUTA.

(B) Me v avuixatdotoon u = /& TEOXOTTEL TO OAOXA PO

6u® 6u3
[ el

70 onolo vnohoyileton ehxola (unopeite vo xdvete 1 véa avuxatdotoon y = u + 1).

4 — 2 Z de _ udu ’ ’ ,
(Y) Me v avixatdotaon u = Vo — 1 éyovue F = 1574, ondTE TPOXITTEL TO OhOXATpLUA

d
/ﬁul = arctan(v/z2 — 1) + c.
u

% — Z _ e’ o ou?-1 ’ , ,
(8) Me tnv avtxatdotaon u = /1 + e® éyouue du = ST dr = *5= dx, on6te TEOXVUTTEL TO OAOXAT PO

2du
wZ—1°

T0 onolo unohoyiletar eUXOAa PE avdAUCT, o8 amhd XhdopaTo. O

Aoxmnon 3. Trohoylote to axdrouvda ohoxAnpmdyuoTa:

/cos3zdx, /COSzzL'SiIlS:Z?dI, /taandx, / du /\/tanxdx.

costzx’

Ynébaén: (o) T'pdgouye

/C083 rdr = /cos2 xcosxdr = /(1 — sin’ z)(sin x)'dx

xou Vétovue u = sin .



(B) Tpdgpoupe
/cos2 rsin® 2z dr = /cos2 z(1 — cos® x)(—1)(cos z) dx

xau Y€TouUEe U = cos T.

(v) Fedpoupe

1
/tanzxdaz:/< 5 —1) dr =tanx — x + c.
cos? x

1 1
_/ COS4xdx - /(tanx)’COSQ - dx = /(tan z) (tan® z + 1) da.

Me v avtxoatdotaon u = tan x malpvouue To

(8) Tpdpoupe

/(u2—|—1)du—ug—|—u+c
=3 i

"Encton 6711

1 tand x
1 dr = + tanx + c.
cos* x 3

(€) Me v avtixatdotaon u = v/tan z nolpvoupe

1 1 1 w41
du = dx = tan?z 4+ 1) dx = dx,
2v/tan x cos? x 2v/tan x( ) 2u

ondte Yewpolye to

2u?
———— du,
u* +1
10 onolo unohoyiletar Ye avdhuon oe anAd XAJCUTAL.

Aocxmnon 4. Xenolonoldviog oAoxAewaon xotd mapdyoviee, anodelte 6t yio xdde n € N,

/ dx _ 1 x n 2n—1 / dx
(22 + 1)+l 2 (22 + 1) 2n (z2 4+ 1)
Trédein: I'pdpouye

dx , 1 x x?
In = / (J?2 + l)n - /(:C) (xQ + 1)n dr = (x2 + 1)n +2n/ (xz + 1)n+1 dx

2 _
:%Hn/#w

(x2+1 x2 + 1)ntl
T 1 1
=————+2 ———dr — 2 ——d
@ n/(:v2+1)” v ”/(x2+1)n+1 v
x
=———+2nl, —2nl,,1.
CEa
"Eneton 611 1 5 1
T n—
In+1: I

2n (22 +1)" + 2n

Aocxnon 5. Trohoylote To OhoXANEOUATO

xarctan x xe” e* In(tan z)
—d —d —Fd ———=dz.
/ (14 22)2 o /(1+:r)2 o /1+62I o / costz



Yrdédan: (o) I'pdgouye

rarctanz , 1 1 !
m dr = _5 m arctan x dx

1 arctan x n 1/ 1 d
= ———) 4+ = ——dx.
2 1+ 22 2 (14 22)2

Tt to teheutaio OAOXAHEWUA YENOWOTOLOVUE TOV avaywyixd Tono tne doxnong 4.

(B) pdpoupe
- /
/de:f/ L ze® dx
(14 2)? 1+z

xe® 1 o
=— d
1+9:+/1+x(we) v
ze® 1
1+x+/1+x( +x)e® dz

zre® .
= - +e" +c
1+z

(v) Me v avtixotdotacn u = e* avoryGUUcTE GTOV UTONOYLOUG TOU ONOXAPOUATOS PNTHC CUVAEPTNONC.

(8) Me v avtixatdotoon u = tan z avoryOUACTE GTOV UTOROYIOUS TOU

/lnudu: ulnu —u + c.

Aoxnorn 6. Anodelte ye enaywyn 6T, yia xdde n € N,

o0
/ e Tx"dx = n!
0

Trooetn: T n = 0 éyouvye

Av n € N, téte, yio xd9e M > 0 €youvye

M M M
/ e a"dr = / (—e " z"dr = —e 2™ + n/ e " .
0 0 0

Agrivovtac 10 M — oo (xou deBoyévou bt Mlim (M™/eM) = 0) Brérovue 6T
— 00

M

0

oo oo
I, = / e “2"dx = n/ e " Ydr = nl,_.
0 0

Av howndy vnodéoovpe 6t I,y = (n—1)!, t61te I, =n-(n— 1) =nl.

Aoxnorn 7. Bpelte w dpia
123 1 12
. N 2 . .
lim z%e™® et dt, lim — el sint dt.
T—+00 0 z—0t = Jo



TrédeiEn: (o) Me tny avtixatdotaon y = 23 BAérouue 6L apxel vo unoloylooupe To

y
lim ye_yZ/ e’ dt.
0

Yy——+00
Egapuéloupe tov xavéva tou L’ Hospital:

v e t)’ :
o€ ey 1

(ev/y)  2ev* —ev*[y?  2—y~?

DN =

oty y — +00. Enopévac,
3

lim 2% edt = =.
Tr—r+00 0 2
o) Me tnv avtixatdotaon y = 22 BAénouue 6TL apxel Vo uToloYicOLYE TO
1 1 W e H
1 Y
lim —2/ e'sintdt.
y—=0t Y< Jo
Eqgopudloupe tov xavéva tou L’ Hospital:
(fy et sintdt)/ _ e¥siny
() 2y

N
2

otav y — 0. Tuvendc,
2
xT
. 1
im — elsintdt = =.
z—=0t % Jo 2



