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Eicoaywyn

H Oewpla Métpou (xar Ohoxhfpwonc) avartdydnxe otic apyéc tou 2000 awdvo xou and TOTe Eyet yivel
%EVTEWXO epyahelo Yoo Ty Avdhuon. To xivnteo yio T perétn authc tng Vewplog ofjuepa etvar apyixd
1 AVTIXTAOTAoT Tou ohoxhnpwuatog Riemann and to ohoxArpwua Lebesgue, to onolo, 6nwe Yo Solye,
amOTEAEL Lol TOAD YOVIUT YEVIXELUGT] TOU TEMOTOU.

Ac mepoplotolpe oto R yuor va €youue xalbtepn xatavonon. Av €youpe wa un opvntixy) Riemann
ohoxhnpwotun ouvdetnon f : [a,b] — R, t61e 10 0hoxhfpwpo Riemann tne f exqpdlel yewuetpd 0

eufadov Tou ywelou mou PBeloxeton xdtw and To yedpnua g f, OnAadh

b
/ f(x)dx = euPaddv (Ry)

6oL
Ry ={(@,y) €R?:w € [a,5] xu 0 <y < (@)}

Eyfua 1: Tewyeteinr| epunvela ToU OAOXANPOUATOS
H évvola tou ohoxinpouotog xatd tov Riemann npooeyy{letan wg e&ng:
1. Emiéyouye pa drapépton Tou Tediou oplogod Tng cuvEeTNoNg, £6Tw
P={a=xy<z1 <29 <-+- <2 =},

xou oynuotiouye T avTloTolyeg «Avm» xal «XdTwy TEooeYyioelg Tou eufudol and evwoelg opdo-

Yoviwy, onAadTr ov

mg = inf{f(z) : xp < x < xpa1} xow My =sup{f(x): oz < < TR}
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YewEOLUE TIC TOCOTNTES

n—1 n—1
L(f,P) =) my(wpir —ax) wou U(f,P) =Y My(wpi1 — ).
k=0 k=0

2. TTopatnpolye 6Tt 660 «exhentivouuey 1 dwpépion P, ot tocétnteg L(f, P) xou U(f, P) épyovtou

/ 7
ONO %o TO XOVTd.

3. Av, xodd¢ to mhdtog g Sopéplong Telvel oTo 0, aUTEC oL TOCHTNTES TEVOUV VoL TOUTIOTOUY, AEUE

Vv f Riemann ohoxhnpdotun xar Tnv oplox| auTH TWH TN Adue ohoxhfpwua g f.

H 150 tou Lebesgue, Bdoel tne onolag xataoxebooe 1 Yewpla mou Yo ueheTAcOLYE, oy 1 e€ng:
Sexwvdye pe o dtopépton Tou TeEdlou TUL®Y e ouvdptnonc. Anhadn, av 1 f eivor pporyuévnt xou
f(la,b]) C [m, M], Jewpolye wa Swopépton

Q={m=yw<y1 <y < <y =M}

Tote, ta avtioToryo «dvmy XL «xdtwy adpolopota Yo ETEENE VoL £YOUV T1) LoP®T):

L(/,Q) = S wll{e € [a.b] : v < £(2) < i })
k=0

ol

t—2

U(f,Q) = Zyk+1€({w € [a,b] 1 yr < f(@) <wyrr}) +yel({z € [a,0] - 1 < f(@) < we})
k=0

6mou L(A) eivon to «uixocy evéc cuvéhov A C R. Av 1o A elvon Sidotnua (1 €otw évwon Slaotnudtony)
UTIAEYEL VUG UAANOV (PUOLOAOYIXOC TEOTOC Yiat Vo oploTel To uixog. T'ar T yeviur| tepintwon ouwe, otny
omofo 10 cUvolo A unopel va elvor Wiaitepa ToAUTAOXO, elvor caéc 6Tl Ypetdlovton ETTAEOV LOEEC.

Ar’ 6,1 galveton Aowmdy, yio vo avamtuydel 1 Yewpla Ohoxhipwone tou Lebesgue npénet mpwtar var
Yepehwdel n Evvola Tou «urixougy 1) dmwe Yo Aéue, tou étpou. T va yiver autd oty mepintwon tou R,
Tapouctdleton To e€Ng:

ITpb6BAnua. YTrdpyet o ouvdptnon £ : P(R) — [0, oo] wote yio xdde Sidotnua I tou R, to £(I) va eivan
T0 Wixog Tou (e TN cuVHDN évvola) xou 1) omolal Vo IXavOTIOLEL ETLITAEOV XATOLES <PUOLOAOYIXECY LOLOTNTES
unixoug;

H Baow 616t mou YEAOUPE Vo IXAVOTIOLEL Uiot TETOW GLVAETNOT «UETEoLy clvan 1) apiurjoun

mpooleticotnta: av { A, }02 1 eivon pa oxohovdior Eévev avd 8o urtoouvdrny Tou R, t61e

¢ <G An> = ié(An).
n=1 n=1

[Tpoywenvtag otn Yewpla, Yo SoUUE OTL TPOXEWEVOL VoL EYOUUE ULol cLVEETNOY £ Tou IxavoTolel Ta
TEOTAVE EUUCTE OVOYXAOHEVOL VAL XAVOUUE XATOIES KEXTTOOELSY ELTE OTIC WOLOTNTES TOL aUTH Yol TATEOL
elte oTot GOVOAa TOLU VoL UTOROVUE VL UETETICOUUE.

! Autéc o meplopioude Eenepvidtan oMY elxoha ot Yewpla.



Yy npoonddeio vo Yepelwooupe Tic Wéeg Tou Lebesgue Yo methyouue tor e€rg:

1. Oa xataoxevdooupe uot ToAD yevixh Yewmplo uétpnone (o xotd cuvérels ohoxAHpwonc), dnAadn
Dot Unopole vou elooydyoude TV €vvola Tou UETpoU (xon Tou avT{oToLyou OAOXANEMUATOS) Yid
audalpeta cOvoha. Ewbixdtepa, mopdAhnia ue Ty €vvola Tou «urixoucy oto R Yo yehetnidel avotned

X0l 1) EVVOLOL TOU <OYX0U» GTOUS Y(MPOUG RF.

2. O ouvapthoeic f : RF — R mou o uropolue vo ohoxhnedvoupe o eivan pior ToAd eupltepn xhdon
an6 auTrhv Twv Riemann ohoxAnp®ollony cUVIPTACEWY.

3. To oroxhfpwua Yo pmopel TAéov va oploTel Tave ot Uit TOAD PEYAAN XAJCT) GUVOAWY, XL O)L

AVUYHACTIXG GE OLUCTHUTAL.

4. BOu dwmotwoouue 6Tt To ohoxhhpwua Lebesgue cuunepupépetan ToAD xahOTepa amd 10 ONOXATPOUA

Riemann w¢ mpog 0 oUyxAoT axohovdiiy GUVIETAGEMY.

[t vo e€nyrooupe outd to tereutaio onueio: To ohoxhpwua Riemann efvan idiadtepa «mpoinuotind»
WS TPOSC TIC ouYXAioels axolov v GUVIPTACE®Y. BuyXeEXPEVA, ov Eyouue o axolouvdio Riemann
ONOXANNEWOWY CLVOPTACENY fy, : [a,b] — R xau wo ouvdptnon f wote f, — f xotd onueio oto [a, bl
oNnAadt
fo(z) = f(x), Yy xdde x € [a, b

0EV UTOPOVUE EV YEVEL VO GUUTIERAVOUUE OTL Loy VEL ol

/ab fo(z)dz — /abf(a:)dx.

Mdota, etvan mdovd 1 oploxry cuvdptnon f vo uny eivon xav Riemann ohoxinpdoiun.

IMopdderypo. Eotw {g, :n=1,2,...} wa apldunon tov pntédv tou daotipatog [0, 1]. Oewpolye Tic
ouvopthoels fp 1 [0,1] = R xon f:[0,1] = R pe

f” = X{q1,925-»qn} ou? f = XQno,1]-

Téte napatnpolue 6t fr, = f xotd onueio (eZnyfote yatl) xou xdde f,, eivor Riemann oloxknpdoiun
(éxeL menepoouévo mARloC onuelwy aoLVEYELS), EVK 1 oploxt) cuvdptnon f dev eivon (autd pmopel va
eheyydel ye to Kputrplo tou Riemann, Bréne [apdpotnuo A').

5. Téhog, Vo amodel€ouye OTL mpdypatt To ohoxAfpwua Lebesgue amoteel yio yvrioia yevixeuon tou
ohoxAnpouatoc Riemann: xdde Riemann ohoxinpwoiun cuvdptnon eivon xa Lebesgue ohoxhn-
pwaoyln xat ToTe Tot 800 oloxhnpduota TouTiovTol.

Autég oL onueldoELS lvo OYESLUOUEVES (OTE VO XUADTITOLY TIC AVEYXESC EVOS TEOTTUYLAXOU 1 UETATTU-
Yool padfuatog Oswplag Métpou. Ta mpwta 6 xepdiona cuvioToLy TN Yepehinon tng Pacwrc Yewplog,
OnAad” Twv ey Tou Lebesgue. To umdhoima 5 xepdhona elvon ovolacTixd aveldoTnta PETaEl TOUC XaL
apopolV To TpoYwenuéva Yéuata tne Yewplag.

1 ,2€A

2@uuiloupe b1t yio éva ohvoro A C R, ¥étouue xa(z) =
0 ,2¢A






Kegpdiaio 1
o-AANYEBpEC

‘Onwe avagépoue o otny Ewoaywyr, to onuelo and 1o onolo mpémel vo opyloel 1 Yewpla elvon 1)
Yepehlnon e évvolag tou «uétpouy. Ilpotol yiver autd duwe, TEENEL Vo amoPacicouue Tolo axEU3MS
elvor ta oOvola mou Véhoupe v peTeooupe. Ot WBLOTNTEC TOU TEEMEL Vor €yel ULl TETOLL OXOYEVELL
CUVOAWV TIEPLEYOVTOL GTOV 0PLORO TNE T-AAYEPEAC TOU ToEOUGLEICOUUE GE QUTO TO XEQAAALO.

1.1 "AlyeBpec xouw o-dAyeLpeg

Opwopog 1.1.1. Eotw X éva un xevd abvoro xar A C P(X) wa owoyévelr utocuvorwy tou X. H
A xodettan dAyeBpa av woybouv ta oxdrouda:

(i) X e A,

(il ) n A eivar xheloth ¢ Tpoc oupTAne®poTa, dnhadY av yio éva oivoho A C X woyler A € A, t6te
Ac=X\Ac A xu

(ili ) n A by xhewoth we Tpoc memepaoyuéves Touée, Snhadh av Ar, Ag, ..., Ap € A 6t (] Aj € A.

IMopatneroeig 1.1.2. (o) Eotw A pa dhyefpa vntocuvorwy tou X. Téte n A elvor xheloth g mpog
GUYOAOVEWPNTIXES DLUPORES KAl TETMEQUOUEVES EVIIGELS, ONANON:

(iv) AvA,Be Atwte A\Be A
(v) Av Ay, Ag, .. Ay € Atdte Uj_ 45 € A
Anddeén. T o (iv) apxel vo mopatnericovue 6t B¢ € A and 1o (ii) xou

A\ B=AnB".

To ouprépaopa éneton amd o (iil). I to (V) nopatnpodue mdh 6t AS € A yio 6hat Tat j xon emimhéoy
C
n n
_ c
A= (4
= 1

1 J=

J

and toug vopoug De Morgan. O
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(B") H ot (i) tou Optopod 1.1.1 pmopel va avuxatactadel ond plo omd i & € A xou A # @.
(v) H wiétnra (iii) tou Optopod 1.1.1 pnogel va avuxotactodel oamd tnv (v).
‘Onwg Yo gavel mohd clvtoua, 1 évvola Tng dAyelpag 0ev elvan «apxeThy yiar vo avamtuy Vel emTuymg

n Vewplo. Elvou ouciwdeg va umopolue va «uetpricouvue» nepiocdtepa oOvoha. ‘Etot, odnyoluocte otov
eZhc oploud:

Opiwopog 1.1.3. Eotw X éva un xevd abvoro xar A C P(X) wa owoyévelr utocuvorwy tou X. H
A xodettan o-dAyefpa ov 1oydouy o axdrouda:

(i) X e A,
(ii ) n A eivar xheloth ¢ Tpoc oupTAne@poTa, dnhadY av yio éva oivoho A C X woyler A € A, t6te
A=X\Aec A xu
(ili ) n A ebvon xhewoth we Tpoc apriufotes Touée, dnhadh av A; € A, j =1,2,... wote (72, 4; € A.
IMopatneroeig 1.1.4. (o) Kdde o-dhyeBpa eivon dhyeBpo.
Anéoeén. Av Ay, Ag, ..., Ay € A, Vétoupe A; = X € A, yioe j > n+ 1 xou éyouue

A;=(4€ A

1 j=1

J

O]

(B) Hapoporo pe ta () xan (v') tov Hopatneroewy 1.1.2 €youue 6T wa owxoyévela A unocuVOALY Tou
X elvou o-dhyefpo av xou wovov av A # & xa n A elvon XAElOTH ¢ TEOC CUUTATIEWUATA X0 W TEOS

optdUNoES TOUES 1) EVWOELS.

IMopadeiypata 1.1.5. (o) Eotw X éva pn xevé ocbvoro. Téte ov owmoyéveee Ay = {@, X} xau
Az = P(X) elvon o-8hyeBpec oto X. Av A elvan piar dAAn o-8hyelpa oto X t6TE Quoind

A1 CAC A,
(B") Eotww X = N 10 60Ovoho TV QUOIXGY aptdudy xou
A={ACN: 10 A # 10 A° civon nenepoouévo}

H A eivan dhyefpa 610 N, ahkd oyt o-dhyefpo.
Arnddeaén. Eivow dueco 6t A # @ xou 61 A elvan wheloth we tpoc cuumineouate (and ™ cuppetpio
T0UL oplopol TNe). Av thpa Ag, Aa, ..., Ay € A, Sloxpivouyue 500 TepITTOOEL:

Av 6l o Aj etvon dmerpar, ToTE Ol T Af elvon mETERAOUEVEL Gpat Xou 1) EVOIST] TOUG

C
n

UJ45=1{MN4
j=1

j=1

ebvan memepaopévn. Buverag, (i A; € A.
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Av xdmoto Aj, eivon memepacévo, To (Bio oy et xen Yo Ty Topnd (j_; A € A, agol (7_; A; C Aj.
Apa, mdrypatt n A elvon dhyeBpa. Aev eivon duwg o-dhyeBpa, agol yio ta obvora Aj = {25}, j =
1,2,... éxoupe guod Aj € A (agol eivor menepacpéva), ohhd elxoha ehéyyetan ot (J72, Aj ¢ A O

7 7 7 7 Z 7 4 4
(Y) Xto obvolo twv mpaypoatxay apriuny X = R n owoyévewr A tou anoteleiton and Tic TENEPUOUEVES

EVOOELS BlaoTnudTey Tou R eivon dhyeBpa adhd oyt o-dhyeBpa.

Anédein. Kot’ apyde, eivon dueco ot A # @. Emniéov, av I1 xou Iz eivon d0o draotrpate oto R tot1e
xou 1) Topr Toug I1 N Iz etvon didotnuo. Etor, av A = [ Ji_; I xau B = (J1- Js eivan 800 otoryeia tne A
TOTE €YOLUE XU
n m
AnB=JJnJ) e A
k=1s=1
YUvende, Ue uiol amhy) emarywyn Brénoupe ot 1 A elvon XAELoTH W¢ TEOC TEMEPAUCUEVES TOUES.
Av topa I etvon éva Suldotnuo oto R, 10 cuumifipwud tou I¢ eivan elte Sdotnua eite évwaon 800
Swrotnudtwy tou R, dpa avixer oty A. Buvenag, av A = i I elvou éva otoyelo e A, tote

n
A= (Ir € A
k=1
ond ta opandve. Apo A etvan dhyePpa. Aev elvon duwe o-GhyeBpa, agol yio xdde n to I, = (2n,2n+1)

elvor otowyelo e A evd n évwon (oo I, dev aviixer oty A (e€nyfote yuol). O

‘Eotww {An} wa oxoloudio unocuvéhwy evéc ouvorou X. H {A,} Yo Myetouw avéovoa av A, C
Apg1 v xde n xow pOivovoa av A, 2 Apqr v xde n. Me auth v oporoyia divouue évav PBohixd

YUEAXTNELOUO TV ohYeBpdv Tou elvar eMTAEOY xou 0-dAyeBpeS:

IMpbétaon 1.1.6. Eotw X éva un kevé ovvodo kar A pa dAyefpa vnoowidwv tov X. H A eivar
4 z 7 4 z 4
o-dkyeBpa oto X av (ka1 udvov av) wxdel kdroo and ta napakdtw:

(i) Ia kd avéovoa axodovdia {A,} oty A wyie |-, A, € A.
(ii ) Ia kdOe pOivovoa axodovdia {A,} otnr A wxda (., A, € A.
(iii ) Ia kdOe axodovdia {Ay} Evwr avd o ouvvdlwr tng A wyxvea |, An € A.

Anédéaén. H A eivou dhyeBpa, doa apxel va Setydel 6TL elvan XAel0TH 0¢ TEOC apLIUNCIIES EVOOELS 1) TOUEC.
‘Eotw (By,) axohouvdia ototyeiwy tne A.

Eotw 6tiioybeln (i). Oérouue A, = Uy Bj. Agod n A eivor dhyeBpa, €xoupe Ap € A xou emimiéov
Ay, C Ay v xdde n. ‘Apo xon vty évwon woybel o2 | Ap € A and v unddeon. Evxola BAénouue

ouwe OTL
o o0 o0
UBn=J4 = |JB. € A
n=1 n=1 n=1

Av oyler 1 (ii), 9étouue A, = ﬂ?zl Bj. Ago0 n A eivon dhyePea, etvon A, € A xou eniong A, 2 Apta
v x8de n. Apa xou yia Ty topt| woyler (o~ An € A. Edxola BAénoupe dung 6t

ﬁBn:ﬁAn — ﬁBn e A
n=1 n=1 n=1
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Téhog, ac unodécoupe 6t toyvel 1 (iii). Xe avth vy nepintwon, Vétovue Ay = By xou

n—1

Ay=B,\|JB;, n>2
j=1

xou mapatneolue OtL Ay, € A v xdde noxon ot tor Ay, elvon E€var avd 600. Apa, amd Tn unddeon oy et
ou U2, An € A. Edxola BAénoupe dpwe OTL

GBn: GAn — GBn e A
n=1 n=1 n=1

O]

ITeétaon 1.1.7. Av F C P(X) evar pua owcoyévaa vroowddwy tov X, téte undpyer n eAdyiotn
o-dAyefpa A oto X mov mepiéyer tny F, dnAadri av A’ elvar ua dAAn o-dAyeBpa pe F C A’ tére A C A'.

Andde&n. Apywxd, uropel va mapotnerioet xovelc 6Tt ov (A;)ier ebvar gior un xevi| oxoyévelo omd o-

dhyeBpeg tou X, 16t xau M (;ep Ai ebvon i o-dhyefea oto X (doxnon).
OewpOoVUE TWE TNV OXOYEVELL T-AhYEBROY

C ={A: o-ohyeBpo xu F C A}.
Puowd C # & (ool P(X) € C), dpo amd tnv mopamdve Tapathenon 1) otxoyévels (VToouvokey tou X)

A=(Cc=({B:BeC}

etvan Wi o-GAyeBpa oto X. Edxola Brénouue topa 6Tt F C A xou pdhioto 6t 1 A elvon 1 ehdytotn ye
QUTYH TNV WBLOTNTA. O

Optowoée 1.1.8. H (povodxr|) o-dhyefpa A mou npocdiopileton and v mopamdve tpdtoon AEyeta 1
o-8\yeBpa Tou Topdyetar and Ty owxoyévelan F xan cuuBolileton ye o (F).

Atvoupe thpa T0 Bocixdtepo mopdderyua o-dhyefpog mou eivat SAAwoTe a6 ToL 0dNYEl oTN Vepehinom
Tou Yé€tpou Lebesgue otouc Euxieldeloug ydpouc.

Optopde 1.1.9. Eotw (X, d) évag petpixde xwpoc! xow T 1 ooyEVELd TV oVOIXTOY UTOGUVOALY TOU
X. Ta otoyela tng o-dhyeBpoc mou mapdyel n T xoholvtar Borel unocivoha tou X. H ouxoyévela dAwv
v Borel utocuvohwv tou X cupfolileta pe B(X).

Ouulloupe Toug €1g oplouolg:

(o) Eva A C X Myeton G5-6Uvoho av Ypdpeton we aptdufotun Topn avoxtédy cuvolny tou X, dnhadt
av undpyouv Gy, avoxtd, n =1,2,... dote A =2, Gy.

(B) 'Eva B C X Myeton Fp-cUvoho ov ypdgetor we apltiurown évwon xAEloTdv cUVOhwy tou X,
dnhad av undpyouv Fy, xdewotd, n =1,2,... dote B =, Fy.

Mpogavae ha ta Gs-oOvola xou 6o ta Fp-cUvoha eivon olvoha Borel. Etot, n xhdon B(X) gaiveton va

TEQLEYEL OAOL TOL KXOAA» TOTOAOYIXA GUVORAL.

Olec ou WB16TNTES TwWV GUVGAWY Borel tou Yu pehetAcouue SOUREIOULY X0 GTO YEVXGTEPO TAKGLO TV TOTOAOYIXGY
XOPWV.
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ITpétaom 1.1.10. Eoww F n owkoyéveia twrv kAeiotdy vroowdlwr tou R.  Oewpole emiong g

O1KOVEVEIEG:
Ay = {(—00,b] : b € R},
Ay = {(a,b] : a < b, a,be R},
Az ={(a,b) :a <b, a,be R}
Tdre,

=
Z
I
2
X
I

O'(Al) = J(AQ) = O‘(Ag).
Anédein. Oo deilouye 6T

B(R) 2 0(F) 2 0(A1) 2 0(As) 2 o(As) 2 B(R)

xou UETE, dueoa, €youue OTL loyDouv tavtoL wotntes. Agol B(R) D F, éyouue B(R) D o(F). Emniéov,
x&de olvoho tng A; elvan xheotd, dnhadr) A C F xou €tot €youue 6Tt o(F) D o(Aq).

Av topa a,b € R xou a < b, t61¢
(a7 b] = (_007 b] \ (—OO,G] S U(A1)7
dnhadh Ay C o(Aq) xaw ouvenog o(Aq) D o(Asz). Enerta, av (a,b) € As, ypdpouue

(a,0) = | (a,q) € o(Ag)

q€Q
a<g<b

xou madpvoupe tov eyxhelond As C o(Ag) dpo xan tov 0(Az) 2 o(Ag).

[t Ty anddeiln tou Teheutaiou eyxielonoy, Yupduacte 6Tl xdde avowtd abvoro oto R yedpeton wg

2

oprdunfoun éveon (Eévev) avd 500 avoTdY BlaoTNUETWY XaL €Tot, oV T elvol 1 OLXOYEVELXL TWY OVOLXTMOV

uTocLYVOALY Tou R éyoupe T C o(A3) xaw cuvETHG
o(A3) 2 0(T) = B(R),

OTw¢ YEAE. O

Xenowomowvtag Tig (Bleg 10éeg unopel va detel xavelc Ty €€ YeVxdTeRT TROTAOT TN omolog 1
amodeEn aPAVETOL KOG doxNoT:

Meétaoy 1.1.11. Eotw F, n oikoyévea twv kAaotdy vtoowrilwr tov RF. Ocwpolue Tig otkoyévees:

k
A= {TI(-00.by] by € R j = 1,2, K},
j=1
k
Ay = {H(aj,bj]:aj <bj,aj,bj ER,jZl,Q,...,k},
j=1
k

Az = {jl_ll(aj,bj):aj < bj,aj,b; ER,jzl,Z...,k}.

2Bréne Tnuewdoeic Hpoypatinhc Avéhuone, . Baiétrae



10 - o-AATEBPEY

Tore,

B(RF) = o(Fp) = 0(A1) = 0(As) = 0(A3).

1.2 KAdoeiwg Dynkin

Opwopog 1.2.1. 'Eotw X éva un xevd abvoro xaw D C P(X) wa owoyévelr utocuvorwy tou X. H

D xodettan kAddon Dynkin av 1oybouv To axdhouda:
(i) X eD,
(ii) av A,BeDpec AC B, t6t1c B\ A € D, xu
(iii ) n D eivon xheloTh we Tpog adZouoes aprdufolles eVioels, dnhadh av (Ay) ebvor o adZouca axo-
Aovdio otowyeiwv e D, tote (oo | An € D.

IMopatneroeig 1.2.2. (o) Av D eivan ot xhdorn Dynkin téte yio xdide A € D éyovue A° = X\ A € D,
apol A C X xu A, X €D.
(B) Kdde o-dryeBpa eivor xhdon Dynkin.

(Y) And 7o (i) e pdraone 1.1.6 npoxdnter edxoha dti av D eivon pa xA&on Dynkin xhewoth we npog

TENEPAoUEVES TopéS (1 evioelc) tote 1 D elvon o-dhyelpa.

(&) To avtiotpogpo tou (o) dev woyler yevixd. ‘Eotw X évo un xevé olvoro xa A, B duo un xevd
unocOvoha tou X pe AU B G Xy ta onolat toyouv ot

A\B# @, B\A#2, ANB# 2.
Tote, 1 owxoyévewa
D={2,X,A, B, A°, B}
etvar xhdon Dynkin oto X ok Sev elvon xav dhyeBpa, ool A, B € D od\d AN B ¢ D.

(¢") Opota pe v Ipdtaon 1.1.7, napotneodue 6T 1 Tou Yo un xevic oxoyévetag xAdoewv Dynkin
etvar %t auth xAdon Dynkin xou étot, v xdde oxoyévero A C P(X) undpyel n ehdytotn xhdon Dynkin
D nou mepiéyel v A.

Opiwopoe 1.2.3. H (povadixh) xidon Dynkin D nou npoodiopileton and v napamdve mapatiipnon
Aéyeton 1 xAhdon Dynkin mou napdyeton and tnv owxoyéveror A xon cupforileton pe §(A).

Mpogovae, yio xdde oxoyéverr A C P(X) éyouue
6(A) Ca(A),

ooV 1 o (A) ebvan o-dhyeBpa, dpa xou xhdorn Dynkin. To enduevo Baoixd Yedpnuo diver pior txov cuvixn

OOoTE Vo Loy VEL LloOTNTA.

Ocwenua 1.2.4. Fotw A a oikoyévela vnoourédwy tov X, KA€10TH WS TPOS TETEPATUEVES TOMES.
Tére,

5(A) = o (A).



1.2. KAAzEIZE DYNKIN - 11

Anddeén. Kot’ apyde, napotnpodue 6t av 1 6(A) Arav o-dhyefpa, tote Yo elyope o(A) C §(A) xou
ouvende Ty emduunt] wotnta. Ondte apxel vo det€oupe 6t 1 §(A) elvon pla o-dhyeBea 1) loodivaua,
olugova pe v Hopatienon 1.2.2 (), 6t n 0(A) elvonr xheloth we tpoc nenepaopéves Touéc. Anhodn,
TEETEL VoL £YOUUE

ANB e §(A), yaxdde A € §(A) xu vy xdde B € 6(A).

OewpolUe hotmdV TNV OLXOYEVELL
S(A)={ACX: ANBe(A), yiuxdde B € §(A)}.

[Mopatnerote 6Tt TEEMEL Vo BEIEOVUE TOV EYUAEIOUO

I(A) CTH(A).
I v dewydel autd, ebvan cagéc oTL apxel va amoderydolv To axdrovda:
1. Toyver o eyxheiopdc A C 5(A) xa, emmiéov,
2. H owoyévera 6(A) etvou xh&or Dynkin.

Tdpa mou eidoue 10 oY€dlo NG amddEENg UTOEOUUE VoL uTtoVUe 6TIC Aemtopépeieg. [evindtepar, yior pia
owoyévetr P C §(A) 9étoupe

P={ACX: ANBedA), yaxide B e P}.

Ioyvepiowog: H P elvas xhdon Dynkin.
Ou 1B16tNTeS Tou oplouol e xAdong Dynkin enaindedovian we e€hc:
(i) T B € P, éyouue XNB=BePC§A),dpa X €P.

(ii ) Eotww Ay, Ay € P ue Ay C Ay. Tére, yia B € P, éyouye
<A2\A1) NB= (AQ N B) \ (Al ﬂB) S (5(A),

apot Ay N B, A1 N B € §(A) xau A; N B C Ay N B. Aga Ay \ A; € P.

(ili ) Eotww (Ay) adovoa axohouvdia ototyeinv tne P. Téte, yo B € P, €y OLUE

(G An> NB = G(Ant) €5(A),
n=1

n=1

apol 1 axohoudia (A, NB) eivan adEovoa axorovdia otoyeinv tne 6 (A). Etor, npdypoat | J 2, 4y, €
P.

Egapudlovtac tov toyuptoud yia P = 0(A) éyoupe anodeiZet to 2. Ta to 1 thpa, mopatneoue dtt, apod
n A elvar ®¥A€l0TH) WG TPOC MEMEPAOUEVES TOUES, LoyleL 0 eyxAelonoc A C A. Ouwe n A elvon xhdon
Dynkin, dpa oy 0et emmiéoyv

5(A) C A.
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Me dhha Moy, yia xde A € 6(A) xaw B € A woyler 61t AN B € §(A), to onolo 1ooduvayel ue tov
EYUAEIOUO
A CH(A)

mou ebvan axpBog to 1. 'Etot, n anddeiln ohoxhneddnxe. O

IMopathenon 1.2.5. XenowonoidvTog To Topomdve VeMEnU, UTOPOUUE Vo AVUSLUTUTIWCOUPE TNV

[Tpdtaon 1.1.11 yedgpovtog
B(R) = 6(Fy) = 6(A1) = 6(A2) = 6(As).

Andden. Apxel va napotnprioet xavelc 6L oL owoyéveee Fi, A1, Ao U{@}, AsU{D} elvor xheotéc we

TPOC METEPAUOUEVES TOMEC. O

1.3 Aoxnosg

Oudda A’

1.1. Eotw X éva un xevé olvoro, A C P(X) wa dhyeBeo (avtiotoryo o-dhyefpa) oto X xaw C C X. Na deilete
OTL 1 OLXOYEVELL

Ac={ANC:Aec A}
ebvou enlong dhyePpa (avtiotoiya o-dhyefpa) oo C.

1.2. Eotw X,Y d0o un xevd ohvora, f: X — Y xou B pa dhyePpa (avtiot. o-8hyePpa) oto Y. Na deilete 6t
1 OWoYEVELDL

f7B)={f"'(B): Be B}
ebvou entiong dhyefpa (aviot. o-dhyeBpa) oto X.

1.3. 'Eotww X éva un xevé clvoro xou
C={{z}:2e X}

Na neprypddete my o(C).
1.4. Eotw X éva un xevé civoho xou (A4,) wa axoroudia utocuvéhwy touv X. Opiloupe to sUvora

limsup A, = {z € X : 10 z avixel oe dnepa and to A, }
n

xol
liminf 4, = {x € X : 10 = avixel oc dha Tehxd o Ay}
n

(o) No deléete 61t

limsup 4, = ﬁ [j Ar xou  liminf A,, = G ﬁ Ag.
n n=1k=n " n=1k=n

(B) Av n (A,,) ebvon av&ovoa, toTE

limsup A, = liminf 4,, = U A,
n " n=1

eve av ebvon piivouca

limsup A,, = liminf 4,, = ﬂ A,.

n=1
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Owpdda B'.

1.5. Eoww X éva un xevé olvoho xau F C P(X) wa owxoyévelr unocuvorewy tou X. Amodellte 6t undpyet n
uxpbteEn dhyePpa Tou Teptéyel TV F. Auth Aéyeton 1 dAyeBpa mou mapdyer n F xou ouuPolileton pe A(F).

1.6. Ocwpolye TNV OLXOYEVELL
Z ={[a,b] : a,b € R}.

Na deiZete 61 0(Z) = B(R).

1.7. Oecwpoldye Ty owxoyévela
Zo = {(a,b) : a,b € Q}.

Na deigete 6t 0(Zg) = B(R).
1.8. BEow X = {z1, 2, ...} éva apduriowo olvoro. Ieprypddte dhec tic o-dhyePpec oo X.

1.9. Eow (X,d), (Y, 0) petpwol ydpol xou wa ouvdptnor f: X — Y. Na dellete 6T 10 odvolo
A={x e X : n f clvau cuveyrc oto =}

eivon Borel urtocsivoro tou X.

1.10. Eotw X yetpinde ywpog xot wa oxohoutia cuveywy cuvoptioewy f, : X — R. No delete 611 T0 cUvolro
B={reX: vdpyetto lim f,(z)}
n— oo

eivon Borel urtocsivoro tou X.

1.11. Eotw X évo un xevé oOvoro. Mia un xevi owxoyéveir R C P(X) Aéyeton daktidiog av elvar Aot we
TPOG TIC TETEPUCHEVES EVIOELS Xal TIG Blopopeg. Av emmAéov 1 R elvan xhelot ¢ mpog aptiufoyles evoaoelg, da
Aéyeton o-OoaxtOloc. Anodeilte ta axdrlouda:

(o) Ot Boxtdhor (avtioT. ot o-doxtdhiot) elvon xhelotol we npog menepaouéves (avtiot. aprdufolues) Touée.
(B) "Evog doxtohog (avtiot. o-8axtdhog) R eivon dhyeBpa (avtiot. o-dhyeBpa) av xou wévo av X € R.

(v) Av o R elvar o-doxtdhog, tote 10 {E C X : E € R | E¢ € R} elvon o-dhyefpo.
(®)

8) Av o R eivan o-daxtOhog, 16te o {EC X : ENF € R vy «xdde F € R} elvon o-dhyefpo.

1.12. Eotw X éva un xevé obvoro xou F C P(X). Na Sellete 6n yia xdde A € o(F) undpyel apriufiown
owoyéveld cuvOhwy Ca C F dote A € a(Ca).

1.13. Av X elvou éva un %evé oOvoho, wo o-dhyeBpa A oto X Myetaw apifurjoua napayduevn ov undpyet
aprdufon oxoyévewr C dote A = o(C). Anodellte 61 n B(R) eivan oprdurioua nopaydpevn. Emniéov, anodellte
70 (B0 v v B(X), érou (X, d) tuydv Swywplowoc petpinde ydpoc.

Ouéda I'.

1.14. 'Eotww X éva un xevé obvoho. Mu owxoyévela M unocuvohwy tou X Aéyeton povétovn kAdon oto X av
weovorotel to e€he:
(1) Ebvor xhetoth we mpog ab&ouoes evioele, dnhadh av (A,,) elvon pior adZouoa axohouvdia otoyelwy te M,
wote oo, An € M.
(ii) Eivon sxheioth ¢ mpog gpdivovoee topée, dnhadn av (A,,) elvon pio pdivovoa oxoroudia otoryeinv tne M,
tote (oo, Ap € M.
Av A eivar o owcoyévela utoouvoley tou X, cupPorilouvue ye m(A) 1 wixpdtepn povétovn xhdon mou
neptéyel v A (Mue 1ty m(A) mapdyetar ond v A). Na onodeiete to e€ric:
(o) Kéde xhdon Dynkin eivon povétovn xhdom.
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(B) Av A eivan pua owxoyéveta unocuvéhwy tou X, téte m(A) C 6(A).
(v) Trdpyer povétovn xhdon nou dev eivon xhdon Dynkin.
(3) Av A elvon o dhyePpa oto X, thte

m(A) =o(A).

1.15. 'Eotw X éva un xevoé cbvoho xar F plor un xevr apudufoun ooyévelo unocuvorwy tou X. Na deydel ot
xou 1 A(F) (B Aoxnon 1.5) ebvar aprdufoyn.
1.16. 'Eotw X éva pn xevé ovvoho xou A wo o-dhyeBpo oto X e dnetpa otolyelo. No deiete ot

() H A mepiéyet wo dmnetpn axohovdio EEvev avd 500 cuvolmy.

(B) H A eivan unepoprdufowun.



Kegpdiawo 2
Merpa

"Eyovtag avantidet ) Poaoixr) Yewplo yio Tig o-dhyeBpeg, umopolue twpeo Vo oplcouue To Paoixd avTi-
AELUEVO QUTWV TWV CNUEIWCEWY, ONAadY TNy Evvola Tou uétpou. 'Eva pétpo Yo amodidel o xdde olvoro
wag o-dhyefpoag évay un apvnTixd apriuo, To «uixogy tou. Ot guololoyixég anouthoelg Tou Yo elye xovelg

opyxd lvon oL e€hc:
1. To xev6 cOvoro @ Vo EYEL PUOLXA <UNUOC» UNBEY Ko

2. av (Aj)ier ebvan o owoyévewa and Eva avd 6o ohvola oty o-8hyeBpa, (6mou mpog To mapdy dev
Tpoodlopiloupe Tt TEéNEL var Loy Vet Yl To oOvolo ety I) toTe To «UAX0Cy TS EVone Toug va

1600TOL UE TO AUPOLOUA OAWY TWV UNXWVY.

O dog 0 oploude g o-dhyelpag «emiPBdhhely To cUvolo dewxtev I oto 2 va ebvar To Toh) apriuriclo,
wote va eCoogaiiletoan 6Tt av A; € A vy xdde @ € I, tote Woyler Ot Uz‘el A; € A. Autd ynopeite va to
delte xou we e€ng:

"Evo «@uotohoyixd» pétpo oto R Ya anédide oe xde xheoté didotnua [a, b] to phxog tou, Snhadr b—a.
'Etot, xdie povocivoho Va etye purxog undév. Av to I 6to 2 napandve unopovoe va etval urepaptdufotuo,

YedpovTog

A= J{=}

€A

Yo elyaue 611 xde clvoro A C R éyel undevixd urxoc, dpa 0 0plonog Ho Ty xevog VOruaToC.

2.1 Oplopdc xou Bacixeg LOLOTNTES

Opiopog 2.1.1. 'Eotww X éva un xevo advoro xau A wa o-dhyeBeoa oto X. Mo ouvdptnon p: A —
[0, 0] Aéyeton pétpo av:

(i) w(@) =0 xu

(ii ) o p eivon aprfunoua mpooetiks () o-npocdetnd), Snhadr av (Ap)nen ebvan pia axohouvdia Eévev

avd 800 cuvo Wy oty A, t6TE
12 (U An) = Zﬂ(An)
n=1 n=1

Adyw tng teheutalag WOTNTAC, €val TETOWO PETEO TOMAES PORES avaPEpETol Xou w¢ apriunoiua mpooleTiko

(f o-mpoceTind) pétpo.
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Eniong, 1o Lebyoc (X, A) Myetan petprioios xaopos, n tewdda (X, A, 1) Myetu ydpos pétpou xou
Aéue 6Tl to o elvon éva pétpo otov (X, A) f amhd oto X. To otowyela e A Myovta xou A-petproua

GUVOMOL.

Opwopog 2.1.2. Eotww X éva un xevd abvoro xa A uio o-dhyefpa oto X. M ouvdptnon i : A —
[0, 0] Aéyeton memepaouéva mpoodetikd uétpo av:

(i) (@) =0 xu

(ii ) o p elvan memepaouéva mpooletird, dnhadrh av (A;)7_; ebvon pie nemepaouévn oxohoudie E€vewv avd

600 ototyeiwv e A, tdte
n n
pl U4 | =D nAy).
j=1 j=1

Etvor cagég 6t xdde pétpo elvon xon menepaouévo tpoc¥eTind uETpo.
IMopadeiypata 2.1.3. Eotw (X,.A) évac yetpriowog Y®poc.
(o) T A € A opiloupe

n, ov 1o A éyel n to thhdog otoyela
p(A) = o ! s
00,  OAALDC

To p elvou pétpo:

Anddeén. Tpogoavae u(@) = 0 xau yio va emakndedoovye v (ii) apxel va topatneicouvpe ot av A, # &
vt dmetpoug o TARUog SelxTec N TOTE XUTAANYOUUE OTY OYE€an 00 = 00, EVK oTNny avtidetn nepintwon
€Y OUUE ULl TEMEQUOUEVT EEVT] EVIOT TETMEPACUEVODY GUVOAWY. OTdte xou TdhL oy Vel To {ntoduevo. [

To pétpo i AMéyeton pétpo arapiunons.
(B) ' A € A opiloupe
A=0
V(A) = { 0, av

00,  AAALGC
To v elvan enlong pétpo:

Andden. ‘Eyovpe v(@) = 0 xu yo v (i) mopatnpodue 6t av woyber A, = @ yo xde n t6te
xatohfiyouue o€ Tawtoloyio TN poperc 0 = 0, eved av yia xdmoo n €youue A, # & TOTE XATAAYOUUE
oTNY 00 = 00. O

(v) To z € X xu A € A opilouue

1, av z € A
0.(A) = ’
(4) {0, av ¢ A

To 6, elvon uétpo (doxnom) xaw Aéyeton pérpo Dirac oo .

Av p, v elvon 800 pétpa oTov petpriowo yweo (X, A), tdte o (B0 toybel xou yior To p + v xoL a - [,
omou a € R pe a > 0, mou opllovton amd Tic oYEoELS

(n+v)(A) = w(A) +v(A), (a-p)(A)=a-p(d), AcA
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Av emmiéov unodécouye 6T yio xdde A € A woybouv ot ¥(A) < oo xou v(A) < p(A), tote xou o p— v

elvan péTpo.

Extoc and autée Tic aniéc npdéelg, undpyetl xat 0 €€Xg TPOTOC VoL XATUOXEUGLOUUE XouvolpyLol UETEd
amd ToAd:

‘Eotww (X, A, 1) yopog pétpou xou C € A. Opiloupe tdte tn ouvdptnon puc = A — [0, 00] 9étovtag

pc(A) =p(ANC), yiw A € A.

Mrnopel va Beilet xaveic 611 10 pe elvon pétpo otov petprowo yweo (X, A). H anddeln avtold tou

oY VELOUOU aphVETAL WS doxnon. Ou Aéue OTL To uc elivon o mepropiojuds tou i oto C.
ITpotaom 2.1.4. Eoww (X, A, 1) xdpos pétpou.
(i) To p evar povdrovo, 6nAadn av ya kinoww A, B € A wyvet A C B, tote u(A) < pu(B).
(il ) Av emmAéor pu(A) < oo, tdte (B \ A) = u(B) — p(A).

Anéoein. T'pdpouue
B=AU(B\A)

xou apartnpovye 6t tor A xan B\ A ebvon Eéva petall toug. ‘Etot, and v npoctetindtnta Tou p €youpe
u(B) = u(A) + u(B\ A).
‘Apar, mpdypatt u(B) = p(A) xa av emniéov u(A) < oo tote

w(B\ A) = u(B) — p(A).
O

Hopoatnenote Tt 0TV anddelln YeNOUOTOACUIE UOVO TO YEYOVOS OTL TO [t elvol TEMEQUOUEVA TEOCVETIXG
UETPO.
IMopathAenon 2.1.5. To (ii) tne mopandve mpdtaong dev Exel vonuo av p(A) = co. Téte Va €youue
p(B) = oo and 1o (i) evd to p(B\ A) pnopel va elvar tenepacpévos aptduods 1 o dretpo:

I napdderyya, Yewphote to pétpo anapldunonc i otov yetphowo yweo (N, P(N)) xou ta obvora
A={2n:n=1,2,...} xu Ay, ={m+1,m+2,...}. Téte A, Ay, € N xou ebxola PAénoupe 6Tt

w(N\A) =00, pN\A,)=m, m=12,...

ITpoétaon 2.1.6. Eotww (X, A, 1) xdpos pétpov. To p elvar o-vronpooetikd (1) apriunoua vronpo-

o0etikd), 6nAadny av (An)nen €lvar Tuyoloa axolovdia oroieiwy tns A, tdte
n=1 n=1
Anédadn. Myoluacte, oe yevixég ypopués, tny amodeln g Ilpdtaong 1.1.6. Oétovye By = A xou

n—1
By=A\J 4, n=23,...
j=1
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Tote xdde B, € A, 1 B, etvon E€var avd 800, yia xdde n € N woydetr 6t By, C A, xou

n n
B; = 4;,
j=1 j=1
o’ 6Tou EnETAL OTL
o oo
B, =] An
n=1 n=1
YUVETOC:
o0 o oo o
H (U An) = U <U Bn) = ZN(Bn) < ZM(An)y
n=1 n=1 n=1 n=1
AOY® TNE aptdunoWng TEOCUETIXOTNTAS XoL TNS LOVOTOVIOC TOU fi. O

ITpotaom 2.1.7. Eoww (X, A, 1) xdpos pérpov. To uétpo p elvar «ovvexésy e tig €€ng dlo évvoies:

i) Av (Ap)nen €lvar a avéovoa axolovdia otoryeiwy tne A, téte
(i) € iz X ns
(O] = s
ii) Av (Ap)nen €var pia @Oivovoa axolouvdia otorveiwy tng A ka1 emmAéor u(Ay) < oo, tdte
pa @ Y ns K
(1) = amoan
Andoen. (i) Ocwpolye to chvola

Bn:An\An—la n:1,2,...

(6mou €youue Véoer Ag = &) ta omola etvar Eévar avd 800 o mapoatneolue OTL, Yl xdde n,

J=1 J=1
doo xan
oo o0
U Bn=U 4
n=1 n=1
YUVETOC,
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(ii) ©cwpolye ta chvola
Cn=A1\A, yian=1,2,...

Téte, n (Cp)nen ebvor ab€ovoo oxolovdia oty A pe

U Cn=41\[] 4
n=1 n=1

A6 7o (i) éneton tpa 6Tt p (Uney Crn) = limy, p(Cy,), drhodh

o (Al () An> = lim Ay \ Ap).
n=1

‘Etot, and tnv Hpdtaon 2.1.4 (ii) éyoupe

1(Ar) — p <

oo xan 1o {ntolpevo, agol u(Ar) < oo. O

138

An) = p(A1) = lim p(Ay)

H vnédeon (A1) < oo oo (ii) g mopandve tedtacng etvar amopaitnTn:

[ mopdderypa, av Yewprooupe to pétpo amapidunone 1 otov petpriowo yodeo (N, P(N)) xou

pdivouoo oxohoudia (Am)men e Am = {m,m+1,...} t61e p(Am) = 0oy xdde m, eved u ((or_y Am) =

m=1
w(@) = 0.

Mdhota, ov wiotntee tng Hpdtaong 2.1.7 yapoxtneilouv exelvar o menepacuéva TpocleTind Yétpa
mou ebvan xou apripfos TeocVeTiNd, cUUPOVA PE TNV axdAoudn TedTAo.

ITpobtaom 2.1.8. Eoww p éva nenepacpéva tpoodetiké uétpo otov petprioipo xaopo (X, A). To p eivar

HéTpo av 1wy Vel uia and tig akéAovdes ovvinkes:

(i) Ia kdOe avéovoa axodovdia (Ap)nen otoryeiwv tng A wyve du

(UA>_hmuA)

(il ) TIa kdOe pOivovoa axodovdia (Ay)nen otoreiwr g A pe (o, A, = @ wylea du

n=1

lim p(A,) = 0.

Anédeién. To p eivon menepaopéva tpooetnd YETeo, dpo uével va detyVel uovo 1 oprdurorn meoove-
ot Oewpolue Aowndy axohovdia (By)nen Eévmv avd 8o otoryeinv e A xou Vo deifouye 6Tt
1 (UnZy Bn) = 2202y i(Bn).

‘Eotw 611 oybet 1o (i). ©étoupe tdHte

R
k=1
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xou mapotneolue 6t Ay, € A yia xdde n, n (Ap)nen eivor adZovoa xou emTAéoV

s
n=1 n=1

'Eto, éyouue

Noyw e Wibtnrae (1) o tor Ay xou Tng TeEnEpaoUévne Tpoo e TXOTNTOC TOU 1 Yt Tot By,

Ac unodéoouye twpa bt toyer to (ii). Oétoupe ToTE

e Un
k=n

xou TopatnEOVUE 6Tt Ay € A yio xde n, 1 (A )nen ebvan gdivouca xou emtmthéov

B o
n=1

(emewdh) o By ebvan Eéva, xdde & € X ovixer oe évol 10 TOAD amd autd, dpot Yo UEYSAX n €YOUNE
x & U, Br = Ap). INa xdde n duwe, éyouue

o0
UBn:BluBzu-«-uBn,luAn
n=1

X0l Ao TNV TEMEQUOUEVT TEOGVETIXOTNTA TOU 1 BAETOLUE OTL
o0 n—1
1 (U Bn) = u(B) + p(An).
n=1 k=1
Y TEAVOVTAC TO N GTO AMELRO, TOPVOUUE
o0 [e.e]
(U] - um,
n=1 k=1
apoV omd to (ii) éyoupe limy, p(Ay) = 0. O

K\etvouye autr) Ty evoTnTaL UE TOV 0pIoUO EXEVGWY TV XAJCEWY UETEMY ToL Vo hag eivan To YeNoUES

OTOL ETOUEVAL.
Optowodc 2.1.9. Eow (X, A, 1) yodpoc pétpou. To pétpo p Méyetou:
(i) memepaouévo av p(X) < oo,

(ii ) pémpo mbavitnmag av p(X) =1 xou
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(iii ) o-memepaopévo av undpyer oxohoudia (Ap)nen ototyelwy tne A pe X = o2 | Ap o pu(Ay) < 0o
vioxdde n=1,2,...

Avtiotorya, Mue 6t 0 ydpog pétpou (X, A, pn) elvon menepacpévos, ywpog mdavoTntag # YOpos o-
TEMEPACUEVOU UETEOV.

IMopatneroeig 2.1.10. (o) Av o u eivon nenepacuévo, t6te €youpe p(A) < oo ya xdlde A € A, and
TN LOVOTOVIA TOU UETEOU.

(B") Av to p ebvon o-nemepaouévo, yia xde C' € A pmopolue vo ypdioupe

C=XnC= (G An> ne = G(AnmC),
n=1

n=1
we u(4, NC) < u(Ay) < oo.

(v) To olvora A, 6T0V 0plopd TOL T-TETERACUEVOU PETEPOU UTOPOUY VoL ETAEYOUV Xat Eéva, av Vécouue
_ n—1 7 Z 7
B, = A, \UjZ1 4 (6nwe éyoupe Cavoxdver).

(&) Ipogavde 1oybouy oL GUVETHYWYES
uETpo MIAVOTNTUC = TEMEQUCUEVO PETPO = O-TEMEQUCUEVO PETPO,

oAAS oo amd aUTEG BEV AVTICTEEPETAL:
To dimhdolo evog pétpou mavoTnTog Elval PUOIXE TETEEACUEVO, AAAS Oyt uéTpo mavotnTag. Erlong,

0 pétpo anapldunonc otov (N, P(N)) eivon o-nenepoouévo odhd oyt nenepoouévo (e€nyhote yiotl).

(¢) Tndpyouv pétpa mou Bev elval o-TETEPAOUEVO OTWS, Ylo ToEddetyUa, To Wétpo v tou Ioapodelyuo-
t0¢ 2.1.3(B): v X # @ éyoupe v(A) = 0o v xdlde A € Aue A # @.

2.2 Movadixotnta

Avo pétpa p xou v oe évay petpriowo yopeo (X, A) héyovtor (oo av yio xdde oivoro A € A oylel
p(A) = v(A). Ouwe auth n cuviixn ebvor ev yéver dooxoho va eheyydel. Eivar hoinév guotohoynd va
EWTACEL XaVelg: UATWE oy Tor f1 xou v TawTilovtal ot plol «xatdAANAN» utoowoyéveta tng A umopolue va
ouunepdvouue 6Tt Tawtilovton xou Tavtod; Tny andvinomn oe autd To EWTNUA, Yiol UETEO TTOU Elvol APXETA

XY, pog Blvel 1) axdhovdn) TeEdTIoT:

IMTpotaon 2.2.1 (Yedpnuo povadixétnroc). Eotw (X, A) petprioipog xdpos kar A ua owcoyévewa
unoouidwy tou X kA€IoTH S Tpos TS TEMEpaoéves ToUéS, ya tny omola wyvel étt o(A) = A. Av

ka1 v efvar 600 uétpa orov (X, A) dote
w(D) =v(D), ya kdile D e A
ka1 wyvel pa and T akodovdes ouvinkes, Tote (1 = v:
(i) Ta p ka1 v eivar tenepaopérva kar (X ) = v(X).

(it ) Ta p ka1 v €elvar o-nenepaouéva kar adikétepa vrdpyer pa avéovoa akodovdia (Dy)peny otny A
dore X =Jo2 Dy, ka1 p(Dy,) = v(Dy,) < 00 yia kdOe n.
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Anddeén. (i) Eivon onuovtind vo xatavorioete outh Ty anddeiln agol 1 TeYVIXY TOU Yenotuonoteitos
elvor TOAO cuvndiouévn ot Ocwplo Métpou. Ioapatnerote apyixd, 6Tt agol 1 A elvar Aot W TEOg

TIC TEMEQACUEVES TOUES, CUUPWVA PE To Ocwpnua 1.2.4 €youpe

OewpolUE TNV OXOYEVELN
D={AcA: u(A) =v(A)}.

Ytoyog pog ebvon va det€oupe 61t D = A. And tnyv unddeon éyoupe olyoupa ToV EYXAEIOUO
A CD.
Aol howmév A = 0(A), apxel va dei€ouye 6t 1 D elvan xhdorn Dynkin, Sibtt téte Yo éyoupe
A=06(A) CD,

Goa xou T {ntoduevn wdtnta 1w = . OuBLdtnTeg Tou oplopol tng xhdong Dynkin eléyyovian wg e€hc:
(o) Ioyler 6t X € D and v unddeon (i).

(B) AvA,BeDxu BC A téte
W(A\ B) = j(4) — p(B) = v(A) — v(B) = v(A\ B).

(IMapotnerote 611 ypnotponotfoaue Eavd o autd 10 oNUElo TO YEYOVOS OTL TaL [t XAl U Vol TETEPO-
ouéva.) ‘Etol, A\ B € D.

(v) Eotww (Ap)nen o ad&ouvoa axohovdia ototyeiwv tne D. Tére,

2 (U An) = hrrbn,u(An) = li}LnV(An) =V <U An) >
n=1 n=1

olupwva pe v Hpdtaon 2.1.7. Apa, U2 | An € D.
‘Apa, mpdypatt n D etvar xAdon Dynkin xou 1 anddeln ohoxhnpewinxe.
(i) T n = 1,2, ... YewpolUe tot UETROL fin, Vp : A — [0, 00] e

Un(A) = (AN Dy), vp(A)=v(AND,), ywAcA,
OnAadn Toug Teploplouols ato Dy twv pétpnv 1 xa v avtiotoyo. Av D € A, tote
(D) = u(D 1 Dy) = (D 1 Dy) = va(D)
ool N A elvon xAeloTh wg TPOG TIC TEMEPUOPEVES TouEg xau cuvenwde D N D, € A. Enlong,
n(X) = (X 01 Dy) = (Dn) = v(Dy) = W(X 1 D) = vn(X) < o

‘Etot, yio 1o fiy, xou vy xovonolobvton ot Utodéoelc tou (1) xot SLVETAC iy = Vp, Yo xd0e n = 1,2, ...

Av tdpa A elvon Tuydv alvoro oty A, yenowonowwvtag tny unddeon 6t X = U2 Dy, %o 1 (Dy)nen
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elvor adb€ouoa, Yedpouue
w(A) = p ( U n Dn)> = lim (A N D,,) = lim 1, (A) = lim v, (A)
n=1

= liiny(AﬂDn) =v (D (AﬂDn)> =v(4),

n=1
/7 4 4
70 onolo anodelxvieL OTL [ = V. O

Egopupoy? 2.2.2. 'Eotw p xou v 800 nenepacpéva pétpa otov uetprioo yweo (R, B(R)), tétoi dhote
i ((—00,b]) = v ((—00,b]) vy xdde b € R. Tote p=v.

Andden. Oewpolue v oxoyévetr A = {(—o0,b] : b € R}. H A eivon xAeloth ¢ Tpog TIc TENEPACUEVES
topéc xa 0(A) = B(R) (Ilpbtaon 1.1.10). Erniong,

u(R) = liyrbnu ((—o0,n]) =limv ((—oo,n]) = ¥(R) < 0.

n
YOUQWVOL UE TNV TORATAVG TEOTACT| EYOUUE OTL [t = V. O]

Ot uro¥éoelg mepatoTNTAC 0TO ToEATAVE VEDENUO OEY UTopolY YEVIXA Vo Tagoierpioly. [o topddely-
wo, av p ebtvon to pétpo anapiiunonc otov (R, P(R)) xou v = 2pu, awtd to 800 pétpa GUUTITTOLY GTNV
owoyévelr A aAhd dev ebvon oo

2.3 II\Apwon

Ac vnodéoouye thpa Tt oe évay ywpo wétpou (X, A, 1) éyoupe otadeponoioel xdmow A € A ue
p(A) = 0. Av N elvon tuy6v unooivoro tou A, dev elvon xaddhou alyovpo ét1t N € A: autd eaptdron
and v emhoyn e o-dhyeBpac. Iop’ 6ha awtd, av loyuve ott N € A tdte otyoupa Va elyope p(N) = 0.
Tideton hotmdy T0 ep®dTNUN: UTOPOVUKE Vo eMEXTEVOUPE TNV o-dhyefpa A dote va tepiéyet dAo owTd To
«opeAnTéay oOvoha; Ou dellouye mopaxdtw OTL 1 amdvVTNoT EfVaL XUTAPATIX.

Opiopde 2.3.1. 'Eow (X, A, u) yodpoc pétpou xav N € X. To N xodeitan p-pndeviké ovvoro av
undpyet A € Aye N C A xu p(A) =0.

O (X, A, p) xodeiton mArpng (xou to p TApes pétpo) av xdde p-undevind ovvoho N avixer otny A.
Ogwopoi 2.3.2. Eotw (X, A, 1) ydpeoc pétpou. Opilouvye toTE:

(i) v owxoyévela
A, ={AC X : undpyouwv E,F € Aue EC ACF xu p(F\ E) =0}
(Mopatnehote 61 téte p(E) = p(F).)

(ii ) ™ ouvdpnon i : A, — [0, 00] mou opileton and ) oyéon i(A) = u(E), ye 10 E dnng napandve.

(IMapoatnpolue 6t yoo B € A ye B C A éyouue u(B) < p(F) = p(E), dpo
A(A) = sup{u(B) - B € A, BC A}.

‘Etot, n It ebvou xold optopévn cuvdetnon.)
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H owoyévewa A, xohetton mArjpwon e A, n cuvdpetnon fi mArjpwon tou p xoun 1) teidda (X, A, 1) Thhewon
Tou (X, A, ).

7 Z —_— 4 7 7 4 7 e 4 7
To otoyeio tng A, Aéyovton fi-usteriowo cOvoha. Elvaw dueon amdppoia Tou mapamdve optodol 6Tt
e 7 4 7 —_— / e e 7 7 7
x&le p-undevixd cvvoho eivon xau fi-peteriowo. Kdmwe dioucinuixd, to otoyela e A, elvan exeiva ta
’ 4 Z 4 4 Z 4 Z 7 7
unocvola Tou X 1oL améyouv «u-openTé andotacny (Snhadh Slapépouy xatd éva p-undevind olhvolo)
oo ototyela e A.

IIpétaoy 2.3.3. Eow (X, A, pn) xdpos pétpov. Tore n mArjpwon (X, A, i) tov (X, A, u) éxer tig
axorovles 1010t TES:

(i) HA, eivar o-dAyefpa oto X ka1 A C A,,.

(ii ) To i etvar mArjpes pérpo orov ydpo (X, A,) kar o mepopioués tov oty A elvar to 1, 6nAadr
Ala=p.

(ili ) To [ efvar to povadiké pétpo otny A, pe fil 4 = p.
(iv ) To p etvar mArjpes puézpo av kar pévo av A, = A (ka1 ovvends i = ).

Anddaén. Kat’ apyde, av A € A, noipvoviac E = F = A oto (i) tou Opiopot 2.3.2, Brénouye 6Tt
Ae A, xou fi(A) = u(A). Enopéve, nedyuatt A C A, xou i 4 = p. Tt Toug undloimoug toyuptopgois:

(i) Ioyver puowd ot A, # @. Av whpa A € A, Bploxoupe E, F € A dote
ECACF
xou p(F\ E) = 0. 'Eyouye duwe emniéov B, F¢ € A xau 1oybouy ol eyxheouol:
F°¢ C A° C E°.

Agot
E\F‘=E‘N(F)=FNE‘=F\FE
éneton 6t p(EC\ F°) =0, dpo A® € A, Snhodni 1 A, elvor xhelot| g Tpog cuPTANeOUATaL.
Téloc, av (Ap)nen elvan pior axohoudia ototyeiov e A, Beloxouue axolovdies (Ey)nen, (Fn)nen
otnv A ue
E,CA,CF,

xou pu(Fy \ En) =0y xdde n = 1,2,.... 'Etol, éyoupe eniong

(o @] [o.¢] o
Ue.cJA4acFn
n=1 n=1 n=1
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‘Enetan hownév 6 | J,2 | Ay € A, xou ovvenae n Ay elvan npdypatt o-dhyefpo.

(ii) Efvor dueco 6t m(@) = 0. Av (Ap)nen ebvon po axohoudio Zévev avd dVo cuvolwv oty A,

Yewpwvtac ta obvora E;, tou optopgol €youpe, pe Pdon tny anddeln tou (i) napondve, ot

(4)+(0

xou opoV tor Ey, ebvon Eévar (e&nyrote yiatl) naipvouue tehixd:

o0 e} [e.e]
H (U En) = ZM(EH) = ZH(An)
n=1 n=1 n=1
"Apa,
o0 oo
#(U ) - S
n=1 n=1
70 onolo amodexvieL 6Tl To 1 elvon TpdypaTt pétpo. EmnAéov to I elvon mArpeg:

Av A eivon éva fi-undevixd civolo, téte undpyer B € A, pe
A C B xo i(B) = 0.
Ané Tov optopéd tou i Peioxovye F' € A dote B C F xou pu(F) = 0. Oétoviag E = &, éyouye
ECACF xupu(F\E)=pF)=0.

Enopévwe, A € A,.

(ili) 'Eotw v éva yétpo oty A, dote v|4 = p. Tote, yio A € A, Peloxovpe E,F € Aue EC ACF
xalL €YOUNE:

Aol buwe p(E) = pu(F) énetoun 6t v(A) = p(E), dnhady) v(A) = fi(A). Enoyéveg, v = Ti.

(iv) («<==) Av A = A, t61€ and 7o (ii) éyouue Tt i = p xou To [ ebvon TAApeS. Apa xou To 1 efvon TAPES.
(=) Eoww 61 10 p ebvon midpeg xan A € A, Oa deloupe 61t A € A. Bploxouye xon mé

EFe Ay ECACFxu pu(F\E)=0.
Apato A\ E C F\ E elvou p-undevixd oOvoho xau an6 ty unddeon A\ E € A. Todpo ouunepaivouye 61t
A=FEU(A\E)e A
O

IMopadeiypota 2.3.4. (o) To yétpo anapidunonc p oe omowovdrnote yetphowo yweo (X, A) eivan
TAPES, Aol TO YOVOdIXO [1-UndeVix6 cUvolo elvon To & € A.

(B) Eow (X, A) petphowoc ywpoc xu = € X dote {z} € A # P(X). e auth v nepintwon, to
uétpo Dirac p = 6, Sev elvon mhrjpec.
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AnédeiEn. Mropolue va napotnericovue ot A, = P(X). Hedyuat, av A C X umopolue va ypddoupe
A= (An{z})Uu(An{z}°).

‘Eyouvpe 61t AN{z} = @ A {x}, dpo to AN {z} avixet otmv A C A, xon 1o AN {x}¢ elvon p-undevixd
aol mepiéyeton oto {z}¢ mou éyet uétpo pu({x}c) =0, dpa AN{z}° € A,. Enctu 61t A € A,.
‘Eto, A # P(X) = A, xou and v Hpbdtaon 2.3.3 (iv) Brénoupe 6 1o 1 dev elvon mhfpec. O

2.4 Aoxnoelg

Oudda A’.

2.1. 'Eow (X, A, p) ydpeoc pétpou xau C € A. No dellete 61 1 ouvdptnon puc @ A — [0, 00] pe
pe(A) =u(AnC), AcA

0plleL éva pétpo otov ywpeo (X, A).

2.2. 'Eow (X, A, 1) xodpoc pétpou xar (A )nen axohoudio stoyeiwy tne A. No deiete ot
p(liminf A,) < liminf pu(A4,)
n n

xou 611, av emmhéov (U0 An) < oo, téTE

n=1

limsup p(A,) < p(limsup 4,,).

2.3. (lo Afjppa Borel-Cantelli) Eotw (X, A, 1) xou (Ay)neny oxorovdia otoryeionv e A yio ta omola toydet

Na deifete 6t p(limsup,, A,) = 0.

2.4. BEotww A # @ xa a: A — [0, 00] wo suvdptnor. Oétouue

Z a(x) = sup { Z a(z): FCA F#3xu F mnspcxopévo} .

€A z€EF

Emmiéov, ¥étoupe Y, a(r) = 0. Botw X # @ xou wa cuvdpmon a : X — [0, 00]. Anodellte to e€hc:
(o) Av Y cx a(z) < oo, téte 10 olhvoro J = {z € X : a(z) > 0} ebvon apriufowo. Yndbedn:
- 1
J = U {a:EX:a(x)>f}.

n
n=1

(B) H ouvdptnon g : P(X) — [0, 00] mou opiletan and tnv

rEA

opilel éva pétpo otov petphoo xopeo (X, P(X)). H p, ebvou ) onueaxr katavourj mov endyetar ané tny a xou o
a(x) elvou 0 udla tou x.
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2.5. 'Eotw (X, A) petphowoc x&poc %o {fin tnen adEovoa axohoudia puétpwv otov (X, A), dnhadh yio xdde
n € Nxouw A € Awybet pn(A) < ping1(A4). T A € A opilovpe

H(A) = lim i, (A).

Na deifete 6tL to p elvon pétpo otov (X, A).

2.6. 'Eotww (X, A) yetpfiowoc xodpoc xot { i tnen axohoudio uétpwv otov (X, A). No deilete ot
(o) H ouvdptnon p: A — [0,00] pe

w(A) =3 pa(4), Aca

elvou pétpo otov (X, A).
(B) Av emuimhéov xdde p,, elvon pétpo mbavdtnag, deite 61 n ouvdptnon v : A — [0, 00] e

— 1
A) = —un(A), A
v(4) Z;Qnu( ), AcA

elvan enlone pétpo miavoTnrag.
2.7. Tleprypddre 6ho o pétpa otov yopo (N, P(N)).
2.8. 'Eotww (X, A, ) évac mifiene xdpoc pétpou. Av vy xdnowr A € A xau B C X éyoupe AAB € A xou
H(AAB) =0, va deilete 61 B € A xan u(A) = p(B).
Opdda B'.
2.9. Aote mopddelypo o-nencpaouévou uétpou p otov yweo (R, P(R)) dote u((a, b)) = oo yia xdde a < b € R.

2.10. Eotw (X, A, 1) yoeoc o-tencpacpévou uétpou xat (A;)ier oxoyévela Eévwv avd dvo otoyelowv tne A. Na
deilete Oty xdde E € A 1o obvoro Jg = {i € I : uw(EN A;) > 0} ebvon aprduriowo.

2.11. 'Eotw F dhyefpo oe évo un xevd cbvoro X xou p menepacpévo uétpo atov yoeo (X, o(F)). No Sellete
oty xdide A € o(F) xon yio xdde € > 0 vndpyer F € F dote

w(AAF) < ¢,

6mou AAF = (A\ F)U (F \ A).

2.12. 'Eow (X, A, 1) yodpoc nenepaouévou wétpou xat (Ap)nen oxoloudioa untoouvorlwy tou X yio tnv onola
urdpyet 6 > 0 dote p(A,) = 0 v xéde n € N.

(o) Agi&te 6T p(limsup,, A,) > 0.

(B) Aci&te 6T undpyer adEouca axohouvdia Quotxdy aptdudy {k,} dote

() Ak, # 2.
n=1

2.13. Eotww (X, A, p) yodpoc yétpou. To p Myeton nuinenepaciiévo av v xdde A € A ye p(A) = oo undpye
B C Ape Be Axo 0 < p(B) < oo. Na deiete ot av (X, A, ) elvon évac yMpog NULTETEPUCUEVOL PETEOL Kol
A e Aye p(A) = oo, téte v xdde M > 0 undpyer B € Ape B C A xou M < u(B) < oo.

Opddo I,
2.14. Eow (X, A, i) ydpoc yétpov. Opiloupe g : A — [0, 00] pe

to(A) =sup{pu(F): F C Axou u(F) <o}, AecA
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No det€ete 6tu:

()
(®)

2.16.

To po etvar NUTENEPAOUEVO PETPO (TO NUTETEPATUEVO 1L€POS TOU ).
Av 10 p elvor NUTETEPACUEVO, TOTE 19 = K.

Trdpyel pétpo v otov (X, A) mou aipvel pévo g Tée 0 xat 00, TET0L0 OOTE [ = g + V.

‘Eotww (X, A, 1) xdpoc pétpou.

T 800 cvvora A, B € A ypdgoupe A ~ B av u(AAB) = 0. No dellete 611 1 ~ elvon oyéon wooduvopiog
oty A.

INa A, B € A opllovpe p(A,B) = u(AAB). No 3eilete 6u n p civon mhipne petpxf oto olvVolo Ty
xhdoewy woduvapiog A/ ~.

Eotww (X, A, u) yopoc yétpou. Eva chvoro E C X Méyetow tomkd petprionuo av ENA € A yio xdde

A e Ape p(A) < oo. Opilouue

2.18.

A= {EFC X : FE tomxd yetpriowo}.

No deffete 6t A C A xaoun 6t n A ebvan o-6hyefpeo. Av A = A 161 0 (X, A, 1) Myeton kopeajiéros ybdpoc
pétpou.

Ag{€te 6L av t0 p elvan o-nenepacpévo, tote A = A.

OpiZovye ™ ouvdptnon fi : A — [0,00] ye ji(A) = u(A) yia A € A xu i(A) = 0o yia A € A\ A. Acifre
6t 0 (X, A, fi) elvor xopeopévoc xhpoc uétpou.

. 'Bow (X, A, 1) yopoc nenepoouévou pétpou. Aeldte 6t ta axdrovdo eivon toodivaya:

To cOvoho {u(A) : A € A} elvon drewpo.
T x&de € > 0 vndpyer A € A pe 0 < p(4) <e.

Trdpyet axohoudio Eévwv avd 800 cuVOAWY (A )nen oty A dote pu(Ay,) > 0 v xédde n € N.

‘Eoto (X, A, 1) yopoc nenepacpévou pétpou xau pa owxoyévewa € C A, Téte undpyel aprdufon utool-

xoyévew F C & dorte:

(i)
(ii )
(iii )

Av A e F, t6te p(A) > 0.
To otoyela g F eivon E€var avd 600.

Av F=JF, 1o X \ F Bev nepiéyel xovéva otoyelo e € pe yvhota detind p-pétpo.



Kegpdiawo 3
Elwtepixd petpa

Méyer tohpa €xoupe oploel emTUY®E TNV EVvola ToU UETEOU xal €youpe amodellel uepés Baoxés Tou
wotnTeg. Hop” dhar auTd, Tar ToUEABEY AT UETEWY TOU EYOUUE XUTAOKEUAGEL EIVAL UEXETA GTOLYELDOT Xol
OYL TOCO EVOLUPEQOVTAL.

Ye autd 10 xePdAo Vot TUPOUCLICOUNE TEMTA EVOV KUNYAVIOUO» XATAOXEUNS HETPWY UECL TOU Vew-
efuatoc Tou Kapoadeodwer. H nopeio authc tng xataoxeuhc etvon pe Alyo Adyo 1 €€ng:

1. Kartaoxevdloupe wo ouvdptnon ¢ @ P(X) — [0,00] n onoio ixavormotel xdmolec aoVevéotepeg
W16tTNTES amb autée evie pétpou (dpa eivar euxoldTepo va xataoxevaotel). M tétow cuvdptnon
Yo T Aépe e£wTepikd pétpo.

2. Ileplopilouye ™y ¢ oe xatdhhnin o-dhyefpa A C P(X) dote o neptopiouds autde vo efvor Y€tpo
otov yoeo (X, A).

Yov epapuoyt authc tne dladixacioc Yo xataoxeudoouus to efwtepid puétpo Lebesgue otov RE mou da

Hog 00Ny MoeL apyOTEQ 0T YEVIXEUOT TOU Ohoxhnpwuatog Riemann.

Téhog, Yo nopouctdcouye To Jepnpua eméktaons tou Kapadeodwper| mou divel pio ouctaotixd avtio tpo-
@1 Sdxacio xataoxeunc pétpwy. Iho cuyxexpuéva:

1. Kataoxevdloupe yior cuvdptnon p mou «uotdlel ue pétpoy xau opileton oe wo dhyeBea Ag € P(X).
2. Emextelvoupe aut| T cuvdptnon oe uétpo otny o-dayeBpa A mou mapdyet n Ap.

H teheutala auty| Teyvixr ebvan wiadtepa yerown. Ebvon yio mapdderyuo douixd epyaleio yio T Yepeiioon
e Oswplag Mrdavothtwy.

3.1 Oplopdg xou to e€wtepind peteo Lebesgue

Opwopde 3.1.1. 'Eotw X éva un xevé obvoro. M cuvdptnon ¢ : P(X) — [0, 00] Aéyetan ekwtepind

JETPo av:

(il ) n ¢ eivar povdrorn, dnhadh av A C B C X t6te p(A) < ¢(B), xou
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(ili ) n ¢ ebvon aprOunoua vrompooletikry (1 o-unonpocVetny|), dnAadh av (Ap)nen ebvan plar axoroudio

UTTOGLVOAWY ToU X, TOTE

n=1 n=1

Me Bdon 1o anotehéopota Tou TEONYOVUEVOU XEQUAAlou elvon capéc OTL xdde YéEtpo elvon xou e€wTEPXO
HETPO.

IMopadeiypota 3.1.2. (o) H ouvdptnon ¢1 : P(X) — [0, 00] e

0, aovA=09
A) = ’
1(4) { 1, adhoe

elvon e€wTEEINO UETPO!

Andde&n. O ouvifxec (i) xou (ii) tou opopol txavorolovvta Ttpogavee. Do tny (iil) thpa, av A, = &
Yo xdde n T6TE 1oy Vel TPoYavAS 1 to6tnTa 0 = 0, EVe oy xdmoto Ay, etvor un xevé, tote @1 (Ure g An) =1
xon >0 p1(An) = 01(Apgy) = 1, 6nog 9éhaye. O

Emuniéov, eixoha BAénovue 6Tt av | X| = 2 tétE 1) 1 Bev elvon yétpo.

(B") H ouvdptnon g2 : P(X) — [0, 00] e

0, av A apuiurolpo
A pu—
#2(4) { 1, oA

elvor e€wTepnd UETpO:

Andde&n. H ouviiun (i) wavoroteiton ool guoxd to & eivan apriuriowo obvoro. oty (ii), av A C B
xou 1o B elvan unepoprduiotuo, téte Exoupe p2(A) < @a(B) = 1, apol 1 @2 haPdvet uévo i tipée 0 xou
1. Av ndht o B eivan oprdufiowo, tote xou 10 A elvon aprduniotpo, dpo pa(A) = po(B) = 0. T v (iii),
av xdmolo Ay, elvon unepoprduriowo, t0te N aviedTnTa oy Vel TEoPavVKE OTwe xou oTo (ii). Av mdht oha

o0 Ay, elvon oprdufoa, téte xa 1 évoon U~y Ay, eivor aprdufoio obvoho, dpo

©2 (U An> =0="> pa(An).

‘Apa, TEdyHATL, 1) @2 Elvon EEWTEPXO YETPO. M

Epdytnua: Etvor 1 2 pétpo;

3.1.1 To e&wtepxd pétpo Lebesgue

Oa dooude THPA ToV oploud Tou e€wtepixol uétpou Lebesgue A* oto R. Eivou quoioloyixd, ov
I = (a,b) eivon éva avowxtd Sdotnue va VEAOUUE Vol Loy Ve

A(I)=b—a.
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Oewpolye ot T0 XeEVO GUVOAO WS avoxTo dootnue Vétovtoe (a,a) = @ yio xdde a € R, Av tdpoa
A C R tuy6v, uropolye mdvta va xahbouue to A amd apriurotua 1o TARYOC avoxtd Blac AT, dNnAady
uropolue vo Bpolue axohovdio (In)nen, pe In = (an,by) dote A C U2 I (e€nyfote yiotl). Tote,
10 ddpowopa > o7 (bp — ap) Biver pior «amd mhvewy extipnon yio 1o «pixocy» tou A, dpo elvor Aoyxd vo
{ntioouue

o0
Z (bp, — ay) v onotadrrote ot kdAvpn (In)nen oL A.

Odnyoluaote Aotndv QUGLOROYXS GTOV EENC OPLOUO:

Opiopde 3.1.3. To ebwtepicd puétpo Lebesgue N* : P(R) — [0, 00] opiletar we e&nic:

A*(A) = inf {Z(b” —ap): ap,by € R ay < by xw AC U (an,bn)} ,
n=1 n=1

vio xdde A C R.
Or Boowréc wotnTee ToL e€wtepnol Yétpou Lebesgue mepiypdpovion otny enduevn npdToo).
ITpotaom 3.1.4. (i) H araxdvion X* : P(X) — [0, 00] eivar e€wtepikd pérpo oo R.

(i) I'a a,b € R pe a < b éyouue
A ([a, b)) = A*(la, b)) = A*((a, b]) = A*((a, b)) = b - a.

(iii ) Av I elvar éva un gpaypévo oidotnua oto R, wére A*(I) = oo.
Anddaén. (i) Oubibtnree tou e&mteptnol Yétpou eAéyyovtal we eERg:

(o) T xéde € > 0 éyovpe @ C (—¢,¢€). 'Etot, ye Bdon tov opoud tou A* (9étouvue a1 = —¢, by = € xou
apn = by, v xdde n > 2) naipvouye
N (2) < 2e.

Agol 1o € > 0 frav tuydy, énetan 6Tt A*(D) = 0.

(B) Av A C B CR, t6te xdle axoroudio dtaotnudtwy mou xahintet to B Yo xahintel xou 1o A. ‘Etot,
10 A*(A) Vo ebvon uixpdrepo agol nadlpvoupe infimum néve ond neplocdtepa oivola. ITo Tumnd, av

B C U2 (an, by), tote éxoupe enione A C U2 (an, bn). Anhadh

{((am n nGN U G, by, } {((ambn))neN A C U(ambn)}a

n=1

dpot
mf{ : B C U(an,bn)} }inf{Z(bnan) U G, b, }
n=1 n=1 n=1
‘Eto, A*(A) < A*(B), dnhodnf to A* elvan povétovo.

(v) Eotw twpa axohovdio (Ap)nen utoouvoleny tou R. Ou deifoupe 6T

A* (G An> < iA*(A
n=1 n=1
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Av > L A (Ay) = o0, 10 Intolpevo ebvan tpogovéc. Trodétoupe howmdy 6t Y o0 1 A (A,) < oo.
Tote A*(A,) < oo v xédde n. 'Eotww € > 0. And tov opiogd tou A*, vy xdde n > 1 Ppioxouye
oaxohoudiol (I, ;) jen UE Inj = (an,j, bn,j) OOTE

An - U In,j
j=1
now .
> (bny — ang) < A(An) + 2%
j=1

Téte, n owoyévew (I ;) (n,j) evon apriunoun (apod 1o N x N eivor aprdurioruo) xou 1oy et

oo oo
U A, C U In;.
n=1 n,j=1

Apa,

A* (U An> < Z(bmj —amj) = Z Z(bn’j — CLn’j> < Z ()\*(An) + 2%) = Z)\*(An) +e€.

n.J n J n
Agol 1o € > 0 Ytay TLYOV €meTon 1) {NTOVUEVT AVIGOTNTOL.

Apa, mpdrypott, To A* elvon e€wtepind Y€tpo.
(ii) Eotww a,b € R pe a < b. Ou deioupe 61t AN*([a,b]) = b —a. Eotw ¢ > 0. "Eyovue [a,b] C
(a—5,b+3), dpo A*([a,b]) <b—a+e. Agol Eonvhoaue pe Tuydy € > 0, éneton 6Tt

A ([a,b]) < b — a.

[ty avtiotpogn avicdtnra, Yewpolpe oxoloudio avoxtédv daotnudtwy Iy = (an, by), n=1,2,...
e [a,b] C Up2; (an, by) xon mpéner va dei€oupe 6Tt

o0

Z(bn —ap)=2b—a.
n=1
To ddotnua [a, b] etvon cuunayéc 6Uvoho, dpa 1o avorxtd xahuppa (I, )neN EYEL TETEPUOUEVO UTOXGAUUUL,
dnhad” undpyet m € N dote [a,b] C ;- (an, by)-
Ioxvproués. > 0 (bn —an) = b—a.
Oa amodetyVel ye emaywy wg mpog m. [Nam = 1 o woyvploude elvon mpogavrc. Trolétoupe ot

oyVeL yioo m = k xou yioe To enaywyixd Briuo Yewpolue ot

k+1

[a,8] € | (an, bn).

n=1

Téte undpyer 1 <@ < k+ 1 wote a € (a;,b;). Xwple neptopioyd e yevixdtnrog vrodétoupe 6t i = 1,
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Onhadn 6t a1 < a < by. Av by > b, t61€ (a,b) C (a1,b1), dpo

k+1
b—a<b —a; < Z(bn—an).
n=1
Av ndh by < b, téTE
k+1
[b1,0] € | (an, bn)
n=2
doo, and TNV EnoywYXr unddeon,
k+1
b—b1 <Y (bn—an)
n=2
‘Etot, €youue
k+1
b—a<b—a;=(by—a)+(b-b) <Y (bn—an),
n=1

onwe Yéhape. Ipdypatt Aomdv o woyuptopds arndelet.
Ané Tov oyvptoud éneton 6t Yoo (by —an) = > (by —an) = b—a, xou tedixd A\*([a,b]) = b—a.

[ to avowtd ddotnue (a,b) e, av a < b t6te a + % <b-— % yia yeydhec twée tou n. ‘Etot,
[a+2,0— 1] C(a,b) C [a,b] xou and tr) povotovia Tou eEwTepIOD PETEOU

n

1 1 2
A <[a+,b—]) =b—a—— < \((a,b) <b—a.
n n

Ytéhvovtog To n 670 00 €youde hotmdy A*((a, b)) = b — a. And ) povotovia tou \* thpa, eivar duecec
e 7 7
%o oL GAAeC dV0 LloOTNTES.

(iil) Kdde un gppayuévo didotnua I nepléyet pporyuéva dlaoThuata 0000HTOTE UEYSAOU Uixous, dnhadt yia
x&de puowd n undpyer a, € R Gote (an,an, +n) C I. 'Etor A*(I) > n vy xdde n > 1 xou éneton t0
{nrovyevo. O

Me Tic (Bl 16€eg, AN Ayo TEQLOGOTERO XOTO, UTOPOVUUE VO XU TACHEUGGOUUE XAl TO EEWTERIXO PETEO
Lebesgue otov R¥. "Eva avoiktd gpaypévo tidotnua otov RF eivan éva oOvoho tne popeic

k
I = H(aj,bj) = (al,bl) X (ag,bg) X oo X (ak,bk)
7=1

omou a; < b; € R. O dykog tou dwothuatog I sivon o aptiudg
v(I) = (b1 —a1)(bg — az) - - (b, — ag).

4 4 7z 7. Z 4 4 k 4
Devixérepa, éva didotnua otov R¥ eivan éva oOvoro tne popopic I = HFl I;, 6mou Iy, 1o, ..., I} Suo-
othuata 670 R xar 0 6yxog Tou elvon To YIVOUEVO TV UNx@Y Twv dleotnudtey I (6tou xdvouue TN
oOuBaocn 0 - oo = 0). Fevixetovtog homdy tov Oplopd 3.1.3 Sratunedvouye tov axdhovdo oplous:

Optopéc 3.1.5. To ekwtepikd uétpo Lebesgue Af : P(RF) — [0, 00] otov R¥ opiletan w¢ eghc:
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A (A) = inf {Z v(I,) : I, € R* avoutd gporypuévo Sidotnua xon A C U In} ,
n=1 n=1

v xéde A C RE.
Ebvar cagég amd tov oploud otL AT = A*. Mepinéc gopéc, ydpwv anAdtnTog, Yedpouue xon Ay = \*.

Mo v amodeiZoupe Tic Paoée BotnTeg tou Af (dnhadh to avdhoyo g Hpdtaong 3.1.4) Vo ypeto-

G TOUUE TO axOAOLYO YEWUETEXO AL

Adppa 3.1.6. (i) H owoyéveaa A twv vroowdlwr touv RF mou ypdpovtar ws temepacuéves Eveg

evdaag duotnudrwr evai pa d\yefpa otov RE.

(ii) Eorww Ij, j =1,2,...,n &va dwotipata otov R*, T = U?Zl I; n évwony tous ka1 J éva tidotnua

otov R¥ dote I C J. Tére

> vI) < v(J)

ka1 av emmAéov to I elvar Srdotnua tote 10) Vel 106TNTaA:

j=1
I I
J 13 2 3
I I 7
I L 14
5

Yyuo 3.1: Afupo 3.1.6 (ii)

Arnddaén. (i) Eva epgavéc o1t A # @. Botw A, B € A. Tére, ypdgoupe A = (i, I xu B =jL, Jj,
6mou (I;); xou (J;)j omoyéveiec Eévev daotnudtev oto RE. Tedgouye

ANB= U ;N Jj,
i,J
omov 1 (1; N Jj) (. 5) ebvon enlone oxoyéveln EEvev SlooTnudTtwy ooV R¥. Eto, AN B € A, 3nhodhn A
elvol XAELOTY| OTIC TEMEQUCUEVES TOUEC.
Do T GuPTANEGUaTY THEA, Topatneolue 6Tt av I eivor éva didotnua otov R¥ téte 1€ =RF\ T € A.

‘Etol, A° =L, If € A and o nopomdve. Apa, medypott, n A ebvor dhyeBpo.

i=1"1

Mapathenon 3.1.7. Eotww A’ O A 1 oxoyéveld 1oV TETEPUOUEVLY EVOCELY dlaotnudtey otov RF
(oL avoryxootxd Eévev). Todte A = A!, diétt i A elvan dhyePpa Tou nepéyel ta daoThpata an’ GTov
énetn 61t A C A 'Etol, x4 memepaouévn évwon daotnudtey tou RF uropel vo ypowel xo wc

TETEPAOUEVY E€VN) EVOT) DLUCTNUATODV.
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Eyuor 3.2: T xdde Sdotnua I ebvon 1€ € A.

(ii) ©a to amodeifouye e emaywyh wg npog n. Ia n = 1 1o {nroduevo eivon mpogavéc. Yrmovétouue
6L 1oy eL Yoo n = m xou Yo 0 amodeifoupe v n = m + 1. H 1déa eivor va ywpiooupe tov R¥ oe 0o
NUL®EoLS, KOTe 1 Tour Tou I ue xadévay and autols vo eivon Evewon m SlaoTudTey, avtl yio m + 1, xo
VoL EQUPUOCOVUE EXEL TNV ETaywYLxY| uTtddeoT).

MmnopoUue va utodécouue 6TL I; # @ yio xdde j, apod otnv avtidetn nepintwon Peioxduacte otny

nepintwon n =m. N xdde j =1,2,...,m+ 1 ypdgouue

k
=] 1
A=1
omou I y owotuata oto R. Torte,

k

k K
LN Ty = (H ILA) n (H Im+1,A) = [[(hanTmin) = 2.
A=1 A=1

A=1
‘Apa, undpyer 1 < Ag < Kk dote Iy, N Lyy1y, = 9. Mnopolue vo unodécouue 6Tt 10 I ), €lvou

«oELOTEESY TOU Liyy1 2. AV B elvon T0 8e€16 dxpo tou I ., VéTouue

Hy = {(xz1,22,...,2k) eRF: T, < B} xou Hy = {(x1,22,...,2) e RF: Ty, > B}

L Iy

J1 Jo

B
Eyfuo 3.3: Ta Iy xou Iy SraywpiCovton and 1o unepeninedo xy, = B.

Tote, agold H1 N Iy11 = D €youpe

Hnl=JHnL) CHNT
j=1
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xan opola, agol Ho NI = &,
m+1
HynI=|J(HNI)CHyNJ.

Jj=2

And v emaywyxr unddeon, €youue Ti¢ oYETELC

m m+1
S vHINI) <v(HINT) won > v(HyNIj) < v(He N ),
j=1 j=2

v(J)=v(HiNJ)+v(HaNJ)
m+1

V(Hl N Ij) + Z V(HQ N Ij)
Jj=2
m—+1

V(H1 N Ij) + Z V(Hg N Ij)
j=1

=

11

I
]
- —

(V(Hi N I;) +v(Ha N 1)) = ' v(Ij),

<
Il

-
<
Il

-

6mou yenowonotiooue Ty v(&) = 0 xou TNy 1odTNTA
v(K)=v(KNH;)+v(KNHy)

Tou 1oy Vel yia x&de didotnua K tou RF.

Av tdpa to I elvon Sidotnua, toTe TO Blo oyler yoo T Hy NI xou Hy N 1. 'Etol, mdh and tny
enaywyn| undveot), talpvouue

m m+1
ZV(HlﬂI):V(HlﬁI) o ZV(HgﬂIj):V(HgﬁI).
j=1 j=2

m+1

Adpoilovrag dmwe mapamdve, Prémovue 6t v(I) = > 10 v(1;), xou éneton To {nToluevo.

Xpnowonowdvtag oautd o (Te)Vixd) AMuue, toipvouue to €€hc avdroyo tne lpdtaong 3.1.4:
Meoétaon 3.1.8. (i) HN : P(RF) — [0,00] etvar ebwtepid pézpo orov R¥,
(ii ) I'a kdOe trdotnua I tov R* 1oyva \*(I) = v(I).
Andédaén. H anodeiln autr diapépel and tnyv amodelln tne Ipdtaong 3.1.4 udvo otov loyuploud, Tou THpd
OLOOPPAOVETOL (S EENG:
Ioyvpwopés. 'Eotww K = Hi:l[GJ)\’b/\] ouunoyéc BLdoTNUA OTOoV RE. Av I, Do, ..., I, civan avowxtd
pearyuéva dlooThata e K C U?Zl I;, t6te

n

V() < 30 v().

J=1
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[Ma v anddeln tou woyvplopol, do yenowonotioouue 1o Afuua 3.1.6 (i) dote va «ondoouues
n Z Z ’, 7 Z . ’ 7 ’
10 Uj_1 Ij oe Eévn évwon avouxtov Seotnudtev xou €nerta o (ii) wote va mépouue to Cntoluevo.
Yuyxexpuéva, Yewpolue to cOVOha

j—1
Ei=L\|JL, j=12...,n
=1

xou maportneolue 6Tt etvon Eévar avd dUo otowyela Tng A (ool n A ebvon dhyeBea), E; C I v xdde j, xou
emmhéov woydet 6t Uiy By = Uj_; Ij. 'Etol, ané o Afppa 3.1.6 (i), xdde Ej ypdpeton ¢ nenepaopévn
Eévn évwon daotnudtwy tou RF. Eotw Ji, t = 1,2,...,m wo apldunon Ghev autdy 1oV SloThUdTwy.
Téte, to Jp eltvon Eéva avd B0 (e€nyRote yiatl) xou

||
1l Cg

‘Eto, éyove K = " (K N Jy), 6mou ta K N Jy ebvan Eévar avd 800 Suacthyato. Téte, and o (ii) tou
TEONYOLUUEVOL AfuuaTog BAETOUNE 6Tt

K) = V(Kﬁ Jt ZV Jt = Z Z V(Jt) = ZV(EJ) < ZV(Ij)v
t=1 t=1 J=1{t:J:CI;} J=1 Jj=1
OTw¢ YEAE.
O
Mpétaon 3.1.9. Av A CRF efvar éva apiurioio otvolo, tére A*(A) = 0.
Anéoaén. 'Eotww A={z,:n=1,2,...}. Tote, yioa xdde € > 0 éyoupe
oo k c
- _
_nL—JU( 2n’$”(’\)+2n)
X0l CUVETOG, ATO TOV OPLOUO TOU A™,
o k 00
€ € (2¢)F ek
< _ — _— = == .
4) < ;pl ((“T”(A) * 2n) (x”(’\) 2n)> nz::l onk 112k
Aol Zexwvroaye pe Tuyoy € > 0 €youpe mpdypott A*(A) = 0. O

3.1.2 Kataoxeuy] eEnTEQIXOY UETPWY

H 18¢a tne xataoxeuric tou e€mtepixol uétpou Lebesgue etvon ouolactind va xahbdouue xdde cbvoro
UE W aptduAon Eveon «<Xah@vy CUVORWY (DOTNUATWY OTN CUYXEXPLUEVN TERITTWOT) TV OToltv
YVWEICOUUE TO «UETEOY» XL OTI CUVEYELX VO DOUPE TOGO XOoAT) UTOREL Vo YivelL auTy| 1) Teoogyyior. Auty
1 SLodixocior UTOREL VoL YEVIXEUTEL (OOTE VOL oG BOOEL EVOLY UMY OVIOUO» XATACKEVHC EEWTEQIXWY UETEMV.
Xoeelal OUaoTE TEOTA VALY 0pLOUO:

Opiopde 3.1.10. 'Eotw X # @. M owxoyévero C C P(X) unoouvéhwy tou X héyetar o-kdAvn tou
X av
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(i) @€l xu

(ii ) vndpyouv X1, Xo,... € C dote X = o Xn.

Ochpnpa 3.1.11 (xotooxeuf e€wtepixdy Yétpwv). Eotww X # &, C a o-kdAvypn tov X ka1 7 :C —
[0, 00] pua ovvdptnon pe 7(2) = 0. H owvdptnon ¢ : P(X) — [0, 00] e

o0

p(A) = inf{ZT(C’n) : CpeCkrku AC U Cn}
n=1 n=1

yia A C X elvar e€wtepiké pétpo oto X.

ITpwv and v anddelln tou Yewpruatog, nopatnenoTe 0T, agol 1 C elvon o-xdAudr, 1 cuvdptnon ¢
etvar xohd optopévn. H anddeln eivar ovotootxd (o pe v anddeiln tne Ipdtaone 3.1.4 (i) xou ebvon
%aAO Vo TEOOTINCETE VoL TNV XAVETE WG doxnon. Tnv cuunAnedvouue yio AOyYoug TANEOTNTAC.

Anédeién. Ouwdotnteg Tou Oplopod 3.1.1 ehéyyovion wg e€hc:

(i) Tt T0 xev6 clvoho éyouue @ C |, @, dpa o(@) < >, 7(F) = 0. Yuvendg, ¢(@) = 0.

n

(ii) Av A C B C X 16te, xdie xdhudn tou B and otoryeio tne C eivon xon xdhudn tou A, dnhodn

{(Cn)n . Cp € Cxu BC Ucn} C {(cn)n :CpelCxu AC Ucn}.

Yuvenog, mpdypatt ¢(A) < o(B) (egnyhote yat).

(iil) Méver va def€ouye v aptiurowun utonpootetixdtnta g . ‘Eotw (Ay )y pla oxoloudio utocuvorwy
tou X. Oa deioupe 6t ¢ (U, An) < D, p(An).

Av ) ¢(A,) = oo 1o {nrodpevo eivon mpogavég. Trodétouue howmdy ot Y @(A,) < 00, ondte €youue
©(Ap) < 0o v xde n. ‘Eotww € > 0. TNa xdde n Beloxouvye axorovdio otoyeiwv e C, (Cy, j); HoTe
A, C Uj Ch,j %o

= 9
ZT(Cn,j) < (P(An> + on-
j=1

Tote U, An € U, j Cn,js G (apo0 1o N x N ebvan opriuriowo) 1oyler ot

@ (U An) < Do (Crg) | €D p(An) +e
n=1 n=1 \ j=1 n

Agrivovtag 10 € = 0 talpvoupe to {ntoluevo. ]

3.2 Merproipa cOVoAa

‘Eotw ¢ : P(X) — [0,00] éva eZotepind uétpo oto un xevd obvoro X. ‘Onwg einoye xou otny
eloaywYr Tou xepodaiou, avalnrolue wa o-diyeBea A oto X “ote o meploplouds p|a vor ebvon uétpo
otov ywpeo (X, A). M tétowr o-dhyefpa undpyer navta (n tetpwpévn A = {D, X}), dung Yo Vélaue
va Bpolue plo apxetd mo «mholotay and authv. O eMOUEVOC OPIGUOS TOV Y-UETPHOIHWY TUVOAWY OF
cuvduacud ue to Yenpnuo tou Kapaldeodwer| 3.2.3 yag divel Evoy «unyoviono» yia Vo T0 TETUYOUYE.
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Optowde 3.2.1. Eow ¢ : P(X) — [0,00] éva eZwtepind yétpo oe éva pn xevd ovvoro X. ‘Eva
B C X Aéyetan @-petprjonuo av «xoBel owotdy xdie dilo utocivoho tou X, dnhadh

o(A) = 9p(ANB) +p(A\ B),

v xdde A C X. BuuPorilouue pe My TNy ooYEVELL OAWY TWV P-UETEHOWWY UTOCUVOALY Tou X.

IMopatneroeig 3.2.2. (o) And v unonpooleTixdtnta Tou eEwTePXol Pétpou, 1 oyéon ¢(A) <
©(AN B) 4+ (AN B) wyber navta. 'Etot, vy vo deioupe 6t éva B C X elvon p-petpfioto apxel vo
eAEYEOUUE TNV oVIGOTNTA

0(A) 2 (AN B)+ ¢(A\ B), yuxdde ACX.
Emmiéov, navicdtnta aut elvon mpogavrc otny tepintwon mou ¢(A) = 0o. Xuvende, apxel vor xortdEouye

uovo exeiva ta A € X yia to omola p(A) < 00.

(B") Ané o (o) mpoxinter 6 xdde B C X pe ¢(B) = 0 eivon p-yetpriowo, agol ond T Lovotovia Tng
@ €youpe (AN B) =0 xu p(A\ B) < p(A).

Ochpnua 3.2.3 (Kopadeodwpr). Eotw ¢ : P(X) — [0, 00] éva e€wtepikd pétpo oo un kevd ovvoro
X. Tére n My, etvar o-dAyefpa oto X ka1 o mepiopiouds o|pm, s ¢ oty M, elvar mArjpes uépo.

Anédedn. Ou dohoouue TNy amddelln o Briuata.
BApa 1. H M., eivor dhyefpa.
T xdde A C X €youpe

P(ANX) +p(A\ X) = p(A) + p(2) = p(A).

Apa X € M.
Av B € M, 161t yio xdde A C X é€youue

p(A) = (AN B) + o(AN B°) = p(AN B°) + p(AN (B)),

ouvene B¢ € M,,.
Ocwpolye tHpa B, By € M, xou Ya 6etloupe 611 By N By € M. 'Eotw A C X. Agol By € M,
€)OLUE
@(A) = (AN B1) + ¢(AN BY)

xou ool By € M,
W(ANB1) = (AN By N By) + (AN BN BS).

‘Ouwg, (B1 N BS) U Bf = Bf UBS§ = (B1 N By)°, dpo n unonpocletixdtnta tng ¢ uag divel
¢(AN BN B3) + (AN BY) = p(AN[(B1 N B3) U Bil) = p(AN (B1N B)*).
Ané Tic mponyolueveg oyéoelc BAEémoude OTL

@(A) = p(AN (B1NB2)) + ¢(AN By N B3) + ¢(AN BY)
> QO(A N (Bl N BQ)) + (p(A N (Bl N Bg)c).
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Ané v Iopatienon 3.2.2 (o) éneton ét By N By € M,,.
Brpa 2. Av By, By € M, eivou &évar p-petpriopa alvora xar A C X, tote

(AN (B1UB2)) =9(ANB1) + (AN By).
Ewdudtepa, n @[, eivon enepacuéva tpoodetind uéteo, Snradh yio Eéva By, By € My, woylel 6Tt
p(B1U By) = ¢(B1) + ¢(Ba).
Xenowonownviag ¢ By € My, xow By N By = &, nadpvouue

W(AN(B1UBy)) =¢(AN(ByUBy) N By) + (AN (B UBy) N BY)
= (p(A N Bl) + gO(A N BQ).

To devtepo cuumépaopa énetar av Yéoovue A = X.
IMapatrenon 3.2.4. Ao 1o napandve Briuc, ETEToL PE ATAY ETUYWYT OTL

n

() AN UB] :ZQO(AQBJ)
Jj=1 j

yio Eéva avd 800 By, Ba, ..., B, € M, xou xde A C X.

Brpa 3. H M, evon o-dhyeBpa xou 1 |, ebvon pétpo.
Youpwva pe to (iii) tne Hpdraone 1.1.6, apxel vo deifouye 6t av (By)y elvon o axoroudior Eévev avd
6Vo oTolyelwy Tng My, xaw B = U;ff:l By, t6t1¢ B € M, xa. eminhéoy

(3.2.1) p(B) = ¢(Bun)
n=1

Oo deiloupe 6Tl yia xdde A C X oyouv ot oyéoelg
(3.2.2) ©(A) = (AN B) 4+ p(A\ B) :Z (AN B,) + ¢(A\ B).

Anb v npd T woéTnTa €neton 6t B € M, xan amd ) Sedtepn, Vétoviag A = B, naipvoupe ty (3.2.1).

c
Egapuélovtag v Iopathienon 3.2.4 vy to oOvoha By, Bo, ..., B, xa (U?Zl Bj) mou ebvan Eévar
avd 800 otouyeio g My, e évwon to X Bhénouue 6Tt v xdde A € X woybouv ol

Cc

0(A) = p(ANX) = Z@AHB +o AN U
J=1 J=1

> (AN B))+p(ANB).
j=1
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X TEAVOVTUC TO M OTO 00 TAlPYOUUE

o)

0(A) = (AN B;) +p(A\B) > (AN B) + ¢(A\ B) > ¢(A),

j=1
OTIOUL YOl TIC TEAEUTAUEC AVIOOTNTES YPENOWOTONCOUE TNV 0-UTOTROCUETIXOTNTA TN . Apa TeAd 1oy Ve
1 Tewtn {nToluevn wodtnTa, Snhady) B € M. ©étovtag A = B otnv teheutola oy€orn Talpvoupe xaL TNV
(3.2.1).
Brupo 4. H |y, civar thfipeg pétpo.
‘Eotw B C X vy 10 onolo undpyer C € My, ye B C C xou ¢(C) = 0. Téte, and ) povotovia tng ¢
éneton 6Tt (B) = 0 xau ouvende B € M, and v Hapatrhenon 3.2.2 (3). O

Opwopodg 3.2.5. To otoiyela e o-dhyefpoac My« Aéyovtan Lebesgue petpnoua ovvoda.

Ev yével, To va eheyydel xatd té6cov xdmoto doouévo civoho B C RF eivar Lebesgue petphowuo eivou
’ ’ ’ / ’ ’ ’ ’ k
Wiadtepa duoxoro. Ilpog To mapdy, ta Lebesgue peteriowa odvoha mou yvwpeilouye eivon wdvo to RY xan ta
Z / 7. Z 7 4 Z 4 4 7. 7 4
<opEANTEXY, ONAADT| exElval TOL EYOLY EEWTEPXOG UETEO UNndéy. H emduevn mpdtaon delyvel 6Tt 1) owxoyévela
M+ elvon WBiaitepa TAovota.

Mpétaoy 3.2.6. Kdde Borel vnootvoro tou R¥ efvar Lebesque petprionio, Snhadry B(RF) C M.

Andédeadn. Av Yewpriooupe TNV owxoyévela

k
A=< (=00, by b, ... by €R
j=1

Yvopiloupe (amd v Hpdtaon 1.1.11) 6t o(A) = B(RF). Tuverde, apod n My« eivor o-dhyeBpa, yio vol
SeiZouye tov eyxheioud B(RF) C My« apxel va deifouue 61t A € My«. Oewpolue howmdy éva GUVOLO
B = H;?:l(—oo, b;] € A xoun Yo 6eilouye 6T elvan Lebesgue petpriowo, dnhadr 6Tt

A (A) = M (ANB) + M (A\ B), vy xdde A C R* ye \*(A) < oo,

Eotw A C RF ue A*(A) < 0o xow e > 0. And tov opioud tou N*, Beloxoupe axohoudia (I,,) avoixtdv
pporyuévey dlaotrudtey Tou RF dote A C |, In xo

D V() < A(A) +e.

n=1
[Na xéde n 1o I, N B ebvar gpaypévo ddotnua (dyt amopaitnto avowxtd) eve to I, \ B ypdgeton o
TENEPACUEVT EEVN Evwon PpayUévwy BlaoTtnudtwy and to Afuua 3.1.6 (i), dSnhady

kn
I,\B= U I, omou I, 7 =1,2,... k, &éva ppayuéva SLocTAUATA.
j=1

Ebvar epgavée, 6ty xdde gpoyuévo didotnua I tou R¥ umopolue vo Bpolue éva avowxtd gporyuévo
ddotnua J dote I C J xou n dapopd v(J) — v(I) vo eivon ocodinote wixer|. Bploxoupe hotndv avontd
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xan earypéva dtaothpata Jy, xou Jy g, 6mou n € Nxow j =1,2,..., k, ®oTe
I,NBCJ, xu In; C Jy;

pe’

kn kn
£ €
V(In) + D VUng) < VU N B) + Y VlIng) + o = v(n) + o
j=1 Jj=1
olugpova ye to Aupa 3.1.6 (ii). Téte duwc
(e%S) 00 0o oo kn
ANBC | JUnnB)C | JJn % ANBC | JUu\B) S |J | ny
n=1 n=1 n=1 n=1j=1
Ol GUVETOC
o0 oo kn
(ANB) <Y v(Jn) xan A (A\B) <> Y v(J
n=1 n=1j=1
Apar tehnd,
o0 kn
N(ANB)+ M (A\B) <) | V(o) + > V(Jny)
n=1 j=1
< v({, + o = Z v(l,
n=1 n=1
< N(A) + 2e.
Agobl 10 € > 0 ye 10 onolo Eexwhoaue Rtay TUYOY, €meton To {NTOLUEVO. ]

Hopotnehote 6tL oty nepintwon tou R, dnhadh vy k = 1, 1o I, \ B ebvan gpaypévo didotnua, dea m

amodelEn amhouUCTEVETAL UPXETAL.

Opwopog 3.2.7. O neploplopds tou eCwtepxol uetpou Lebesgue Ap oty o-dhyefpa My: Aéyeta
Hétpo Lebesgue xan cuuBohileton e A\p 1 oamhd ye .

SOUQOVOL UE T TUpamdve, To A eiven TAfipec uétpo. Mepixée popéce, o meploplopdc tou Af oty B(RF)
Yo Aéyetan w1 awtdc pétpo Lebesgue.

Mo meprypapt Tou eEwtepinol uétpou Lebesgue ye Bédon tov neplopiopé tou oty B(RF) diveton otny
oaxohoulT) TEdTUC).

IMpbtaon 3.2.8. Ia kdle A C R wxvowr ta axdlovda:

M (A) =inf{\(B) : B € B(R*), B D A} = inf{\(G) : G avoxté nue G D A}.
Anédaén. Tw xéde B € B(RF) ue B D A éyouue A*(A) < M (B) = M(B). Zuvendc

M (A) <inf{\(B) : B € B(R¥), B D A} <inf{\(G) : G avouxté ye G D A}.

‘Etot, av A*(A4) = oo t61e 10 {nroduevo eivor tpogavés. Oewpolue hotnév A ye M (A) < oo xon tuydv
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e > 0, xou Yo Bpovpe G C RF avowxté pe
AN(G) <X (A) +e.

Ané oy opiopud tou X* Peloxoupe axohoudio (I,) avowtdy daotnudtoy wote A C |, In x>, v(I) <
N (A) + €. ©éroue G =, In. To G eivar avouxto, mepiéyet 1o A xan emmhéov

AG) = A (U In> <D V() < X(A) +e.

n

‘Etot, inf{\(G) : G avowxt6 pe G O A} < A*(A) + € xau vy € — 0 nadpvoupe to {nroduevo. O

3.3 Eowtepxd xou es&wtepnd pETpo

To anotéheoya tng tehevtolag mEdTooNG Wog Olvel TNy e€ng xotdoTac: TO eEWTERIXO UETEO EVOC
utocuvéhou tou RF Tautileton pe TNV «amd TEVW> TPOoéyYLoN Tou amd To Pétpo cuVAwv Borel xo

aVOT®WY GLUVOAWY. H 18€a auty| 0dnyel otov axdroudo oplouod:
Opwopée 3.3.1. 'Eow (X, A, 1) yodpoc pétpou. To A C X tuydv opiloupe:
(i) o ekwtepind pérpo tov A ws mpog

p(A) =inf{u(B) : B€ Axu B D A}

(ii ) to eowtepikd uétpo tou A wg mPos

px(A) = sup{p(B): B € Axu B C A}.

Eivou dueco and tn povotovia tou p 6t yio xdde A C X woyler s (A) < p*(A) xon av emmhéov A € A,

67€ p1s(A) = p(A) = p*(A).

ITpotaom 3.3.2. Eotww (X, A, u) xdpos puérpov. To e€wtepikd pétpo p* touv p éyer tis €€rjs 1610tnes:
(i) Ia kdfe A C X vndpyer B € A pe A C B ka1 p*(A) = pu(B).

(ii ) H owdptnon p* : P(X) — [0, 00] eivar mpdypatt e€wtepicd pétpo, olupwrva pe tov Opiopd 3.1.1.

Anéoaén. (1) Av p*(A) = oo tote u(X) = oo (and tov opoud tou u*), dea yoo B = X €youpe To
{ntoluevo.

Ac unodéoouye tpa 6t (A) < oo. Tére, yia xdde n € N, Bpioxouye By, € A pe A C B, xau
N 1

Ocewpolye t0 clvoro B =), B, € A xou nopatneolye 6tt A C B, ouvende p*(A) < p(B). Opong, yio
xéde n € N woyter 61t B C By, dpa u(B) < u(By) < p*(A) + 1. Etoy,

1
(A +—, yiaxdden=1,2,...
n

t%
E
N
=

&
N
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xou modpvovTag m — 00 €youpe Tedypott ot u(B) = p*(A).

(ii) Ov Wibtnee tou Oplopol 3.1.1 eréyyovton we e&hc:

(o) Hpogavae p* (@) = u(@) = 0.
(B) Av Ay C Ay C X, xdde otoryeio tne A mou xohinter 1o Ag xahintel xou to Ay, dpa p*(Aq) < p*(Asz)

(e€nyfote yiotl). Autd Selyver 6T To p* ebvon yovotovo.

(v)) Méver va dei€oupe 6Tt To p* elvon utonpoodetxd. Av (A,) eivar o axohoudia utocuvoAwY Tou X
Yo del&ouye OTL

1

n= n=1
IMo xéde n Bploxovye, obugpwva e to (i), obvoro By, € A ue A, C By, xou p*(A,) = u(By,). Tote
U, An € U,, Bn € A, dpa

Iy (U An) < (U Bn> <Y u(Bn) <Yt (An),

Omwe VEAOE.

O]

Mopathenon 3.3.3. 'Eotw A 1o pétpo Lebesgue otov yodpo (RF, B(RF)). Tére, 10 e€wtepind pétpo
mou oplel o A olugwva pe Tov Optoud 3.3.1 toutileton Ye 10 YVwotd pog eEwtepind pétpo Lebesgue
(Oproude 3.1.5).

ITeoétaom 3.3.4. Eoww (X, A, p) xdpos pétpov kar A C X e p*(A) < co. Tdte,
Ac A, = (A =pu*(A).

Anédetn. (=) Ané tov opioud e o-dhyefBpoc A, undpyouy E, F € Adote E C A C Fxapu(F\E) =
0. Tote
W(E) < pia(A) < 1°(4) < (F)
mou pali ye ) oyéon u(E) = p(F') Siver ) Lnroduevn wotnro: ps(A) = p*(A).
(<) Trodétouue tpa 6Tt py(A) = p*(A) < oco. Tére, ouvdbudlovrac toug dbo Optopoic 3.3.1, yia
x&de n € N Bploxovye obvora By, F, € A ye E, C AC F, xau

pE) = () = p(Fa\ Bu) < -

Ocewpolye ta ovvora E = J,, By, xou F' =, F, xou napotnpotye 6t B C A C F xou emimiéoy, yia xdie
n =1 éyouue
1
nw(F\ E) < p(Fn \ Ep) < n
an6 Tt povotovia tou u. ‘Etor, pu(F\ E) =0, dpa A € A,. O

IMopathienon 3.3.5. And v anddelln e tehevtaiog TEOTAONS, TEOXUTTEL OTL Yo xdde A € A,
youie () = u*(A) = F(A),
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3.4 To Jewpnpo enextaong tou Kapadcodwe

‘Oneg elnae xou 0TNY ELCAYOYT) TOU XEQUAAOU, TO VEDENUA ETEXTACNE HOC OEVEL Lol SLOBLXAGTA XATATHEVHS
UETPWY OLCLAGTIXG avTioTEoYT and auThv Tou Oewphuatog 3.2.3 tou Kapaldeodwper. Alvouue mpwta tov
eZn¢ oplouo:

Oplopodg 3.4.1. 'Eotww X un xevé cdvoho xon Ag wia dhyefpo utocuvorwy tou X. M cuvdptnon
po = Ao — [0, 00] Myetan mpopérpo oo olvoro X av:

(i) po(@) =0, xou

(ii ) av Ap, Ag, ... elvon pa axohovdia Eévev avd dlo otoyelwy e Ag yio T ontolo emmAéov Loy Ve
oo 7
Uneq An € Ao, 161

Ho <U An) = ZMO(An)~
n=1 n=1

Ewdwotepa, xde npouéteo elvon memepacuéva tpooetind otny diyeBpa Ao.

Ocehpnpa 3.4.2 (Yedpnua enéxtoonc). Eotw X un kevé ovvolo, Ay pa diyefpa oto X, A= o(Ao) n
o-dAkyeBpa mov mapdyer n Ag kar po éva mpopétpo otnr Ag. Ocwpolue t ovvdptnon p* : P(X) — [0, oo]
mou opiletar ws

n=1

uﬂA)—dnf{E:MOQ%):Ane.AoKm14§ LJAN}
n=1
yia A C X. Téte woxvovr ta e€rjs:
(i) Hp* elvar e€wtepicd pétpo oto ovvoro X.
(it ) Ia kdle A € Ap wxva du p*(A) = po(A).

(ili ) Av M etvar n o-dAyeBpa towv p*-petpriowy ovvédwy téte
(3.4.1) AC M,

/ * z. / / 4 / g /. 7/
Ywvends to = p*| 4 elvar éva puétpo otov petprouo xapo (X, A), to oroio emekteivel to py. EmmAéor,
1wxVel to akodovdo anotéAeoua povadikoTnTag:

(iv ) Av to po €lvar o-nenepaciiérvo, dnkadry av vndpyer pa avéovoa axolovdia (F,) otnr Ag pe X =
U, Fr ka1 pio(Fr) < 00 ya kde n, téte to p1 elvar to povadixé pétpo otov petpriouo yapo (X, A)
TOU €TEKTEIVEL TO (.

Anddeén. (i) Eivou dueco and 1o Oedpnua 3.1.11 (xatooxeuic eEmTtepndv uéTpmy).

(ii) Eotw A € Ap. Eivar cogéc 6t p*(A) < pop(A), apod 1 oxoroudion A, &, &, ... elvon yror xdhudn
tou A oané otouyeio e Ag. T tnv avtiotpogn avicdtnta, Yewpolpe o axorovdia (A ), otnv Ag pe
AC Y, An xou Ya Sei€ouye bTL

po(A) < po(An).

Ocwpolye T GUVola
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Téte By, € Ag v xde n, ta By, eivon Eéva avd 6Vo, By, C A, yio xdde n xou |J,, Br = UU,, An. Apo:

po(A) = o (U (AN Bn)) = ZMO(A N By) < ZMO(Bn) < Z to(An),
n=1 n=1 n=1 n=1

oo Véhape. Apa, mpdypott 1* 4, = Ho.

(iii) I'vowpilouye (and to Oedpnua 3.2.3 tou Kapodeodwen) 6tLn M« elvon pior o-dhyeBpo utocuvérwy Tou
X. Enopévoc, agod A = o(Ap), yio va det€oupe tov eyxhetoud (3.4.1) apxel vo dei&ovue 6t Ag C M=,
‘Eotww howmdv A € Ag xou B C X pe p*(B) < oo. Ipéner va detloupe 6Tt

W(B) > p"(BNA) + ' (B\ A).

‘Eotw € > 0. Bpioxouue yior oxohovdia (By) oty Ag pue B C J,, By xou emimiéoy

[e.e]
S to(Bn) < 1*(B) +<.
n=1

Aot buwe to pg elvar TEOUETEO, €)Y OUE:

> 10(Bn) = po(BaNA)+ > po(By N A%) = (BN A) + p*(B\ A),
n=1

n=1 n=1

oot B, N A, B, N A° € Ap v x&e n. ‘Apo tehixd
W*(BOA)+ (B A) < i*(B) + 2

xou yioe € — 0 €youue to {nroluevo.

(iv) T ) povadixdtna, Yewpolue éva pétpo v otov ywpeo (X, A) pe v|a, = po %o yenowonoolue
0 Yedpnuo povadixétntog (Ipdtoon 2.2.1) yia va det€oupe ot v = p. H owoyévein Ag ebvon dhyePea,
Gpa elvat XAELGTY 1S TPOC TENEPAUOUEVES TOUES, eiong €youpe 6Tl o(Ag) = A and tnv unddeon. And tnv
v|a, = po éxovpe v(A) = u(A) vy xdde A € Ag. Téhog, undpyer pa adZouvoo axorovdia (F,) oty A
we X = U, Fr o po(Fy) < 0o yio xdde n, xou éyovue v(F,) = pu(Fy,) < oo yio xédde n € N, 1o onolo
eniong Oelyver 6T To 1 xan v elvon o-nenepacuéva. Ano tny Ilpdtaon 2.2.1 cuunepaivovye otL v = . [

3.5 Aoxfoeig

Oudda A,
3.1. Eotww A C RF ye A° # @. Nu deifete 61 A*(A) > 0.

3.2. 'Eotww X éva un xevé olvoho. Abvovton ol cuvaptioceic ¢; : P(X) — [0,00], j = 1,2,3,4 pe

0, avA=g 0, aowwA=9
$1(A) = ;o 92(A) = ;
1, aovA# @ 00, avA#QD

0, av A apudunowo 0, av A apiurolwo

o - {

1, av A vrepoprduriowo 00, av A urnepopriuroo .



3.5. ASKHSIEIT - 47

No deilete 611 oL ¢ elvon e€wtepind uétpa xou va Bpeite tic My, .
3.3. e A C N opiloupe ¢(A) = limsup +{AN{1,...,n}], 6nov |A| ebvar 0 TAnddpripoc tou A. EZetdote av
N ¢ elvon e€wtepd YETpo.

3.4. Oewpolpe v owoyévela C mou anoteleltar and To xevé GUVORO xou OAA ToL BLGUVORA (QUOLXWY ELIUMY.
Opiloupe 7(@) = 0 xou 7({m,n}) = 2 vy xdde {m,n} € C. H C ebvar o-xdhudn tou N, ondte endyer éva
eEwtepnd pétpo p* oto N. Troloyiote to p*(A4) v xdde A C N xou Bpeite o p*-petprioya obvora tou N.

3.5. Anodeifte 61 x&e eudeio xou xde x0xhog oo R? éyel pétpo Lebesgue (0o ue undév.

3.6. Eotww A C R éva petpriowo obvoro pe 0 < A(A) < oo.
(o) Agigte 6T n ouvdptnon f: R — Rpe f(z) = A(AN (—o0, z]) eivar cuveyic.
(B) Aci&te 6u undpyer yetpriowo odvoro F C A wote A(F) = A(A)/2.

3.7. Eow (X, A, 1) yébpeoc puétpouv xou A C X. AefZte 6t undpyer Ag € A ye Ag C A xan py (A) = p(Ao).
3.8. 'Eotw (X, A, 1) ydpoc pétpou. Acilte dtt av (Ay) elvou pa adovoa axoloudio utocuvéhwy tov X tdte
oo
w ( anjl An) = nh_{lgo 1 (Ay).
Oudda B'.
3.9. Eow A C R pe M*(A4) > 0. AeilZte 6t undpyouy z,y € A wote z —y € R\ Q.
3.10. Eotw A C R e A(A) = 0. Na deiete 6t v 10 A’ = {2? : € A} woyler 61t A(A') =0

3.11. Eow (X, A, ) yopeoc pétpouv xou A C X. No defZete 6Tt
o (A) + (X \ 4) = pu(X).

3.12. Aci&te 6T éva A C R elvon Lebesgue petprowo av xou pévo ov

A ((a, b)) = A" ((a,b) N A) + A*((a,b) \ A), v %xdde a < b oto R.

3.13. Eoww A C R pe A*(A) > 0 xou @ € (0,1). Na deiete 6T undpyer avowtd ddotnua I oto R dote

N (ANT) > ar({).

3.14. Na dei€ete dtL undpyel Lebesgue petpfiowo civoho A C R pe AM(A) > 0 xou A(ANT) < A(1) v xéde un
TeTEIUEVo ddoTtruo 1.

3.15. Eow X éva obvoho xau A wa dhyeBpa oto X. Fpdpoupe A, via Ty oixoyévela Ghwv tov optduioleny
evooewy ototyelov e A xa Ay yior Ty oxoyévels Ohwv v aptduiony toudy otoelwy e A,. Eotw o
éva popéteo otnv A xan p1* 1o avtiotolyo eEwtepind uétpo. Actlte ta e€ric:

(o) T xdde A C X xowe >0, undpyet B € A, dote A C B xow p*(B) < p*(A) +e.

(B) Av p*(A) < oo, t61€ T0 A Elvon p*-petpriowo av xat pévo av undpyer B € Ays tétoo wote A C B xou
p*(B\A)=0.

(v) Av o pg eivon o—menepoacpévo, tote oto (B) dev ypedleton vo xdvoupe v unddeon p*(A) < oo.

3.16. Eotw ¢ évo eZwtepnd uétpo oTo un xevd civoho X xou p To ETOYOUEVO PETPO oTov XWpo (X, My). Av
E,G C X, 1o G Myetu ¢p—petprjonuo kdAvpa tov E ov:

ECG, GeMy xuyaxdde Ae Myue AC G\ E wylbe u(4) =0.
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AcelEte 6t

(@) Av G1 xou Gy elvan 800 p—petprioya xohduata tou Bov E C X, téte
w(G1AGy) = 0.
(B) Av ECG,Ge My xau ¢(E) = p(G) < 00, t61€ 10 G glvon p—petprioo xdhoya tou E.
3.17. Eotww (Ay) oxoloudio petphiotuwy vocuvéiwy tou [0, 1] e tnv idtnta

limsup A(4,) = 1.

n

Acigte 6ty xdde a € (0,1) umdpyer vraxoroudia (Ag, ) e (4,) dote
)\( m Akn) > Q.
n=1

Owpdda I'.

3.18. Eotww {¢n} wa apidunon tou QN [0, 1]. T xdde € > 0 opilovue

100 o ot ).
n=1

Télog, Vétouue A = ﬂjoil A (%)

(o) Aceilte 61t A(A(g)) < 2e.

(B) Ave < 3 deflre 6t t0 [0,1] \ A(e) elvon pn xevé.
() AciZze 6m A C [0,1] xou A(A) = 0.
(0)

) Acifte 61t QN 0,1] C A xou 61 10 A eivan unepapLiurioipo.

3.19. 'Ectw A Lebesgue petprioyo unoctvoro tou RF ue A(A) < oo xon {4,132, axoloudia Lebesgue petpriot-
pwv uTocuVO WY tou A dote A(Ay) = ¢ v xdmowo ¢ > 0 xa vy xéde n € N.

(o) Acgigte 6T A(limsup,, A,) > 0.
(B) Aci&te 6n vndpyer yvnoiwe abdlovoa axohouvdia {ky,} puowdv aprdudy pe Ty Widtnta

() Ak, # 2.

n=1

3.20. Aépe 6t éva A C R éyel onueio ovundkrvwons oto drepo av v xdde a > 0, to civoko {x € A : |z] > a}
elvan unepoprtunowo. Oplloupe

0, oav A apiuiowo,
#(A) =191, ov A vrepapripriowo ywplc onuelo cuptinvworg oto drelpo,

oo, av A unepoprduriowo ye onuelo cUUTONVLONG GTO ANELRO.
Acl&te 611 N ¢ elvan e€wtepnd pétpo oto R xan 61u

My ={ACR: A apdurowo | A° apriuriowo}.
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Etvor owotéd 6t xdde A C R €xel p—yetprioo xdhuyo;

3.21. Eotww Lebesgue yetpriowo olvoho A C R ye A(A) > 0. No delfete 61 10 obvoro A—A = {z—y: z,y € A}
TepIEYEL BldoTNUa PE %€vTeo To 0.






Kegpdiaio 4

Boaocuxeg 1ototnTeESC TOL UETEPOU
Lebesgue

Y10 TEONYOVUEVO XEQIANMO UEAETACUUE XATOLOUS TEOTIOUC XUTACXELN S EEWTEPIXMY UETEWY Xl HETEWY,
ue Wioitepn éppacn oTnV xataoxeur Tou pétpou Lebesgue otouc Euxheideioug ydpouc RE. Ye autéd to
xe@dAoto Yo yeketoouue Ti¢ Bacixéc wotnTeg Tou Y€tpou Lebesgue xou Vo to yopoxtnelcouue uéco

QUTWV. LT CUVEYELN Vol OTRUPOVUE OTH UEAETY) TV EYHAEICUDY
B(R*) € M- C P(R)

Tou eldoye oo TEOMNYOUEVO XEPdAao. Ou deilouue 6TL uTdpEy oLV WialTEpa «ToOAOY XY GOVORA, dNAAOH
utoctvola Tou R¥ oy dev eivor Lebesgue pyetpriowa xou Lebesgue petprotua ovora tou dev eivor Borel.

4.1 Kavovixodtnta tou pétpou Lebesgue

Opwopog 4.1.1. 'Eow (X, d) évog petpixds yopog, A wa o-dhyefea oto X wote A DO B(X) xou p
éva pétpo otov uetpriowo yweo (X, A). To p Myeton kavoviké uétpo ov:

(i) p(K) < ooy xdde K C X ovunayéc.
(ii ) To p wavomolel tn cuvinxn e£wtepikns kavovikétnTag, dSnhodY

p(A) = inf{u(G) : G avoxtd oto X xou G O A}, vy xdde A € A.

(ili ) To p wovornotel ) cuvdixn eowtepikiis kavovikdTnTag, dSnhadh

w(G) = sup{p(K) : K ovunoyéc xou K C G}, v xde G C X avowxto.

H ouviixn xavovixdtntog evog YETEOU fi, OTOV LXAVOTOLE(TOL, EXPEALEL TO YEYOVOC OTL TO [ Elvou
ouuPPactéd pe ) dopr Tou X g PETEIXOL YhPou (0UCLUCTIXG, YE TNV TOTOAOYIX TOU).

Mpoétaon 4.1.2. To pérpo Lebesgue A atov R¥ efvar kavovid pérpo. EmmAéov, 10xiea 6t

AMA) = sup{\(K) : K ovurnayés ka1 K C A}, ya kd0e A € M=
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(dx1 povo ya ta avoiktd ouUvoda).

Anédatn. Soppwva pe tnv Tpétaon 3.2.6 woyler 6t B(RF) € My« Kotd ouvérela, éyet vonua vo
ehéyZouue Tic W6TNTES (1)-(ili) Tou Oplopol 4.1.1:

(i) Eotw K C R¥ cuurnayéc oivoro. Téte, unopolpe vo Peolpe éva ueydho wpoyuévo didotnua J Tou
R* dote K C J. Téte, and 1 povotovia Tou A, éyouus

ME) < A(J) = v(J) < oo.

(ii) Auth etvon axpBoe 1 WiétnTa Tou amodeiZope otnyv Ipdtaon 3.2.8, v onoio €5 {ntdpe uévo yio T
Lebesgue yetpriowua cOvola.

(iii) T v ecwtepxr xavovixdtnTa, Aoyw g povotoviog tou A apxel va Seifouye 6Tt
A(A) < sup{\(K): K C A ovunayéc}.

Oa unodécouye opyd 6Tl To A elvan gpaypévo. T var amodet&ouue ) Intoduevn oviootnTa Py vouue

éva xhelothHh

obvoho K peoa oto A mou va elvon <ol xovtdy oto A. Ieodivaya, (dyvouue €va ovoixto
olOvolo G ueyohitepo and 1o AC mou va efvat TéAL «toAd xovtdy oto A (ouctootxd G = K¢). ‘Ouwng, to
A elvon pparypévo ondte avtl va Bpolue éva tétolo avoixtd alvolo G pag apxel Vo TeploploToUUe ot éval
peydro ouunayéc obvoho L ye L O A, va Bpolue éva avoixté U «hiyo peyahltepoy and tn dogopd L\ A
xou 0T oLvEyel va Yécoupe K exeivo to turua tou A mou dev téuvel 1o U. Autd Ya elvon avaryxaotixd

«1ovtdy oto A.

Eyfuo 4.1: Anddelln tng ecWTEPIXNE XAVOVIXOTNTAS Yio PEOYUEVOL GUVOAL

Ipdpovtac Tor mapamdve mo tumixd, Yewpolue € > 0 xou Bploxoupe L ovunoyéc ye L O A xou U ovouxto
pwe L\ A C U xo emnhéov
AU\ (L\A)) <e.

Y ouvéyela, Vétovue K = A\ U. Hopatnpotue 61t K C A xaw K = L\ U (e&nyniote yiotl), ouvende
10 K eivar xhetot6d. Emmhéov, A\ K C U\ (L \ A) xor cuvende

MA\K) S MU\ (L\ A)) < e.

1 ’ ’ 3 ’ 7 ’
Agobl to A elvon pporypévo, Yo elvol aUTOUOTE GUUTOYES.
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Y yev!| tepintwon thpa (6mov to A Bev elvon amapoltnta pporyUévo), Hétouue
A, = AN B(0,n),6mou B(0,n) = {z e RF : ||z|s <n}, n=1,2,...
Téte, n oxorovdia (Ay,) eivor adZouca xou x&de A, civor ppayuévo civoho otov RE. Etou:

A(A) = sup A(A,,) = supsup{\(K) : K C A,, cuuynoyéc}
neN n

= sup{\(K): K C A ovunayéc}.

T v teheutoia Lo6TNTA TopaTnERoTe OTL éva cuunayéc ohvoho K C RF nepiéyeton oto A av o udvo
av umdeyet n € N wote K C Ay, O

Xenowomolhvtag TNy xavovixdtnta Tou pétpou Lebesgue eluoocte oe Véom vo xatoddBoupe xohitepa
1 oyéon Tou yoeou (RF, My« ) pe tov yopo (R, B(RF), ). Anodeifoye otnv Ilpbtaon 3.2.6 61
B(R*) C Myx, adhd oty mparypamixdTnTe .oy Vel 1o €S LoyLpdTepo UmoTéNeou:

IMpétaoy 4.1.3. To uérpo Lebesgue atov petproiuo xapo (RF, My+) efvar n miApwon tou pérpou
Lebesgue avov (RF, B(RF)).

Anédaén. Ouctaotind uhdue yir 1o dio uétpo ot wixpdtepn o-dhyefpa B(RF), emouévec apxel va
dei€oupe 6Tt My« = B(RF),, dnhadn pe Bédon tov Optoud 2.3.2 apxel va Bei€ouye Thy axdhoudn looduvaypio:

A€ My <= undpyow E,F € B(RF), ue EC AC F xou A(F\ E) =0.

(=) Eow A € M)y-. Trnodétouye apyixd 6t A(A) < oco. Térte, and tnv Ipbdtaon 4.1.2 uropolue va
Beotue axohovdieg (Ky), (Gyn) pe o K, ovunayn xa toa Gy, avouxtd, dote K, € A C Gy, xou

1
AMGr) — AMK,) = MGp \ Ky) < -
Oétoupe (6mee éyoupe Lavoxdvel) E =, K, xau F =, Gn. Téte, EC ACF, E,F € B(R¥) xou
1
AMF\E) < ANGp\ Ky) < —, yauxdde n=1,2,...
n

Apo A(F\ E) = 0, dnhodi) A € B(RF),.

Av topa to A € My« elvon Tuydy, Ypedpouue
A=Ay, 6mov Ay, =ANB(0,n).
n=1

Téte, %80 A, ebvan uetprhoo xon gparypévo, dea A, € B(RF), ané to mapamdve. Agod dpwe n B(RF)y
etvon o-dhyePea, émeton 6L A € B(RF) ) %on éyoupe dellel v (=).

(<=) Eotw A C R¥ yia 10 onolo undpyouv E,F € B(R*) ue E C A C F xau M\(F\ E) = 0. Tpdgpouye
A=FEU(A\E). Téte, M(A\ E) = 0 and 1 povotovia tou A, dpa A\ E € My« xou emnhéov
E € B(RF) € M,-. Enctan 611 A € My». O

Yy mporypotixdtnTa anodellope Tic e€ng LoYUPOTERES Xl TOAD YENOUES loOBUVOULES:
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IMeétaoy 4.1.4. FEotw A CR¥. Tére,

Ae My < wvndpya E DA Gs otvoro ue \(E\ A) =0
Kal

Ae My« < wvndpya FFC A F, otrodo pe A(A\ F) = 0.

Opwopog 4.1.5. Eotw (X, d) petpindc yopoc. Kdde yétpo otov petpriowo ywpeo (X, B(X)) AMyetou

Hétpo Borel otov X.

Mpétaoy 4.1.6. To uétpo Lebesgue eivar to povadid jétpo Borel otov RF mou ikavoroel tny
MI) =v(I), yua xdOe I Bdotnua otov R,

Andoeaén. Ipdxerton yio epopuoy Tou Vewmphpotoc povadixdtntog (Ilpdtaon 2.2.1). Oewpolye TV owxo-
YEVELN
A = {I CR*: T Sidotrpal.

H A ebvor x\eioth we tpoc menepaopévec Topéc xon éyoupe det 61t o(A) = B(RF). Av u civan éva
uétpo Borel otov R ue p(I) = v(I) v xéde I € A, téte u(I) = MI) v xdde I € A. Emnréov

RF = 22, [=n, n]¥, émou n ([—n, n]*),, etvor wOEouca oxohoudic oty A xon p([—n, n]¥) = A([—n, n]*) =

O

(2n)k < oo yio %89 n. ‘Etot, ané v Tpétacn 2.2.1 cuyepaivouye 6Tt A = pu.
IMapathenon 4.1.7. Topatnerote dtL xdde mpdtacT Tne Lopgrc
«To A eivan 70 povadixd pétpo Borel otov RF Gote va oyet 1 it (P)»
CUVETAYETOL TNV avTioToY
«To A ebvon 10 povodind pétpo otov yieo (RF, My+) dote va toylel 1 étnta (P)».

Mpdrypatt, av p ebvor éva pétpo otov (R, M) dote va toyer 1 widtnta (P), 161e 0 mepoplopdc Tou i
oty B(RF) éyettnv (P), dpa ‘B(Rk) = |B(Rk)' Ané tn povadixotnto e mAfewong (Hpdtaon 2.3.3 (iii))
EMETAL OTL f1 = A oTNV M y».

"Apa, 6Tay oToL EMOUEVAL Lol TEOTAoY oG e€acpailel 6Tl To uétpo Lebesgue eivon to povadind uétpo

Borel mou uxavornolel o ouyxexptuévn ot Yoo Yvewpelloude 6Tl auUTOUATO €YOUUE XL TNV avTiGTOLYN
LovadIXOTNTA 0TV Ykpo (RF Mys).

Khetvouye autr tny evétnTa pe €val AmOTEAECUN TOU EVIUGOETAL OTIC AEYOUEVES TEEIC APYES TOU
Littlewood»?. To amotéheopa autd AéeL <xovTewd» 6Tt

’ 7 ’ k /. 7.7 ’ ’ ’ 7 A ’
KdOe pevprionio otvoro arov R* efvar oyeddr oo je memepacuévn évwon Eévov avd &o avoiktdv

dwoTnudTwy.
e 4 7 7. 7 7 4 4 7 /
duoind, pével va dleuxpioTel T onualvel «oyedov (coy. H auotner| dlatimwon elvon 1 e€hc:

ITpotaom 4.1.8. Eotw A éva Lebesgue petprioio otvoro pe AN(A) < oo. I'a kdOe ¢ > 0 vndpyovy

&éva avd o0vo avoiktd owwotnuata Ji, Ja,. .., Jy doTe

MAA(JL U Jo U U Jdy)) < e

201 dhhec 800 ebva Ta Yewprhpata tou Egorov xou tou Luzin xo 9o anoderydouv ota Kepdhowo 7 xou 8 aviictotya.
3 neviupilouye 6T N ovppetpixt) Sragopd A duo cuvdhwv X xou Y opileton we

XAY = (X \Y)U(Y\ X)=(XUY)\ (XNY).
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Anddetn. Anéd tov opioud tou e€wtepxol uétpou Lebesgue, Beioxouue axorovdia (1), avotdv Bio-
oty dote A C |, I, xou

iv([n) < MA) + %

n=1

Aol 1 oepd v v(I,) ouyxhiver, undpyet N € N opxetd ueydho wote

[opotneodye ot

0 (0n)e O am (On)1ac(0n) s

n=1 n=N+1 n=1 n=1

YVVETOC,
N 0o 0o c
< < -
)‘<A\<Uln>> \>\< U In) < Z V(In)<2
n=1 n=N-+1 n=N-+1
s
N o) o [} c
A I, | \A | <A InJ\A]l =X I, ] = \A) < v(l,) — AMA) < <.
‘Ouowe, obugwva ye to Afupa 3.1.6 (i) pmopolue vo Beolue axorouvdia Zévewv avd 800 Blao THUETLVY
Jl, JQ, PN Jm WOTE
N m
I, = U Im
n=1 n=1
xat EMTAEOY, ool
n=1 n=1
UTOEOUUE VoL avTixotaoThooupe o Ji, Jo, . . ., Jp, pe tor avtiotorya avowxtd Slotiuata (eEnyrote yiatl).
Anhod,
N N
MAAJPUJSU...UJS)) = A (A\ (U In>> + A ((U In> \A) <e.
n=1 n=1

4.2 Meérpo Lebesgue xou petacynuotiouol

INo x&de A, B C R optlouye
A+tB={atb:ac Abec B},

0 dipoiopa twv A, B. Av B = {z}, ypdgouue A + z avti tou A+ {z}, dnhadh

A+z={a+z:a€ A}
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yiot T petagopd Tou A xatd . Tz € RF Yewpolpe v anewdvion Ty : RF — RF e Ty (y) = y + =,
y € RF. H T, ebvon 1-1 xaou eni, pe avtiotpopn tny T—,. Ané 1t oyéon A+ x = T,(A), cupnepoivouyue T
e&ng:

(i) (U, 4An) + 2 =U,(An + ),

(i) (N, An) + 2 =, (An + ) (0900 1 Ty ebven 1-1),
(iii) (A\B)+2=(A+2)\ (B+z)xx

(iv) BC+x=(B+x).

Emmiéov, 1 T, eivor opolopop@lopdc xon cuveraoe yio xdde A C R¥ xou 2 € RF 10 A ebvor avouxtéd av xou

uévov av 1o A + x elvon ovoixto.

Mapathenon 4.2.1. T xdde A C RF xou 2 € R¥ woylel 1 10oduvapio
AcBRY) — A+42cBRY.

Andde&n. Apxel vo det€oupe pévo ) cuvenaywyh (=), agol A = (A+ x) — z. ©étoupe
F={BeBR":B+uze B[R}

LOupwvo Ue to Topamdve, xdie oavoixtd ohvolo avixel oty F xou amd tic oyéoes (i)-(iv) edxoha BAénet
wavelc 6t F ebvon o-dhyefpa. Apa, F = B(RF). O

ITpoétaom 4.2.2. (i) To e€wtepikd pétpo Lebesgue N* elvar avaddoiwto w§ mpog petapopés, dnadr
yia ke A C RF ka1 x € R¥ époupe

A(A+x)=A(A).
(i ) To pétpo Lebesque N eivar avadlolwto ws Tpog neTapopés, dnAadn:
(o) Ta kdde A CRF ka1 x € RF éyoupe
AeMys: << A+xeE M)

Kai

(") ya kd9e A € My ka1 x € RF éyoupe
AMA+2z) = AA).

Anéoatn. (i) Toapotnpodue apywnd 6t av I elvor éva avorxtéd xon gporyuévo didotnua tou RF xou 2 € R¥
67 oL etopopéc I £ x tou I elvon eniong avowtd xon gporyuéva dwothuata pe v(I) = v(I £ z). ‘Etot,
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v x&de A C RF xon 2 € R¥ mofpvoupe:

N (A+z) =inf { i v(Iy) : I, avouxto gporyuévo didotnua, A + o [j In}
n=1 n=1
= inf { iv I, — x) : I, — x avouxté gporyuévo didotnua, A C D (In — a:)}
n=1 n=1
= inf { iv s Jn avouxto geaypévo didotnua, A C U JIn }
. (A;l n=1

(ii) That 7o (o), Dewpolue A € Myx xu x € RF xou yio xdde B C RF o delZoupe 6t
N(B)=X(BN(A+2z)+ X (B\(A+2)).
Fedepouue

N(B) = N(B—12) = (B —z)NA) +\((B-1)\ A)
N ((BN(A+7)—2)+ X (B\ (A+1)) —2)
= XN (BN(A+))+ A\ (B\ (A +z)),

6mou yenotponotioae dpxetéc popéc to (1). Apa npdyuatt A+ € My-. To (B') npoxintel whpa ducoo
and to (i) xou to (o). O

Ané v Hpbdtaon 4.2.2 (i) xou tny Hoapathenon 3.2.1 elvar dueco 6t to pétpo Lebesgue otov petprowo
ypo (RE, B(RF)) etvan enfone avodhoiwto we mpog petapopée. TTohd evdiopépov eivor 10 yeyovde 6Tl To A
ebvan ovotaatikd 1o povadixd pétpo Borel otov RF mou éyer auth tnv widtnta. Tio va anodelZoupe autéy

TOV oY UELOUO Vo YPEIAOTOUUE TO EMOUEVO AAUMA TTOU €Vl €Vl AVIAOYO TN TREOTUONG:

4 z / 7 z / 4 4 / / 7z
KdOe avoixté ovvodo oto R ypdpetar ws apiunoun évwon Eévwv avd 6o avoiktdy daotnudtwy.

Adppo 4.2.3. Kdde avoikté vnootvolo tou RF ypdpetar wg apidunoqn évwon Evwr avd dto diaotn-
pdtev Tng Hopers:

pi+1 .
(4.2.1) A(n,pl,pg,...,pk):{(xl,xg,..., k) € RF 2;<xi< 12n ,z:1,2,...,k‘},

émoun € N ka1 p1,po,...,px € Z.

Anédatn. Eotw G C RF avoxtd. O ypddoupe 10 G we aprdufown Eévn évwon cuvohwy Tne Lopehc
(4.2.1). Tw n € N otadepd Yewpolue tnv owoyévewr A, uTocuvéhey tou RF ue

An = {A(n7p1ap27 cee apk‘) 1P1,D2,-- 5Pk € Z}

Ta ototyeio tnc Ay, opilouv éva «mhéyuo» otov RF mou endyer o Siopéplon tou yohpou ot k-Bldotatouc
w0Pouc éyxou 1/2"F. Erione, av n < m w61 1) dopépion A, eivor Aentdrepn omd tny Ay, pe v e€hc
évola: av A € Ay, xu B € Ay, ye AN B # @, tote B C A (e&nyfote yuotl).
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Oa «e&avthfoouuey t0 cOvoho G and uéoa pe Tétoloug xVBoUC. ZeXVauE PE TOUC UEYOAUTEQOUC
(n =1): Yewpolyue TV OLXOYEVELL
81::{/1€‘A1:f1§(?}.

H & eivon oiyoupa aptdufiown (agol nepéyeton otny Aq), odAd evOEyeTon Vo lva xevi|. LT oLVEYEL,
by vouue Toug apéonc pixpdtepouc xUBouc (n = 2) tou neptEyovtar 0to G, ahhd BeV TEUVOUY AUTOUC TOU

Berope mpty (Yupndeite 6t 9éhoupe Zévn évwon). Bewpolie Aottdy TV ooyEévela
Eo={A€ANy: ACGxuu ANB =g yxde B €& }.
Fevixd, av ou €1, &, ..., Ep €xouy 0pIoTEL, VEWPOUUE TNV OLXOYEVELL TWV AUECKS UIXPOTERWY XUPWY
n
Enr1=A€eN,11: ACGxu ANB =2 ywxdde B € Ué’j
j=1

Kdée &, elvon puowd aprdunown xa £, C Ay, cLVETHOS

oo o
=J& c A
n=1 n=1

‘Etot, n € anotekeiton and aprduriowa 1o tAdoc Eéva Sraothpota Tne Lopghc (4.2.1) mou meptéyovion 6To
G. Ou deléovpe 6T

G=Je=Jfa:4€¢}.

‘Eotww xz € G. To G elvou avouxtd, dpa Tdpy el UTAA XEVTEOU & Tou TEPLEYETAL 6T0 (G, GUVETMC UTOROVUE
va Bpotpe ovvola C' € |, Ay @ote C C G xon x € C (e€nyfote yioati). Oewpolue Tov EAIYIOTO PUOLXO
ng yio tov onofo undpyet A € Ay, ue A C G xou z € A. Tote éyoupe A € £y, SLOTL av uhpyav [ < ng
xu B € A; dote AN B # @ tote Yo elyouye A C B xou cuvende & € B, 1o onolo elvon dtono omd v
emhoyt Tou ng. 'Etol cuunepaivoupe ét x € |J &y, C UE. Apa, mpdyuartt woylel to {ntoduevo. ]

Ocdpnua 4.2.4. Eotw p pétpo Borel otov RE.  Yrodévouue du to p etvar avalloiwto ws mpog
HETapopés daotnudtwy, OnAadn

(I +z) = p(I), ya kdde I Bdotnua ka1 x € R
ka1 6t p(K) < oo ya kdbe ovurayés K C R¥. Tére vndpyer a > 0 dote i = a - A, 6n\ad
w(A) = a-A(A), yua kide A € B(RF).
Anédedn. Oewpolye To olhvolo
D={(x1,20,...,x5) eRF:0< 2y < 1, =1,2,...,k}

éxouue u(D) < u(D) < oo (awoV 10 D ebvor cupnayéc). Oétoupe howmdy a = u(D) = 0.
Ava =0, t6te u(R*) = 0, apot o R¥ ypdpetor v aprdurown Eévn évwon uetapopdy tou D. Ereton

otL p = 0 and TN yovotovia Tou UETEou.

[—=

Av a > 0, Yewpolye ) ouvdptnon v @ B(RF) — [0,00] pe v(A) = L. u(A) yiu A € B(RF).
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Elxoha Brénouue 6Tt to v eivor pétpo Borel otov RF nou eivor emimhéov avehholwto we mpog petopopéc
Srootpdtwy. O delfouue 6Tt v = A. T n € N, 1o [-n,n)¥ ypdgetor we Eévn évaon (2n)F to mhhdoc
ueTopop®Y Tou D, dpa amd Ty unddeon maipvouue

v([=n,n)*) = (2n)*v(D) = (2n)" = A([-n,n)")

Xl OUVETOS, omd to Vempnua povadixdtnroae (Ilpdtaon 2.2.1) apxel va deifouye 6t v(G) = A(G) Yy
xéde G C R¥ avouxtd. Me Bdon 1o Afpua 4.2.3, apxel va delZoupe 6Tt

V(A(n7p17p27 CIEaE 7pk)) - )\(A(n)plapzv .. 7pk))

v xde n € N xaw p1,pa2,...,pr € Z. Tawn € N xou p1,p2,...,pr € Z 10 A(n,p1,p2,...,Pk) Evor yia
uetagopd tou A(n,0,0,...,0), dpo

v(A(n,p1,p2,--.,0k)) = V(A(n,0,0,...,0)).
‘Ouwe, 10 D yedgeton og Eévn Evwon 27F gytitinwy tou tou A(n, 0,0, ... ,0), ot
1 =v(D) = 2"y(A(n,0,0,...,0)).

Auto Belyvel 6Tt
1
o = AMA(n, p1,p2,---,Pk)),

OTwg YERE. [

v(A(n,p1,p2,-..,0k)) =

Mo A C RF o p € R opiloupe
p-A={p-a:ac A}

o p # 0 n anewovion A — pA dwtnpel Tig avtioTolyeg cUVOAOVEWENTIXES TEAZEIC TIOU AVUPEQOUE VLol
Tig petaopés. T p = 0 amouteiton YwEIOTH AVTWETOTIOT, ool 1 anexdvior oev elvon 1-1. Mropolue
enlong va Bel€ouye, oaxEBng OTwWS TEWY, OTL oL o-AAYEBpE B(Rk) xan My« SatnpolvTon avahholwteg and
ouTh TNy TEdEnN (doxnom).

Mpoétaon 4.2.5. Av A CRF ka1 p € R wdte w0yvea n oxéon
N(p- A) = pl" - A" (A).

Anddeaén. T p = 0 nwodtnta etvan tpogavic. Ta p # 0, nopatneolue 6Tt Yo xdde avoxtod xa QpoyUévo

oLdo TN
I = (al,bl) X (ag,bg) X ... X (ak,bk)
€Y OLUE
k
p-I= H (min{pa;, pb; }, max{pa;, pb;}),
i=1
dpa v(p - I) = |p|*v(I). H cuvéyewa eivan bpota ue Ty amédeen tne Tlpbraonc 4.2.2 (i). O

Devixétepa, av T : RF — RF eivon évoc ypopuuxde petaoynuotiopéc xon A € My« amodeixvieto
6t T(A) € My (aphvetan wg doxnon). Yrevduuilovye oe autd to onueio Ty axdhoudr YEWPETEXT
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cpunvelo e opilovcag tou T: av D = {(z1,72,...,2) ERF 10 <2y < 1,i =1,2,...,k} 161
v(T(D)) = |det(T)|.

H omh auth Btotnta yevixeleton we e€ng:

Mpétaoy 4.2.6. Av T : RF — R¥ evar évag ypappurds petaoynuatiopds kar A € My« téte
AT(A)) = [det(T)[ - A(A).

Andoaén. Trodétoupe opyxd 6t det(T) # 0 xou Yo egappdoovpe to Yewpnua povadwdtnrog 4.2.4.
Ocwpolpe ) ouvdptnon w : B(RF) — [0, 00] pe u(A) = A(T(A)). Edxola Prénouue 6Tt to 1 eivon pétpo
Borel otov R xou emimhéov yio xdde A € B(RF) xa 2 € R¥ éyouue

pA+z) = NT(A+ ) = NT(A) +T(z)) = MT(A)) = p(A)

oo 1o avoAAolwTto Tou Yétpou Lebesgue we mpog petopopéc xon T yeouuxotnta tou T Amd to Ocwpen-
po 4.2.4 éneton OTL
H(A) = a- A(A),
6mov a = pu(D) = NT(D)) = | det(T)
Av tdpa det(T) = 0, Yo delfoupe 6Tt = 0 # wodlvoua 6t A(T(R¥)) = 0. Agot det(T) = 0,
o T Sev eivan enl xou and ) Tpoppixd Ahyefpa yvewpilouye dtu undpyer m < k wote (ywpeic PAIBN e

. 'Eto, éyoupe 1o {ntoluevo.

Yevxotntag xdvoupe ahhoryy| Bdong)

[o.¢]
T(]Rk) ={(z1,22,...,Tm,0,...,0) : x1, 22, ..., 2y € R} = U Jn
n=1

(opiéelV
Jp = [—n,n] x [-n,n] x ... x [—n,n] x {0} x ... x {0}.
Apa,
MTR?) <Y M) =D v(Ja) =0,
n=1 n=1
omwe Yéhape. Autd delyver ot p = 0. O

Khetvouye auth tnv evotnta pe €va Yewpnua mou divel TAnpogopleg Yo Tn 60U TV GLVOAWY VETINO
uétpou Lebesgue. H npwtn eviimwon mou iowg €yel xaveic ebvar 6Tt éva chvoho Vetixol pétpou Lebesgue
OVOLY KOO TIXG TIEQLEYEL L0l OVOLXTH) UTtdAaL, TO oTtolo @uotxd etvon Addoc (éva mopdderypa pog divet to R\ Q
wc urtoovvoho tou R). To enduevo Jedpnua deiyver dtL toylel xdtt aodevéotepo ahhd map’ GAot oaUTd

Wlodtepal YENOLIO.
Oempnpa 4.2.7 (Steinhaus). Av A efvar éva Lebesque petpriouo vrootvolo tou RE e A(A) > 0,

ToTe vndpyer 6 > 0 dote
B(0,6) C A— A.

Andden. Kat’ apyde, unopolue vo unodéocoupe bt A(A) < oo. Etny nepintwon mou woyler A(A) = oo

umopolpe vo Beolue (amd Ty eowtepn) xovovixdtnta yior mopdderypo) B € My« ye B € A xou 0 <
A(B) < o0. Etot, av yio xdnowo § > 0 woyler B(0,) C B — B Ya éyoupe olyouvpa xou B(0,6) C A — A.
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Trodétoupe howdy 6110 < A(A) < 00. O yenoyonoliooupe TNV xavovixotnta tou uétpou Lebesgue.
Eotw 0 < & < A(A). Ané v Ipdraon 4.1.2, undpyouv K C RF cuurnayéc xoaw G C RF avowrté dote
K CACG xa

AMG) < MA)+¢e, MEK)>XA) —e.

‘Eyovpe K NG° = &, 10 K elvon ouunayéc xar 1o G¢ ®Aelotd, dpo 1 amdotaon TV 800 GUVORWY Elvol
yvroto YeTinn:
0 :=dist(K,G) > 0.

‘Etot, v xdde z € K éyouye B(z,0) C G. Ou deifouye b1 autd eivon to 0 mou Pdyvoupe. Ipénet va
deifoupe 6T xd0e © € R e ||z < 6 ypdopeton we dlagopd 800 oTotysinwy Tou A. Ou arodeifoupe to e&hc
LOYUEOTERO:

Ioxypiouds. B(0,0) C K — K.

Eotw z € RF pe ||z| < 8. Ou Bpolue 21,20 € K Gote @ = 21 — 22. Ioodivapa, béyvouye z € K tétoto
wote x + z € K. Av vnodéoouye 6t dev undpyel tétoo z, tote K N (K + x) = & xou oUVETADS

AK U (K +3)) = ME) + MK +2) = 2M(K) > 2)\(A) — 2¢

am6 o avalhoiwto Tou uétpou Lebesgue w¢ mpog yetagopés. Ouwe K C G xaw emmiéov K + 2 C G,
ooV av y € K + x, undpyel z € K wote ||y — z|| = ||z]| < § to onolo cuvendyeton 6ty € G. Apa,

MEU(K +2)) < AMG) <AA) +e.

Tehxd, €youue
2AM(A) —2e < A(A) +¢

1) L0oBUVoUL
A(A) < 3e.

Eq’ 6c0ov 10 € > 0 pe 1o onolo Eexwvioope Ntay tuy oy, €xouue A(A) = 0 mou épyeton oe avtigoon ue TV
unodeon. O

4.3 Mn peterowpa cOvola
Y10 mponyoluevo xepdhoto pehethooue Tic o-dhyePeec B(RF) xow My« o eldape toug eyxhelopoie
B(RF) C M,- C P(RF).

To epdtnua bpwe av autol ot dlo eyxdetopol evor yvictol (3nhadh, av undpyouv utocivora Tou RF mou
Oev elvol UETEAOLUO Xou oV UTIApYoUV PeTprota oUvoha Tou dev eivon Borel) dev etvon xaddhov anhé. e
QUTH TNV TaEdYEa(PO Yol XATUGHEVACOUPE TORADELY oL U1 UETEYOLWoL cuvohou. H xataoxeur Baciletar 6To
«o&lwyua TNe EMAOYHACY amd TNy Ocwpla Yuvohwy, T0 0Tol0 ATOBEYOUACTE.

Aglwpa tng Emhoyds. Foww X = {X, : a € A} a un xevrj owoyéveaa Eévowv, un kevdov
urnoouwvodwy €vos aurdlou 2. Téte, vndpyer éva olvodo E mov mepiéyer akpids éva otoryeio x, ano kdle

otvolo X,. Anladn, vrdpyer cuvdetnom emhoyAc f: A — Q ue f(a) € X, ya kdde a € A.

Ynuetwon. To AZiwya tne Emhoyng, av xau gaiveton «adoy, anodevieton aveEdetnTo amd Tar agLdUaTo
(Zermelo-Fraenkel) tng Oewplag Luvorwy.
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Ocdpnua 4.3.1 (Vitali). Trdpyer un petprionio vrootvolo tou RF.

Anédatn. Opiloupe oyéon wooduvapioc ~ otov RF w¢ eghc:
r~y <= x—yeQh
H ~ yopilet Tov R* og xhdoeic iooduvayioc
E,={yeR|y=x+qywxinowov ¢ € Q*}.

Av cuyPolicovye pe X = {X, : a € A} v ooyévelr ToV JUPOPETIXMY XAJoEWY tooduvauias, To
aZlwpo e emAoyfic yag Aéel 6Tt undpyet éva obvoho E = {y, : a € A} C R 1o omnolo mepiéyer axptBde
éva oTolyelo Yo and x&de xhdon X,. Ewdixdtepa, av a # b oto A t61e Yo — yp ¢ QF.

Oewpotye wa opidunon {g, : n € N} tou QF o Yewpolue v axohoudio GuVEALY
E,=F+gq, neN.

To chvora E, ixavorololy ta e€A:

1. Avn#m téte E,NE, = . [pdypott, av umipyay Ya, Yp € E O0TE Yo + ¢n = Yp + ¢m, T0TE Yot
etyope 0 # Yo — Yb = Gm — ¢n € QF, T0 omolo eivan dtomo ané Tov TpéTo opopol Tou E.

2. RF = (22, E,. Hpéyuor, av o € R* t61e undpyer a € A dote € X, Autd onpaiver 6t
T = Yy, + q y1o xdmowov ¢ € QF. Opwg, tote undpyer n = n(z) € N Gote ¢ = g, Snhady,
T=Yq+ qn € En.

Ac vnotéocouye 6L T0 E elvon yetpriowo. Tote, 10 B, = E + gy clvou pyetprioo yia xde n € N xou
AMNER) = AME). Ané tic Wotntee v By, xaw and ty aprdpfon teocdetixdTnto Tou U€tpou, TolpVouUe

+00 = A(R¥) = i MNE,) = i ME).
n=1 n=1

Yuvenog, A(E) > 0. And 1o Oewpnua Steinhaus, 1o E — E meptéyet avowxth undho B(0,d) yia xdmolov
§ > 0. Ouwc auté ebvor §romo, dLoTL LTdEYoLY un uNdevixd entd onueia ¢ € QF N B(0,6) xu 10 E — F
oev umopel va mepiéyel pNntd onuelo diapopeTind amd 1o 0: av x # y oto E t61e 0 T — ¥ elvan dppntog, and
Tov TOTO optopoL Tou K. ‘Enetan 6TL to E dev elvon yetpriotuo olvoho. [

IMapathenon 4.3.2. Molyevol auty Ty amddelln uropolue va detloupue to €€¥g WoyLEodTERO Amo-
TéENEOUL
INa kdde petprioo otvodo A C RF e Oetind uérpo vndpyea un petprionio E C A.

H anédel&n autol Tou 1oy uplohol aiVETUL WS AoXNa).

Mrmnopolye, pe napbuolo teomo, vo anodellouye m.y. v Unapdn un peteotwov E C [0, 1], anogedyo-
VTG TNV Yehon Tou Oewpruatog Steinhaus.

Aettepn anddbaén. Opilovpe oyéon wooduvapioc ~ oto [0, 1] we elhc:

r~y<—=zxz—yecQ.
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Hopatneriote 6tt, avoyxactxd, € —y € [—1,1]. H ~ ywpilet 1o [0, 1] oe xhdoeic tooduvopiog
E,={ye0,1] |y =z + q yw xdmowov ¢ € [—-1,1] N Q}.

Av oupPolicovpe pe X = {X, : a € A} v ooyEvela TV BpopeTiXdY XAEoewY Looduvapiog, To adimua
e emhoyic pac héet dtL undpyet éva obvoho B = {y, 1 a € A} C [0, 1] to onolo nepiéyet axpBoc éva
ototyelo Y, and xdde xhdon X,. Edwdtepa, av a # b oto A t6te yo — yp ¢ Q.

Oewpolye wio apidunon {g, : n € N} tou QN [—1,1] xou v axohoudia cuVORwY

En::E+qn, TLEN.

Ta cOvora E;, ixavomololy o e€AC:
1. B, C [-1,2].
2. Avn#mtote E,NE, =0J.

3. [0,1] € UrZy Ep. Hpdypott, av x € [0,1] téte undpyet a € A dote x € X, Autéd onpaiver 6t
T = Yq + q Yt xdnowov ¢ € QN [—1,1]. ‘Ouwg, t6te undpyer n = n(x) € N dote ¢ = ¢p, Snhady,
T =Ya+ qn € Enp.

Trodétouye 6L 10 E elvon petpriowo. Tote, 10 E,, = E + g, cbvou petpriowo yia xde n € N xan
AMER) = AE). And ¢ biomtee v By, xou and ) wovotovia xou tnyv aprdufiown tpocdetuxdtnta tou
UETEOL, TalpVOUUE

1=A([0,1]) < A (G En> = i/\(En) = i)\(E) <3,
n=1 n=1 n=1

T0 omofo elvor dromo aol To teheutaio dbpotoua eivan eite (oo pe 0 (av A(E) = 0) eite pye +oo (av
A(E) > 0). Yuvende, to E dev eivar petprioyo oOvoho.

4.4 Merprowpa cbvola tou dev eivar Borel

Ye auTh TNV Topdypapo pehetdpe Tov eyxelopd B(RY) C My«. Oo amodeifoupe 6Tt gbvor yviotoc, dnhadH
OTL TPy oLV PETERoA LTocUvola Tou R T ontola Bev elvon ahvoha Borel. Oa 8thcouye 0o anodelielg yi’
QUTOV TOV LOYUELOWO, Uidt GUVOROVEWENTIXY TIOU YENOWOTOLEL TIC LBLOTNTES TV SLUTAXTIXWY oELdUMY ol
o xartaoxevaoTixt Tou Baciletan ot cuvdptnorn Cantor-Lebesgue nou opiCouue otnv Iopdypapo 4.4.2.
Kou yia tig 800 autég amodeilelc ypetaloyaote yepés Bacixéc 1oiotnTeg Tou cuvérou tou Cantor to onolo

Vo XATAOHEVACOUYE.

4.4.1 To ocOvolo tou Cantor
§1. Kataoxeur tou cuvélou tou Cantor

Ocewpolpe to didotnua Cy = [0, 1] xou to yweiloupe oe tpio ioa draothpota. Agoupolue To avoxtd yecaio
didotnua (1/3,2/3). Ovopdloupe Cy to 6Ovoho mou anopévet, dnhady)

C1=1[0,1/3] U [2/3,1].
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To C} ebva mpogavire xheiotd chvoho. Xwpilouue xadéva and ta daothpara [0,1/3] xa [2/3,1] oe
Telo {oa BraoTAuoTa Xou, amd xodéva amd auTd, aponpolUE To peoaio avoxtéd Sudotnua. Ovoudlouue Co
T0 XA€l0TO GUVONO TIOU AMOPEVEL, ONADY)

Cy =1[0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1].
Yuveyilovtog pe autdy tov tpémo, xataoxevdlovye pio oxohoudio (Cr) *AeloTdY cUVOAWY UE TIc EENC
WBLOTNTES:
L.C1D2C2C3D .
2. To C,, elvau 1 évoon 2" xAetoTddv Do Tnudtwy, xodéva and to onola Exel urxog 1/3™.

To ovrvoro Ttou Cantor civor to cOvVolo
o0
C={)Cn
n=1

Ynpetwon. Ta dwotiuata e popghc [k/3", (k+1)/3"], n € N, k = 0,1,...,3" — 1, ovoudZovtu

TELASLXA BLALOTHUATA.

§2. Ido6TNTEC TOL CLVOAOL Tou Cantor

To C elvon clyoupa un xevé, apol TEQLEYEL ToL AXEA OAWY TWV TELIOXOY DO TNUATWY TTou anaeTi{ouy xdie
C, (6nwe Vo Solyue mopoaxdte meptéyel xou ToAd dhha onueia). Enione to C eivar xhewotd, agol n topr
XAELGTWY GUVOAWY ebvat xAeloTd cOvoro. Emmiéoyv, 1o C €yel tic e€rc WBLoTNnTES:

(1) To C etvar tédero ovroro, Snhadt ebvor xhetotd xou xdle onueio tou C eivon onueio cuacEeUcTS TOL

C.

Anddeaén. Edoue 6t 1o C ebvan xheioto. T va 6et€oupe ot xdde & € C elvan onueio cucowpeuong Tou
C mapatnpolue 6Tl v To TUYOV & € C umdpyel povadr axolovdior XAELCTOY TELAOXWY DUCTNUATODY
ILn(z),n=1,2,...,pe @ € Iy(x), In(z) C Cp xou £(I(x)) = 5. Ot oxohoudies (an(z)) xou (0n(z)) TV
oELOTERMY Xat SeELY dxpwv v In(x) avtiotorya tepiéyovian oto C, xodeuio and autéc cLYXAIVEL 6TO
x, o 1) plo TovAdylotov and T 8Vo Bev etvor TEMxE otadepr|. Apa, To & elvar onuelo GUGCHEEVONE TOL
C. O

(2) To C éxer e€wtepixd pétpo ioo e 0.

Anddeén. T xdde n € N éyouvpe C C C), xan X (C,) = g—:, apol to O, ebvan évwon 2" Eévwv avd 500

HXAELGTOV OLCTNUATWY, xadéva and Ta omolo el UAxog 3% ‘Apa,

2n

N(C) < N(Ca) = 5

v xdde n € N, onéte \*(C) = 0. O

IMapatrpnon. Ewwotepa, 10 C dev mepiéyet xovéva Sl TnuoL.

(3) To C elvar vrepaprurioio.
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Anédeadn. And éva yevixd dewpnua tne Tonoloylog, xdde un xevd tékelo utocivoro tou R elvon ume-
capriunowo. Aol detloue 6L To C elvan Téheto, énetar 0 WoyLpoUdS. O BHOCOUUE OUWS io BedTeRT
amoOELE T, 1) omolol udc Sivel TNV aopur| vor SOUUE Lol Blapope Tt Teptypapy) Tou cuvohou C Tou Topoualdlel
YEVIXOTEQO EVOLAPEQOV.

MmnogoUue va oploouye pia €va mpog €va xou enti anewxovion ¢ tou C' 6to chvoro
N e} 4 /
{0,2}" = {(an)pZy | yiot xdde n, oy = 0 A oy = 2}

To {0, 2} etvor unepapriuriowo (Yuundeite o dorydvio emyelpnua Tou Cantor). Apa, 1o C eivon utepa-
ewunowo. H anexoévion & oplleton we e€rc:

Na xdde € C undpyer povadixy axohovdia xhewotodv dwotnudtoy In(z), n = 1,2,..., dote:
Ii(z) D Iz(z) D - -+, xou yio xdde n, x € In(x) xou 1o Ip(x) ebvon évo amd tar Tptadind daothyata Pixous
2 mou amaptiCouy to C.

Me Béom auth Ty axohoudio Stactnudtey opiloupe wo axorowdia ()% € {0,2}N we e&hc:

() n = 1: O¢roupe of =0 av I1(z) = [0,1/3] (Bnradh, av = € [0,1/3]) xow af =2 av I1(z) = [2/3,1]
(Snhodn, av @ € [2/3,1]).

(B) Eraywys Bripa: T xdde n, ov In(z) = [k/3", (k + 1)/3"] t61e 10 It () ebvor évar ané o do
draothuora [k/3", (k/3™)+(1/3"T1)], [(k/3™)+(2/3™F1), (k+1)/3"]: exetvo mou nepiéyer To z. Oétoupe
ap 1 =0av I1(x) ebvon to TpddTo didotnua, xou af = 2 av I, 1(x) elvon o Bedtepo BLdoTNUAL.

Hopotnpolye 611 av x # y, t61€ Yoo xdmowo n Yo woyler Iy (x) # In(y), odhide Yo énpene vor €youye

|z —y| < 3% v xdde n € N Av ng ebvar 0 npdtog Quoxdc yio tov onolo Iny(x) # Iny(y), t61€ 0md oV

o

, T / , T Y / ’ , T Y\ 0o , ,
0ploU6 TV o, BAETOLNE OTL iy F (i, dpa oL 000 axoloudies (o )nly o ()l elvon BLapopeTixée.

Auté amodeneviel 6t 1) anewévion @ 1 C — {0, 21 ue ®(x) = (o), eivor éva mpog éval.

Avtiotpoga, av (ap)0 ) etvon pia oxohoudior and 0 7 2, 1 axohovdia auth opilet povadixr axohouvdia
TRV dlooTnudtwy (In)0e; we It D Ia D -+, wote v xdde n 10 I, vo ebvon évo and ta TpLadixd
Ol TAUATO Uixoug 3% mou anaptilouv 0 Cy:

() n=1: O¢zovpe I; = [0,1/3] av ay =04 [y = [2/3,1] av a1 = 2.
(B) Tevid, o Ip41 opileton vo ebvon éva amd o HVO TELAOUE UTOBLCTAUNTY UAXOUS :«w% tou I, mou
nepéyovion 670 Cppq: TO 0pIOTERS AV app1 = 0, 1) T0 8816 av upy1 = 2.

7 7 4 4 e /7 e ’ 4
Aol ta uhixn Tov xBuTtiouévey dotnudtwy I, giivouy oto 0, n Touy Toug eivan povocsivolro: €oTw

{z} =) In.

(Ouundeite 611 1 Toun elvon pn xevr Aoy tou VewpHuatog Tov XPOTIoUEVLY dlaoTtnudtwy). Agol I, C Cp
yioe xdde n, ebvon avepd 6t & € C. Enlong, In(z) = I, yio xd&de n, xou and tov 1p610 0plopol twv I,
€Y OLUE

(an)nzr = (07)nZ1 = ().

Auté anodemvier 6t n @ ebvan ent tou {0, 2}, Ebixétepa, to O ebvor utepapriufiowo. O

O tpdmog opiopol tne @ udc odnyel oe war AN TepLypapr Tou cuvdrou Tou Cantor.



66 - BAYIKES IAIOTHTEY TOY METPOT LEBESGUE

§3. Tpeladixy nopdoTtacy) aptdol
Av (an)2; etvan o oxohoudio ye a, € {0, 1,2} yia xdde n € N, t61e 1 oepd Zoo,l gh ouYXAivel o€
oo

évav aprdud x € [0,1]. Avz =" | 2 ue a, € {0,1,2} yio xdde n, n oepd D7 §2 (§ n axohouvdia
(an)p2y) Myetow tpadicn tapdotaon twou z. Ledgouye x = (a1, az,...) avil ez =D 7 S
Kdéde aprdude z oto Sidotnua [0, 1] éxet tptadind napdotacy. H axohoudia (a,)5 unopel vo emheyel

oc eZhic: Xopiloupe to [0, 1] ota tpia unoduotiuarta [0,1/3], (1/3,2/3) xou [2/3,1]. ©étouye

0, ze€l0,1/3]
a1=11, ze€(1/3,2/3)
2, ze2/3,1].

Me autédv Tov opioud, oe xde mepinTwoT €Youue

Ac vnodéooupe 6tttz € [0,1/3]. Xwpilovpe autd to Sidotnua ota tela utodotiuata [0,1/9], (1/9,2/9),
[2/9,1/3] xou Vétoupe ag = 0,1 % 2 avtiotorya av T0 z avixel 610 aploTERd, 0To Yeoaio 1 oto 8elld amd
autd to Slothuata.  Avdhoya oplleton to ag 6tav x € (1/3,2/3) f x € [2/3,1], étor wote oe xdde
nepintwon va €youue

ar | a2 ai 1

FrEp<e<yimm
Yuveyiloupe Ty EMAOYT TOV Gy UE AUTOV TOV TEOTO €TOL HOTE Yia xdde n = 1 vo €youue

Z3k\x\z 3n’

k=1

Agol howndy

émeTon 6TL 1 oElEd Y P2 g ouyxhivel oTov x, dnhadh

Mg
%2

Ebvar govepd 611 av & # y TOTE 1) TEladnr| TaedoTooT) Tou 2 elval BLapopETIXY amd AUTHY TOL Y, ApoL
HLot OELRd OEV UTOREL Vo GUYXAIVEL GE BUO BLaPOPETIXG OELAL.
Trdpyouy dune apriupol z € [0, 1] mou €youv dVo Swpopetixéc Tpladixée topaotdoet. o tapdderyya,

av z = 1/3 t6te

1 1 &0 1 2
375t g 5Tl

(Me tov tpémo emhoyhc NS (an)5e TOU TopoUcLdcauE Topandve, Vo Beloxoue tn devtepn napdotao).
Tevixdtepa, oylel o e€fic: O z € [0, 1] €xel 500 BlopopeTinés TELBIXES TOPAGTICELS oY X0 LOVO oV
o x elvan tpadxde pntdc: dnhadh av = k/3" yio xdmoov n € N xou xdmowov 1 < k < 3™ (agphvetar g

doxnon).
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To BOewpnua mou axoroudel divel Evay dANo TEOTO TEpLYPAPTc Tou cuvohou tou Cantor.

Oedpnpa 4.4.1. Eoww x € [0,1]. Téte, x € C av ka1 udvo av o x éxer pia tpubikry napdotaon n
onota mepiéyel ovo ta Pneia 0 xar 2. a

Anédaén. 'Eotww = € [0,1]. Av n oxorovdia (a,) emheyel pye Tov TpOTO TOU TUPOUCLACOUE TAUPUTEVE,
t67e WoyLel To €€nfg: ¢ € C av xou povo av a, # 1 yua xdde n. Autéd anodewxviel 6tL av & € C t6t€ 0 @
Eyel ulo TpLadixy| mapdoTooT Tou TeplEyel novo ta Ynelo 0 xan 2. H ohoxhApwon tng amddeilng agpriveto

WS doxno. O

§4. YTndpyovv petproipna cLVola mou dev eivon Borel
I Ty anddelln autod Tou Woyuplodol yeetalouacTte To e€Xg cuvolotemenTnd Aruuo:

Afupa 4.4.2. Av X elvar évag diaywpionuos petpikds xapos, tote |B(X)| < ¢, émov ¢ = |R| to ovveyés.
ITo ouykekpipéva, av X = R, éyouue |[B(X)| = c.

Andoe&n. Agol o X elvau Broywplowog undpyel oprdufioo tuxvd covoho D = {x1,z2,...} oto X.
Torte, n owoyévela
C= {B(xnvqm) n,m = 172,...},

6mou {gm :m = 1,2,...} wo opidunon tou Q N (0,00) eivor wior opriurown Bdon yia tnv Tomoloyia
oL X, dnhadt| xdde avowntd olvoro oto X ypdgetar we évwon ototyeiwy e C (e&nyfhote yatt). Kotd
ouLvéneL, xqe avoxté olvoro avixer oty o(C), dea B(X) = o(C). Ta x&de apriufiowo dtotaxtind
aprdud a opilouye unoowoyévewn By C B(X) we eghc: By = C,

Bs = | Ba

a<f

yioo xdde oplaxd dlatoxTind aprdud B xan Bai1 TNV OXOYEVELL OAWY TV URLUUACLLLY EVOCEWY XL TGV
CUUTANEWUATWY GToLYElWY TN By. Amodeixvieton 16T 6Tl xde By €xel mAnddpriuo wxpdtepo 1 (oo and
TO CUVEYES XL OTL

B(X)= U{Ba s a aprdyiopog Sortoxtinde aprdudct.
Enopévoc, mpdyuatt, n B(X) éxel manddpripo uxpdtepo 1 ico and to ocuveyée, dnhadn |B(X)| < c.
Yy nepintwon tou R tdhpa, 1 anexévion ¢ : R — B(R) ye ¢(x) = (—oo,z) ebvar 1 — 1, dpa
¢ = |R| < |B(R)|. H wémnta |[B(R)| = ¢ éneton todpa and to Ochdpnuo Schroder-Bernstein. O

ITpbtaon 4.4.3. Trdpyer Lebesgue petprioo vrootvoro tov R mov Oev efvar Borel.

Anddetn. Av C eivon 1o obvolo tou Cantor, and v mhnpdtnta 1ou A xou ) oyéon A(C) = 0 cuunepo-
tvoupe o1t

P(C) C M.

Yovende, |[My«| = |P(C)] > |C] = ¢. O {ntoduevog yviotog eYxAelods €meton amd To TRonyoUHEVO

Mppo: Yuundeite 6u |[B(R)| = c. O
4.4.2 H ouvdptnor Cantor-Lebesgue

Ocwpolue ta ahvoha Cy Tou yenoylomojinxay yio TNy xataoxeur Tou cuvorou C' tou Cantor. o xdie
n € N opilouue ouvdptnon f, : [0,1] — [0,1] wg e&hc. Av JP, ..., J5_; elvon tor Sroboyixd avouxtd
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Sraothpara mou oynuatilouy 1o [0,1]\ Cy, opiloue fn(0) = 0, fo(1) = 1, fo(x) = 45 Y1 x&de @ o70
Ji, xou emexTeVOUUE Ypouuxd ot xadéva and To xheoTtd dlacTthuata mou oynuatilouv to C) GOTE Vol

TEOXVPEL GUVEYTIC CUVEETNOM,.

1 f1 1 f2
3
1
1 1
2 2
1
i
1 2 1 12 1 2 1 8 1
3 3 9 9 3 3 9 9
1 fi p
3] 7
1
10
2
10
1
121 2781 21920 7 2223 8 2526 |
27279 92727 3 327279 2727 9 2727

Eyfuo 4.2: Koataoxeur tng ouvdptnone Cantor-Lebesgue

[ mopdderypa, éyovpe C = [0,1/3] U [2/3,1]. H fi eivon otodeph xou fon pe 1/2 oto (1/3,2/3),
Yoo oo [0,1/3] pue f(0) =0 xon f(1/3) = 1/2, ypouuxd oto [2/3,1] ye f(2/3) =1/2 xa f(1) =
Y10 Sevtepo Briua, to [0, 1] \ Oy anoteheiton and tpla Eéva avowxtd dwotiuata: oto (1/9,2/9) n fa ebvan
otadepn xou fon pe 1/4, oo (1/3,2/3) n f2 ebvon otadepr| xou lon pe 1/2, oo (7/9,8/9) 1 f2 elvon otadepr
xou fon pe 3/4, eved oe xodéva and ta téooepa xhetoTd dloothpaTte Tou Oy TNV emexTelvoupe Ypauuixd oe

ouveyl) ouvdptnom, opilovtag oAl f2(0) = 0 xou fo(1) =1

ITpoétaom 4.4.4. H axolouvOia { f,}22, ouvykAiver opoiduoppa o€ pna ovvexn ovvdptnon f : [0,1] —
[0,1]. H f elvar avéovoa ka1 eni tou [0,1]. H eikérva tov C' péow tns f éxer pérpo A\(f(C)) = 1.

Andédedn. And tny xataoxeu| Tng N oxoroudia {fn} éxer tic axdhouiec WOLOTNTES:
1. Kdde f, eivar ablouvoa, ouveyric ouvdetnon ue f,(0) =0 xau fr,(1) = 1.
2. Av J}! elvan xdmolo amd oL avoux T SLUGTAUATA TTOU APULROUUE GTO N-00TO BAUN TNS XATAGKEUHC TOU
C, t6te 0 fy, ebvon otadept| oo Ji!, xou

fn = fn-‘,—l = fn+2 =

oto Jp'.
3. Ioylel
1
i1 = Falloo < 5o =123,
Ané tny tpltn WBotta eréyyoupe edxoha 6t N { fir } elvan Boower) oxoloudio otov C[0,1]: av m > n tdte
m—1 1

m—1
Hfm_anoog Zka+1_kaoo\ 227:\ n_1 — 0
k=n

k=n
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btav m,n — oo. O C[0, 1] ebvar mhipne we mpog ™V || - ||oo, dpat UTdpyet cuveyric ouvdptnon f : [0,1] = R
wote fp, — f opoiduopga.

Mpogovae, fr, — f xatd onpeio oo [0,1]. Agol xdde f, eivon ab&ouvoa ouvdptnon pe fr,(0) = 0
xau fn(1) = 1, éneton 6 1 f elvon xt auth ad€ovoa, cuveyfic ouvdptnon we f(0) = 0 xa f(1) = 1.
Ewwotepa, 1 f ebvon ent tou [0, 1].

Téhoc, f(C) = [0,1]. Hpdypatt, and v dedtepn widtnta e {frn} PAémoupe 6t 1 f ebvon otadepy
oe xdde avoixtd ddotnua J tou cuumineauatoc tou C, xou ydhota auty 1 otadepy| Ty TolpveTon Xou
ota Gxpa Tou J Tor onolo avixouv 6to C. Agol n f eivon ent tou [0, 1], x&de y € [0, 1] eivan ico pe f(x)
v xdmowo & € C. Ané v f(C) = [0, 1] eivar pavepd ot A(f(C)) = 1. O

Enueiwon. apotnerote 6t A([0,1]\ C) = 1 xou f/(z) = 0 ywo xdde x ¢ C. pdypatt, av x ¢ C 161
TO & OVAXEL OE XATOL0 avoLxTo dldotnua J oto onolo 1 f elvan otadepr|. Xuvenng, n f elvan napaywyiown
oto x xau f'(z) = 0. Me dhha Moya, 1 f elvon oyeddy tavto {om e undéy, tapdro ou 1 f ebvar adEouoa
xou omewovilet 1o [0, 1] eni tou [0, 1].

Xenowonowvtog tn ouvdptnon Cantor-Lebesgue, unopolue vo anodeilovue Ty Unapln LETEHOWWWY
ouVOALV T omola dev eivar alvoha Borel. Oa ypelactolye To €€ng Auuo:

Afppo 4.4.5. Eotw A otvodo Borel oto R ka1 f : A — R ouvexris owvdptnon. Téte, yia kdOe Borel
otvodo BC R, to f~Y(B) ={z € A: f(x) € B} efvar cbvoro Borel.

Arnddedn. Oewpolye TNV oxoyévela
A={BCR: o f }(B)eivau slvoro Borel}.

Av B etvor avowté utootvoro tou R, téte 10 fL(B) etvon avouxté oto A, dét n f ebvor cuveyhic. Agod
0 A elvar ohvoho Borel, énetoun 6t 10 f1(B) ebvon chvoro Borel (eEnyhote yioti).

Edxoha ehéyyouue 6Tl 1 A elvon o-dhyeBpa — ol hemtouépeteg agrvovton we doxnon. Agol n A eivou
o-dhyePpa xou TEPLEYEL ToL avoLXTd UVORa, cupTepatvouue 6Tl 1) Borel o-dhyeBpa B(R) nepiéyeton otny A.
Ané 1ov opiopd tne A éreton 611 1 avtiotpoon exdva fH(B) xdde Borel cuvérou B C R eivor olvoro
Borel. O

ITpbtaom 4.4.6. Yrdpyer Lebesgue petprioio vroodvolo tov ouvédov tou Cantor, to omoio dev elvar
oUrolo Borel.

Andde€n. Oewpolue tnv ouvdpetnon g : [0,1] — [0,2] pe g(z) = f(x) + x, énou f n cuvdptnon Cantor—
Lebesgue. H g eivar yvnoiwe adlouoa, cuveyrc xou ent (to (8o xou 1 g b.

To cbvolo g(C) ebvon petpriotpo xau A(g(C)) = 1. Ipdyport, 10 g(C) elvar xAetotd ¢ GUVEY T EXOVAL
Tou ouunayolg cuvorou C, dea elvan peteriowo. Emlong, n g aneixoviler xdde avouxtéd ddotnua J tou
[0,1]\ C oto {f(J)} + J, dnhadh o ddotnua {oou uixouc. Apa A(g([0,1]\ C)) = > A(J) = 1. 'Encton
6t AM(g(C)) = 1.

Agol 1o g(C) éyer Yetnd pétpo, umdpyer un petpriowo urtocivoho M tou ¢g(C). Téte, 10 K =
g (M) etvar Lebesgue petphioyo 86t ebvar utoctvoro tou C o omolo éyel pndevind pétpo. ‘Ouwc,
0 K dev elvon oOvoro Borel: av Artav, and 1o Afupa 4.4.5 o M = (¢71)71(K) 9o Arav olvoro Borel
w¢ avtiotpogn edva cuvorou Borel yéow cuveyolc cuvdptnong. Xuvenoe, to M Yo ftav Lebesgue
UETENOLIO. O]
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4.5 Aoxnosg

Oudda A’.
4.1. Aci&te 6t xdde uroctvoro A tou R pe A*(A) > 0 éyel un petpriowo utochvolo.

4.2. Adote tapdderypa Lebesgue petpriowou uvroouvérou A C R? dote 1o w1 (A) v pny ebvou Lebesgue petpriow-
o, 6mou 1 (z,y) = = v (z,y) € R? (1 npoBord oty mpddtn ouvtetorypévn).

4.3. Av C e to cOvoro tou Cantor, delEte 6t 1+ € C, nopdho mou o 1 dev ebvon dxpo xavevéde amd To
Saothparta tou opilouv to civoho tou Cantor.

4.4. Eotw ACR, a € R xa d > 0. Trnodétouvye 6t yio xdde t € (—9,0) woybera+t € Afha—te A Acilte
6Tt A*(A) > 0.
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Owpdda B'.

4.5. 'Eotw E, F dYo oupnoyh utoctvora tou RF pe E C F xau A(E) < AF). AclEte 61 yio xdde a €

(A(E), A(F)) uropolye va Bpolpe ouunayéc oclvoro K dote E C K C F xu A(K) = a.
4.6. Eotww A=QnNJ0,1]. Acite 6t

(o) T x&de & > 0 undpyet axoroudio {1, }22; avowxtdv dactnudtny Mote

AC D I, xou i)\(In) <e.
n=1

n=1

(B) T x&de menepoouévn axohoudio {1} ; avoixtav dlooTUdTey Ye

AC 6 I, oylel Em:)\(ln) > 1.
n=1

n=1

4.7. Eoto {qn}n>1 wa apidunon tov pntodv apidudv. Acilte 6t undpyer B C R pye A(B) = 0 dote xdde
x € R\ B va éyel tnv e€hc Wiétnro: undpyet k = k(z) € N tétoloc ote vl xdde n > k vo woylet [z —q,| = 1/n?.

4.8. (a) Eotw f: R — R ouvdptnon, n onolo eivan Lipschitz cuveyfic oe xdde xheiot6 ddotnua [a, b] C R.
(i) Aci€te 6u n f anewovilelr ovvola pndevixol pétpouv Lebesgue oe ohvola undevinol pétpou Lebesgue.
(ii) Ael€te 6t n f anewxovilel Lebesgue petpfiowa obvoha oe Lebesgue uetpriowo ohvola.

(B) Eivor owot6 6t xdide ouveyhc ouvdptnon g : R — R anewxoviler Lebesgue petpriowa obvoha oe Lebesgue
HETENOLWO GUVOAY;

4.9. Eotw G un xevé, ppaypévo, avolxtd urtocivoro tou RE.
(o) Aci&te 6T dev vndpyet apdufowo xdhvuua {B;} tou G and avoixtéc undhes wote: xdle onuelo tou G
aviixer oe dnetpeg to mAfdog By xan 377 AM(Bj) < o0.

(B) Aci&te 6t vndpyer axohoudia {B;} avouxtdv unakdv 1 omola xohinter 0 G énwe oto (o) xou yiar xdde
p > Loybe 3272 (A(B;))P < oc.

4.10. 'Eoctw A to unocivoho tou [0, 1] mou anoteheiton and dhouc Touc aptdroic Tou To dexadixd TOUC AvAmTUYUA
dev neptEyel to Pnelo 4. Acilte 6t to A eivon Lebesgue petpriowo xou Beeite to A(A).

4.11. Av C elvou 10 oOvoho tou Cantor dei&te 61 C — C = [—1, 1] o cuvende dev oyel To avtioTpopo Tou
Oewpruatoc Steinhaus.

4.12. Eow 6 € (0,1). EnavolouBdvoupe t Swdcacia xataoxeufic Tou cuvéhou tou Cantor pe ) Siagpopd 6Tt
070 N-00Td PUa ApotpolE XEVTEXS avoryTod didoTtnua phxous 0/3" and xdde Sudotnua nou €yel anoyelvel oto
(n — 1)-00t6 BAua. Kataldyouue oe éva obvoho Cy «timou Cantory. Aceilte ot

(o) To Cp eivon téheto xou dev TepIEYEL Aol Td SLUCTAUTOL

(B
(v) To Cy eivan petpfiowo xou A(Cg) =1 —6 > 0.

To Cy elvor unepapriuriowo.

4.13. Eotww E Lebesgue petpiowo unocivoho tou RF xou éote T : R — R yoopuud anexévion. AcelEte ét
to T(E) eivou Lebesgue petpriowo.

Oudda I'.

4.14. T xdde A € My xa 2 € R opiloupe

o AANn(z—tz+1)
A =1
p(A,z) = lim, o !
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av auté To dpto undpyel. To bpo p(A, x) eivon 1 petpixr) Tukvétnta Tou A 610 onueio .
(o) Acigte 61 p(Q,2) =0 xon p(R\ Q,x) =1 vy x&de x € R.
(B) Eotw 0 < a < 1. Kataoxeudote civoho A C R pe tnv bidtnta p(A,0) = a.

4.15. AciZte 6T vndpyet axohovdia {A,} Zévev avd d0o utocuvérwy tou R Mote
(o) o
V(UAQ<§ZVM@
n=1 n=1

4.16. Eotw E Lebesgue petpriowo vnootvoho tou R pe 0 < A(E) < oco.
(o) Aceigte 6t
tlgr(l) AMEN(E+1t) =AE).

(B) Aceigte 6T, v xdde k € N, vndpyouv z, s € R dote

z,x+s,x+2s,...,c+(k—1)s € E.

4.17. 'Eotw p éva un apvnuixd yétpo oto Borel unocivoha tou R e p(R) = 1. Aceite éu undpyet xheloto
unoclvolo F tou R pe p(F) =1 xon tny e&hc WBiotntar vl xdde xheotd ohvoho E mou nepéyeton yvioia oto F
woyer u(F) < 1.

4.18. 'Eotww E, F Lebesgue petpfowa urmooivora tou RF ue A(E) > 0 xau A(F) > 0. AclEte 61 0 E+ F
TEPLEYEL DLAOTNUAL

4.19. Acifte 6t av AN(E) > 0 xou yio %8¢ z,y € E éneton 61 3(x+y) € E, t6t€ 10 E €)elL un xev6 e00TEQIXO.
4.20. 'Ectw F 10 cOvolo tov = € R yio ta onolo 1) axohoudtio {sin(2"x)}S2 ; cuyxhiver. Aeigte 61 A(E) = 0.
4.21. Eotw f:[0,1] = R ouveyrc ouvdptnon pe f(0) = f(1). Ocwpolye to clvoro
A={tel0,1]: vndpyer z € [0,1] bdote f(x +1t) = f(z)}.
(o) Aci&te 6n t0 A eivan xheotd, dpo xou petpriotyo.
B) AvB={te0,1]: 1—te A}, deilte 61t AUB =[0,1].
(v) Aci&te 6u A(A) > 1/2.

4.22. Eoww A CR pe A(A) > 0. Aci&te 6m

AR\ (A+Q)) =0.

4.23. Kotooxeudote éva Lebesgue petpriowo obvoro E C [0, 1] pe tny e€hc Wbidtnror yia xdde didotnuo J C [0, 1]
loyvel 6t
AMJNE)>0 xu AJ\E)>0.



Kegpdhawo 5

MeTpNolUES CUVOETNOELS

Ye xdde xhddo Twv Madnuotin®y, extéc amd To SLdpopa avTIXEUEVA TOU UEAETIUE AT OAOVUACTE Xol
UE TIC «XOAECY» OUVAPTACELS METOEY auT®Y, ONhadr exciveg TIC CUVIPTACELS TIou GEBovTal TN GouY| Twv
avTixeévey. Uty Tormoloyio autég ebvan ol cuveyels ouvapthoelg, otn Alagopix) Iewuetpla oL dlapo-
plowuec ouvaptroelc, ot Ocwpla Ouddwy oL ogopopgiouol ouddwy x.o0.x. To avticTtolyo avtixelyevo ot
Oswpla Métpou eivan ou petpnoues ovrvaptioe. O petpioes cUVAPTAOELS Elval QUTESC YLol TIC OTOlES
VoL EMLYELPNCOVUE OTN CUVEYELX Vo 0plooude To oloxAfpwuo Lebesgue.

Ouunveite, and Ty Ewcaywnyn, 6t n Pacinr| 1oéa Tou Lebesgue rtav va mpoceyyloouue To ohoxhipwud
Jx [ o ouvdptnone f opiouévne oe éva olivoro X amd adpoioporta tne uophic
t—1
> yen({r € X sy < f(2) < yrsr})

k=0

6mou {yo < y1 < -+ < Yy} ebvon o draépron tou mediov oy e f. T o tétole cuvdptnon Aowdy,

xatahaBaivouue OTL omontovvTon Tor eENG:
1. H f Ya npéner va opileton oe évav petpriowo yweo (X, A) xou va hauBdver tipéc oto [—o0, 00).

2. To cOvoha
By={z€ X :yp < f(2) < Yp+1}

TEETEL Vo efvan peTERowa (Yo OTOWOATOTE ETAOYT TWV Yk, Yk+1), ONAadH otouyela tne A.
Puoixd, otn cuvéyela, 6tav Yo oplooupe To oloxhipwua Lebesgue Yo amoutolue xou tnv Onapdn evog
wétpou p oto (X, A) yio v opilovton xohd T topamdve adpoiopoto, ahhd auté dev elvan amapoitnTo TEog
TO TOEOV.
5.1 Ilpaypotixeg UETPHOLUES CUVALCTNOELS
Odnyoluacte hoimdy oTov e€XC 0pLoUO:
Opiopée 5.1.1. 'Eoww (X, A) petprioog yoeoc.

(i) M ouvdptnon f : X — [—00, 00] Méyeton petprioun ws npog A (n A-yetphiown) ov

[f <b:=f 1 ([—00,b]) ={z € X : f(zx) <b} € A, yiaxdde beR.
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(il ) Av p eivon éva pétpo atov ybpeo (X, A) tote n f Aéyetoun p-petpriomun av eivon A, -uetprioyn.
(iii ) Edwdtepa, av X = R¥| xdde A-petpriowun ouvdptnon Myeta Lebesgue petprionn.
(iv ) Av o X eivon getpixde yodpoc xou 1 f eivon B(X)-uetpfiown, tote 1 f Myetou Borel petprioyun.
Mepixol amhol yopoxtnplopol Tne YeTenooTnToS divovton oTtny axohoudn tedtaon:
ITpétaon 5.1.2. Eotww (X, A) petprioipog xdpos kar f : X — [—o00,00] perprionun owvdptnon. Ta
axdlovla efvar 10o0Vvaua:
(i) H f elvar A-pezprionun.
i) [f<b={zeX: f(z)<b} e AyakdidebeR.
(i) [f=2b={reX: f(x) >2b} € AyuaxidebecR.
(iv) [f>b={zeX: f(x) >b} € Ay kile b € R.
Anddaén. (i) = (ii) Eow b € R. T'pdypouye

o0

sea-Glrer-]

o0, vz € X éyouye f(z) < b av xau pévov av undpyet n wote f(z) <b— L. Aga [f < b] € A.
(ii) = (iii) Do xdde b € R woyder ot

[f =0 =[f <bl
dpa [f = 0] € A.

(ili) = (iv) ‘Onwe xo oty anddelln g Tedtne ouvenaywyhg, yio b € R ypdpouue

o= Q]

n=1
xou oLvenoe [f > b € A.
(iv) = (i) [N xdde b € R woylel 6T
[f <ol =1[f > bl
Goo [f < b] € A. Tuvenag, n f eivan A-petpriown. O

IMopadeiypata 5.1.3. (o) Eotww (X, A) petpiooc yodpoc xaw B C X. H ouvdpmon xg : X — R

ue
1, avxe B

XB(x>_{ 0, avzx ¢ B

Aéyetan yapaktnpiotikn 1) Oelktpla ouvdptnon tou cuvohou B. H xp eivan A-petpriown av ot uovov av
B e A
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Andédedn. Autd mpoxnTel duUecH amd TNV TUEATARNON OTL

g, avb<0
(xp<b=¢B° av0<b<l1
X, avb>1.

(B) Av f: R¥ - R 16t
f ouveyric = f Borel yetpfioun = f Lebesgue yetpriowun.

Aréden. Av n f etvou ouveyrc, 16te yio xdde b € R 10 cOvoho [f < b] = f1((—o0,b]) etvon xhewot6
olvolo (aol to (—00, b] etvan xheloTtd) dpa xan cbvoro Borel. (Hopotnehiote 6Tt autd mpoxinTer xou and
0 Afupo 4.4.5 oe cuvduaopd e Ty mponyoLuevn Tpdtoaon.) H Bedtepn ouvenaywyy| éncton dueca omd
Tov eyxheiowd B(RF) C M. O

(v) Av I eivan éva Sidotnua oto R xan f: I — R pio ad€ovoo cuvdptnon, tote 1) f eivon Borel petpriown.

Anddeén. 'Eotww b € R. Mnopolye vo ehéyloupe 61t 1o [f < b elvon didotnuor av s < r < t xou
s,t € [f <b] tote r €I dbt 1o I eivon Sdotnua, xou f(r) < f(t) < b, dnhadh r € [f < b]. Luvenoe, 1o
[f < b] eivon Borel oOvoho.

T o o oxpiPry meprypagny tou [f < b] Vétoupe

a =sup[f <b] =sup{z € 1: f(x) < b}.
Aqgol n f eivan ablouoa, av t,s € I ye f(t) < bxou s <t tote éyouye enione f(s) < b. Xuvenwc,

INn(—o0,al, avaelxun f(a)<b
IN(—o0,a), orhg

[f <t = {
Ye xdde nepintwon to [f < b] elvar Borel urnocivoho tou I. O
Puowd To Blo anotéleopa oy Vel xau yia Uivouceg GUVIETACELS.

[evind, yio vor JEAETACOUUE TOUC TEQLOPLOUOUE UETEHOIUWY CUVIRTACEWY YEELAlOUAGTE TOV £E1C 0plouo:

Ogiwopdc 5.1.4. 'Eotww (X, A) petprooc ywpoc xou C C X. Oewpolue TNy oxoyEvel
Ac ={ANC:Aec A}

Eoxoho amodewvieton ot n Ac ebvon wio o-dhyefpa ato C' (doxnon) mou héyeton iyvos (¥ meptoplopode)
e A oto C.

M ouvdptnon f : C — [—o0, 00] héyetar petpriomun av eivon Ac-uetphiown), Snhady ov

[f <b] € Ao, Yy xdde b € R.
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Av buwc C € A, napatnpotpe 6t Ao ={A € A: AC C}, dpou
[ uetpoun <= [f <b] € A, v xdde b € R.

Yyetuxd woybouy ta €€ng:
ITe6taom 5.1.5. Eoww (X, A) petprioipog xopos kar f + X — [—00, 00].
(i) Av n f eivar A-pevprioun kar C C X téte ka1 n flo efvar Ac-petprionun.

(ii ) Av (Cy) efvar pa axodovdia otoeiwr g A pe X = ;2| Cr, tdte
[ A-perprioqun <= flc, Ac, —petprioun ya kde n.

Arndoeaén. (i) Na xdde b € R woyder 6t
flo <V ={oeC: f(z) <b} = CNIf < b € Ac.

‘Apa 1 flo etvon mpdrypott peteown.
(i) Aol X = Jo7; Cp, v x80e b € R éyovye

[F<bl={J@nlf <) = [fle. <] € 4,

n=1 n=1
onraot| n f ebvan yetpriown. [
ITpoétaom 5.1.6. Eoww (X,d) petpiucds ydpos kar Y C X. Tére wyvovr ta e€nig:
(i) B(X)y =B(Y), ka
(it) Av pua f + X — [—00,00| efvar Borel petprioun tte kar n fly : Y — [—o0,00] efvar Borel
HETPIOoTU).

Anddeaén. (i) Ocwpolye Ty oxoyévela
A={ACX:ANnY € B(Y)}.

Edxoha Selyver xavels (doxnon) 6t n A eivon pia o-hyeBpa oto X mou meptéyel o avoxTtd UTocUvVoAd
tou X (av G C X avowtd t6te 1o GNY eivon avowtd oto Y dpa GNY € B(Y)). Apa B(X) C A, To0
omofo detyvel 61t B(X)y € B(Y) and tov opioud e A.

Avtiotpoga, mapotnpolue ot av U avownté oto Y t6te U = GNY v xdmowo G avownté oto X, dea
U € B(X)y. Etot, n B(X)y eivon o-8\yeBpo mou neptéyet tor avorxtd tou Y xou éneton 6t B(Y) € B(X)y.

(ii) Xougova pe to (i) e Ipdtaone 5.1.5, n fly eivon B(X)y petpriown xaw ond to (i) mouv uohg
oet&ope etvon xou Borel yetprioyn. O

Khetvouye autr tnv evoTntar Ue UEPIXES axoUT) ILOTNTES TWV UETENOWWY CUVIPTACEWY Tou Vo 001

YHOOUV dpYOTEQU GE EVALY UEXETY YEVIXOTEQO OPLOHO TNG UETENOLOTNTOG.

ITpétaon 5.1.7. Eotww (X, A) petpriopos xopos. Ia pa owdptnon f: X — R wa axdovda eivar

1wodUvapa:
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(i) H f etvar perprioun.

(i) f~YG) € A ya kde G C R avoixtd.
(iii ) f~YF) € A yw kd9e F C R xhe107d.
(iv) f~YB) € A yua xide B € B(R).
Anédedn. Oewpolye TNV oxoyévela

F={ACR: f YA c A}.

Anodewvieton eixoha 6Tt 1 F ebvan piar o-dhyefea oto R. H amddeln autod agrivetar g doxnorn. Ot

npotdoec (1)-(iv) €youv Tic e€Xc Loodivopes:
(i) H F nepiéyer 6ha to droothuata tne wopphc (—oo,b], b € R.
(ii )" H F nepiéyer 6ha ta avoixtd unocivola tou R.

(iii ) H F mepiéyer 6ha ta xAetotd unocvoha tou R.

(iv )" H F nepiéyer 6ha to Borel unoctvola tou R.

‘Ouwg, emedn n B(R) ebvor 1 o-dhyeBpa mou mopdyeton and o Staothuate Tne wopphc (—oo, b], to avouxtd
oOvola xou Tot XAeloTd oUvoha xou emmAiéov 1 F ebvan o-dhyefpa, mpdypott n (iv)" elvon 1oodhvoun ue

’

xadepio amd tig (1)-(iil)" dmewe Véhaye. O

5.2 Tlpdlelg petall UETENOLUWY CLUVAPTHCEWY

Eexuvde Topa VoL UEAETAUE TG TRAEeLS UeTAC) UETPHOWY CUVORTHCEWY. Ou deilouue 6TL T GUVOAO TLVY
UETENOWOV CUVORTHOEWY GUUTERLPERETOL KPUCLOAOYIXEY WS TEOC TIg cUVATELS TEAZels xodmg xou Ta HpLa

AXONOLILDV.

ITpotaon 5.2.1. Eoww (X, A) petprioipog ydpos kar f,g : X — [—o00,00] 6Uo perproues ovvap-

thoag. Tére:
() [f <gl={eeX: f(&) < gla)} € A
(i) [f <gl={r€X: fa) < g(@)} € A ra
(iii) [/ =gl = {o € X : f(2) = gla)} € A.

Anddeaén. (i) And tnv muxvéTnta v pntdv oto R ouunepaivoupe dtu v éva z € X
f(z) < g(z) av xou pévo av undpyet ¢ € Q e f(z) < ¢ < g(x).

‘Etot, unopolue va ypdpouue

f<g=U (f<dnlg>d)

qeqQ

7 4 4 ’ 7 7 e 7
T0 omolo etvar ototyelo tng A agol ol f, g ebvan petproueg xon to Q elvan apriuroyto.
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(ii) Ebvou
[f<gl=lg<fF
10 omolo eivar petpriowo ovvoro and To (i).
(i) Etvou
[f =gl =1f <dgl\[f <4l

7 7. / 7. ’ . ..
10 omolo eivar petprioyo ovvoho and ta (i) xou (ii). O

ITpotaocm 5.2.2. Eoto (X, A) uetprioipog xdipos kai f, g : X — [—00, 00| petprioues ouvaptrioe.
Tote

(i) O1owaptiioeg fV g =max{f, g} ka f A g=min{f, g} evar perprioiueg.
(ii ) O1 owaptioeas f+ = fV0 ka f~ = (—f) V0 efvar petpioueg.

Anddeaén. (i) T xdde b € R éyoupe

N
=
m
=~

[fvg<bl=[f<binlg

xou
[frg<bl=[f<bUlg<b €A
‘Etou éyoupe to {ntoluevo.

(ii) "Emeton dpeoo and to (i) agol ot 0 xoaw — f ebvon yetpriowyec. O

f+

Yyfua 5.1: O cuvapthoeic f1 xon f~

IopatAenon 5.2.3. O cuvaptioeic fT xau f~ elvon Wiodtepar onuovtinée xou Yo og pavoly Tohd
xenowes otn cuvéye. Eivoaw 1o Yetind xan 1o apvnmnd pépog tng ouvdptnone f. Lo omoladrrote
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ouvdptnon f oybouy ol e€h¢ oyéoelg:
F=1"=F" x |fl=F"+ 17,
1 andOelr TwV OTOolWwY APHVETOL WS AoXNOT).

ITpoétaom 5.2.4. Eow (X, A) petprionuos xdpos kar fr, : X — [—00,00] e akolovdia petprioipwy

owaptnoewy. Toéte
(i) Or1 owaptrioes sup f,, kai i%f fn €lvar petproues.
(ii ) Or owaptrjoes limsup f,, ka liIr#L inf f,, elvar petprioues.
(iii ) Av n akorovdia {f,} ovykdiva katd onueio o€ a ovvdptnon f, téte ka1 n f eivar petproun.

Andoeén. (i) I xdde b € R napotnpoldue bt

DL

[sup fr, <] = [fn<beA

1

3
Il

o

[fn<bleA

(@

finf f < b] =

I
—

n

xau €0l To {NToUUEVOo EmETOL.

(ii) I'vwpiloupe 6Tt av (ay) etvan plar oxohoudior oprdumy t6Te

limsupa, = inf {supar | o liminfa, =sup | inf a; |,
n neEN \ g>n n neN \k=n

limsup f,, = inf (sup fk> xou  liminf f, = sup (inf fk> .

nEN \ g>n neN \k=n
Yuvenoe, and to (i) ot limsup,, f, xou liminf, f,, eivou yetpriowes ouvaptroeLc.

(iii) Av f =1lim f,, t6te f = limsup f, = liminf f,, n onola elvon petpRown and o (ii). O

H televtaio wétnra e Ipdtaong 5.2.4 elvon e€oupetind onuavtixy. 2X0Uu@wvo Ue auThy, ov €YOUUE
wiae axoroudior amd UeTEROWES CUVOPTACELC 1) omola cUYXAlvEL xatd ornuelo, ToTe TO (Blo Var loydeL xou
v T0 xotd onpeio dplo toug. Ouunieite 6Tl auTH elvon uio WWOTNTA oL Bev oyLe Yo Ti¢ Riemann
ONOXANEAOCIIES CUVIPTHCELS, Gal EYOUNE €val TPWTO OelyUo TN YeEVXOTNTOC oTNny ool epapuoleTton 1
Yewplor ohoxhipwone tou Lebesgue.

Opwopoeg 5.2.5. 'Eow (X,d) évag yetpixde yodpoc. Mo ouvdptnon f : X — R Aéyeton Baire-1
ouvdptnon av undpyel oxohoudia fr, 1 X — R ocuveywv cuvapticewy wote 1 f va ebvan to xotd onpeio
6plo TV fp.

M ouvdptnon f: X — R Aéyetow Baire-2 ouvdptnon av eivon 1o xotd onueio 6pto wag axorouvdiog
Baire-1 cuvoptioemy xou yevixdtepa Yo n > 2 Aéyetan Baire-n owvdptnon av eivon 10 xotd onpeio dpto

g oxohoudiog Baire-(n — 1) ocuvopthoewy.
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Me emaywy|, YNOUWOTOLWOVTAS TO YEYOVOS OTL oL cuveyelc ouvapTroel elvon Borel yetpriowes xan tny
pdtaon 5.2.4 (iii), PAénoupe 6T xdde Baire-n cuvdptnor eivon Borel-peteriown.

E¢goappoyd 5.2.6. Av n f : R — R elvou nopayoyiown ouvdptnon, tte 1 f' : R — R eivon Borel
HETENOWT.

Anéoeén. T xdde x € R woydel ot

ﬂx+2—f@>:nmngu+meﬁwm

n—oo

f'(@) = lim

and TV oy TN petagopdc. Auté delyvel bt f elvon Baire-1 cuvdptnon, dea etvon Borel petpriown. [
Emotpégouye otic npdéelc petol NETPNOWMY GUVOPTACE®Y X0l ATODdEVUOUUE Tol EENG:

ITpoétaon 5.2.7. Eow (X, A) petprionuos xopos, f,g: X — [0, 00] un apynuikés petprioues ovvap-
tnoes ka1 a > 0. Toze:

(i) Ha- f elvar petprionun ovvdptnon.
(ii ) H f+ g elvar petprionun ouvvdptnon.

Arndoeaén. (i) INa xdde b € R woyder 6t
b
Mf<m=[f<]eA

Goa n a - f elvon ueterown.
(i) T xdde b € R BAénouye ot

f+g<bl=J(f<dnlg<b-—aq)

q€Q

oxenTopevoL axpBns 6mwe oto (i) e Hpdtaoneg 5.2.1. Apa, mpdyuatt n f+ g eivon YeTphiown cuvdetnom.
O

ITpbtaom 5.2.8. Eotww (X, A) puetprioos xopos, f,g: X — R perprioues ovvaptioegs kai a € R.
Tore:

(i) Howdptnon a- f elvar petprioyun.
(ii ) O1 ovvaptrioes f + g ka1 f — g elvar petprioijieg.
(iii ) O1 owaptrioeas f2 kar f - g efvar petprionue.
(iv) Av g(z) # 0 ya kdOe x € X, téte n owvdptnon g elvar petpnoun.

(v ) H owdptnon |f| etvar petprioiun.
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Anddeén. (i) Edv a = 0 t6te n a - f elvar 1 undevixiy ouvdptnom, n onola elvor TEOQAVHOS PETEAGIU.
Yy nepintoon a > 0 n anddelln etvan (B pe authy tou (i) e [pdtaone 5.2.7. Ly neplntwon a < 0
TopaTnEoVUE 6T Yo xdde b € R oy lel 6T

[a-f<b]=[f>b]eA,

a
oo €youpe To {nToVUEVO.
(i) Amodewvieton axpBne omwe to (ii) tne Hpdtaone 5.2.7, agpol xou 1 —g eivon peTphiown.
(iii) Amodexviouye TG Tov toyvploud Yo Ty f2. Av b < 0 téte
<=2

eved av b > 0 éyoupe

[f2<b=[f <VbN[f>-VbeA
‘Apa, mpdrypatt 1 f2 ebvor petpriown. Tio Ty f - g wOpa, yedpouue

(f+9)?*—(f—9)?

f9= 1

X0 OO T TOEAMAVe Emetal OTL 1) f - g elvon 3L ouTY) uETEHOWN.

(iv) Adyw Tou (iii) apxel vo derydel dtu n 1 /g elvon yetphown ouvdetnon. Oewpolue o civoho A = [g >
0] € A xau vy b € R ypdpouye

ng} = ([bg = 1]NA) U ([bg < 1] N A°) € A,

ooV 1 b - g ebvan petpriown. Apa, 1 1/g elvan peteriown cuvdetnon.

(v) Tedpoupue

fl=r"+5
(Yuundeite v Mopathpenon 5.2.3) xou cuunepaivoupe 6t 1 | f| eivon petpriown and ty Ipdtaon 5.2.2 xou
o (ii). O

5.3 AmnAég ocuvoptroelg

e auTH TNV EVOTNTO Yol UEAETACOUUE TIG AEYOUEVES AMAES GUVIRTYOELS TTOU €Y 0LV oTN Yewpiot Ohoxhpwong
Tou Lebesgue 1t Uéomn mou elyav oL xAMoxwTteég cUVIPTACELS 0TNY O AoXAewo xotd Riemann. ZEexwvdue

ue Tov e€ng oplopo:

Opgwopoc 5.3.1. 'Eow (X, A) petprowog yopoc. M yetprown ocuvdptnon s : X — R Myeta amdr)

av 10 oUVOhO TGV e (X)) elvon tenepoaouévo.

Kdée anir) cuvdptnor yedgetal oTr Lop®T

n
s= ajxa,
i=1
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6mou {A1, Aa, ..., Ap} elvon o otxoyévera petpfiotuny utocuvéiwy tou X xau a; € R. Avtiotpoga, eivan
epQoveg OTL xdde cLVAETNOY AVTAS TNS LoEPHS Etvan oA,

Puoind, Sev undpyel HovadixY TETOL TUEAGTACT, TNS S, AAAd umopolue vo «Eeywploouuey pio. Av
Véoouue s(X) = {a1,a2,...,an} Y€ a; # aj Y i # j xou otn ouvéyewo A; = {x € X : s(z) = a;} 161
n {A1,As,..., Ap} ebvan pa Stopépion tou X oe un xevd cUvoha xat loyVer 6Tt

n
S = ZanAj'
j=1

H tehevtadlo auth mopdotaon tng s Yo AEyeton Kavoviki) Hop@r) TNG S XL VoL LOVOOLXT).

To xevipixd anotéheopo authAc e Topayedpou (Oedpnuo 5.3.3) delyver 6t xdde un apvntixt| pe-
TENOWN cLVdETNoT elvon To xatd onueio 6plo Uiag avgoucas axoloudiag amhdy cuvapThoewy. Ta va To
amodetgovue Va ypetaoToVue To €€Ng Afupa:

Ahppo 5.3.2. Eotow (X, A) perpiouos xapos kar f : X — [0,00] e un apynukni petpriogun
owvdptnon.

(i) Ia kdOe memepacpévo vrootrodo P tou [0,00) e 0 € P, ag molje
P={0=ap< a1 < - <ap},

Oéroupie
n

(5.3.1) st = ZanA].,
j=0

érov Aj = [aj < f < aji1] ya0<j<n—1xka A, =[f > ay. Téte nst evar pua amksj
ouvdptnon pe 0 < s¥ < f ka1 ya kdbe x € X pe f(z) < a, 10xbe n avoérna

0< fz) —s"(z) < |IP,
onov || P|| = max{aj41 —a; : 0 < j<n—1}
(ii ) Ta kdOe P,Q C [0,00) menepaopérva pue 0 € P ka1 P C Q wyvel sP < s@.

Anédein. Ipw unodue 0TI AeTTOUERELES TNE AMOBELENE TEETEL VoL XU TUAGBOUPE TNV WO TOU OPIGUOD TRV
ouvapthoewy s, ‘Onwe elnoye xon mpw, yio Sedouévn un cpvntied xou uetprhown ouvdptnon f bdyvouue
wa avZouoa axohoudio (sp) AMADY CUVIPTACEWY TOU VoL TNV TpooeYYilel (avoryxaoTtixd «amd xdtwy). Ot
ouvapthoeic st oplotnray hotmédv we e€nc:

1. AwhéEape audaipetn «Sopépionp! P = {0 = ag < a1 < -+ < an} tou [0, 00] xou Stopepicope o
obvoho X avdhoyo pe Tic TWée mou AauBdver 1 f. ‘Etot oplotnxay to oUvola A;.

2. Ye xadéva amd 1o ovvora A = [a; < f < aj1] ddoape oty st T wixpdTepn Ty mou pnopel vo
mdpel exel 1 f, Onhadr Ty T aj. ‘Etol, éyouue mpdyuott wo «and xdtwy npocéyyion e f.

! Aev elvon Sioépton pe T YVwoTh évvola BéBona, ool Do émpeme Vo TEPLEYEL X0 TNV «TLhy 00.
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ar +
Qg +
as +
Ay +
as +
ag +

X

Yyfua 5.2: Ilpocéyyion petproyng cuvdeTnong and AmAEg

[o v anddelln topo
(i) Etvou epoavéc 6t 1 s¥ ebvon un apvnmnd anhf ouvdptnon. Mdhota, agol to {Ag, A1, ..., An}
cuviotoLy wa Oopéplon tou X elvon excivn 1 amhr ocuvdptnon mou oto A; AauBdver Ty Ty a;. T
x € Aj, 0<j < néyouue
s (x) = aj < f(a),

and Tov oplopd oL Aj xou av emmiéoy j < n (Snhodh f(x) < ap) toTE
fla) = s"(x) = f(x) = aj < ajp1 —a; < || P

and tov oplopd e || Pl

(ii) "Eotw 6 n s diveton and ) oyéon (5.3.1). Apxel va delfouye o {ntoluevo otny mepintwon mou
Q = PU{a} yaaxdnow a > 0, a ¢ P. H yevixt| nepintwon énetan e enaynyh) oto TAdog twv ototyeiny
oL @\ P. Awxpivouye d0o mepnthoeic:

(@) Av a; < é@ < ajq1 v xdmowo j = 0,1,...,n — 1, téte n nopdotaon tne s¢ dapéper and auThy
e sT uévo otov bpo Tou adpolopatoc tou meptéyet to A;. Avtl tou mpocdetéou ajx4; eppoviCetou to
dpoloua

ajxal +&XA?7 6moU A} =[a; < f < a] xo A? =la < f<ajp]

YUVETWGE, YPNOWOTOWWYTAS T1) OYECT XA; = X4l + X 42 PAETOLYUE OTL
J J

P . .
@ —s = ajxal —i—axA? —ajxa; = (a—aj)XA§ >0,

omwe VENE.
(B) Av T\ @ > ay, T6Te N TapdoTacn Tne s9 Bgépe and authy e s uévo otov tekeutaio bpo
mou meptéyel 1o A,. Avtl tou mpootetéou ay x4, epgaviletar To ddpoioua

anXAl + Gxaz, OmOU Al =Ta, < f <a] xu A% = [f > a).

"Apa
s@— st = anXAL + dXA% —anXa, = (a— an)XA% 2 0.

'Etol ohoxhnpdveTon 1) amodelln. [

Ocedpnpa 5.3.3. Eoww (X, A) perproyuos xapos kar f: X — [0, 00] petpriowun un apvnuxij ovvdp-
wnon. Tére, vndpyer avéovoa akolovdia amdwy ovvaptioewr 0 < s1 < s2 < --- < f dote

Sn/‘f
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Ay emmAéov n [ elvar ppayuévn, tote n oUykAion eivar opoispopgn.

Anddetn. Ou oplocoupe wo adlouvoa axorovdia «Spepioewvy P, tou [0,00] 6nwe oto mponyoluevo
AP, xat olugove Ue autd 1 avtiotolyn axohouvdia {sy} Yo elvon ad&ovoa xou Yo npooeyyiler «xahdy
mv fav ||P,]| — 0.

[Tio cuyxexpéva, Y€Touue

1 2 n2"

xou sy, = st bnwe oto Afjupo 5.3.2, dnhadn

n2™—1 ]
Spn = Z 27XB»,7‘,J‘ + nXCna
=0

6TOoU ‘
j+1
2n

Bn,j:[2n<f<

],j:O,l,...,n2"—1xouCn=[f>n]-

Téte, and o Auua 5.3.2, xdde s, elvan amh cuvdptnon pe 0 < s, < f xou yia xdle x € X pe f(x) <n
€Y OUUE
1
0< f(@) = sn(x) < ||Pal = on”
Emunkéov P, C P,y v x&e n, dpo and to (i) tou Afuuatoc 5.3.2 n oxoloudio (s,) eivor mpdyuatt
avéouoa.

‘Eow =z € X. Av f(x) < oo t61€ LndpyEL ng WoTe Yoo xqde n = ng va oyVer 6t f(z) < n, dpa
f(z) — sp(x) < 1/2". "Etor, npdypott, sp(z) — f(x). Av ndh f(z) = 0o t6t€ s,(x) = n vy xdde n,
Gpar T8N sy, (z) — 00 = f(z).

Av 7 f elvon gpporyuévn, téte undpyel ng Gote Yo X8 n = ng xaw x € X va woybel 6n f(x) < n,
Apa 0 < f(z) — sp(x) < 1/2" yio xdde x xou n = ng. Etor, npdypatt s, — f opotdpoppo. O
ITépiopa 5.3.4. Eoto (X, A) petpriopos yipos kai f: X — [—o0, 00] petprionun ovvdptnon. Tdze
undpyer akolovdlia (sy)n amAdy owaptrioewy e

(5.3.2) 0< [s1| <ls2 <--- < |f]

kai s, — f. Av emmAéor n f elvar ppayuévn, tote n oUykAion elvar opoidpopen.

Arddeaén. Topgova pe v Hapatfpnon 5.2.3 uropolpe va ypdoupe f = f+ — f~ émov o f1 xou [~
efvan un apvnuxée xou petphotuec. ‘Apa, undpyouv adloucec axorovdies {op tn ot {7} Un dpVNTIXGOY
AV GLVIPTACEWY OOTE 0y — [T xon 7, — 7. Av Véooupe s, = 0y — Ty, TOTE 1 Sy €Vl oA xou
emmiéov s, — fT — f~ = f.

Hopotnehote 6t av A = [f > 0] t6te v xdde n éyouvpe 7, = 0 610 A %o 0y, = 0 6710 A°. Tuveng
|sn| = o — ™| = max{oy, 7} < max{o,i1, Tnt1} = [Snt1l,

xou ooV | sy | — | f| éneton 611 |5, | < | f], Snhadt| éyouue Beller v (5.3.2).
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Téhog, av 1 f elvon gporypévn, ToTe T0 (Bio 1oy ler xau Yo tic fT %o f7. Luvende, and to Oempnua 5.3.3
ot {on} xou {7, } unopolv va emheyolv Hote va cuyxAivouv opolduopgo oe avtéc. ‘Eneton 6t s, — f
OUOLOUOPYOL. O

5.4 Muiyodixeg UETPNOLUES CUVALTNOELS

H évvola tng yetenotddtnTog mou UEAETACOUE OTIC TEOTYOUUEVES TapaYPdpoug Utopel var avamtuylel ot
ToA) To Yevixd mhadolo amd autd oTo omolo T Véooue péyer Tipa.? Xwplc eminpdodetn duoxohio dueg,
UTOPOUUE VoL UEAETACOVUE UETEYOWES CUVORTHOELS Tou Takpvouy uryadixée Twég. H Borel o-dhyeBpa tou
C opiletan va ebvan 1 o-dhyefpa mou mopdyeTon amd Tor avouxtd utocUvoa Tou C Tov onolo Yewpolue we
LETEXO YMPO PE TN METELXA TOU EMAYyETAL omd 10 PéTEo |z| uryodikol aptduol. Méow tou toopetpnol
woopoppiopol ¢ : C — R? pe ¢(z + iy) = (z,y) Brénouue 6Tt B € B(C) av xou uévo av ¢(S) € B(R?).

Oplopdc 5.4.1. 'Eotww (X, A) petprioog yweoc.

(i) M ouvdptnon f : X — C Méyeton petprionun ws mpos A (n A-petphown) av f1(B) € A, v
xéde B € B(C).
(il ) Av p etvon éva pétpo atov yopeo (X, A) tote 1 f Ayetou p-petprionun av eivon A, -uetphioyn.
(iii ) Ewwodtepa, av X = RF x&de \-petpriowun ouvdptnon Aéyetar Lebesgue petprionun.
(iv ) Av o X elvon yetpinde yodpog xou 1 f ebvon B(X)-uetpriown, tote n f hyetoa Borel petpriomun.

AnodewvieTton xou €8¢) To avdhoyo tng Hpdtaong 5.1.7, dnhadh ot wa f @ X — C elvon petpriown av xou

LOVOV oV avTIoTEEPEL ToL avoxTd (avtioTouyo o ¥AeloTd) olvola oe civoha e A.

IMpoétaom 5.4.2. Eoww (X, A) perprionuos yapos kar f =u+iv: X — C pe u = Ref ka1 v =Imf.
Tote n f elvar petpriomun av kar Hovo av o1 u Kal v €val JLeTPHOILES.

Anddaén. (=) INa xqde b € R éyouye

[u<b={reX ulx) <b}={reX: f(xr) e (—o0,b] xR}
= 7' ((~00,b] xR) € A

aol (—o0,b] x R € B(C). ‘Opota detyvouue 6tL 1 v elvan petpriown.
(<=) Eotw G C C avoixtd. Ou delfoupe 61 f~HG) € A. And 1o Afupa 3.1.7 (Bidomaon TV ovotoy

cuVeAeY Tou RF oe Blacthuata) uropolue va Beolpe axorouvdiee (I,) xou (J,) daotnudtev Tou R dote
G=U,,In x Jp). Yuvendc,

oo

Uf (In x Jn) = (@™ (L) v () € A,

n=1

ool oL u xou v elvon yetprotec. ‘Enetan 6t n f elvan yetpriowun.
O

IMpoétaom 5.4.3. Eow (X, A) perprioios xopos kar fr, + X — C perpnoues ovvaptrjoes. Av n
{fn} ovykAiver katd onpeio o€ yua owvdptnon f: X — C, téte ka1 n f elvar petprioun.

Bréne v §8.1.
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Andédaén. T'odpoupe fr, = up + v, xou f = u + v 610V Uy = Refy, v, =Imf,, u=Ref xou v =Imf.
Agot f = lim, f, énetu 6Tt u = limy, u,, xou v = limy, v,. 'Etot, and v Hpdtaon 5.2.4 ov u xou v €lvon

METPNOWES XaL Ao TNV TEoNYOoUUEV TedTaoT) EmeTon OTL To (Blo Loy el Yo Ty f. O

IMopatAenon 5.4.4. Av (X, A) ebva évag yetproog yopos, f: X — C yetpriown cuvdptnon xau
¢ : C — C Borel petphoyn ouvdptnon, tote o f: X — C ebvor petpriown.”

Andoeén. Ia xdde B € B(C) napoatnpoldye 6Tt

(po N)THB) = F(¢7(B)),
70 onolo eivon petpriowo olivoro enedh p~H(B) € B(C) %ot otn cuvéyeto omd tn petpnowétnta e f. O

AnodevieTon xou €66, OTWE XU OTNV TEAYUTIXY TERITTWOT), 6Tl xdle cuVEYHC cuVdETNoT eivar Borel
uetenown. Apa, 1 Hopatrenon 5.4.4 woylel eldwdTepa Yior cuveyeic cuvaptroe ¢ : C — C.

ITeo6taocm 5.4.5. Eotww (X, A) puetprioos xaopos, f,g: X — C perprioues ovvaptioegs kai a € C.
Tore:

(i) Houwidptnon a- f elvar petprjoun.
(ii ) O1 ovvaptrioes f + g ka1 f — g elvar petprioijieg.
(iii ) O1 owaptrioeas f2 kai f - g efvar petprioues.
(iv) Av g(z) # 0 ya kdOe x € X, téte n owvdptnon 5 elvar petpnoun.
(v ) H ovvdptnon | f| eivar petprowun.
Anédeén. Av ypddouye f =u+iv, g = w+iz, émov u = Ref, v =Imf, w = Reg xou z = Img, €youpe:

w . —Z

1
f+g=(u+w)+i(v+2), [ g=(uw—vz)+iluz+vw), §: N +2w2+22'

‘Etot, yenowonowwvtoc Tic potdoeic 5.2.8 xou 5.4.2 Brénovpe 6t oybouv ta (i)-(iv). o to (v) mopo-

1=V
n omola ebvor petpron K¢ ovVIEon TS HETPRONG ouVdpTnone u? 4+ v? xot g ouveyolc ¢ : [0,00) — R

ve p(z) = Va. O

Yuveyllouye UE TOV 0pLOUO TWV ATAWY CUVORTACEWY UE ULYodiXéC TWES xaL To avTioTolyo Yewpnua
TROGEYYLONG.

TNEoLKE OTL

Opgiwopdc 5.4.6. 'Eotww (X, A) petprowoc yopoc. Mia yetpriown ouvdptnon s : X — C héyetu amdr
av T0 oUvoho TWov e (X)) eivar nenepacpévo.

[apatneotue 6t wa cuvdptnomn s : X — C elvon amhf av xon uévov av ot Res xou Ims elvon amhég
ouvaptioels (e€nyrote yiotl). ‘Onwe xar oty TEPINTWON TWV TEAYUATIXOV ATADOY GUVIETACEWY, Xdle
oA ULy o ouVEETNOY S EYEL LOVODLIXY| XAVOVLXT) LOP®T.

3H Budmra auth ebvan eldixd nepintwon e Hpdtaone 8.1.2 mou Yo Solye Tapadto.
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ITpoétaon 5.4.7. Eow (X, A) petprioios xdpos kar f : X — C perpioun ouvvdptnon. Tore,
vrdpyer axolovdia {sy}n, amAdv ouvaptrioewy upe s, — f. Av emmAéov n f elvar gpayuévn, tite n
ovykAion elvar opoiduopen.

Anddeén. 'Eotww f = u + v, émov u =Ref xou v =Imf. And 1o Hdpopa 5.3.4 Beloxouue axoroudieg
{rn} »ou {tp} amhdv mpaypaTix®y cUVaETACEWY WOTE Ty — u XU t, — v. TotE, N s, = 7y + ity ebvon
amA) XU TEOPAVWS EYOVUE OTL Sy — U + 10 = f.

Av a1 f elvan @poryuévn, toTe To (B0 1oy VEL Yo TIC U XOU v, dPOL Ty —> U Oty —> U OUOLOUOPPAL.
‘Eneton 611 1 oOyxhion e (s,) oty f elvon ogolduopen. O

5.5 Aoxnoeig
Opdda A,
5.1. Eotww (X,A) petpriowos ydpoc xou f : X — [—00,00]. Aellte 6t 1 f elvon pyetpiown av xow pévo av
[f <q] € Ayuxdde g € Q.
5.2. Eoto (X, A) yetprowoc xodpoc xou f: X — R petpriown ouvdptnon. Opiloupe tn ouvdptnon g : X — R
ue

0, av f(z)eQ

g(x) = :

L o f(z) ¢Q
Acl&te 6TL 1 g ebvan yetpriown.
5.3. Eotww f,g9: R — R 800 cuvaptiioeic pe tny f va elvon yetpriown xou 1o oOvoro [f # g] vat efvor A—undevixd.
Aci&te 6TL ) g elvon petpriown.
5.4. 'BEotww f : (a,b) — [~00,00] tétol ote: Yo xdde 0 < € < b — a 0 meploplouoe f|ia,p—e) sbvon petprioyn
ouvdptnon. Aceite 6t 1 f elvon petpriown.

5.5. 'Eotw (X, A, 1) xdpoc pétpov, {s,} axorovdia anhdv yetprioynwy cuvapthiceny xa f : X — R petphowun
ouvdpTNoN WoTE s, — [ opolopoppa oto X. Aci&te 6t n f elvon ppaypévn.

Oudda B'.

5.6. Adote nopdderypa ouvdptnone f : R — R ou dev elvan Lebesgue petpriown, eved o | f| xow f2 etvon Lebesgue
HETENOWES.

5.7. 'Eotw f: R — [0, 00] ad&ouca cuvdptnor. Aeléte 1 undpyer ad&ovoa axorovda {s,} avioucmv anhdv
oLVOPTHOEWY TETOL WOTE 5y, 7 f.

5.8. Eow (X, A, 1) xodpoc pétpou xan {E,} axolovdia otoiyeiov e A.

(o) Av u(Ep) < 25 vy xdde n € N, dei&te 6t p({x : xz, (¥) = 0}) = 0. (Trédei&n: Ouundeite 0 Tpdto Afupa

on
Borel-Cantelli.)
(B) Ioyder to mponyoluevo cupmépaoya e Ty acdevéotepn unddeon u(E,) — 0;
5.9. Eotw f: R — R ouveync ouvdptnon.

(o) Acigte 6T 1 f anewoviler F, oOvola oe F, cOhvola.
(B) Acigte 6T 7 f anewovilel Lebesgue petprioya obvoha ot Lebesgue petprioyia cOvoha oy xou pévo av yio xdide
A CRue A(A) =0 wydet 61 A(f(A)) =0.

5.10. 'Eotww (X, .A) petpfiowoc x0Hpoc xot (Eqy)acr 0oyéveld cuvohwy oty A ue tic e€hc tétntec:
(i) Ava< g6t E, C Eg,

(11 ) X = UaGR EO”
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(iii ) Nyep Ba = 2.

Aci€te oL undpyet petpriown ouvdptnon f @ X — R tétowa dote yia xdde o € R va ioybouv ta e€hc: av x € E,
t6te f(x) <aevoav x ¢ E, tote f(z) > a.

5.11. Eotw (X, A, 1) xbpoc nenepacpévou wétpou xon fr : X — R UeTphOWMES CUVOPTACELS TETOIES (OTE: Yiat
xade x € X woydel ot

sup | fn ()| < o0o.
neN

Aci€te ot yio xdde € > 0 undpyouv A € A xou M > 0 dote

WX\ A) <e xuyaxdde z € A: sup|fn(x)] < M.

5.12. Xpnowonowwvtog ) cuvdptnon Cantor-Lebesgue Peeite wio cuveyr ouvdpetnon g : R — R xou wio Lebesgue
peterowun ouvdptnon h: R — R &ote n h o g vo unv etvon Lebesgue petpriown.

5.13. 'Eotw E Lebesgue petprowo utoohvoho tou RF pe A(E) < oo xau f : E — R Lebesgue petpfioyn
ouvdptnon. Optlouue tn ouvdptnon wy : R — R ue

wi(t)=A{z € E: f(z) > t}).

(o) Aei&te 6T n wy ebvon pdivovoo xou cuveyhc and dedid. Xe moud onueia eivon aouveyhc;
(B) Av ol fn, f : E — R eivan Lebesgue petpfiowes xav fr, 7 f, Sellte ot wy, M wy.

Owpdda I'.
5.14. 'Eotww f, : R = R Lebesgue petpriowes ouvapthoeic xou o € R. Aei€te dtu av

S A{x: falz) > a}) < o0,

t61e undpyet Z C R pe A(Z) = 0 dote limsup,, fr(x) < a v xdde z € Z°.

5.15. Eotw f, : R = R Lebesgue yetphotuec ouvopthioeic xou oaxorovdia (£,) detinddv apdudy pe &, — 0.
AciEte 6t av

NE

Az fu(z) > en}) < o0,

1

3
Il

t6te undpyel Z C R pe A(Z) = 0 dote fr(z) — 0 v xdde © € Z°.

5.16. Eotw f :[0,1] x [0,1] = R wa xwpiotd ovvexns cuvdptnor, dnhadr ouveyhc we npog xdde petaAnti
yopotd. Aetlte L n f elvar Borel yetpriown.

5.17. Eotw fp :[0,1] = R wa axoloudia Lebesgue petpAowv cuvaptioewy. Aceilte ot undpyet oaxoloudio
VeTUnOY TEAYPATNdY aptdudv (ay,) %o cbvoro Z C [0,1] ye A(Z) = 0 dote

lim ——= =0, vy xdde x € Z°.

n—oo



Kegpdhawo 6
OAoxANpwpa

Y16Y0¢ Yag o aUTO TO XEPIANO Efval VoI XATAGKEVAGOUPE TO oloxhfpwua Lebesgue yio petproeg
ouvapthoels. Moag divetonw Aowmdv évog ywpos wétpou (X, A, 1) xou pehetdue mpaypatixés (¥ pryadinée
opyodTepa) peterotes ouvapthoels f: X — R. Oudiétnteg mou Yo Béhaue v ixovotolel 10 ohoxAfpwua

elvon oL e&hc:
(i) AvAe A, tote [ xa dp = p(A), 6mou x4 ebvan 1) delxtpla cuvdptnon tou A.

11 O OANOX WU glval Y IXO: AV , g glvall OVO NET OlWEC CLUVIUOTNOCELC XAl a, S , TOTE
ii ) To ohoxhfipwyo elvan ypapwxo: av f, g ebvar 800 petpriow et beR,
/(af+bg) d,u:a/f d,u+b/gd,u.

(iii ) To ohoxhfpwua efvor «Yetindy: av 1) f efvon petphiown ouvdptnon pe f = 0, tote [ fdu > 0. Aéyo
NG YEUUUXOTNTAS, 1) WOTNTO auTY| ebvan 1ood0voun e TN wovotovia: av f, g elvon 600 PETPNOWES
ouvapThoels xau f > g, ot [ fdp = [ gdp.

H xatooxevr| Yo yivelr oe tplo Briwortas

(i) OpiCouue t0 ohoxhfpwua Lebesgue yio un apvnuixéc anhéc ouvapthoelc, €yoviac we otoyo ta (i)
xou (ii) mopomdve.

(ii ) Opiloupe T0 OhOXNAPLUA YioL 1) dEYNTIXES PETENOWES CUVIPTAOES £YOVTIS WS OTOYO TN LOVOTOV(d
xa BactlOUEVOL GTNY TEOGEYYIOT] TETOLWY CUVAPTACEWY AN ATAES.

(iii ) Opiloupe 0 ohoxhApwua YEVXS, yenoylonowmviac T oyéon f = fT — f7 xa éyovtoc wc otdy0
TN Y QOUULXOTN T,

Hapddinio ye auth Tt Swodixooio, Vo amodelfouye Yepés TOAD BaoXéC WOLOTNTEC TOU OAOXANPOUATOS
Lebesgue, xou 1dloftepo xdmotar amoTEAECUATO GYETIXA UE T CUUTEQLPORA Tou ohoxhnpuatog Lebesgue

¢ TEOS TN GUYXALOT OXOAOUIDY UETEHOHIWY CUVIRTHCEWY.

6.1 AmAEc uUn ApVNTIXES UETEPNOLUES CUVIETAOELS

Opwopde 6.1.1. Eotw (X, A, 1) ydpoc uétpou xan f: X — [0, 00] piar amhf un apvntuixd ouvdptnon
UE XAVOVIXT) Lop®T

n
f= Z AjXA;
=1
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omou a; = 0. Tote, oplCouye T0 ohoxhrpwua TS f va elvor 1 TOGOTNTA

/f dp ="y a;u(4;)
j=1

omou €youpe xdvel T oVuPacn 0- 0o =00 -0 = 0.

Yyfua 6.1: OhoxAfipeua anAfc cLVAETNONG

Iopatnehoeig 6.1.2. (o) And tov opiopd éneton dpeca 6t [ f dp > 0 xon 611, yio xdide A € A,
[ xadis = ().

(B) Tougpwvo pe tov opopd, éyoupe [ f du =0 av xou uévo av pu({z € X : f(z) > 0}) = 0.

'Eyovtag 8MoeL ToV TUpandve 0ptoUo, Yiol VoL amodelEOUUE TN YROUUXOTNTO TOU ONOXANEWUATOC YOEL-

Couoote To €€X¢:

Afupo 6.1.3. Eoww (X, A, 1) xdpos pérpov kar f: X — [0,00] pa amdr) ovvdptnon mov ypdgetar
wS:

f= Z bixB;
j=1

ywa kdnoiovg by, ba, . .., by, ka1 kdnowa &va avd dVo petprioyua ovvola By, Ba, . .., By,. Tote,

/fdu = bju(B))
j=1

Anddedn. Xwplc Teploplond TNe YEVIXOTNTOC UTOROVUE Vo UTOVEGOUUE OTL Um 1 Bj = X (ahhidde, Véto-
viog Bimt1 = X \ UjL; Bj %ot biy1 = 0 nopatnpodue 61t Sev ohhdler xdtt). Eotw howndv 6t 1 f €xel
XOVOVIXY| LORYT

n
f= Z AiXA;-
i=1
Agobl n f elvon amhy ouvdptnon, av A; N B; # @ t61€ a; = bj, xou emmiéov 1oy oLy oL €€ TAVTOTNTES:

m n
(A; ﬂB xan Bj = U(AiﬂBj),
7=1 =1
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6mou xou oL dvo evaoelg ebvar Eévee. ‘Etot, €youpe:

=1 =1 j=1 =1 j—1 i=1 j—1
=D D bu(AinBy) = by p(AiN By) =Y bju(By).
=1 i=1 =1 =1 j=1

O]

ITpo6taom 6.1.4. Eotw (X, A, u) xdpos uérpou, f,g: X — [0, 00] 800 anAés un aprnrikés ovvaptrioes
kat a = 0. Téte 1woyvovr ta €€ng:

(i) To oloxArjpwpa €lvar <opoyevégs:

/afd,u:a/fdu.

(ii ) To olokArpwpa €lvar «mpoodetikdy:

[t 4o du= [ fans [gan

(iii ) To odokAnpwua eivar <povétovos:

av [ <gotoX téte /fdué/gdu.

Anééeén. 'Eotw
n m
F=> aixa xu g=> bixs
i=1 j=1
Ol XAVOVIXES JOPYES TwV f Xt g.

(i) Tote, naf =1, aa;ixa,; €ivon n xavovixt poppR e af, dpa
/af dp = Zaai,u(Ai) = aZaiu(Ai) = a/f du.
i=1 i=1

(ii) H owoyévewr (A; N Bj); j) omoteheiton amd Eéva avd 500 GGVOAL X ool

fF+g=> (ai+b))xans,
i’j
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(emakniedote t0) oUugwva ye to Afupo 6.1.3 éyouue ot
/(f +9) dp =" (ai+b)u(AiNBy) = > aiu(A; N By) + Y bju(A;i N By)
1] 2 1,3

=Y @i > p(AinB) + Y b > p(AinBy) =Y aip(A) + > bju(B))
=1 7=1 7=1 =1 =1 7j=1

:/fdu+/gdu.

(iii) H (g — f) ebvon un apvnuixd amhi cuvdptnon xat cuvenog, and to (ii),

/gduz/fdu+/(g—f)du>/fdu,

OTWS YERE. [

IMopatAenon 6.1.5. Xenowonowdvtog ta (i) xou (ii) g Hpdtoone 6.1.4 BAémoupe 6T t0 cuunépacyo
Tou Afupatog 6.1.3 woylel xau ywelc Ty utddeon oL ta B elvan Eéva, ago:

/ijXBj du = ij/XBj dp =" bju(B;).
j=1 j=1 j=1

6.2 Mn apvnTixég UETEPNOLUES CUVIPTHOELS

Alvoupe Mo TOV 0ploHO TOU OAOXANEMUATOC Yiol Un apvnTixée Yeteroyes cuvapthoels. I'vwpllouue
and 10 Oedpnua 5.3.3 OTL Yl xdUe un apvnTixr PETERown cuvdptnor f uropolue vo Beolue adEovoa
oxohoudiol (8p,) YN CEVNTIXWY OTAGY GUVIRTACEWY UE

Sn/‘f

Emmiéov, yio xdde amhy| petpriown ocuvdpetnon s ue 0 < s < f oto X, Ya Béhape, €yovtog wg otéy0 TN
HovoTOVid TOU OROXATPOUATOC, Va oY UEL OTL

[sans [1an

HE TOV 0ploUé ToU dOGUUE TNV TpoTYoUuevn Tapdypago Yo to [ sdu. Egbcov umopolue vo Bpolue

AmAEC UETPHOWES § OCOONTOTE XOVTA TNV f «amd %ATw», 00NYOVUACTE GTOV ENC OPLOUO.
Optowde 6.2.1. Eow (X, A, 1) ydpeos pétpou xou f: X — [0, 00] un apvntixs Letphioydn ouvdpetnom.

Opiloupe to odorkAnpwpa tne fva elvon 1 tocdTNTA

/fd,u:sup{/sd,u: sankr’]ouv&prnonpeogsgf}.

Puowd, o opiopdg awtde cuPrVvel ye Tov Oploud 6.1.1 ToU CAOXANEOUATOS YL ATAEC CUVAPTACELS, oPOU
av 1 f elvon amh) T6TE To supremum VAoTOLElTAL Yo TNV § = f and T LOVOTOVIO TOU OAOXANEWUATOS Yid
anmhéc un apvntixéc ouvopthoels (Bh. Ilpdtaon 6.1.4 (iii) ).
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/Afdu=/fXAdu,

0 odokArfpwpa s f oto A. Eivaw gavepd 6t [, f du € [0, 00], xou enlone

waz/ﬁm

ITpotaom 6.2.2. Eotww (X, A, 1) xépos pérpou, f,g: X — [0,00] un aprnuxés petprioies ovvap-

[o xdde A € A opiloupe

oeg, A, B € A kara > 0. Tére woydovr ta e&rjs:

(i) To odoxAnpwua eivai <opoyevégs:

/afdu:a/fd,u

(ii ) To odokAnpwua efvar <jrovétovoy:

Av f<goto X té‘ce/fd,ug/gd,u.

Afw<éfw
!Lfdu:Q

Arndoaén. (i) Av a = 0 tote 1 Intoldpevn wdtnta eivan Tpogavic. Av a > 0, éyoupe:

(iii ) Av A C B tdte

(iv) Av p(A) =0 av f =0 oto A, téte

/afdu:sup{/sdu:san)\f}psogsgaf}

<ﬁ

:asup{/tdu:tommueOétéf}

:a/fd,u.

(ii) Autd mpoximtel elxoha amd TOV TEOTO UE TOV omolo oplooye To OAoXAfpwu: oV s €lval Lo oAy

s s
= — dp : — o <
sup{a/a pui o om N ue 0

SIS

ouvdptnon e 0 < s < f, té1e €youpe enlong 0 < s < g. Apo,
{s:5amiue 0< s < f} C{s:soamfpe 0<s<g},

xou énetan 6 [ f dp < [ g dp.

(iii) H oyéon A C B elvou 10od0vaun e TNy x4 < xB (e&nyhote yiotl). Agol f > 0, éyoupe fxa < fxB
xou To oupTépooya éneton omd to (ii).

(iv) Av f =0 ot0 A, t6te fxa =0010 X, dpo [ fxa du=0,dads [, fdu = 0.
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‘Eotw thpa 6t j1(A) = 0. Avn s amhf xon 0 < s < fixa, 10t€ 1 s undevileton €€w and 10 A %ot cLUVETEDC
EYEL UL TORAOTACT] TNG HOPPNG

n
s = ZaiXAw omou A; C A vy xdde .
=1

"Apa,
/s dp = Zai,u(Ai) = Zai -0=0.
i=1 i=1
Agol autd oyver Yo xdde anh s e 0 < s < fxa, ouunepatvoupe 6t [ fxa dp = fA fdu=0. O

[Top” 6o TOU Ol TAEATAVE WOLOTATES TOU OAOXANEOUTOS amodelyInxay oyetxd eixola, ue tov Opl-
ouo 6.2.1 mou dooaue dev elvar xoddAoL TEOPAVHE 1) TEOGVETIXOTNTA TOU OAOXANEOUATOS, ONAAdY| OTL oy
fr9:X —[0,00] etvou 800 pn opvnTinéc PETEHOWES CUVAPTAHTELS, TOTE

/(f+g)du=/fdu+/gdu~

It vor amodei&oupe v mpocietixdtnta Yo Pactotodye oe 600 mohh Baowxd Yewpruota cbyxhong, To
Yewpenuo yovétovne cUyxiiong tou Lebesgue xou to AMjuuo tou Fatou. o ypeiactodue apynd to €€rg
Ao, mou Yo yevixeutel apyodtepa otny §6.2.1:

Afupoa 6.2.3. Eoww (X, A, 1) xdpos pérpov kar s : X — [0,00] pa un apynuikn amAsj ovvdptnon.

o) = [ sdn

Tére, n ovvdptnon v : A — [0, 00| pe

yia A € A etvar uérpo' oov xdpo (X, A).
Andoeaén. Av

n
s = E ajXA,
j=1

elvor 1 xovovixy) popgt| Tne s, toTe yio xdde A € A éyouue
v(A) = /AS dp = /SXA dp = Zaj/XAmAj dp = Zaj,u(AﬁAj),
j=1 j=1

OTOU YPNOWOTOAOAUE TNV TOUTOTNTA XAXB = XAnB- Opng, to p; + A — [0,00] pe p1;(A) = p(AnN Aj)
elvor U€Tpo, 0 TEPLOPIOUOE TOL 1 6To Aj, cuveT®S To (Blo Loy Vel Yo To v, agoL a; = 0 yia xdde j. O]

[ va tpoywehooupe oty anddelln Twv Bactxwy Yewpnudtonv obyxiione Yo YpeldoTolue TNy £vvola
Tou liminf,, piog axohovdiac cuvérwy: Av (A4,) eivon po axohouvdia utoouvorey Tou X, Vétoupe

liminf A, = {x € X : 10 x avixel oe Oha Tehixd Tor Ay}
n

'H v Myetan adpioto odoxAdpwpa e s ©C TEoC p.
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Yougwva pe v ‘Aoxnon 1.4 (‘Aoxnon 4 tou Kegahaiou 1), éyouue v tavtdtnta

limninf A, = D ﬁ Ap.

n=1k=n

Eniong, obugpova ye v ‘Aoxnon 2.2, av (X, A, i) elvor ydpoc pétpou t6te toyler 1 avicdtnta
(6.2.1) p(liminf A,,) < liminf p(A4,).
n n

H omddelln OAov autdY TWV LoYURLoU®Y a@iveTal w¢ doxnoT. XenoWoTolwvTog To ToRATdve Oty vouue

T0 e€hc:

Ochpnpa 6.2.4 (Afuua tou Fatou). Eotw (X, A, 1) xdpos pétpouv kar fr, : X — [0, 00| pua axodovdia

1N apynuikay pHeTprouwy ouvvaptnoewy. Tote,
/lim inf f, dp < lim inf/fn du.

Anddedn. Oswpolye tn cuvdpetnon f = liminf, f,, n onola eivor petprown and tny Hpdtaon 5.2.4, xou
wa omAr) ouvdptnon s pe 0 < s < f oto X. Ou del€oupe oTL

(6.2.2) /s dp < liminf/fn du.

Iood0vapa, Yo deifoupe bt yia x&e € € (0, 1) woydet

5/3 dp gliminf/fn du.
‘Eotw € € (0,1). Oewpolue ta chvoha
Ay =[fazes] ={z e X: fu(z) > es(x)}

xaL mopatnEoluE OTL elvon ueterowa xan emmiéov liminf, A5, = X: Ilpdypat, v xdde z € X, av
s(x) = 0 téte npogavie x € A5, yia xde n, eved av s(z) > 0, tote

es(z) < s(x) < f(z) = lin%inf fn(zx),

o LTAPYEL Ny HOTE YLt X8e 1 > ng va woyVet es(xz) < fn(x). Etoy, npdypot z € A5 yioa xdde n > ng
xou émetan 6T ¢ € liminf, A5

Ané Tov opiopd tou A;, €youpe 6Tt
Jn(x) = es(x)xa: () oo X

O GUVETC

/fn duZE/SXA% d,u:s/ s du =ev(A),
A3

6mov v : A — [0, 00] 0 pétpo tou Aduuatog 6.2.3 yior Ty anh ocuvdptnon s. Kotd ouvénewo, and
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oyéon (6.2.1) xou v woétta liminf, Af = X éneton 611
lim inf/fn dp > eliminf v(AS) > ev(liminf A7) = ev(X).
Opwe, ¥(X) = [y s du, dpa mpdyuot

liminf/fn du)z—:/s du,

mou yioe € — 17 Biver v (6.2.2). Metd, nodpvovtac To supremum méve ond OReC TIC ATAEC UETPHOWES S
pe 0 < s < f €youye To {nrolyevo. O

IIépwopa 6.2.5. Eotw (X, A, ) xopos pétpov kar fr, + X — [0,00] pa axolovdia un apvntikdy
pHeTpouwy ovvaptioewr. Av n f, ouvykAiva katd onueio oe pua ovvdptnon f 1 X — [0,00] ka1
emmAéov f, < f oto X yia kdOe n, tote

/fdu—lirrln/fndu.

Anéoein. Ou egapuocouue to Afupa tou Fatou: éyovue liminf, f, = f, cuvendg
/f dp = /liminffn dp < liminf/fn dup
< limsup/fn dp < /f dpu,

agol fr, < f oto X. "Apa, €youue TavToU LOOTNTES %o ENETOL OTL

lirrln/fndu:/fdu.

Ewdwdtepa €youpe to €€ TOAD onuovTind TépLoUa.

Ocedpnua 6.2.6 (Yewpnua yovétovne ovyxhione). Eotw (X, A, 1) xdpos pétpou kar fr, : X — [0, 0]
pia avéovoa akolovdia un apvnuikdy petpnouwy ovvaptioewy. Av f = lim, f,, tote

[twidn 2 [ f i yan o,

Anédein. To cuunépacya mpoxintel dueca and to Hopoua 6.2.5, agol f, < f oto X. O

Xenowonoldvtog To Yewpnuo Lovotovng alyxhong €Youpe €vay ToAD To BoAxd TeOTo Yol VoL YELpL-
Lopaote to ohoxhipoua: Do per f: X — [0, 0o] un apvneind, petpriown Beloxouye and to Oedpnua 5.3.3
i avZovoor oxohoudior (Sy,) ATADY Un AEVATIXOY CUVAPTHCEWY UE

sn /N f.

Tote, and 10 Oewpnua 6.2.6 BAémovye OTL

/fd,uzlim/snd,u,.
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Ané auth Ty mapatrenon énovton o eENg:

IIépwopa 6.2.7. Eoww (X, A, p) xopos pérpov kar f,g : X — [0,00] un aprnurés petpriogues

owaptnioes. Tote:

(i) To ohoxArpwua eivar tpooetikd, 6nAadr)

/(f+g)dM=/fdu+/gdu-

(ii) Av f < g oto X ka1 emmAéov [ f dp < oo, tdte

/(g—f)du=/gdu—/fdu~

Anddeaén. (i) Oewpolye ad&ouoeg axohoLes (sp)n %ot (ty)n U1 EYNTIXGV ATAOY CLVOETACEWY YE Sy,
foxa t, 7 g. Tote, n axohoudio (s, + t,)n eivar eniong adZouoo axohoudiar un qEVATIXOY OTAGY

CUVUPTACEWY X0l

5n+tn/‘f+g'

YUVETHS, and To Vehpnuo LoVOTOoVNG GUYXAOTG €YOUUE

/(f+g) d,u:hm/(sn—i—tn) du:hm/sndu+lim/tnd,u:/fdu+/gdu,

OOV YENOLLOTIOACUUE TN YEAUUUIXOTNTO TOU ONOXATPOUATOS YIoL TIC ATAEC OUVOPTHCELS Sy, xau ty, (Tlpbta-
on 6.1.4).

(ii) Ou f xau g — f elvon pn apynTxéc UETPAHOLES CUVOPTAHTELS, dpot amd To (i) €youue

/fdu+/(g—f)du—/gdu-

Agol emnhéov [ f dp < oo, amd tnv Teleutolo LlodTNTOL €NETOL TESyHaTL OTL

/(g—f)duz/gdu—/fdu-

‘Eva moh0 yerowo amotéheoya ebvar 1 avicdtnta Twwv Chebyshev-Markov mou nap’ 6An tny amhétnto

O]

g €xEL, OTwe Yo BoUUE, ONUAVTIXOTATES EQUOUOYES:

ITpoétaom 6.2.8 (avicétnro Chebyshev-Markov). Eotw (X, A, 1) xdpos pétpov kar f: X — [0, 0]
un apvnukn petpnoun ovvdptnon. Tote, ya kale € > 0 10y Ve n avicétnta

u({wGX:f(arDE})éi/fdu-

Andoeaén. Hapotnpolpe 61, av A, = {z € X : f(z) > €}, 161

/fdw/Asfdw/AEadu—aMAg).



98 - OAOKAHPOMA

T

Yy 6.2: Anddeiln tng avicotntag Chebyshev-Markov

H ovicotnta auth ebvar axpBog 1oodivaun pe tn {ntoduevn. O

IMapathenon 6.2.9. M yerown epopuoyn tne avicétntag Chebyshev-Markov eivor 1 €€rc. "Eotw
(X, A, ) yopoc pétpou xau f: X — [0, 00] un spvntixd) yetpriown ouvdptnon pe [ f du < oo. Tére,

p{z e X : f(z) = oo}) = 0.
Ipdrypaty, yio xdde n > 1 €youue
1
pla e X5 f@)znp) < [ £ du—so.

X0l TO CUUTERACHA TEOXUTITEL OO TO YEYOVOS OTL

[f =o0] = [If =]

n=1

X0l T CUVEYELL TOU PETEOV.

Av emiyeipriooupe vo avtixataothoouye to liminf oto Afuua tou Fatou pe lim sup malpvoupe o e€rig
OUIXY amOTEAEOUATA

Ocedpnpa 6.2.10. Eotw (X, A, p) xdpos pétpov kar fr, + X — [0, 00| pua axolovdia un apvnrikdy
LETPNOIUWY OVVAPTHOEWY.

(i) Av vrdpyer g : X — [0, 00] petprioqun dote fr, < g ya kdde n ka1 [ g dp < oo, e
(6.2.3) /lim sup fn du > lim sup/fn du.

(it ) Av n (fn) ovykdiva katd onueio oe pa owdptnon f: X — [0,00] pe fr, = f oto X ya kdde n
ka1 emmAéor vndpyer g : X — [0,00] dote f, < g ya kdbe n ka1 [ g dp < 0o, tde

(6.2.4) /f duzliTan/fn dp.

(iii ) Av n axodovia (f,) etvar pOivovoa ka1 [ fi dp < oo, téte ya Ty f = lim,, f, wxva du

[wan [ 1 an
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Arndoeén. (i) E@opuélouue to Afuuo tou Fatou yia tnv axohoudia (g — fr)n xou €xouue ot
/liminf(g — fn) dp < liminf/(g — fn) dp.
‘Ouonc, av (ar) ebvor pior axohoudio mporypatixmy oprdumy xou a € R, woybouy ol oyéoeic:

liminf(a, + a) = liminfa, + a xo liminf(—a,) = —limsup(a,),
n n n n

Q0L 1) TIOPOTIAVG AVIOOTITAL YEAPETAL WG:

/g du/limsupfn d,ué/g d,ulimsup/fn du.

Ané auth ™y avisdtnTa xou v unddeon 6t [ g dp < oo cuunepaivoupe Gt TEdyuoTt
/lim sup fn du > lim sup/fn dp.
n n

(ii) ITpoximter amd o (i) axpPide émwe mpoxinter to Ildpopa 6.2.5 and 1o Afuua tou Fatou. O
AETMTOUEQELES APTIVOVTAL WG AOXNOT).

(iii) Hpoximter dueca and to (ii) av mopatneiooupe 6t N g = f1 xuplapyel Ohec Tic fr, OnAadh fr, < fi
yio x&de n.
O

IMopathApnon 6.2.11. H unddeon tne Unoping prog yetphowne g : X — [0, 0o] mou va €yeL TEnEpaopévo
ONOXATPOUOL X0 VaL XUELIEYEL OAEC TS fp, Elvon amapaitnTn Yiot TNV 1oy ) TOL TEONYOUUEVOL VeWEHUATOC.

Ardden. Av Jewpricoupe yio mopdderypo TNy axoroutic cuvaptficewy fn 1 R — R pe fi, = nxo1/n)
TapaTHEOVUE 6TL OXEC oL fy, elvan petpRowee, fr, — 0 xatd onuelo xou [ fir dp =1 v xdde n. Suverde
ot (6.2.3) xou (6.2.4) Sev ahndedouv. O

K\etvouye auty| Ty evotnta mopatnemvtag 6Tt To ohoxhfpwua Lebesgue cuunepipépeton xahd xan g
TPOG TG OELREC UN apVNTIXWY cuvapThoewy. Tlo cuyxexpyéva

Ocebpnua 6.2.12 (Beppo Levi). Eotw (X, A, 1) xdpos pétpov kar fr, : X — [0, 00] pa arxolovdia

1N apynTikaY peTpnouwy ovvaptnoewy. Tote:

/gnw=g/mw

Anéoeén. Av Véooupue
Sm=fi+ ot + fms

t61E %80e Spy elvon peTEROWN Xou Yiol T ouvdptnon f = D o7 fn €xouue 6Tl

Sm A f yoom — oo.
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YUVETHE, amd To YeOENUo LOVOTOVNE GUYXMOTG CUUTEQUVOUNE OTL

/ghmp/fWZW/&MWﬂ%i/ﬁ@:g/hwv

6ToU OTNY TEITN LOGTNTA YENOWOTOLAOUUE TNV (TENEPACUEVT)) TEOCUETIXGTNTA TOU OhOXATPGUTOS. [

H évvoia tou «oxedoV mavToly»

‘Eoww (X, A, 1) yopoc pétpou xan P(x) wo idtnto mou agopd to ototyeio z € X. Ou Mue 6t n

P(x) woyber p—oxeddr mavtol av 10 chvoro
Z ={x € X :n P(x) dev arndelet}

etvan p-pundevind (Yuundeite tov Opioud 2.3.1). Oo yedypouue 6t N P ioylel p—o.n. H axdhoudn npdtaon
ety vel OTL oL «oYEBOY TavTol dlatopayégy Bev enNEedlouy To OAOXARPGUL:

ITpoétaom 6.2.13. Eow (X, A, p) xdpos pérpov kar f,g : X — [0,00] un apynukés petprionues

owvaptnioes. Tote wyvovr ta €€ng:
(i) Av f=g p—o.m, tte [ fdu= [ g du.
(i) f=0p—0m av kar uévo av [ f dp = 0.

Anddeén. (i) Oétoupe X = {z € X : f(x) # g(x)} xo napotnpolue 6t Z € A (ool f, g uetpfioec)
xou pu(Z) =0 and v undeon. Xenowonowdvtog o (iv) tne Hpdtaone 6.2.2 Brénovye ot

/fduz/X\Zfduz/X\ngMZ/gdu-

(ii) Av f =0 p—o.n. t61E and 0 (i) éxouue

/fdu:/Od,u:O.

‘Eotw tédpa 6t [ f dp = 0. ©étoupe A = [f > 0] xou mapatnpolpe 6t av A, = [f > 1] téte

A=A
n=1
‘Ouoc,
1 1
0= [fauz [ fauz [ ©du=nla),
An An n n
dnhadh p(Ay) = 0 v xdde n. ‘Eneton 6u pu(A) = 0, dpa npdrypott f =0 p—o.m. O

Ano v Ilpdtaoyn 6.2.13 €neton 6Tl av wiar WOTNTA pLog ouvdptnone f oylel p—o.T. TOTE TO OAO-
xMipwuo e f e Yo odAdEer av unodécoupe 6TL oyler tavtol. ‘Etot, unopolue va yevixedoouue yio
mapdderyua to Hopioya 6.2.5 Ayovtag otL 1 f, ouyxhivel otny f p—o.m. xou 61 f, < f p—o.m. Ouow
yevixeleton T0 Oempnua 6.2.10. Xtn cuvéyeta Yo yenotlomoloVUe aUTES TIC ILOTNTES TOU KOYEDOY TAVTOU»

xwelc wiadtepn pvelo.
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6.2.1 To abdpioto OAOXAPwUA

Ye autod To onuelo Yo emyeipicouue vo yevixebooupe to Auuo 6.2.3. Alvouue mpdta Tov e€hC oploud:

Opiopde 6.2.14. 'Eotww (X, A, 1) yopoc pétpou xar f: X — [0,00] wor un apynuxy petpriown
ouvdptnon. Opiloupe ) ouvdptnon v : A — [0, 00| ue

(6.2.5) v(A) = /Af du

yio A e A H v Myeton adpioto odokAfipwpa tns f ws mpos .
Ot Booixéc 1BLOTNTES TOL AOELOTOU OAOXANEWUATOC Efval oL eENC:

ITpoétaom 6.2.15. Eotww (X, A, 1) xopos pétpov, f: X — [0,00] pua un apvnuikni petproun ovvdp-
THon Kai v to adpioto odokAnpwua tns f ws mpos p. Téte wydovr ta e€ng:

(i) Tov eivar uérpo.
(i) Av A€ A pe u(A) =0 tére v(A) = 0%

(i) Av g: X — [0,00] elvar pua petprioyun owvdptnon, téte

/ng=/gfdu-

Anddaén. (i) Eivaw npogavéc 6t v(@) = 0. T tnv aprdufoun npoodetixdtnta, Yewmpolue pa oxoroudio
(Ay,) Zévwv avd 800 otoyeiov e A xou da detfovue 6t v (Ul An) = Y pe v(Ap), Snhadi ot

(6.2.6) /U‘” ) fdu:i/A f du.
521 An w1 An

Aqgob ta Ay, elvon E€var avd 500, GUUTERAVOUPE OTL

(o @]
XU, An = D XcAn»
n=1

Goa m (6.2.6) eivan LoodOvaun e TNy

/ifXAn du—ni/fx,% dp

TIOU TTPOXUTTEL AUECH AV EQUPUOcOLPE To Oewpnua Beppo Levi v ti¢ fp, := fxa,-
(i) To éyoupe HOn anodeilet oto (iv) tne Hpdtaone 6.2.2.

(iii) ©a ondoovye v amddelln oe Brpota, axohovddviag TV Péypt THPA TOPEid TOU 0PIy TOL OhO-
HANEWUATOS.

Brpo 1. H g elvar tng popphc g = xa Y xdnowo A € A.

2Av yi0 300 Wétpa g %o v toybel auth 1 1BLdTTe, Aéue HTL To v elvan anodltwg ouvexés 1S TEOC 1 Xl YPdPOUUE v <K L.
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Ye auth TV mepintwor, urtohoyilouue

/ngZV(A)Z/AfdMZ/gfdu-

Brjpa 2. H g elvar aniy) ouvdptnon tne poperc
9= Z ajXA;-
j=1
Ye aut) TV meplnTwon, yenowonownviag To Brua 1 xou 1 YeauuxoTNTA TOU OAOXANROUATOS EYOUUE:
/gdyzzaj/XAj dV:Zaj/XAjfdMZ/gfdM-
j=1 J=1

Brpa 3. H g slvon tuyoloo un opvntix| HeTefolun cuvdetnon.
Ye auth v mepintoon, Yewpolue par adZouca axoloudior amA®Y Un dpVNTIXGOY CUVOPTACENY (Sp)n UE
sn " g. Xpnowonowvtag to Briua 2 BAénouye 6Tt

/sndu:/snfdu

yioo x&e n. Apa, naipvovtag dpto xodidg n — 00, and To Ye@ENUo LOVOTOVNG GUYXAONS CUUTEQOVOUUE

/gdvz/gfdu,

ooV ot (Sp) xan (s f) ebvan abEouoeg axohovdiec. ]

4
oTlL

Yy o6Awo. Ano tny Ilpdtacr 6.2.15 mpoxintel guotohoyxd to e€Ac epdtnuo: Av 1 xou v ebvar 800 pétpa
oe évay yopo (X, A) xou v < p, eivor anapa{tnTo To 1 vo givat adploTo ONOXAHPWUO XETOLC 1) dpYNTIXAS
HeTERoNG ouvdptnone f e meoc f1, dnAady va elvon e wopeic (6.2.5); Autd o epddTnua elvon opxeTd
dUoxoro. To Bewpnua Radon-Nikodym nou Ha amodeilouue oto Kegpdhowo 10 diver Yetinr| andvinon av

ovorotolvTal xdmoteg uno¥éaelc yior To LE0YOSC TWV UETEWY [4 Xl V.

6.3 OAOXANPWOLLES CUVIETNOELS

Khetvouue autd 10 xepdhato ye 10 TEAeUTaio OTABLO TOU OPLGUOD TOU OAOXANPWOUIATOS: TO ONOXAARWUA
YL CUVAPTAHOELS UE TWES 0To [—00, 00| xou pryadxéc ouvapthoelc. Apyilovde e v mpddtn tepintwon:
‘Eotw wa yetphiown ouvdptnon f : X — [—oo, 00]. Ouunieite ) Baowr toutdtnta

f=r=1f

omov ot fT xon f7 ebvon un apvnTinéc petphowec ouvapthAcec. Av motédoupe Tpoc GTIYRAY GTL EYOUUE
oploel €vol OAOXAAPWHAL VLol OAEC QUTES TIC CUVORTNOELC f, To omolo var EMEXTEIVEL TOV OPIOUO TNG TEONYO-
UUEVNG Toparyedpou Xal ETUTAEOY Va €Vl YROUUIXO, ovaryxao Twd Vo Loy UeL:

/fdMZ/f+dM—/fdu-
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I var optleton ume xahd auTY| 1 TOCOTNTA, TEETEL Vol ATOPUYOUNE XATACTACEL, TN UORPHS 00 — 00.

Alvoupe howmdy tov €€ng 0plouo:
Opeiopog 6.3.1. 'Eotww (X, A, ) yodpoc pétpou xan f: X — [—00, 00] Wi UeTphown cuvdptnon.

(1) Av oyler Touhdyotov plo omd tic [ f1 dp < oo xa [ f7 dp < 0o, 6t Mpe 6TL T0 OhoxAApwia

/fdu=/f+du—/f_du-

(ii ) Avioyouv xou oL dvo tapandve oyéoelc, Snhadh [ fT du < coxa [ f7 dp < oo, TétE 1) cLVEpTNON

e f opiletar xou VéToupe

f héyetan odorkAnpaoun xou kL Y€Touye:

/fdu=/f+du—/f_du-

IMapatrhenon 6.3.2. Xenowonoidvtog TNy TauTtodTnToL
fl=F"+1
Tapatnpole 6L M f elvon ohoxhnpdotun av xar pévov av [ |f| du < oo.
Adyw tng teleutaiog Topatrienong 0dnyoludoTe GTov €V OPLOUO YLl TN UiyadxT| TERITTWoN:

Opiopég 6.3.3. 'Eoto (X, A, 1) ydpoc pétpou xan f: X — C pa yetpriown ouvdptnon. H f AMyetu
odorkAnpdoun ov [ | f| du < oco.

Avu = Ref xou v =1Imf, 161 1 f cbvar ohoxhnpdoun av xon H6vov oy oL u %ot v €ivol OAOXANEWOUIES
(eZnyhote yrotl), Smhadr| av xon UOvov oy Tor ONOXATROUATA

/u+ du, /u dp, /v+ dp nou /v dp

elvon MeEmepaopéva. Y auTH TNV TERINTWoT 0plloulE, QUGIONOYIXA,

/fduz</u+du—/udu>+z’</v+du—/vdu>.

Ao Tov opioud €neton dueca 1 oyéon

(6.3.1) /fdu:/udu—f-i/vdﬂ.

Enfong, av A € A 9étoupe xon mdh
/ fu= / fxa dp.
A

YuuPorilouye pe L (1) 10 0UVOro TwY 0hoXANEOCILY cuVapTAoE®Y Tou Optopol 6.3.1 xou e L£1(w)
T0 GUVOAO TWV OMOXANEGOOCII®Y cuVoETHoewy Tou Optopol 6.3.3. Oo avartiEouue 0T CUVEYELNL TIC
WBLOTNTES AUTOY TV YOewv. Ot anodellels TV avTioToly v TEoTdcEwY xol YeWENUdTwY Poldlouy TohD
xon vl autd Yo aoyorndolue ouolaoTind pévo pe v tepittwon tou L1(u). O avoyvédotng propet vo
ouuTAnewoeL exelvec amodeifelc Yo Tov L (1) Tou Topouctdlovy xdmowd pixet| dlapopd.
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IMpétaoT 6.3.4. Eotw (X, A, 1) xopos pétpov, f,g € L1 () kat a,b € C. Ioytovr ta eEs:

(i) O xyapos LY (1) etvar ypaupirds yopos, dnkadn af +bg € L1 (p).

(ii ) To odoxArpwpa otov L1 (1) efvar ypaujuxd, niadi
/(af+bg) d,u:a/f d,u+b/g dp.

Andoen. (i) H ouvdptnon af + bg elvor puond petproyn xow and Ty TeLywvixy) avioOTNTOL LXOVOTOLEL
v
|af +bg| < lall.f| + [bllg].

Kotd cuvéneia €youue
[t + gl du<lal [ 151 du+ 0l [ lg] du < o0
OO TN YEUUUXOTNTA TOU ONOXANPOUATOS YL U1 AEVITIXES UETPNOWES CUVIPTHOELS.

(ii) T v mpooletixdtnta: utoVétoupe apyxd 6tL ot f xou g madpvouv Tpéc oto R xou Vétoupe h =
f+g¢€ LYu) ond o (1). Todte, and T YVOOTH TAUTHTNTY Yio T0 VETING xou TO dpvnTind pépoc éxouue
ot

W —h=f"—f"+g"—g"
1 LoOdUVaL

W+ f"+g =h"+f"+g"

‘Ouwg, Oheg Ol EUTAEXOUEVES GUVOPTACELS EIVOL TWEOL U1 AEVNTIXES, doa Loy UEL 1)

/h+du+/f_d,u—l—/g_du—/h_du+/f+du+/g+du

1 omolo Aol Ohal T ONOXANEOUUTA €Vl TETEPUCUEVA YRAPETAL WG:

/h+du—/h_du—/f+du—/f‘du+/g+du—/g‘du
/hduz/fdu—k/gdu.

Y yevo nepintwon, Vétoupe u; = Ref, v1 = Imf, us = Reg o vg = Img. Téte, and vy (6.3.1) %o

1 LloodUVaL

omo TOV TEAELTALO UTONOYLOUO TopvouUe
/f+g dMZ/(U1+U2) du+i/(vl+v2) du

:</u1du—|—z’/v1du>—|—</u2du+i/v2du>:/fd;H—/gdu.

[Mo v ogoyéveln topo: Eexvdue pe TNy Tepintwon tou 1 f nolpvel Twég oto R xou @ € R. Tote, av
a = 0 éyoupe ¢ oyéoeg

(@f)" =aft xu (af)” =af”
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doo o auUTY TNV TERITTWON Loy Vel OTL

/afdu:/aﬁd,u—/af_du:a/fdu.

Av néh a < 0, ToTE oL avtioTolyeg oyéoelc Talpvouy TN Hoppt

(af)" =—af” xu (af)” = —af”

(eZmyhote yrotl) dpo xan ahL toydeL bt

/afd,u:a/f_d/z+a/f+d,u:a/fd,u.

Av topo ) f ebvan pryodixr ohoxAnewotun cuvdetnor, yedgoupe u = Ref xow v = Imf xou 161 Yo a € R

/afdu:/audu—i-i/avdu:a/fdu

7 4 7 . 7 . Z 7
oo TOV TEOMYOUUEVO UToAOYIOWO. AV a = 4, 16T af = —v + tu xou BAénouye 6Tl

/ifdu:—/vd,un%/uduzi/fdu

yenotpomoldvtag xou AL Ty (6.3.1). T tn yevixh| meplntwon, ov a = x + iy pe z,y € R éyoupe 6T

€y ouue OTL

[at du= [@r+iv)au= [t du+ [if an

:a:/fdu+iy/fduza/fd,u.

IMopathenon 6.3.5. Av f € L1(u) A f € Li(p) xon A, B € A ebvor 800 Eéva olvola, tOTe

AUdeu—/Afdqu/deu-

Anéoeadn. Aol ta A, B eivon Eéva oy Vel 1 oy€omn XAuB = XA + XB X TO cuunépaoua Enetal and To
(ii) tne mopandve TedTaoTC. O

X1 ouvéyela anodevOOUUE OTL TO OAOXApwld oL oploope efvar TEAYUATL HOVOTOVO OTwe FEAOUE.
Puotnd autd dev éyel vomua Yior pryadixéc cuvapTHOELS OTETE BoUAEVOUPE oTNY Xxhdon Lk (u).

IMpétaoT 6.3.6. FEotw (X, A, 1) xépos pétpov kar f,g € Li(u) pe f < g p—o.m. oro X. Tére,

/fdﬂ</gdﬂ-

Anébetn. BOewpolye 10 olvoho A = [|f| = oo]. Ané v Iupathenon 6.2.9 énetan 6t p(A) = 0, dpo

/Afdu:/Agdu:O.
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Ané 1o avédoyo e Hpbraonc 6.3.4 yio tov yopo Lk () éneton 6Tt gxae — fxae € Li(p) xon emmiéov:

/gdu /fdu+/ g—1)d /fdu,

ool g — f = 0 p—o.m. Apa telhnd:

/gduz/Agdu+/Acgdu>/Afdu+/AcfdM=/fdu-

Ipértaon 6.3.7. Eowo (X, A, 1) xdpos uétpov kar f € L1 (). Tére:

‘/fdu]</f|du.

Anddeén. Av [ f dp = 0 t6te 10 {nroluevo elvar mpogavéc. Se avtietn neplntwon, ypdgpouue

’/fdu‘za/fdu

yio xdmowov a € C pe |a| = 1 xou mopatneovye 6tt, and v Hpdtoon 6.3.4,

‘/fdu‘—a/fdu—/afd,u.

‘Ouwc, 1 aploteph ToodtNTa elvon oyt dpa yenotponowdviac v (6.3.1) xou v Ilpdtaon 6.3.6

'/fdu‘—/Reaf < [lastdu= [ 151 dn,

OTw¢ YEAE. O

€Y OUUE

K\etvouye 10 xeqdhono ye éva mohld Boaoind Yedpnuo oOyxhiong: to Jempnua xuplaeyuévng o0y xhL-
ong tou Lebesgue. To Yedpnua outd €yel to mAcovéxTnua 6Tl e@apuoleton oc auiolpeTeg YETRHOWES
ouvapThoEl oe avtideon pe To Auua Tou Fatou xan to Yedpnua povétovng clyxMong mou .oy bouy uovo
YL YT AEVNTIXES CUVORTNOELS.

Ochpnua 6.3.8 (Vevpnua xuplpynuévne obyxhong). Eotw (X, A, p) xdpos pétpov, fr, : X — C
mia axodovdia petprionuwr ouvvaptioewy ka1 f : X — C perpriomun ouvdptnon wove f, — f p—o.m.
Trodévoupe emmAéor du vndpyer ua owvdptnon g € L (1) édote | fn] < g p—o.7. oo X. Tére o1 f,, kar
n f etvar odokAnpdoiues ka1 w0y ver:

(6.3.2) L/m_fmﬂéa

/7 /4 / / z
Ané avtn) tn ovykhion émetar on

(6.3.3) 1?/h@:/fm
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Andoeén. Kat’ apyde, apol |fy| < g p—o.m. éneton ot

/Ifndu</gdu<oo,

S fr, € L1 (1) yia xade n. Emnhéov, agol fn, — f p—o.m. éneton 6t 1) f elvon petphown xou | f| < g
p—o.m. Apa, f € L)

T v (6.3.2) tdpoa, moapatneodue 6Tt 1 cuvidixn e moapdng pag tétolg ouvdptnone g Yuuilet
v avtiotolyn cuvixn oto Oedpnua 6.2.10. H |f, — f| elvon yior axohoudiar un apvntindv YeTpRoWWeY
oLVOETHCEWY, | fr, — f| = 0 p—o.m. xau |f, — f| = 0. Agol emnhéov

|fn— f] <29 p—om xu /2gd,u<oo

énetan, omd 1o (ii) tou Oewphiuatoc 6.2.10, 6Tt

i [ 1~ f1 dn =0,

1N ouVEYELXL TOEATNEOVUE OTL

‘/fndu—/fdu]=]/<fn—f>du‘</fn—frdmo,

oo toyver m (6.3.3). O

ITépopa 6.3.9 (Vewpnuo ppaypévne obyxioneg). Eotw (X, A, 1) xdpos nenepacuévov pétpov, fy
X — C a axodovdia perpnonuwy ouvvaptrijoewy kar f + X — C dote f,, — f p—o.n. Tmobérovue
emmAéov dut vndpyer M > 0 dote |fp,| < M p—o.n. oto X. Tote o1 f, ka1 n f elvar odokAnpdoijies kai

1wy Vet

[ 182 s du 0.

lirlgn/fndu:/fdu.

Arnddeén. To cuunépaopa Eneton dueca and To VeWENU XUPLURYNUEVNE CUYXAIONG OV TUEATNEHOOUUE OTL

Ané avtn) tn ovykhion émetal on

1 otadepr| cuvdptnon M elvar ohoxhnpwoudn: TeEdypaTL

/Md,u—M-,u,(X)<oo.
0

Xyxoho. Me 10 Vedpnua xuplopynuévng oLYXAoNG ohoxAnp®veTal 1) Slodixacior optogod Tou OAOXAY-
cwuatoc Lebesgue xou n anddelln twv Pacixmy tou wiothteov. H Bl n topelo mou axolouvdrooue yio Tov
optouo pag divel pior pédodo anddellng VEwmy anoteheoudtonv: Av Béloupe va amodelouue OTL uLor TeOTAoT
P oy ler v xdde ohoxhnpaowun cuvdetnon f, Tohd cuyvd axohouvdolue to e€rg BruoTas

1. Amodewvolue apyxd TNV TpotaoT oTny mepintwon mou 1 f elvon Tng poppnc f = x4 Y xdmolo
ueTenowo cbvoho A.
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2. XpeNnoWonoloUUE T YROUUIXOTNTO TOU OAOXATPOUATOS Yiol Vol antodelEouUE TO amoTéEAECUA GTNY TE-
elntwon mou ) f elvon un apvnTer o amAy.

3. Xpnowonololue TNy TeocéyYLlon and amhéC CUVIRTHOELS OE GUYOLACUS PE TO Vewpnua LoVOTOVNG
oUyxhiong Yl vor omodel&oupe 6T 1) TEOTUOT LoYUEL OTNY XAAOT TWV U1 GEVATIXOV UETENOIWY

GUVOPTACEWY.

4. Téhog, Moyw tnc TawtotnTec f = f1 — f7 yevixehouye To amotéheoyua Yio TUY0UON ONOXANPMOLUN
OLVEETNON UE TEOYUATIXES TES Xt OTN GUVEYELD PE Wyadixée uéow tne tautétntos (6.3.1).

Avuth 1 teyviny) ebvan oAb cuvnhouévn otn Oewpla Métpou xou Yo T YeNOWOTOHCOUUE TOMES PORES
TP ETE.

6.4 Aoxroelg
Oudda A’

1. (Avioétnro Chebyshev-Markov) ‘Eoto (X, A, 1) yodpoc pétpou xau f = X — [0, 00] par un spvntixd| petpfoun
ouvdptnon. Tote, yia xdde t > 0 woylel oL

plee X f@ > < [ Fdn

6.2. Eotww (X, A, p) yoeoc pétpou xau f : X — [0, 00] ohoxinpmoiun cuvdptnor. Opiloupe F : [0, 00) — [0, 0]
e
F(t) = p({z € X : f() > ).

AeiZte 6t n F elvon gdivouvoa, cuveyhc ond deid xon limy_, 4o F(t) = 0.
7’ 7 1 —_
6.3. Acléte 611 f[lm) 1 d\ = +o0.

6.4. Bpelte pa axohoudio {fr} un apvntixdv yetpriowwny cuvapthoenmy Tou ixavomolel ta e€hc: f, — 0 odAd
lim, [ f, dXA = 1. Mnogeite va emhéEete v {fn} €101 dOTE Vo SUYKAIVEL OPOLOUOPQO GTN UNBEVIXT, SUVETNOT;

6.5. 'Eotw (X, A, u) xodpoc pétpou. Trnodétoupe 6t f xou fr,, n € N elvon un cpvntinéc Yetphioles cuvapthoels,
In \u [, xou undpyer k tétolog wote [ fi < co. Aellte ot

/f du:nlirr;o/fn dp.

6.6. Eotww (X, A, 1) xbpoc pétpou xou f : X — [—00, 00] yetphiown cuvdptnon. Trodétouvpe étu f > 0 o Av
S f =0y xdmowo petpriowo chvoro E, delte éu pu(E) = 0.

6.7. 'Eow f:R — [0, 00] un apynuxn Lebesgue petpriown cuvdptnon. Aeilte dtu

/ fdx= hm fdAf lim f dA.
- o0 J{f21/n}

6.8. Eotww (X, A, 1) xdpeog uétpou xou f un opvntixs ohoxhkneaoiun cuvdptnor. Aellte ot

fdp= lim fdu.

o0 J{f<n}

6.9. 'Eotww f un apvnu) ohoxinpdoiun ouvdptnor. Eiva cwotéd ot limy 1o f(2) = 0;
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6.10. OcwpwVTUC TIC CLVAPTACES fr = X[n,n+t1) 0el€te 6TL 010 Afupa Tou Fatou n avicétnta unopel va elvou
yvrolo.

6.11. 'Eotww {f,} oxohoudia un apvntindv yetpfioiny cuvapticeny ot évay xopo uétpov (X, A, u). Eivar cwotd

lim sup/fn dp < / (lim sup fn du) ;
n—oo n—oo

Av npoodécoupe v vnddeon 6t n {f} ebvon opoldpoppa peoyuévn;

’
oTL

Oudda B'.

6.12. 'Eotw f xou fn, n € N un apvnuxéc petpriowuec ouvapthoelc ot éva yopo pétpov (X, A, u) pe fr, < f v
x&9e n € N xou f, — f. Aeilte 6T
/fd,u: lim /fn dp.
n—oo

6.13. 'Eotww {f,} axohouvdia Lebesgue ohoxhnpdotuwy cuvopthoewy oto [a,b]. Av f, — f opoldpoppa, deilte
ot f elvon ohoxhnpddalun xan 6Tt fab |fro — f] dX — 0.

6.14. 'Eow 6t o f, f, eivon ohoxdnpdowec oe évay ywpo uétpou (X, A, p) xu f, / f. Mnopolue va
ovunepdvoupe 6t [ f, du — [ f du;

6.15. Eoto f, fn ohoxknpdoipes ouvopthoelc ot évay yopo uétpou (X, A, ). Av [|f, — f| du — 0, dei&e 6n
S fodp— [ fdpxou [|fn| dp— [|f] dmo.

6.16. 'Eoto f, frn ohoxhnpdowes ouvopthoels o€ évay yopo uétpou (X, A, ). Av [|f, — f| du — 0, dei&e 6
Jg frndp = [ f dp v xdde petpiowo otvoro E, xou [ fif dp — [ f1 dp.

6.17. 'Ectw f un apvntnd ohoxinedoudn cuvdptnon ot évay xoeo pétpou (X, A, u). Acilte i yia xdde e > 0
urdpyet petpoo cvvoro E pe p(E) < oo tétolo wote

/Efdu>/fdu—5.

Emnéov, del&te 6t 1o E unopel va emheyel €tol dote 1 f va elvon ppaypévn oto E.

6.18. Ectw f un apvnuxd ohoxhnpdoyln cuvdptnon oe évay yopo wéteou (X, A, p). Acilte 6t ya xdde € > 0
undpyet § = d(g) > 0 pe v e&ric Wbt av B € A xau u(E) < 8, wote [, f dp <e.

6.19. Eotw f : R — R pn apvnuxi Lebesgue ohoxinpdowrn cuvdptnon. Aeilte 6t n ouvdptnon F(z) =
JE o f dX ebvan ouveyc.

6.20. Eotw (X, A, u) yopoc pétpou xau f, frn, n € N un apvntiéc UETRAOWES GUVAPTAHCELS PE fr, — f xou
lim fnd/i:/fdu<oo.
n— oo

Aceléte 6T

lim fndu=/fdu
A A

n—oo
Yo x&e petphiowo olvoro A € A. Adote mapdderypa mou vo delyver 6t owté dev oylel av [ f = oo.

6.21. Eoww f yetpriown ouvdptnon oe évav yweo uétpou (X, A, ). Acei&te bt n f elvan ohoxhnpdoun ov xou
uévo av

S 2u({If] > 2 < oo

k=—00

6.22. Acite 6TL
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6.23. Trnoloylote (awtiohoy®vTog Thipwe TNV andyTnon coc) 1o

lim (1 — (z/n))"e*/ ?dz.

n—oo 0

6.24. Eotw {fn}, [ ohoxdinpmoiuec cuvaptioeic ot évay yopo pétpou (X, A, 1) xou éotw ot fr, — f oyedov
ovToV. AclEte 4T

/\fn—f\du—>0 oV %ol UOVO Ay /\fn|d,u—>/|f|d,u.

6.25. Eotww (X, A, 1) yoeoc uétpou xou f yetpriown cuvdptnon.
(i) Av f >0 oyeddév navtod xou av f, = min{f,n}, w6t [ fr dp — [ f dp.
(i) Avn f ebvoau ohoxhnedown xou f, = max{min{n, f}, —n}, w6t [ f,, du— [ f du.

6.26. Eotw f : [a,b] — R Lebesgue ohoxhnpdoiun cuvdptnomn e Ty idétnto

/ fdx=0,
[a,a]

v x&de x € [a,b]. No deilete 6t f =0 A—o.n. o710 [a, b].

6.27. Aci&te 6T

! nxr ! n3/2x

nli)ngo o mdx =0 nol nll)rr;o A mdl': 0.

Owpdda I'.
6.28. Troloylote (ue Thhprn autiohéynom) To

2/0”2 (1 — \/@)n cos zdz.

6.29. 'Eotw {fn}, {gn} xou g ohoxinpdowec ouvaptioeic ot éva ywpo pétpou (X, A, u). Trnodétouue 61
ol < Gns fn = f, gn — g (Oho aUT oyYEdSY TavTon) xou 6t [g, dp — [g dp. Aelite éu n f el
ohoxdmpaotun xou 6t [ fr, du — [ f dp.
6.30. Eotww f Lebesgue petpfiown xat oyedév naviol nenepacuévn oto [0, 1].

(i) Av [, f d\ =0 v xdde petpriowo E C [0,1] ue A(E) = 1/2, dei&e 6u f =0 A—o.1. ovo [0, 1].

(ii ) Av f >0 oyedov mavroy, deilte o inf{ [, f dA: A(E) =1/2} > 0.

6.31. 'Eotw E éva Lebesgue petprioo unoctvoro tou RF pe AM(E) < oo xou f @ E — R o yvnolog detnh
petpRown ouvdptnor. Ael€te dtu: yia xdde a > 0 undpyel § > 0 dote, av A C E éva Lebesgue petpriowo obvoho

ue A(4) > a, tote
/ fdx=4.
A

6.32. Eotw f € £10,1], ouveyfic o7o 0. Nu delEete 611, yio x4 n,  ouvdptnon fn(z) = f(a™) avixer otov
£10,1].

6.33. 'Eotw (X, A, u) yopoc pétpou xan fr : X — R oxohoudia ohoxhnptoluemy cuvopTRoewy We

> [l du < +oc.
n=1

AciEte 6t
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(1) Hoewd D07 fu(z) cuyxhivel oyeddv yia xéde z € X.
(ii ) H ouvdptnon Y oo, fa elvor ohoxdnpdouun xou

J(50)-£00

6.34. Stadeponotolpe 0 < a < b xou optllovue fi(x) = ae™"9 — be~ "0, Aeifte 6T

g/fw:oo,

N Yoo fa elvor ohoxdnpmoun oto [0, 00), xou

(&) Sl

6.35. BEow k,n € Nye k < n xa Ei,...,E, yetpfowa urootvora tou [0,1] ye v e&hc Wibtnro: xdde
x € [0, 1] avixet o Touldytotov k and ta cOvoha By, Es, ..., Ey. Acilte bt undpyet i < n wote A(E;) = k/n.

6.36. Eotww {g, : n € N} wo apldunon twv pntedv tou [0, 1] xaw éotw (ay) oxoloudior nporypatindy oprdudy pe
Yonlan| < oo. AclEte 6t n oepd

o0

>

n=1 Iaj - (JTLl
ouyxhivel anohltwe oxeddv Tavtod oto [0, 1].

6.37. Ozwpolue ™ ouvdptnon f i R = Rue f(z) =272 av 0 < o < 1 xou f(x) = 0 ohhidc. Oewpolpe Wi
aptdunon {ry : n € N} twv pntdv xou 9étoupe

g@) =) 7]%2; )

(i) Aelgte 61 g € LE(N). Edixdtepa, detlte é1 |g| < 0o oyeddv mavtob.
(ii ) Acl€te 6n n g ebvan aouveyhic oe xdde onuelo xoun dev elvan Peaypévn oe xovéva SLEGTNUA.

(iii ) AelEte 611 1 g% dev elver ohoxhnpdowr oe xavéva ddotnue, Tp’ 6ho Tou g% < 0o oYEddY TaVToU.
6.38. Eotww f:[0,1] = [0,00) un apvnuixi ohoxhnpiown cuvdptnon. Acigte 6Tl
1
Jim [ F@) dx@) = Ao f@) > 0)),

6.39. Eotww f:[0,00) — R wo ohoxhnpwoiun cuvdptnon. Tz > 0 opiloupe

g(x) = / (e ().
0

Acfgre bmin g ebvan ouveyrc xan limg 400 9(w) =

6.40. Eotww fp : [0,1] — R axorouvdia Lebesgue petpfioiuwy cuvaptioewy e

() / B dA®) < 1,

vio xdde n € N.
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(i) Aci&te 6 v xdde € > 0 urdpyet § > 0 dote vy xdde Lebesgue petpfiowo E C [0,1] pe A(E) < § va
wyer [i | fnl dX < & yio x&de n € N.

(ii ) Aseigte 61 to oupnépaopa tou (i) dev toyler av 1 (x) aviixatactadel and v fol [fn(®)] dA(t) < 1 v xdde
n € N.
6.41. Eotw (X, A, 1) xdpoc pétpou xou [ wa ohoxinpdoyrn ouvdptnon. Av E, = {z : |f(x)| = n}, va dellete
o n - u(Ey,) = 0 xadde n — oo.
6.42. 'BEow f: R — R wa Lebesgue ohoxhnpwoyln ocuvdptnon.
(i) Av [, f d\ =0 yio xdide avouxtd obvoro U pe A(U) = 1, dei€te 6t f = 0 oyedov mavtoo.
(i) Av fG fdx= féf dA, v xdde avowté obvoro G, dellte 6t f = 0 oyeddv navtol.

6.43. 'Eoto (X, A, 1) xodpeoc pétpou xau f € Li(pn). Trodétoupe ot undpyer otadepd C' > 0 dote [, f du < C
yio xdde petpriowo clvolo E nenepacpévou uétpou. Aeléte dtu

/fdu<0.
X

6.44. 'Eow Ay, As, ..., Ay, ... oxohoudia Lebesgue petpriowenv vtocuvorwy tou R e tic e€¥g Biotntee:
(o) AMAg) = 1/2, yio xdde k %o
(B) AM(ArNAy) <1/4 v xdde k # s.

Aceiére 6T



Kegpdhawo 7

20YHALOT IXOANOLVLWYV UETENOLUWY

CUVAPTHCEWY

I'vopilouue and tnv Hpoyuatry Avéhuon Tic €Vvoleg TG XAt oNUelo xon TN OUOLOUORPNS CUYXALONG
OXOROUTLMY TEAYUATIXDY CUVIRTACE®Y. MUYXEXPWEVE, av X elvon éva un xevo civoro, f, + X — C wa
axohoudia cuvapthoewy xou f 1 X — C, 161 Adpue 6T

fn = f xatd onueio av  fp(x) = f(z) yia xdde z € X

pde

fn = f opowbpoppa av || fn — fllec = 0,

Onhad” av vl xdde € > 0 undipyet no(e) € N wote
|fn(z) — f(2)] <&, ywxdden >mngxuzeX.

Y10 xe@dharo autd Voo UEAETACOLUE BLAPORES JAAES EVVOLEC GUYXMOTC ax0oAOLTLOY UETENOWWY CUVOE-
THoEwy ot évay Yoo uétpou (X, A, 1) xau Ya e€etdooupe didpopes oyéoel petald touc. Ta anotehéopota
QUTAC NS Hopprc etvon Wiaitepa yerowo otn Ocwplo IIbavotitwy xadde eivar to Boaoixd epyoleio yia
NV anodelln oplaxdy Yempnudtwy. Evoeixtixd, napanéunouye o onowodnnote Biiio petpodewpntixdy
[Toavotteov Yo Ti¢ amodellelc Tou 1oYLEOY VOUOU TV UEYIANOY apliUmy Xdl TOU XEVIPIXOU 0pLax0oU

Yewpruatog.

7.1 Koatd onueio xou opoldopopprn cOyYxALon

Ot ouvniiopévee €vvoleg TG xatd oNUEio xaL TN OPOLOUOEYNE GUYXAIGNC OEV Elvor LOLaiTERY YPNOWES OTN
Ocwpla IIavotAtwy, 6ToL Yog ATacyYOAOUY QUUVOUEVY TIOL OEV GUUPAVOLY «TtayToVY GAA cupfBaivouy

«PéBanory, dMAady| pe mavotnta 1. ‘Etot, divouye toug e€hc aolevéotepoug oplouol:

Opiopde 7.1.1. 'Eow (X, A, 1) ydpoc pétpov, fr,: X — C uor axohoudio UETpHOWOY CUVAPTHOEWY
xaw f i X — C petpriown ouvdptnon. Tote Aéue ot

(i) H{fn} ovyxhiver otnv f xatd onueio p—o.n. av undpyer Z € A pe pu(Z) = 0 dote fr(xz) = f(z)
v xdde z € X \ Z.
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(il ) H {fn} ouyxhivet oty f opoidpopypa p—o.m. av undpyer Z € A pe p(Z) = 0 wote fr, = f
opolduoppa oto X \ Z, dnhodh

sup{|fnu(z) = f(@)] ;2 € X\ Z} = 0 %odédc n — oco.
(iii ) H {fn} elvon opotduoppa Cauchy p—o.n. av undpyer Z € A pe p(Z) = 0 dote:

[ xdde € > 0 undpyel no(e) € N dote: yio xdde m,n > ng xou yuo
xdie x € X \ Z vowoylel |frn(x) — fm(x)] <e.

Ebvar qovepd amd toug oplopolg otL av f, — f opoldpoppa —o.m. Tote f,, — f xotd onueio pu—o.m.
Enione, av n {fn} ouyxhiver opotduoppo p—o.n. oe wa ouvdptnon f, tote n {fn} eivar opotduoppa
Cauchy p—o.7.

Loy e xou to avtioTpogo Tou TeAeuTaioL LOYUEIOUOV:

ITpoétaon 7.1.2. Eow (X, A, 1) xdpos pétpov kat fr, : X — C axodoviia petpriowy ovvaptioewr.
Av n{fn} etvar opoiduoppa Cauchy p—o.1. téte vrdpyer petpioun owdptnon f + X — C doze fr, — f
OUOIGOPPA [1—O.T.

Anddaén. I'vopilovue 6Tt av 1 axoroudia fr, : A — C elvan opotduopga Cauchy tote undpyer f : A — C
wote f, — f opowdpoppo oto A. Egapuélovye autéd to anotéheopo 6to alvoro X \ Z, 6nou Z to
obvoho mou Beloxoupe and tov Oploud 7.1.1. Ou AenTouépeleg agrivovTal w¢ doxnaon). O

Anodewviouue ThHpa TI BACIXEC IBOTNTEC TV EWBMY CUYXALONG TOU 0pICOE:

ITpoétaom 7.1.3. Eoww (X, A, 1) xdpos puézpou, fr, : X — C pua akodovdia petprioyuwy ovwvaptricewy
kat f,g: X — C petprioues ovvaptioes.

(i) Av fn — f xatd onueio p—o.r. kar f, — g xatd onueio p—o.m., wWre f =g p—o.m.
(i) Av fn, — f opoduoppa p—o.m. kar fr, — g opodpoppa pi—o.m., Tte f = g p—o.m.

Anddeén. (i) And tov opioud tne xatd onueio p—o.m. obyxhiong, Peloxouvye oOvoha Zi, Zy € A pe
w(Z1) = pu(Z2) =0 dote

fa(x) = f(x) ot0o X\ Z1 xu fo(z) = g(x) oto X\ Zs.

‘Etot, éyovpe f(z) = g(x) yio z € X \ (Z1 U Z3). To ouunépoacyo thpo €netor oand T0 YEYOVOS OTL
,U,(Zl U ZQ) =0.

(i) Eivar dueco and to (i) apol n opobpopen p—o.m. oUYXAOT CUVETAYETOL THY XAUTd ONUElo f1—0.T.
oUyxAoN. O

IMpétaom 7.1.4. Eotww (X, A, 1) xdpos pétpou, fr, gn : X — C axodovdieg petprioyuwy ouvaptrioewy
kat f,g: X — C perprioies ovvaptioe.

(i) Av fn — f katd onueio p—o.t. kai g, — g katd onueio p—o.m., tote ya kide a,b € C éyovue
afn + bgn — af + bg kard onueio p—o.t.
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(ii ) Av fn, — [ opoduoppa p—o.n. kar g, — g opoduoppa p1—o.1., tote ya kdde a,b € C éouue
afn + bgn — af + bg opodpoppa p—o.m.
Anddeaén. (i) ‘Onwe xon otny nponyoluevn anddelln, Beloxouue obvora 21, Zy € Aye u(Z1) = u(Zz) =0
0oTe
fa(z) = f(x) oo X\ Z1 xu gn(x) = g(z) oto X\ Zs.
‘Etot, vy xdle x € X\ (Z1UZ3) éyovpe afy(x)+bgn(z) = af(z)+bg(z), xou (21U Zz) = 0. Anhody,
afn+ bgn — af +bg p—o.m.

(ii) Beioxouye médh olvola 21, Zy € A tote
fn — [ opobuoppa oto X \ Z1 xou g, — g opotdpoppa oto X \ Za.

‘Etot, and 1o yveoTtd yia Ty odoldpopga cUyxhion BAénoupe 6Tl afy, + bg, — af + bg ouyoldpoppa 6To
X\ (Z1U Z3). To Unrodyevo éneton tidpo ot w8 and to yeyovoe 6t pu(Zy U Zs) = 0. O

ITpoétaon 7.1.5. Eoww (X, A, p) xdpos pétpov, fr, gn : X — C akolovOies petprionuwy ovvaptioewr,
fr9: X = C perpnoues ovvaptioes kar a, b € C.

(i) Av fn — f katd onueio p—o.n. kar g, — g katd onueio p—o.m., e fngn — fg katd onpeio
pU—O.T.

(ii ) Av fi, = f opobuoppa p—o.m., gn, — g opobuoppa p—o.m kai emméor, vrdpyer M > 0 dote
|frl < M kat|g,| < M p—o.n. yia kdOe n, e fngn — fg opoiduopga p—o.m.

Anddaén. (i) H anddeiln elvon ovotaotind n S pe to (1) tne mponyoluevne Ipdtaone xon agphveto we
doxnon.

(i) XOpguva pe Tov 0plopd NG ouotduoppne p—o.m. oUyxhong, Peloxouye olOvola Zi,Zy € A pe
[L(Zl) = 'LL(Z2) =0 wote

fn — [ opobuoppo oto X \ Z1 xou gn — g opodpopgo oo X \ Zs.

Ané tn Beltepn unddeon, v xdde n Beloxouue emniéov oivoro A, € A e u(A,) =0 dote |fu| < M
xou |gn| < M oto X\ A,,. ©étouue

ZZZlLJZQUGAn

n=1

xou Topotneolue 6Tl Z € A xau emnAéoyv

W(Z) < pl(Z0) + p(Z2) + Y p(An) =0,

n=1

onhadn p(Z) = 0.
‘Eow e > 0. oz € X \ Z éyoupe

|[fu(@)gn(2) = f(@)g(@)] = [(fa(@)gn(2) = F(@)gn(2)) + (f(@)gn(z) — f(2)9(2))]
[fu(@) = F(@)l|gn(@)] + [f(2)|lgn(2) — g(2)]
M(| fo(@) = f(@)] + lgn(z) — g(2)]).

NN
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apoV oy el xou 1 | f(x)] < M oto X \ Z (e&nyfote yutl). Opwe, obugwva ye tic vnodéoels, Peloxouue
N e N oote yia xdde z € X \ Z xou n > N va éyouye

9 9

onf " lom(@) —g(@)l < o577

[fu(z) = f2)] <

Me Bdon to napondve, yoox € X \ Z xou n = N éyouue

9
|[fn(2)gn(2) = f(2)g(2)] < M7 =,

Goo fngn — fg opolouopQa [1—C.T. OTWS VENAE. [

Yxohwo. H vnédeon 6t o {firn} xou {gn} elvou opobpoppa geoypévec otnv mponyoluevn mpdtoon dev
unopel va mopaelpdel. AQriveton w¢ doXNoT 1) XATACKELY| EVOS AVTITAQUOELYUATOG.

7.2 XOyxAhion xatd HEco

Ac¢ unodéooupe pog oTiyphy Ot Beloxbuacte ot évav ywpo mavotntas (X, A, p). Ot yetprioyes ou-
VOPTNOEIC OE €vay TETOLO Yweo ovoudlovton tuyales petafAntég. Av hownov f: X — C elvon pior Tuyada
HETOPBANTA, 1 TocHTNTA

Blf = [ f du

Aeyetow péon tun g f xan ebvon, xatd xdmoto TeoTo, 1o x€VTeo Tng xatavoung tTne f. Autd odrnyel otov
e€nc oploud.

Opiopde 7.2.1. 'Eow (X, A, 1) yodpeoc pétpou, fr: X — C uor oxohoudio UETpHOWOY GUVAPTHOEWY
xan f i X — C o yetpriown ouvdptnon. Tote Aéue ot

(i) H{fn} ovyxhiver otV f katd péoo av
[ 182 s du 0.

(ii ) H {fn} eivoar Cauchy xatd péoo av v xdde € > 0 undpyel no(e) € N wote: yio xdde m,n = ng

VoL Loy UEL

150l du<e.

Eivou xou méht oagéc, i av wa axohovdia { fr} ouyxhivel xatd yéoo oe pa ouvdptnon f, tote eivon xou
Cauchy xatd péoo.
‘Onwe xan oty Hopdypago 7.1 amodetxvioupe topa Ti¢ Bactxéc WOTNTES TNG GUYXAONG XUTA YETCO:

ITpoétaom 7.2.2. Eoww (X, A, 1) xdpos puézpou, fr, : X — C pua akodovdia petprioyuwy owvaptrioewy
kair f,g : X — C perpnoues ovvaptnoe. Av f, — f wavd péoo kar f,, — g xard péoo, twte f = g
p{—O.T.

Anédeién. Iapatnpolue 6Tt AOY® TNG TELYWVIXTG AVICOTNTAS XL TNS YROUUIXOTNTOC TOU OAOXANROUATOS
yioe xdde n €youpe

/|f—9|du</|f—fn|du+/\fn—g|d,u—>0
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and Tic doouévee ouyxhioes. ‘Etot, agol |f — g| = 0, cuunepaivouye ot | f — g| = 0 p—o.1t. # 10od0vouo
ot f =g p—o.m. O

ITpoétaon 7.2.3. Eotww (X, A, 1) xdpos uétpou, fr, gn : X — C akolovdies petpiouwy ovvaptricewy
kar f,g: X — C pevprioues ovvaptrjoes. Av f, — f watd péoo xar g, — g kard péoo, tote ya rkdOe
a,b € Cwoyve éu af, + bg, = af + bg kard puéoo.

Arnddeén. To cuunépooya elvon dueco and tn oyéon
/}(afn +bgn) = (af +bg)| du < |al / |[fo = f| dpu 410 / |90 — g1 dp = 0.

O

Eyetind pe Tic oxohovdiec cuvapthoewy nou eivor Cauchy xatd yéco €youue o e€rg Bacind anotéhe-

oua:

Ocebpnua 7.2.4 (Riesz). Eotww (X, A, u) xdpos pétpov kar fr, : X — C pua axolovdia petpriopwy
ouwvaptioewr. Av n{fn} eivar Cauchy katd péoo, téte vndpyer petprionun ovvdptnon f: X — C dote
fn — [ xatd péoo. EmmAéor, vndpye vrakodovdia { fx, } s {fn} dote fr, — f u—o.m

Anddeaén. Oa xataoxevdooupe tn {nroduevn ouvdptnon f. Aol n {f,} elvan Cauchy xatd yéoo, yio
xdde s undpyel ks € N wote yia xdde m,n = ks va oy lel

/‘fn_fm’dﬂ<215

Mrnopolue pdhioto vo utodéooupe 6t ki < ko < --- (e€nyrote yiotl), ouvende 1 { fx, } elvon utoxohoudio
e {fn}. And v xataoxev e vnaxorovdiac cuunepaivouue Aoty 6Tt

/fk:n“ fro| dp <

Yo xdde n. Oewpolue t6TE TN cuvdptnon F @ X — [0, 00] ue

F= j{:‘j%n+1 j%n

X0l TOEUTNEOVUE OTL Vo UETETOULT Xl

0o >~ 4
/FdN:Z/|fkn+1_fkn|d:u<Z2n:1<Oo7
n=1 n=1

and to Oewpnua Beppo Levi (Oempnua 6.2.12). Xuunepaivoupe hotndy 6t F' < 0o p—o.1. oto X, dpo n
0etpd Y07y (frnar () = fr, (7)) ouyxhivel yio xde 2 € B, yio xdnowo B € A pe (X \ B) = 0. Oewpolye
™ ouvdptnon f : X — C pe

Jor + 2021 (frnin () = fr (), avaeB

0, OLUPOPETLXGL

fz) =
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X0l TOEAUTNEOVUE OTL Elvon UETERoWUN Xt ETTAEOY Yo o € B ioylel ot

N—o0

N-1
flw) = lim (fkl () + 3 (i (2) —fkn<x>>> = lim fiy (@),

n=1

Yuvenwe, fx, = f p—o.n. oto X.

Mével va 8ei€oupe 6TL fr, = f xatd yéoo. o & € B nopatneolue ot

[fren (@) = f(@)| = | frn (%) = fra (2 Z (Fhn1 (®) = fien (@ ))‘

=

-1

= (fhnyr (2) = frn (2 Z Sinir (@) = fr (@ ))|

n=1

g

= Z(fkn+1( ) fkn

n=N

Z }fkn+1 fkn( )‘

Xpnowonohvtag to yeyovoe 6t (X \ B) = 0, and to Oectdpnuo Beppo Levi naipvouue

[ 1= 11 du< Z/\fw o (@) du =0,

doa fr, — f xatd péoo xadng N — o0o. Téhog, €youpe Ot

/fn—f!dué/lfn—fkn|du+/|fkn—f|du—>0

xoddg m — 00 amd TOV ToPATAVe UTOAOYLoRS Xat To Yeyovos ot n { i} ebvon Cauchy xoatd péco. O

ITépopa 7.2.5. Eoww (X, A, 1) xdpos pérpov, fr, : X — C axorovlia petpriowy ovvaptioewy kai
f: X — C perpioun owvdptnon. Av f, — f katd uéoo, téte vndpyer vnaxolovdia {fi,} s {fun}
wote fr, — f p—o.m

Andéeén. Eiva dueco and 1o Oedpnua Riesz agol n { f,} Ya eivar emmiéov Cauchy xotd péoo. O
IMoapddetypa 7.2.6. Acv elvar 0woTd 6TL 1 GUYHAOT XATd HECO GUVETAYETOL TNV [4—C.T. GUYXALON.

Amdoedn. Oewpolpe v axohoudio PETPAOOY GUVIPTACE®Y fr : R — R ue fi = xpoq], f2 = X[0,1]>

f3= XL 1) Ja= X[o,1]> fs= X[L,2] X-0-X. Anhadt, yio xdde n Yewpolye Ta Slaboyixd SLCTAUNTA URXOUS
27 ’3 373

L 70u xahOmTouy o [0,1] (Eexvévrac amé to n = 1) xu cuveyilouye ue Tov (Blo tpéTo Yiat Tov n + 1.

Etvon cagéc ot

[1nta) oo

dnhadh frn — 0 xotd péoo odhd dev woyler fr, — 0 p—o.m.: Av z € [0,1] t6te 0 & avixel oe dnelpa
OLLOTAUATA TNG LOPPTNC [ﬁ, kj;l] e 0 < k < n—1, dpa fr(x) =1 vy dnepouc deixtec m: cLVETWS 1

{fm(z)} Be ouyxhiver oto 0 yio xavéva € [0, 1]. O

M eapuoy Tou Oewperuatog Riesz eivor o e€¥¢ avdroyo tne Ilpdtaong 7.1.5 yio tn olyxhon xotd
péoo:
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ITpoétaon 7.2.7. Eoww (X, A, 1) xdpos puétpou, fr,gn : X — C akolovdies petpriouwy ovvaptrioewy
kat f,g: X — C perprioues ovvaptioe.

(i) Av fn, — f xatd péoo kar emmAéor vndpyer M > 0 dote |fr| < M p—o.n. ya kdde n € N, tore
lf| <M p—o.m

(it ) Av fn — [ katd péoo, gn — g katd péoo kai emmAéor vndpyer M > 0 dove |fn| < M kat |gn| < M
p—o.t. ya kdbe n € N, tote frg, — fg katd péoo.

Anddeaén. (i) Bougpwva pe to tponyoluevo Yempnua, undpyet utoxoloudio { fi, } te {fn} mou cuyxhiver
oty f xatd onueio p—o.m. xou to {nrovuevo énetan and v Hpdtaon 7.1.5 (ii).

(i) Axoloudmvtog Ty anddeln e Hpdtaone 7.1.5 (ii) yropolye va Bpolue cbvoro Z € A pe u(Z) =0
oote vy xdde z € X \ Z xau n € N va toylet

(@) <K M xu |gn(z)] < M

Gpa xon |g(x)| < M andé 7o (i). 'Etol, yedpoupe:

/‘fngn_fg‘ dp = /‘(fngn_fng)"i'(fng_fg)‘ dp
< /\fnngn—m du+/|fn—f\lgl dy
< 1 [lgu =gl du+ 1 [ 1f— f1 d 0.

YLvenwe, fngn — fg xotd yéco. O

7.3 XU0yxAion xatd LETEPO

Opiopde 7.3.1. 'Eow (X, A, 1) yodpeoc pétpov, fr, : X — C axohoudio UETPHOWOY CUVIPTACEMY Xo
f 1+ X — C yetpriown ouvdptnon. Tote Aéue otu:

(i) H{fn} ovyxhiver otV f katd pétpo (1 xatd mboavotnta), av yio xdde € > 0

u({z € X :|fulw) — f(x)] > £}) = 0.

(i) H {fn} etvar Cauchy kard pérpo av yw xdde £, > 0 undpyet no(e,d) € N dote: vy xdde
m,n = ng Vo Loy Vel
i({a € X 1fule) — fnl@)] > <)) <

Oa pag @avel ToA) yprioyn ota TaEaxdTw 1 e€Ng:

IMapatrpnon 7.3.2. Av f,g: X — C clvan 800 yetpriowes cuvopthoelc, 1oTe Yo xdde a, b > 0 oy let:

p({z : [f(@) +9(2)] 2 a+0}) < p({z: [f(2)] > a}) + p({z : lg(@)] > b}).

H amédeiln tne aviootntog agphvetal wsg doxno.
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Ané v nopandve oyéon BAénoupe dt av yior axohoudio { fr } ouyxiver oe pa suvdptnon f xatd uétpo,
t61e N {fn} elvon Cauchy xatd pétpo (emodndedote 10).

ITpétaon 7.3.3. Eow (X, A, p) xdpos pérpou, fr, : X — C axolovdia petpriouwr owvaptricewy
ka1 f,g : X — C perproues ovvaptioes. Av fp, — f kavd pétpo xar fr, — g xatd pétpo, wote f = g

U—0.m.

Arnddeén. 'Eotw € > 0. And tny Hoapatrpenon 7.3.2, yio xdde n youue

3

p{z 1@ = 9@)| = ) <p ({21 17@) = fu@) > 5}) + 1 ({2 1fal@) = 9(2)] > 5 })

10 omo{o cuyxhivel oTo UNdév xadde n — oo. Apa pu({x € X : |f(x) —g(x)| = e}) = 0 vy xdde € > 0
xou émetan 6t f = g p—o.m. (e&nyfote yuotl). O

ITpo6taom 7.3.4. Eotw (X, A, 1) xdpos uérpou, fr, gn : X — C axolovdies petpriopwy ovwvaptrioewy
kai f,g: X — C perpnoyues ovvaptnoe. Av f, = f katd pétpo kai g, — g xavd uétpo, e yia kde
a,b € C éyovue af, + bg, = af + bg katd pérpo.

Anédeaén. Mropolue vo unovdécoupe 6Tt a # 0 xau b # 0. To {nrodyevo énetan dueca amd T oyéon:
p({z : |(afu(z) + bgn(z)) — (af () + bg(2))| > €})
£ €
< CnlT) — Z 50 Sgn(z) — Z oo
< ({10 - @12 5o b+ (foboao) - g0 = 55 ) 0

%x00g N — 00. LUUTANEOOTE TIC ASTTOUERELES WG JOXTNOT). [

Ou PENETACOLUE TR TNV CUUTERLPORd Twv axohovhwy { f,} mou eivar Cauchy xotd pétpo. Ymev-
Yuuiloupe tnv évvola Tou limsup,, g axohovdiag cuvéhwy: Av (Ay,) elvor o axohouvdia UTOGLVOAY
Tou X Vétoupe

limsup A, = {z € X : 10  avixel oe dnepo to Thdog and ta Ay}
n

Yougwva ye v Aoxnon 1.4, €youvue TV TAUTOTNTA
o o0
limsup A4,, = ﬂ U Ag.
" n=1k=n
Yyetxd ye 1o limsup,, wag axohoudiog cuvOrwY oyLel To e€hc Paoixd anotéAeoua:

ITe6taocm 7.3.5 (lo Afuua Borel-Cantelli). Eotw (X, A, n) xdpos pétpov kar (Ay,) axodovdia otor-
xetwr g A. Av

o0
> n(Ay) < o0,
n=1
wote p(limsup,, A,) = 0 6nAadr) p—oxeddr kdle x € X avijker to moAU o€ menepaoéva and ta A,,.

Avuty) etvon 1y ‘Aoxnon 2.3. O anodellelc TwV Tapamdve LoYURIoUMY TOQUAEITOVIOL X0t A@VOVIaL WG
OOXNOEL YLOL TOV 0VOLY VWOOTH).

Xenowonoldvtog oautd Ta epyoleior amodexviouue To e€ng:
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Ocwpnpa 7.3.6. Eotw (X, A, p) xdpos pérpou kar fr, : X — C axodovdia petpriowy ovvaptrioewy.
Av n{fn} €ivar Cauchy kard pézpo, téte vndpyer petprioun ovvdptnon f : X — C doze f, — f ratd
pétpo. EmmAéor, vndpyer vnaxodovdia { fx, } tns {fn} doze fr, — f u—o.m.

Anddeén. Aol n {fn} eivan Cauchy xotd yétpo, yio xdie s Beloxovue ks € N dote

[ <{w € X :[fu(x) = fm(z)| 2 21}) <%

yioo xdde m,n = ks, Mdhiota, unopolue vo emAéEoupe toug kg Ue TETOWO TPOTO OOTE Vol €Youue ki <
ko < -+ (e&nyfote yiol). ‘Etor, n {fk, } ebvon o umoxohoudio tne {fn} o emmhéov u(4,) < 5 i

xdde n, émou
1

Au= {2 € X sl @) = @] > g5}

Agol howmdv Y pu(Ayn) < oo, ouunepaivouue 6t av F' = limsup,, Ay, t6te and 10 lo Afuua Borel-
Cantelli érneton 6t u(F) = 0. And tov oplopd tou limsup,, pog axoroudiog cuvoroy, av x € X \ F
undpyet N = N(z) € N dote

1 7
| i () = fr, (2)] < ony Y xdde n > N.
Yuunepatvoude hotmdy OTL 1) oELRd

S o (@) = i, (@)
n=1

ouyxhiver yio xdde € X \ F, onhadhf u—o.n. oto X. Ocwpolpe ) ouvdptnon f: X — C nou opiletan
e

i () 4+ 22020 (i () = fr (2)), v w € X\ F

0, OLAUPOPETLXAL.

fz) =

H f eivon petphown xou v xdde x € X \ F éyoupe

N—

N-1
f(z) = lim (fm Y (fraa (@) = fr (2 ))) = Jim_fy (2),
n=1

doo mpdrypatt fi, — f p—o.m. oto X.

Méver va Bevydel  obyxhon xatd péteo. Av ¥écouue

Fm: An

[Ce

TUEATNEOVUE OTL

o o0 1
m)<ZM <227 om—

n=m n=m

o emmhéov 6Tt Yo x&de x € X \ Fyy, éxoupe | fr,, (2) — fr, ()] < 37 Yo xdde n > m. Suvemag, av

n+1(
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x € X \ Fy, éyouye 6Tt

| Fro (@) = F@] = | Fron (@) = Frs (@) = D (frngn (@) = fr, (2 >>|
n=1

m—1 0
= Z fkn+1 fkn Z fkn+1 fkn( )
n=1 n=1

= |3 a0 = £ )| € 3 o) = o o) < s

Anéd autdV TOV UTONOYIOUO GUUTEQAEVOUUE OTL

i ({o € X c1ia0) = 1 > gt }) < lFw) < gy

‘Eotw € > 0. Bploxoupe mp € N dote 2%0 < € %ot ToEATNEOVKE OTL Yior Xde m = mg oy Vel OTL

1 1

(o 1) - 5@ > ) <o ({o: o) = 101 > 5 }) < g 0

xadwg m — 00, OnAadY| fr, — f xatd yétpo.

Téhog, v xdde n xou € > 0 €youyue

p({z s | ful2) — f(@)| = €}) < p ({av () = fr, ()] 2 %}) Th ({m [ fien (@) = f ()] = %D -0

ooV 1 { frn} elvon Cauchy xatd pétpo xou fi, — f xatd pétpo. Apo tehind, fr, = f xotd yétpo. [

IMépwopa 7.3.7. Eotw (X, A, 1) xdpos pétpov, fr, : X — C axolovdia petpriouwy ourvaptrioewr ka
f+ X — C pevpriowun ovvdptnon. Av f, — f katd pétpo, téte vndpyer vraxolovdia { fi, } s {fn}
wote fi, — f p—o.m

Andéen. Eiva dueco and to mponyoluevo Yedpnuo agod 1 { fr} we ouyxivovoo xatd pétpo eivor xou
Cauchy xotd pétpo. O]

IMapdderypa 7.3.8. Acev elvow 6wotd 6T 1 60YAON ®0Td UETEO CUVETAYETOL TNV [t—0.T. GUYXALON: TO
IMopdderypo 7.2.6 elvon avtimapddetyyo xon €8¢ — eENyHoTe yiotl.

IMpétaom 7.3.9. Eotww (X, A, 1) xdpos pétpou, fr, gn : X — C axodovdies petprionuwy ouvaptrioewy
kat f,g: X — C perprioues ovvaptioe.

(i) Av fn, = f katd pérpo ka1 emmAéov vrdpyer M > 0 dozte |fp| < M p—o.m. ya kdde n € N e
lfI<M p—o.m

(i) Av fn — f katd pézpo, gn — g katd pérpo ka1 emmAéor vndpyer M > 0 doze |f,| < M ka
lgn| < M p—o.m. ya kdide n € N, téte fngn — fg katd puézpo.

Anddaén. (i) Loygwva ye to Oewpnua 7.3.6 undpyer unaxorovdio { fr, } ™c {fn} Tou cuyxhiver oty f
xatd onuelo p—o.m., dpa To {nroduevo éncton and tnv Ilpdtaon 7.1.5.
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(ii) Bploxouye, xatd to Yveotd, obvoro Z € A pe u(Z) =0 wote
[fu(@)] < M 3o |gn(2)| < M

v xdde x € X \ Z. 'BEotww € > 0. Tote woylel n avicdtnos

p({e : | fa(@)gn(@)=F@)9(@)| = ) < ({22 1fale) = f@)] > 5= }) ({22 lgnl@) = 9(2) > 57 )

(€€T]YY']O‘E€ yrotl) dpo éneton To {ntoduevo. 0

7.4 Xyedov oupolopopyn cOYXALOT
Ye auth) Ty mapdypapo Yo acyorndoluE PE Wia XATKS ACVEVESTERT, LOPYT] TNS OUOLOUORYNG [L—OC.T.
oUyxhong. Aivouye Tov €A OpLOUO.
Opiopde 7.4.1. 'Eow (X, A, 1) yodpeoc pétpov, fr, : X — C axohoudio UETPHOWOY CUVIPTACEWY Xou
f 1+ X — C yetpriown ouvdptnon. Tote Aéue otu:
(i) H{fn} ovyxhiver otnv f oxeddv opoiduoppa av yio xdde § > 0 undpyer A € A ye p(A) < 6 wote
fn = f opotbéuoppa oto X \ A.
(it ) H {fn} etvau Cauchy oxedév opoduoppa av yio xdde § > 0 undpyer A € A pe pu(A) < 6 dote n
{fn} va elvau opordpoppa Cauchy oto X \ A.
Eivou o méh copéc and tov oplopd 6t av fr, — f oyedbv opotdpoppa tote 1 { fr} etvar Cauchy oyedov
OUOLOUOPYAL.

ITpotaom 7.4.2. Eoww (X, A, 1) xdpos pétpov, fn : X — C axolovdia petprioipwy ovvaptioewy kai
fi9: X — C perpnoues ovvaptnoes. Av f, — [ oxedor opoiduopga kar fp, — g oxedoy opoiduopga

wte f =g p—o.m.

Anddeén. 'BEotww 6 > 0xu E={z € X : f(z) # g(x)}. Lougwva pe tic unodéoeic, Peioxouue oivoha
A1, Ay € A Gote

fn — [ opobuoppo oto X \ A1 xou fp, = g opolbuoppa oto X \ Ay

xou p1(Aq), p(Az) < 8. Téte, oto X \ (A1 U Ag) woyler 6t f = g (e&nyfote ytl), dpa B C Ay U As.
YUVETKE,
u(E) < p(Ar) + p(Az) < 20

xou ool To dpyixd & > 0 Aoy TuYOY cuunepaivouue OTL f = g u—o.T. [

ITpotaom 7.4.3. Eotww (X, A, 1) xdpos uérpou, fr, gn : X — C akolovdies petpiowy ovwvaptrioewy
kat f,g : X — C pewpioues owvaptioes wote f, — [ oxedov opoduoppa kar g, — g Ox€eOOV
opoduoppa. Tote, ya kdle a,b € C woyve o af, + bg, — af + bg oxedov opoiduopgpa.

Anddeén. ‘Eotww § > 0. Trdpyouv olvora Ay, Ay € A dote u(Ar), u(Az) < §/2 xou

fn = f opotbuoppo oto X \ A1, gn — g opotdpoppa oto X \ As.
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Av 9éoovpe A = Ay U Ay, téte afy, + bgn — af + bg ogotduoppa oto X \ A xou pu(A) < 9, dpa éncton
10 {nroluevo. ]

H oyed6v opoldpoppn cbyxhiorn cuumepupépeton xaAlTeRa o€ oYéom e Tig axohouldieg Cauchy and Tig
ouyxhioeig mou ueAethoaue oTic 800 TponyoLueveg evotntes. Ilio cuyxexpéva woylel To e€ng:

Ochpnpa 7.4.4. Eotww (X, A, p) xdpos uétpouv kar fr, : X — C axodovdia petpriowy ovvaptrioewy.
Av n{fn} eivar Cauchy oxeddy opoduopea, téte vndpyer petprioun owvdptnon f : X — C doze f, — f
Ox€00Y opodpoppa. EmmAéov wyve ot fp, — f p—o.m

Anddatn. T xde k Beloxovye Ay € A pe p(Ar) < + Gote n {f,} vo ebvon opotbpopgpa Cauchy oto
X \ A Xuvende, undpyouv cuvopthoes g : X \ Ay — C dote f,, = gi opodpoppa oto X \ Ay.
O¢touye

A= ﬁ Ay
k=1

xou mopatneolue 6t opileton xohd wa f : X \ A — C wote f, — f xotd onuelo oto A. Ipdyuatt,
av x € X\ A, t6te z € X \ Ay v xdmowoug deixteg k xaw agol fr(x) — gr(x) ouumepoivouye 6t o
nocétntes gi(x) Towtilovtan yia Ghoug autole Toug deixteg k. Emopévoc, n f elvon petprown xau fr, — f
xatd onpelo oto X \ A. Téhog, oot

H(A) < p(4y) <

T =

yio xdde k éneton 6n pu(A) =0, dpa fr, = f p—o.m

[t ) ooy opolopopyn clyxhion tohpa, Yewpolue 6 > 0 xo Beploxouue k wote }c < 0. Tote

fn — [ opotbpopgpa 010 X \ A xon p(Ag) < § < 68, an’ 6mou éneton 10 {nTolpevo. ]

ITépwopa 7.4.5. Eoww (X, A, 1) xdpos pétpov, fr, : X — C axorovlia petpriouwy ouvaptioewr kai
f X = C perpriowun owdptnon. Av fn, — f oxedov ouoiduopga, tote f, — f p—o.m.

Anddeaén. Eivoa dueco and to mponyoluevo dempnuo agold 1 {fr} oc ouyxiivouco oyedbv oyotduoppa
etvon xan Cauchy oyedov opoiduoppa. O

Avddoya pe TIC TRONYOUUEVES ooy pdpous, £popuolouvde To Ocwenua 7.4.4 xou Belyvouue TNV o-
x6houlT TEOTUC.

ITpobtaom 7.4.6. Eotw (X, A, 1) xdpos uérpou, fr, gn : X — C akolovdies petpiouwy owvaptrioewy
kat f,g: X = C petprioes ovvaptioes.

(i) Av fn = [ oxedov opoiduoppa kar emmAéov vndpyer M > 0 dote |fp| < M p—o.m. ya xdOe
neN, tre |f| < M p—o.m

(ii ) Av fn — f oxebdv opobuoppa kar emmAedy |fr| < M kar |gn| < M p—o.m. ya kdde n € N, tdre
fngn — fg oxedov opodpopea.

Andden. (i) And to Iépopa 7.4.5 éyovue f, — f p—o.n., dpo to {ntodyevo énetan ond tnv Hpdto-
on 7.1.5 (ii).

(ii) "Eotw d > 0. Mropolue vo Beolue obvora Aj, Ay € A dote pu(Ar), p(Az2) < /2 o emmiéov

fn = f opotduoppo 6to X \ A1 xau g, — g opotdpoppa oto X \ As.
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Ané v Hpdtoon 7.1.5 (ii) éyovue 6tL frgn — fg opodpoppa p—o.n. oto X \ (A1 U Ag) xou agod
(A1 U Az) < 6 éneton n {ntodpevn oyedov opotdpopdn oOyxMoT. O

7.5 XOyxplon TwV dLaplpwy EWBWY CUYXALONG

Kietvoupe autd 1o xe@dhono pe didpopa Yewprpota mou delyvouv tn oyéon UETaE) ToV EOY oUYXALONG
TOU UEAETHCUUE OTIC TRONYOUUEVES EVOTNTES. Zexwvdue and to €€ oto Oedpnuo 7.4.4 ldoye 6TL av
e oxohouttior { i} ouyxiver oyeddv ouotdbuoppo oe uo cuvdptnon f Tote cuyxAlvel oty f xou xotd
onueio p—o.m. IHapadétouue 800 uepnd avtiotpoga autol tou Vewpruatos: To mpwTo, T0 Ocwpnua
Egorov, elvar 1 debtepn and Tic Aeyoueveg «tpelg apyéc tou Littlewood» tic omoleg elyoue avapépet 6To
Kegdiowo 4.

Ochpnpa 7.5.1 (Egorov). Eotw (X, A, 1) xdpos pétpov, fr, : X — C axolovdia petprioipwy ovvap-
toewr kar f : X — C pevpriowun ovvdptnon. Av p(X) < oo kar f, — f p—o.n., wre f, = f oxedor
opoHOopPa.

Anddeén. 'Eotww 6 > 0. Kot’ apydc unopolye vo urnodécoupe 6t fr, — f mavtod oto X (e&nyrote
yioet). T xdde k, m € N opiloupe 10 civoro

(7.5.1) Apm = {x € X :|fu(z) = f(x)| < % yio xdde n > m}

xou aportneovue 6t 1 axohoudio (Ag m )30 elvon adZouoa (e&nyfote yuatl). Emmiéov, napatnpeolue 61t
avz € X xa k € N, t6te undpyer m € N dote | fp(x) — f(x)] < 1/k yioa xdde n > m. Autd amodewviel
ot -
X =] Am-
m=1
‘Encton 6t pu( Ak m) = pn(X) yioo m — oo, dpa v xde k ynopolye vo Beodue my € N wote
o
X)) < 1 Awmy) + 5
Optloupe
oo
A=) Akm,-
k=1
Téte fn, — f opobuopgpa oto A: éotw € > 0. Bploxouvpe k € N dote 1/k < e. Tédte yia xdde z € A
EYOUUE T € A ., Spa Yiot xd0e n > my,

fal@) = f@)] < 7 <,

Snhadh [|(fr — f)lalloe <.
Enlong,

A) € SO0 M) <3 55 =
k=1 =

Goo mpdrypatt f, — f oYEBOV oUoLOpOpQL. [
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‘Eva dAho pepind avtiotpogo tou Ocwprjuatog 7.4.4, tou dev amoutel T0 U€TEo 1 va efval TETEPAGUEVO,

elvon to e€nc:

Ochpnpa 7.5.2. FEoww (X, A, 1) xopos pérpov, fr, : X — C akolovdia petpriouwr ovvaptrioewy
ka f: X — C perpriowun ovvdptnon. Av f, — f p—o.m. kar emmAéor vrdpyet g : X — [0, 00] ddote
|fn] < g ya kd9e n ka1 [ g dp < o0, téte fr, — f oxeddy opoiduopea.

Andéoedn. 'Eotw 6 > 0. Trodétouye ol otL f, — f mavtod oto X xou Yewpolue oo avora Ay TG

mponyoluevne anddelne. Tote, agol |fn| < g v xdde n éyouvpe 6t | f| < g, dpa |frn — f| < 2g. And
aUTH TN oyéon xou omd v (7.5.1) énetan 6Tt

1
C : — .
X\Akvm_{J:EX g(m)>2k}

Ioyvetowocg. T xdde k woyde 6t p({z € X : g(z) > 1/2k}) < oo.
pdyport, av Véoovpe S = {z € X : g(z) > 1/2k}, napatnpolye étL av to p1(Sk) tav dnepo Va elyoue

1 1
dp > d — du = —u(Sy) =
oO>/g f L;g;u>ék% p= 5ph(Sk) = o0

10 omolo efvan droTo.
‘Opota pe TV mponyoluevn anddelln, deiyvoupe bt 1 axoroudio (X \ Ay m)oe—; bvon @divouoa ye topr
T0 %ev6 oUvoho. Amb tov toyuptond Brérnouvpe ot limy, (X \ Ag,m) = 0 yia xdde k. "Etol, Bploxoupe

my € N tote

N(X \ Ak,mk) < ok

O¢toupe
A:ﬂAMW
k=1

Tote f,, = f opoduoppa 1o A (axpiBie 6nme mev) xau
WX\ A) <D (X N\ Agy,) = 6.
k=1

Avuto delyvel ot f, = f o)eddv ouoldpoppa. O

YuveyiCoupe pe dAlo éva Yewpnua mou emBeBaidvel 6Tl 1 oyeddy opotduopn cOyxhon elval Loy LEY:
CUVETAYETOL TNV GUYXALGT] XOTd UETRO.

Ocwpnpa 7.5.3. FEoww (X, A, n) xopos pérpov, fr, : X — C akolovdia petprionuwr ovvaptrioewy
kat f : X — C uperpnowun owvvdptnon. Av f, — f oxedor ouoiduopga, tote fn, — f katd pérpo.
Avtiotpoga, av f, — f katd pérpo, téte undpyer vnaxolovdia {fi, } ns {fn} dote fr, — [ oxedov
opoopPa.

Andoeén. T to evdl npdto: Eotw e > 0. Téte yia xdde § > 0 undpyet obvoro A € A pe u(A) <6
xou fn — f opotdpoppa oto X \ A. And v opolduopyn ovyxhior, Beloxoupe ng € N dote yia xdde
x € X\ A xou x&de n > ng vo €youpe

[fn(z) = f(2)] <e.
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2VVETOC,
{zeX:|falx) - flx)| e} C A
xa EmEToL OTL
pz € X ¢ |falz) = f(z)] = }) < p(A) <0
yioe xdde n > ng. Autod delyvel 6t f, — f xotd pétpo.

‘Ocov agopd o avticTpogo, Exel NdN anodetydel ouclaoTind oto Oewenuo 7.3.6: Axolouddvtag Tov
ouuPBohiopd authc Tne anddeldng, éyovpe ot u(Fpy,) < 2,71%1 yia x&de m. Eotww 6 > 0. Bploxouvuye m
WoTE zm%l < 0 xau totE Yoo x € X\ Fy, éyouue

i (@)~ @) < o

vl xdde n = m. BNUVETAC,
1
1w = PlxvEnlloo < 55 =0
Yok — 00, dpa fr, — f ouotbuoppo oto X \ Fyy,. Autod Seiyver 6t fi,, — f oyedov opotduoppo. O]
Yuvbudlovtag 1o Oevpnua 7.5.3 e to Yedpnuo Egorov nalpvouue to €€1c Paoixd amotéreoya.

ITépwopa 7.5.4 (Lebesgue). Eoww (X, A, ) xdpos pérpov, fr, : X — C akolovdia petprioipwy
ouvaptioewr kat f: X — C perpionun ovvdptnon. Av u(X) < oo kar fr, = f p—o.m., wre f,, = f
katd pétpo.

YN ouvéyela, cuyxplivouue TN oUYXALOY XoTd YETEO PE TN oUYXAoN xotd uéco. loylel 1o e€ng:

Ocehpnpa 7.5.5. FEoww (X, A, 1) xopos uérpov, fr : X — C akolovdia petprionuwr ovvaptrioewy
ka f: X — C perprionun owdptnon. Av f, — [ kavd péoo, tote f, — f katd uérpo. Avtiotpoga,
av fn, = [ xkatd pérpo kar emmAéov vrdpyer petprionun ovvdptnon g : X — [0,00] pe [g dp < oo kar

nl < 1a kdOe n, tote [, — [ katd uéoo.
lfal < gy ; Y

Anéoaén. Kot apyde yia to evdi: éotw € > 0. And v aviootnta Chebyshev-Markov €youpe 61t

ille € X 1fu(e) ~ £@) 2 ) < 2 [ U= fldu>0,

ool fr, — f xotd péco. Apa, npdyuott fr, — f xotd pétpo.
INo to avtiotpogo twea, utodétouye 6Tl f, — f xatd pétpo. Av to {nrolyevo dev LoyleL, UTdpyEL
g0 > 0 xau umoxohoudia { fx, } tne {fn} dote

(752 [ 150~ du e
v xdde n. Aol f, = f xatd yétpo, €youye enlong 6T fi, — f xotd pétpo. ‘Apa, and to Ildpiopa 7.3.7,

urdpyet po uoxohowdia fr, e fr, ©oTe fr, — f p—o.m. Agod [fy, | < g xown g ebvon ohoxhnpdouun,
T0 Vempnua xuptapynuévne olyxione (Oemenua 6.3.8) pag divel ot
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T0 omolo épyeton Quoxd oe avtigoon ye ) oyéon (7.5.2). Apa, mpdyuatt f, — f xatd péco, omwe
VENoE. ]

IMoapddetypa 7.5.6. Acev elvor 60otd, yevixd, 6Tt 1 oOyXAon xatd YETEO GUVETAYETOL TN GUYXAON

%aTd U€oO.

Anddetn. Oewpolue v axohoudio petpouwy cuvaptioewy fr @ (0,1) = R pe f, = nx(,1y- Tote,
v e € (0, 1] éxoupe
1
p{z € X :|fu(z) 0] 2 e}) =~ =0,

doo fr, — 0 xatd pétpo. Ouwng, yia xdde n oydel oL

[ 15a@) da=n =10,

dpo 1) { fn} Be ouyxMivel oTn undevixd cuvdptnoT xotd pécol. O

Keivouye autéd 10 xe@dhano pe pepixole 1o0BUVOUOUS YoRoxTNEICHOUS TNG 0OYXALONS XATd UETEO OF
EVOLY Y(OPO TMETEPAUCUEVOU UETEOU:

Ocedpnua 7.5.7. Eoww (X, A, 1) xopos uétpov, fr : X — C akolovdia petpriouwr owvaptrioewy
kar f : X — C pevprioun ovvdptnon. Trodérovue du pu(X) < oo. Ta axdrovda elvar wodlvaua:

(i) H{fn} ovykdiver otnr [ katd pérpo.

(ii ) KdOe vmaxodovlia tng {fn} éxer pa vrakolovdia mov ovykAiver otny f p—o.m.

(iii ) [ 1J|rf"};flf‘ dp — 0 kaddg n — oo.

Anddeaén. (i) = (ii) Trodétouye ot fr, — f xatd pétpo xou Vewpolpe pia vaxorovdia { fx, } e {fn}
Tote, fr, — f xotd pétpo xou to {nroduevo éneton and to Hoplopa 7.3.7.

(ii) = (iii) Av vnodéooupe 6Tt dev ahndedel to {nroduevo, unopolue vo Bpodue § > 0 xar vraxohouvdia

{fi,} e {fn} ote

| fen — /]
7.5.3 / Mk T gy s
7 T+ U - 7
Y1 x&de n. Opog, and 1o (ii) propolpe va Ppobue unoxohovdia {fr, } tng {fr,} ve fr,, — f p—om,
oo
|fl€l - f|
— = 0.
1 + |fkln - f|
Aol o yhpog elval TETEPUCUEVOL UETEOU Xou
‘ |fk7ln - f| < 1

1+‘fkln_.f’ h

oto X, and 1o Yedpnua geaypévne olyxione (Ocwenuoe 6.3.9) éneton dtL

‘fk’ln_f’
/1+!fkln—f| =0,

Tt Sev egapudletor €86 t0 Tponyoluevo Vebpnua;
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10 omolo €pyetar oe avtigaon pe Ty (7.5.3).
(iii) = (i) Eow € > 0. Téte and v aviodtnra Chebyshev-Markov cuunepaivouye 6t
|[fn() = f(2)] 2 }>
x| fnlx) — f(x)| =€) = T >
(e 15ale) ~ 1) 2 h = ({os (PO SIOL 5 2
l+e / |fn — f]
< du — 0,
R
olupwva We to (iii). O

Mmnogpolue vo cuvoicouE Tal ATOTEAECUATA AUTHE TN EVOTNTAS UTOPOVUE OTO TOEAXATE Oy QoML

R

Yiykhion katd pétpo I— ‘ Yiykhion katd péoo
(K)

3
3

Xxebéy ouor- | K) T’] H) ‘ Xvykhon katd onpueio

Suopen o¥ykiion L\//‘ H- oxeddy mavtol

Yyfuo 7.1: X0yxplon Twv Slopopmy E80OY oUYXACNS

O~

ToL:
T): olbyxhion xatd vraxohovdia
IT): p(X) < 0o nou

K):

—~~ —~~

1N axohoudior xuptapyeiton and xATIAANAY OAOXANEOGCUY GUVETNO).

7.6 Aoxnoelg

Ye dhec Tic mopaxdte aoxioel, (X, A, p) elvon évog ympog pétpou, Gha ta utocivoha tou X mou epgavilovion

avrixouy oty A xat ot f, f 1 X — C elvan yetpriowpec.

Oudda A’.

7.1. 'Eow ¢ : C — C ouveyhc ouvdptnorn. Anodeilte 6t av f, — f xotd onpelo pu-oyeddv navtold, téte

©(fn) = p(f) natd onpelo p-oxeddv navtol.

7.2. Na dei€ete 611 av n axohovdia {xa, } ouyxhivel oe pla cuvdptnon f xatd pétpo R oyedov opoldpoppa, tdte

undpyet A € A dote f = xa p-oyeddv navtoo.

7.3. Trodétoupe 6T p(X) < oo xaw 6t yioo e axoroudior petpiowny cuvapthoewy f, : X — C oyle
sup,, | fn(x)] < 0o p—oyeddv yia xdde x € X. Na dellete 6Tt yio xdde § > 0 undpyer B € A pe (X \ B) < 6
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WOTE
sup | fn(x)] < oo.
neN,zeB

7.4. Av f, > 0 xou fr, = f xotd pétpo, deilte bt

/ fd,ugliminf/ fndp.
X n—oo X
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Owpdda B'.

7.5. Trodétouue 6t 0 X elvan petpndg ywpog, epodiacuévoc ue éva uéteo Borel p xou Yewpolye wa ouveyn
ouvdptnom ¢ : C — C. Anodeilte 6t av f,, = f xotd yétpo (avtiot. oyedoév opoibuoppa), t6te ©(fn) — ©(f)
xatd yétpo (avtiot. oyeddv opoldpoppa).

7.6. Aci&te 6t n oxorovda {xa, } elvon Cauchy xatd péoo av xa povo av u(4,AA,) — 0 v n,m — oo.
AefZte eniong 6t av 1 axohoudio {x 4, } etvar Cauchy oyedév oporduoppa tote (A, AAy,) — 0 yi n,m — oco.
Ioyber To avtiotpopo;

7.7. Trodétouue 6Tt p(X) < 0o. T e > 0 xou k € N Yewpolpe to cUVORa
Ep(e) ={z € X : |fx(z) = f(2)| = e}
Anodei&te 6t f, = f xatd onpelo p oyeddv mavtod av xou wévo av yia xdde € > 0 oy vel

o (G Ek@) =0

k=n

7.8. Trnodétoupe 6Tt u(X) < oo. Arnodeilte 6T av yio dvo oxoloudiec petphiownv cuvapthoeny {fy}, {gn}
woyvet fr, = f xotd pétpo xou gn, — g xotd Yétpo, WOTE frngn — fg xotd pétpo.

7.9. Av yio wo ohoxAnpdaoudn ocuvdptnon g+ X — [0, 00] woydel | fr] < g xou emnhéov f, = f xotd uétpo, va

/ Fodp — / fdu.

deilete 6T

Owéda I,

7.10. Trnodétoupe 6Tt u(X) < oo xow Yewpolue axohouvdio f, : X — [—00,00] UETPHOWMV CUVOPTACEWY WE
| fr] < 00 p oyedbV avTol.

(o) Amodeilte dtL undpyet axoroudio (A,) Vetinddv aprdudy dote Ay, fr, = 0 xatd onueio p oyedév navtov.
(B) Amodeilte 6TL umdpyet etphion ocuvdptnon g @ X — [0,00) xou oxohoudia (r,) Yetddv aprdumdy dote
[ fnl < rng p oxedbv navtol yio xdde n.
7.11. Trodétoupe bt pu(X) < 0o xou 6t fr, — 0 xatd onueio p oyeddv Tavtov.

(o) Amnodei&te 6 undpyet oxohoudior (Ay,) Jetxdy apduddy e A, — 00 BGoTe Ay fr, = 0 xatd onpelo 1 oyedbv

TovTo.
(B) Anodei&te 6t undpyer petpfiowun ouvdptnon g : X — [0, 00) xou oxohoudia (€,,) Yetndv aprducdv pe £, — 0

oote | fn] < eng 1 oyeddy Tovtol yia xdde n.

7.12. Trodétovue otL u(X) < 00 xou 6L ot f, f elvon ohoxdnpdowes. Aéue ot oL fy, elvon opoiduoppa oAokin-
pdopes av v xdde € > 0 undpyet 6 > 0 wote av A € A pe u(A4) < 4, téte

/ |fnldp < e, vy xdde n e N.
A

Arnodelte 6 f,, — f notd yéoco av xaw uévo av ol f,, elvar ogolduoppa ohoxhnedolpes xa fr, — f xatd pétpo.

7.13. Trodétoupe 6t u(X) < 0o xou 61 o f, f etvon ohoxdnpdowes. Eetdote av woybel to e€hc: fr, — f xotd
wéco av xou wévo av [, fudp — [, fdp yio xdde A € A.

7.14. 'Eotw f: R¥ — C ouvdpton n onola elvor cuveyfic we mpog xde petoeanth Eeywelotd. Anodelite 6t 1
f ebvan Lebesgue yetpriown.






Kegpdiaio 8

MeTeNolUEC CUVOETACELS ®al

OANOXATIP WU

e aUTO TO XEPIANO ETMOTEEPOUPE OTN UEAETN TWV UETPNOWOY CUVUPTACEWY XAl ACYONOUUUCTE UE T

eZhc Tela Boowxd Héuato:

1.

Alvoupe opyxd Evay YeVIxd 0ploud NG UETENOOTNTAS, dNhadY| 0plloUUE TIC UETEHOWES CUVAPTHCELS
f:X =Y, onov (X, A) xou (Y, B) elvon yetpriowol ymeot, xat ot cUVEYELL UEAETAUE TIS PBaoixég

TOUC IBLOTNTES.
Mehetdue T0 TEOBANUL TNG TEOGEYYIONG UETPAOWMY CUVIPTACEWY O CUVEYEIS CUVOPTATELC.

Mehetdue 0 oyéon tou ohoxinpwyatos Lebesgue pe 1o ohoxhpwua Riemann xou anodewcvbouue

OTL TO TPMOTO ATOTEAEL TEAYUOTL Uial YV oL YEVIXEUGT) TOU BEUTERPOU.

Ta anoteAéopata auTd CUPBHAAOUY GE ULl O OROXANEWUEVY XUTAVONCY TNG UETENOWOTNTASC XAl TOU

ohoxAnpouatog Lebesgue.

8.1

MeTenoludtnTa xol TO ENAYOUEVO UETEO

Yy Hpéraon 5.1.7 (iv) anodetlope 6t oe évav petproo yopeo (X, A) wo ouvdptnon f: X — R eivan

ueTpRown av xau uévo av yio xéde B € B(R) woyler f1(B) € A. Opudpevol and autd to anotéheopa

6ivoupe Tov €€AC YEVIXO OpLOUS TNG UETENOWOTNTAC:

Opwopée 8.1.1. 'Eoww (X, A) xa (Y, B) 800 petprioyor ywpeot xou o ouvdptnon f : X — Y. H f
Myeton (A, B)-petprionun (f petpriown wc mpoc A xon B) av yix xéde B € B éyoupe f~H(B) € A.

Ewixétepa, otny nepintwon nov o Y elvan petpinde ywpos xar B = B(Y) n f héyeton A-petpriown.

Av Jewpriooupe NV owxoyévela

71 B)={f"'(B): BeB}

nopotneolue 6t 1 f etvon (A, B)-uetpriown av xou povov av

F7H(B) C A
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ITpoétaon 8.1.2. Eoww (X, A), (Y,B) ka1 (Z,C) petproor ydporkar f: X =Y karg:Y — Z dlo
ouvaptrjoes. Av n f etvar (A, B)-uetprionun kar n g eivar (B,C)-petprionun, téte n ovvdeon tous g o f
etvar (A, C)-petprioiun.

Anddeén. Iapatneolue apyixd OTL

(8.1.1) (go /)HC)=F"(g7(C).
Ané v mponyoluevn Tapathenon éxouue 6t f1(B) € A xou g71(C) C B. Ercton 61
ey B cA

mou Aoy e (8.1.1) Siver o Lnrovuevo. ]

Mt Tohb yphown mapatrhienon yio vo eAéyEoupe xotd néco wo ouvdptnon f 1 (X, A) — (Y, B) eivau
petefown elvan to (ii) g axdrouing mpdTaoTg:

ITpoétaom 8.1.3. Eotww (X, A) kar (Y,B) perprionuor xdpor kar f : X — Y qpua ovvdptnon. Tove
1w vovy ta €&ng:

(i) H owoyévea F ={B CY : f~Y(B) € A} efvar o-dAyefpa owo Y.

(ii) AvC CP(Y) ka1 o(C) = B, wéte n f eivar (A, B)-petprioun av ka1 udvov av

1) C A

Anddeén. To (i) eivar oyeddy dueco and tov oplopd e o-dhyePpas xon agphvetar we doxnorn. T o (ii)
Tapatneolue 6Tl 1) f elvan YeTEriown oV xaL LOVoV oV

BC{BCY:f1(B)ecA.

Agol n owovyévewr F delid ebvon o-dhyefpa xaw o(C) = B, ot wyvpiopol C € F xaw B C F ebvou

LGOBUVOUOL. O

IMopatnehoeig 8.1.4. (o) ‘Opota pe 10 (i) amodetevieton 6Tt 1) otxoyéveto f1(B) etvar o-dhyefpa 010
Y.

(B") Av Yewprioouye tnv owxoyévela
A = {(—o00,b] : b € R}

yvwpeilovpe 61t o(A) = B(R), cuvende to (ii) e pdtaone 8.1.3 eivon o Oplopde 5.1.1 yio yetpriotues
ouvopthoe [ : (X, A) = R.

Ac unodécoupe thpo emimiéov 6Tt otov Uetprowo ydeo (X, A) éyouue xi éva yétpo p. Tote, 7
peteown ocuvdptnon f endyet éva uétpo otov ywpeo (Y, B) we e&hc:

Opiwopoe 8.1.5. Eow (X, A) xa (Y,B) petpriowor yweot xu f : X — Y wa (A, B)-petprown
ouvdpetnom. Av p ebvor éva yétpo otov xeo (X, A), dewpolue tn ouvdptnon v : B — [0, 0o] mou opiletan
e

v(B) = u(f\(B)) = ulf € B),
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v B € B. Edxola amodewvieton 6Tl 10 v elvan pétpo (emakniedote o) otov yweo (Y, B). To uyétpo v
Myetan etkdra Tou p péow e f xon oupPorileton ue fi(p) A pe pl.

Méow autol Tou PETEOL E€YOUUE UL LOPPT| VEWPHUATOS <OANAYHS UETUBANTACY VLol TO OAOXANEMUA
Lebesgue. ITio ouyxexpiéva, to enduevo Yedpnua divel Evay TROTO Vo UETATEEPOUUE Tol OAOXATROUOTA
¢ Tpo¢ fy(1) o€ OAOXANEGUATY WS TEOS fi.

Ochpnpa 8.1.6. Eow (X, A) ka1 (Y,B) perprionuor ydpor kar f : X — Y qua (A, B)-petprionun
ouvdptnon. Av p etvar éva pétpo oo xopo (X, A) karg: Y — [—o00,00] 1) g : Y — C pua perprionun

owvdptnon oote 1 g o f va elvar olokAnpadoiun, téte

/Bg df.(p) = /fl(B)QOf dy,

yia kdde B € B. (Me tnv televtaia 106tnta evvoolue 6t to mpddto oAokAripwua vTdpxel kal €ival 100 e
70 beUTepo.)

Anédein. Kot apyde, Aoyw tne Hpdtaone 8.1.2 ) ouvdptnomn go f elvon yetpriowun, dpo T ohoxhnpduoto
mou eugavilovtal €youv vonuo. Emmiéov, Aoyw tne

(gof) xprmy=(g-xB)of

unopolue va unodécoupe 6t B = Y (ev avdyxn Vétovioc § = g - xB), dpa f1(B) = X. ©étouue

[ow=[goran

Oo omdoouye TNy anddelln oe Priuata, we cuVATLC:

v = fi(p) xou Yo deiouye ot

Brpa 1. H g elvon g popgrc g = xB yia xdmowo cbvoro B € B.

Trohoyiloupe Ta 5U0 OAOXATNEWUATA

/g dv = /XBdV =v(B) = p(f~'(B))

xal
/go fdp= /XB of du= /Xf—l(B) dp = p(f~1(B))
xou BLmoTOVOLUE 0Tt Loy Vel 1) {ntoluevn 1odTnTa.

Brpa 2. H g ebvan un apvntix| amhy) peTenoydn ouvdetnon tne Lopenc
g = Z b]XB]
j=1

Ano N YeuUXOTNTA TOL OAOXATPOUATOS xou To Brjua 1 €youye:

/gdy:ij/XBj dV:ij/XBjofdM:/gofdﬂa
j=1 J=1

OTw¢ YEAE.

Brpa 3. H g elvon Tuyoloo un opvntixy HETeHoLUN cUVETNo.
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And o Oetpnua 5.3.3, uropolue va Ppolue war adEouca axoAoudio Un dEVNTIXDY, ATADY CUVIPTHCENDY
(Sn)n e sp /g ot0 Y. And 1o Bua 2, éyoupe ot yior xdde n woyder 6t

/snduz/snofdp.

‘Opoc ot axohovdes (sp)n %ot (85,0 f )y, elvon a0€ouoeg axohovdies un dEVNTIXGY HETEAOIUWY CUVIPTAGENY
ue sp g xonspof 7 gof. Egapuéloviac d0o @opéc 1o Yedpnua povétovng obyxhiong (Oemenua 6.2.6)

cuumepatvouue OTL
/gdyzlim/sn duzlim/snofd,u:/gofd,u.

BAuoa 4. Hg:Y — [—00, 0] glvar Tuy00oo ohoxhnpdoidn cuvdetnon.

Tedgpoupe, wc ouvidng, g = gt — g~ xo TapatnTodue OTL, ond o Bhua 3,

/g+ cll/—/Q*OfClu—/(gcnz”)+ dp
/g dv=/90fdu=/(90f) dp.

"Etot, npdypott To ohoxhipwpa [ g dv undpyel xou etvon ioo pe o [go f du.

pe

Brpa 5. Hyg:Y — C elvar tuyoloa yetpriown uryadixy cuvdpetnon,.
Etvor dueco av eqopudécouye 1o Brjyo 4 yio TI¢ HETPNOWES TROYUOTIXEC ouvapThoels u = Reg xou v =
Img. O

8.2 To Yewpnua tou Luzin

Ye auTh TV EVOTNTU doYOMOUUAOTE UE TNV TOGEYYION UETPAOWWY GuvopTHoewy otov RF ané cuveyeic
ouvaptrhoelc. Tndpyouv TOAAS anoTeAéoUaTo aUTOU TOoL E(BOUC, TOU LoYVOUY Xol OE YEVIXOTERO TAMLGLO,
oMAG epelc Yo apxeotolpe oto Yewpenua tou Luzin, to onolo elvar 1 tekeutalor amd TG «TREC dpyEC TOUL
Littlewood» mou €youue avagpépet.

Ochpnua 8.2.1 (Luzin). Foww A C R* Lebesgue petprioiio otvoro pe AM(A) < oo kar f : A — R
petproun owvdptnon. Ta kdde € > 0 pnopodue va Ppolue kAewtd otvolo F, C A pe A(A\ Fy) < e
dote n flp va elvar ouveyng.

Anddedn. 'Eotw € > 0. Oa dwoouue xar TdhL TNy amddelln oe Bruata.

Brpo 1. Av 7 f etvon tng wopghc f = xE Y xdnowo E C A Lebesgue yetprioiuo.

Oa «Broywploovuey ta onueta ot omola 1 f mabpver Tig Tiég 1 xon 0. And TV xavovixdTnTaL TOL YETEOU
Lebesgue unopotye va Beodue K xhewotd alvoro oto A xan G avouxtd oto A ye K C E C G xau

Agol A(E) < A(A) < 00, o1 oyéoeic autég divouv:

NG\ K) < 5.
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Yyfuo 8.1: Anddeen tou Yewpruatog Luzin

Ocewpolpe 10 olvoho F; = K U (A \ G) xou mopatnpolue 6Tt

MA\ Fy) = MG\ K) < %
To civora K xow A\ G eivon Eéva xan xhewotd oto A xou emmiéov f =1 ot0 K xan f =0 o0 A\ G.
‘Encton 61 1 f|m elvar ouveyfic ouvdptnon (e€nyrote yiorti).

IIén omé Ty ecwtepixh xavovxdtnta tou A Beloxoupe F' C Fy xheioto ye A(Fy \ F) < 5. Téte n

flF elvon ouveyhc xou emmhéov
MANF) = MA\F) + MFL\F) <e

Brpa 2. Av n f elvon omhr) cuvdptnon tne Lopgrc
F=Y ajxa,.
j=1

A6 o Briua 1, yia xde j Bploxouue cOvoro Fy C A xdeot6 pe AM(A\ Fy) < e/m xo ty xa;|F; ouvexh.
Av F = ﬂ;nzl F;, 16t 10 F elvon xhewot6d vnochvolo tou A, tote 1 f|p elvon cuveyic ouvdpetnon xau

eTITASOV

MA\F) < i)\ (A\ F))
7j=1

omwe VENE.

Brpa 3. Av 7 f elvor Tuyoloa petpriown ocuvdetnon.

Ané o Ilbpiopa 5.3.4, undpyet axohoudia CUVOETACE®Y (S, ), TNG HopPhc Tou Bruatog 2 dote s, — f
oto A. T xde n uropolue va Bpolue xheiotd oivoro A, C A pe AM(A\ Ap) < sz ©OTE 1 Spla, Vo

elvon cuveync. O<touue
oo
Ao = ﬂ An,
n=1

X0l TOEUTNEOVUE OTL
o0

MAN As) < DMANA) <Y 55 = |
n n=1

=1
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xou OTL PUOIXE OREC OL Sy |4, elvan cuveyelc. T vo TepdooUUE GUWS TN CUVEYELL GTNY opLaXY| GUVEETNOT
f Vo Béhape 1 obyxhion va elvar opolduopen. Edw® yenowwonololue to Yedpnua tou Egorov: umopolue
va Bpolue oivoro B C A ue M(A\ B) < £ dote s, — f ogoduopypa oto B. Téte, v 10 6hvoho

C=BnNAyx

éxouue A(A\ C) < § (e&nyfote yuati) xou n flo ebvon cuveync, ool ot s,|c ebvon cuveyelc Yo xdde n

xaL s, — f ouodpopga oto C.

To C elvar uowd ueteroo, odrd oyt amapalTnTo XAEOTO. ATO TNV ECKTERIXT XUVOVIXOTNTO TOU A
Beloxouye xhewoté oivoro Fr. C C dote A(C\ Fr) < 5. Torte

MA\F) = AMA\C) + MC\ F.) < e.

xou puowd 1 f|p ebvon ouveynic, agol F, C C. O

Exoho. Xpewdleton xdmota Tpocoy | o1 dlatinwaorn Tou Ocweruatog Luzin: Aev woyvplldpacte 6Tl Yo
x&de € > 0 pumopolue va Bpolue alvoro Fy C A xheoté ye A(A\ Fr) < € dote dha o onuelo tou F va
etvan onuela ouvéyetag e f. Xe auth Ty tepintwon 1 f Yo tay cuveyhc oyedov tavtol oto A (e€nyrote
yiatt) to onolo, énwe Yo Bolue oty enduevn mopdypapo, onuaivel 6L 1 f eivor Riemann ohoxhnpdotun.
Avuto mou pag divel to Yewpnua elvar 6TL 0 mepropouds e f oto FL ebvan cuveyric ocuvdpetnon.

Mo mopdderypa, yioo v f = xq ovo [0, 1] E€poupe 6Tt eivor acuveyfc oe xdie onueio tou [0, 1] evéd o
neptoptopde e f oto (R\ Q) N[0, 1] eivon n otadepr; ouvdptnon 0.

8.3 XUyxplomn Ue To ohoxAfpwpo Riemann

[ o suvdptnon f : [a, b] — R Yo ypdgoupe f; f(z) dz vy 1o ohoxhfpwua Riemann xou f; [ dX yw
T0 ohoxAfpwua Lebesgue tne f (otav autd undpyouv). Eniong Aéyovtac «oyeddv navtovy Yo evvoolue
A—oyedov mavtol. ‘Onwe delyvel to Yevdpnua mou axoloudel, To ohoxhfpwua Lebesgue enextelvel to
ohoxAfpwuo Riemann.

Oevpenpa 8.3.1. Eoww f : [a,b] = R Riemann odokAnpdoiun ovvdptnon. Tote,
(i) H f eivar perprioun.

(it ) H f eivar Lebesgue oAokAnpddoiun kai

/abfd/\:/abf(:c)dx.

Anddedn. O yenoyomoooupe to e€NG:
1. To Yedpnuo xuptapyMnuévng olyxhong.
2. Ty nopatipnon 6t av f < g xoun [ f dA= [ g dX, tote f = g oyedov naviod oto E.

3. Ty mopatienon 6Tt av s = Y AiX[a, b, VO Wia XX T oUVEpTNOT, T6TE

/absd)\:/:s(x) da.



8.3. XITKPIZH ME TO OAOKAHPOMA RIEMANN - 139

Trodétoupe 61 1 f eivor Riemann ohoxhnpedowun. Téte, undpyet axohoudio (P,) dopepioewy Tou [a, b]
ue tic e&hg Wotnes: Py, C Pryr (1 Prga elvon exdéntuvon tng Py,), || Pyl] — 0 (to mhdtn tov Sayepioenmy

P, telvouv oo 0), %ot

b b
L(f,Pn)—>/ @) do U(f,Pn)—>/ (@) da.

‘Eotw £, n % \Muoxwt cuvdpTtnon ue f; lp(z) de = L(f, Py) (dnhadn, av L(f, P,) = Zi':ol mi(Tip1 — ;)
e by, = Z;:(? M X (23 ,0551) T k-1 X [2g_1,b]) X U N AVTIOTOLN XAMPIXOTH GUVEETNOY e f; up(x) de =
U(f,Pn). Tote,

by < f < up,.

Ané v P, C Py éneton 6T (€y,) ebvan ad&ovoa xat 1) (uy,) @divouoca, ondte opilovior ol cuvapTHoELS
¢ = limy, £, xou v = lim, uy, xou ¢ < f < u. And 1o Yedpnua gpaypévne oOyxAlong,

b b b b
/ud)\:lim/ und)\:lim/ un(x)dx:/ f(x) dzx

b b b b
/ €d)\:hm/ Oy d)\:lim/ ln () dx:/ f(z) dx.

Agot £ < u xou ffﬁ d\ = ffu d, ocuvumepaivouue 6Tl £ = u oyedov movtol. Aol £ < f < u, TpoxinTEL

pe

oTL
(8.3.1) {=f=u oyedov navtol.

Ané v (8.3.1) 1 f oupnintel oyedov mavtol ue tn petprown £. Enedy| epyaldpocte ye tnyv mAfen
Lebesgue o-dhyeBpa, xdde tpomonolnon ueteroyng cuvdeTnong Tve ot UNOEVIXO GUVOAO EVOL UETENOUIT.
‘Apa 1 f elvon petpriown. Autd amodewviet to (i).

Aol 1 f elvon petphiown xou gparyuévn, 1 f etvon Lebesgue ohoxhnpdowrn. Télog, and v (8.3.1)

/abfd/\—/abud/\—/abf(x)d:c,

Onhadt éyoupe amodeilet xou to (ii). O

€y 0UUE

Khetvoupe auth v napdypago e évav yopaxtnelowd twv Riemann ohoxinpwotpny f : [a,b] — R:

elvon exelveg oL PpayHEVEC GUVOPTATELS oL elvol GUVEYEIC OYEBOY oV TOU.

Ocehpnpa 8.3.2. Eotww f : [a,b] = R gpayuévn ovvdptnon. H f elvar Riemann odokAnpdoiun av
Kai povo av

A{z € [a,b] : n f elvar aourveyris oto x}) = 0.

Anddetn. Trodétoupe mpodta 6t 1 f elvon cuveyhc oyeddv tovtol. Emhéyoupe oxoroudio (F,) Siope-
ploewv tou [a,b] ue P, C Pyi1, || Pull — 0, xou Yo dei€oupe 6t U(f, Py) — L(f, Py) — 0.

OewpoVE TIC GUVIPTACELS Ly, Uy, TOU OVTLOTOLYOUY 0TV P, ue £, < f < up, fab lp(x) de = L(f, Py)
pees f; up(z) de =U(f, P,). Anpadh, av P, = {a = z9 < -+ < 21, = b} opilouye

k—1 k-2

b = Zmix[ﬂ?ivxwl) AU Un = ZM"X[MMH) + Mi—1 X[z, )
i=0 i=0
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Tote, by 7l xou uy N\ u, 0T0L £ < f < u.
Ou £y, uy, elvon UETEHOWES X0 OUOLOUOpQI pporyuéves (amd To supremum xot to infimum e f oto
[a,b]). Ao 1o Yedpnuo geaypévne olyxhone PAémoupe 6Tt

b b b b
/En(as) d:c—)/ ¢ d\ xou /un(a:) dx—)/ u dA.

b b
L(f,Pn)—>/ Cd\ xou U(f,Pn)—>/ u dA.

b b
/Kd)\—/ u dA.

Auto woylel Y tov €€hc Aoyo: av P = Uzozl P, xou av A eivor 10 6OUVOAO TwV onueiwy acLVEYELG TNS
f oto [a,b], tote yia xdde = € [a,b] \ (AU P) éyoupe ¢(x) = u(x). pdypatt: éotw = € [a,b] \ (AU P)
xou €0t € > 0. Aol n f elvon ouveyhc oto x, undpyer § > 0 dote: av y,z € (z — §,x + 6) 161

Anhad,

Apxel va 6et&ouye 6T

|f(y) — f(2)| < e. Emiéyouue ng yio 10 onolo || Py, || < 8. Av [zi, xi41] ebvar o unodidotnua tne P,
oto onolo avixel To x, Tote [x;, xiy1] C (z — d,2 + 0), dpa

M; —m; = sup{f(y) : y € [zi, wit1]} —Inf{f(2) : 2 € [wi, zi11]} <,
ONhadh 0 < U (2) — £y () < €. Opwc,
0 < u(x) —(z) < upg () — lng(z) < €.

xou opov o € > 0 frav tuydy, énetan 6Tt u(x) = (z). ‘Ouwc A(AU P) = 0, dpa £ = u oyedbv navto,
0 omolo defyver 6t fabﬁ d\ = fabu dA.

Avtiotpoga: Trodétouvye étL 1 f eivoar Riemann oloxinpdown oto [a,b]. Emiéyouue axohoudio
dropeploewy (P ye Py, C Pry1 yia xdde n xou

b b
L(f,Pn)%/ f(x) dz | U(f,Pn)%/ f(x) dz

INo xdde n € N, Yewpolue Tic YAMUOXWTES CUVAPTACELS £y XU Uy, TTOL aVTIoTOLYOUY oty Py, ue £, < f <

b b
/ 00(2) dz = L(f, P,) / un(z) dz = U(f, Py).

H axohoudia (£,) eivon ad&ouoa xau 1 (u,) ebvon gpdivouca. Eotw £ = limy, £, xa v = lim, u,. Téte

Uy KO

< f < uxon and 1o Yewpnuo XUpLIEY NUEVNS oUYXALoTC

/Zd)\—hm/ﬁ ) dz = lim L(, P, /f
/abudA:ngl/abun(x) dx:nglU(f,pn):/abf(x) -

pfel
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"Apa,

b b
/Kd)\—/ u dA.

Agot ¢ < u, éneton 6TL £ = u oyedoV TavToU.
‘Eotw C ={x € [a,b] : {(z) = u(z)} xou éotw P = Jo2 | Py. Ou dei€ouye 6t vy xdde . € C'\ P
n f elvou ouveyhc oto z. Tlpdypatt: éoww € C'\ P xou € > 0. Térte l(z) = u(z), dpo undpyel ng e
0 < Uy () — lny(x) < . Autd onuaiver dtL av (24, zi41) ebvon To vOdLdoTNUA TS Py 0T0 omolo avixel
10 T, TOTE
sup{f(y) : y € [wi,zis1]} — nf{f(2) : 2 € [ws, zipa]} <e.

‘Eneton 61 1 f elvon ouveyhc oto x (e&nyrfote yatl).
Yuunepaivoupe €tot 6t av A elvon 10 alvoro twv onueiny aouvéyele tne f, tote A C ([a,b]\C)UP,
Goa A(A) = 0. O

Xxoho. To oxeBde avdloya anotehéouato Ue aUTE Tou HOAG amodelloue yia TNy Tporyortixy evdeio
1oy ouY xot yla Toug Yopouc R yevixdtepa.

8.4 Aoxroelg
Opdda A'.

8.1. 'Eow X,Y uetpwol ydpot epodlocuévol ue tic o—dhyefpec twv Borel unocuvolwmv toug. Anodei&te ot
xade cuveync ouvdptnon f: X — Y elvon yetpriown.

8.2. 'Ectw ol cuvaptioeic f,g: R — R ye f(z) = e® xu g(y) = y> + y. Na unoroyiotel 10 ohoxhfpwua

/ 0 df. (V).
(0,1)

8.3. Eotw X évoc petpixdc yopoc. Mia ouvdptnon f: X — [—00, 00] Myetaw drvw (avtiot. kdtw) nuouvexng
av o cbvoro {x € X : f(x) < a} (avtlot. {x € X : f(z) > a}) eivar avouxtd ot0 X v xdde a € R. Anodeilte
6T ot tétola ouvdptnom f elvon cuveyhc av xat Lovo av elvor Gve Xl XETw NUICLVEYHC.

Opdda B'.

8.4. 'Eow (X, A) petpfowoc ywpeos, Y petpmde yodpos xou fr, + X — Y axohoudia (A, B(Y'))—petpriowwwy
ouvapthoewyv. Av n {fn} ouyxhiver xatd onuelo o wa ouvdptnon f + X — Y, va deilete bt xow m f elvon
(A, B(Y))—petprion.

8.5. 'Eoww (X, A, p) évoc petpundc yopoc nenepacuévou pétpou xat f : X — R wa Borel yetpriown ouvdptnon.
Na dei€ete 6TL undpyel axoloudio CUVEXOY GUVAPTACEWY gy ¢ X — R tote g, — f xatd onuelo p—oyedov navtod
oto X.

8.6. 'Eotww X évoc petpds yodpoc xau éva unoctvoro A C X. IIdte 1 yapaxTneloTixs) cuvdetnomn x4 €lvor Gve
NULOLVEY NS oL TOTE HETW NUCUVEYHC;

8.7. 'Eow X évag petpde ywpog xau f g : X — [—00,00] 800 dve (avtiot. xdtw) nuiouveyeic ouvapthoeic. Na
dellete ot v x&de a,b > 0, n ouvdptnon af + bg elvon xou auth dvew (avtioT. xdTw) NuovveyAc.
Opdda I'.

8.8. (Oepruo Vitali-Kapadeodwer) Eotw A C RF éva petpowo odvoro pe A(A) < oo, wa ouvdptnon
[ € LE(A) xou éva e > 0. Anodelfte 6Tl UTEPYOLY GV NULCUVEYRC XU BV PEOYPEVT CUVEETNOT ¢ %ol 3T



142 - METPHSIMES SYNAPTHSEIE KAI OAOKHPOMA

NuoLVEYNC xou Xdtw Peayuévn ocuvdptnon ¥ oto A dote ¢ < f < 9 xou emniéov

/Xw—wu«,

axohouddvtoe ta e€xc Brpata

(i) Yrobéote mpdta 6Tt f > 0 xou amodeite 6w v f pmopel v ypuptel ot Lopet

(%) = ZkaBk
k=1

yio xdmota peteriotda oUvola By xou by, > 0.

(ii ) Xpnowomowdvtog Vv (*) xou Ty xavovxdtnta tou yétpou Lebesgue xotodhite oto {ntoluevo otny me-

plntwon mou f > 0.
(ili ) Oloxinpmote Ty anddelln ypdgovtas f = f+ — f~ xou ypnowonowdviag v ‘Acxnon 8.7.
8.9. Eotw (X, d) petpixdc ywpoc xau f: X — [0, 00] xdtw nuouveyhic ouvdptnom, oyt tautotixd ion ye co. T

n=12,...xuz X opillovue
gn(x) = inf{f(p) + nd(z,p): p€ X}.

Amodelére 6Tu
(i) Ioydel n avisdtnra |gn(2) — gn(y)| < nd(z,y) yia xdde x,y € X.
(ii ) Toxtet 61t 0< g1 < ga < -+ < f.

(iii ) H {gn} ovyxhivel xotd onpeio oty f xadde n — oco.

YuvdyeTe OTL ot YN apvnTLXr) cuVEETNOT Efval XATE NULOUVEYHS o Xou L6Vo av elvol xatd onpelo 6plo wog avoucag

axohouBHag CUVEYWY CUVIPTHOEMV.



Kegpdiawo 9
MeTpa yivoueva

Y auTO TO XEQPIAMO ACYONOVUNUCTE UE UETEU OE YWEOUG YLVOUEVO. ZEXWIUE UE 0LO YWEOUS HETEOU
(X, A, 1) xau (Y, B, v) xou 9éAouUe Vot SOCOUUE 6TO XapTEGLavS YvOUevo X X Y o «puotohoyxhy Soun
x&eou pétpou (X X Y,C, p). Ebxotepa, 9éhoupe:

1. H o-dhyeBpa C va mepiéyel Oho o petprioua opdoyvia, dnhad ok ta ohvoha tng wopphc A x B
ue A€ Axa B € B.

2. To yétpo p va cuugpovel ye Tn SBLdcToTn vvola Tou euPadol, dnhady) yio xde A € A xou B € B

vau Loy OeL

(9.0.1) p(A x B) = u(A)v(B).

Oa anodeilouue OTL, oV XAVOTOLOUVTOL XATOIEC CUVINAXES, €val TETOLO PETEO LTHEYEL Xl €lval UGAMGTA
HOVOBIXO.

To enouevo QuoLoAoYIXS EpMOTNUA EIVOL VO XATUAIBOVUE TG KAELTOVEYELY TO OAOXAHPWUIL (G TEOS AUTO
0 pétpo p. Dvwpllouue, omé tov Anepootind Aoyiopd, 6t ov K = [a,b] X [¢,d] CR? xou f : K — R

elvoll Lol GUVEY TG CUVEETNOT, TOTE

/K fley) dA = / b / " fay) dyds = / ’ / ' flay)dady,

6mou dA eivon 1o ototyeio Tou epPoudol oto eninedo (ouctooTixd eivor To dAz). Xe auth TNV TEpinTwon
AOLTOV, TO OLTAG OAOXATIPWUO GTO YWEO YWVOUEVO YRAPETOL WG 0UO dLadoyixd amhd oloxAnewuata. O
00oVUE ToEUXdTw OTL, oy oplleTon XAl TO PETEO YWOUEVO, TO (D10 axEB3de amoTéAeoua Loy UEL XaL OTh

yevixt| mepinTtwon.
9.1 Xdpeol xou LETEA YIWOUEVO

EEXWVAUE UE TOV 0pLOUO TN 0-BAYERROC YIVOUEVO.

Opgiopdc 9.1.1. 'Eow (X, A) xa (Y, B) yetpriowol ywpeot. ‘Eva ovoro C' C X XY xokeiton petprioyuo
opBoydvio av eivon tne poppric C' = A x B vy xdnowo A € A xouw B € B. H o-dAyefpa ywipervo tov A
xan B elvon 1) o-dhyelpa mou mapdyeton amd tar ueTerioda opoydvia, dnhady| 1

AB=0c({AxB:Ac A B e B}).
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Oplopodg 9.1.2. 'Eotw X,Y 600 cOvora xau éva C C X x Y. Ave € X xay € Y 1d1¢ oL TopéS Tou

C oto z xou y avtioToya ebvon ta oOvoha

Co={yeY :(r,y) eC} xa CY={x € X :(z,y) € C}.

1D =

T CY

Yyfuo 9.1: Ou topég evée cuvorou C

Av emmiéov f 1 X XY — R elvow wa ouvdptnor, tote opilovton ot cuvoptrhoelg fr 1 Y — R xou
f9: X = Ruyue
foly) = fa,y) wou fU(x) = f(z,y).
HMopoatnphote 6t av 1 f eivar e poppic f = xo v xdnoo C € X XY, t6te fo = (XC)a = X,
aol v x € X otoepd éyouue f(x,y) =1 av xou uévov av (z,y) € C, dnhadh av xou pévo av y € Cy.
Teheine avdhoyo Brémovpe 6L f¥ = ()Y = xcv.
Enilong, av to C' eivan tng poppric A x B yw xdnoww A C X xou B C Y, tote

B, avze A A, avyeB
(9.1.1) Cy = xaw CY = Y

&, OLIPOPETIXG &,  OLPORETIXG .
Fevixd woybouv ta e€hc:
ITeo6taom 9.1.3. Eoww (X, A) kar (Y, B) petprioor xdpot.
(i) Av C € A® B elvar éva uetpriouo otvolo, tote Cyp € B ka1 CY € A yua kdle x € X kaniy €Y.

(it ) Av f evar pua petprionun ovvdptnon oto X XY, tdte n fo elvar B-petprionun yia kdde x € X kar
n fY eivar A-petproun ya kde y € Y.

Anddeén. (i) Oewpolye Ty oxoyével
C={CeA®B:Cy B, yiaxdde z € X}.

Oa 6eiCoupe 611 C = A® B. Hoapatnpotue apywxd, 6t av C = A X B elvan éva yetpriowo oploymvio,
t6te and v (9.1.1) éyovue Cp € B vy xdde z € X. Apa, n C nepiéyer to yetpriowa opdoymvia. T
vo. Betydel howmdv 1o {nroluevo, apxel va dellouue 6TL ) C elvon o-dhyeBpa. apatneolue dtL oybouv o

oyEoels:
(X xY\CO), =Y \Cp xu (U Cn> = U(Cn)z
n=1 T n=1

(v Tig eréyiete). And autéc whpa, éneton 6Tt 1 oxoyévela C elvan XAEIOTH ¢ TEOC CUUTANEMUOTO X0l
¢ o apriunoles evmoelg, dnhadt elvon o-dhyefpa, 6mwe Vélope. Autd amodewviel To {nToluEvo.
Telelog avdroya delyvouue 6tL CY € A yia xdde y € Y.
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(ii) 'Eotww (Z,D) évac petpAowog yweoc xau f: (X x Y, A® B) = (Z, D) petpriown ouvdptnon. Tore,
yioo D € D €youue

(fe) " (D) ={y €Y : fuly) = f(z,y) e D} = (f (D)), €B

and 1o (1). Apa, 1 fr elvon yetprown.

‘Opota delyvouue 6tL 1 fY elvon petprown. O
Yy 6Ao. Yto (ii) mopandve yenoWomooope T YEVIXY| EVVold TNS HETENOWOTNTOS oL GUINTACUUE GTO
TPONYOUUEVO Xe@dhoto. Av 1 cuvdptnon f nalpver Tiwéc oto [—oo, 0o TéTE Tar avtioTouya ohvoha D eivou

oL St TAUaTa TG Lop@hic (—oo, b] émou b € R evd av nafpver Twée oto C elvor ta Borel unocivoha tou

C.
Ye auTo To onpeio elodyouue Tov axdrouto cuuBohioud: Av f elvon plo UETETOIUY CUVAETNOY OPLOHEV
oe évay yhpo wétpou (X, A, 1) Yo ypdgpouyue

[ #an= /X F(z) du(z)

yioe va Eeywpiloupe xdle @opd T UETABANTH OhOXAHPWOTNC.

‘Onwe elnope xou oty apyr| oL xepohaiov Yéhoupe va amodeilouue Vewpruata tOnou Fubini oe
QEXETA «xahécy xataotdoec. Ewbwdtepa, av (X, A, p) xau (Y, B,v) eivar 300 «xaholy ympol Uétpou xou
f X xY = R wo «<xohfpy cuvdptnon Yo Féhaue va unopolue vor aAAGEOUUE TN Oelpd TN BLTAYg
ONOXAPWONG, ONAAOT Vo Loy el OTL

/X </Y f(z,y) dy(y)> du(x) = /Y (/X flz,y) du(x)) du(y).

Atyo mo npooexTixd, unopolue Vo Yedoupe TNy TeheuTala IGHTNTA WS

/X (/Y J=(y) dv(y)) du(z) = /Y (/X FY(z) de)) dv(y).

Exeivor ou ywpol uétpou yia toug omoioug Yo metlyoupe amoteréopata TETolG QUONG elvon axpBe ol
YWEOL O-TETEPAOUEVOL UETEOU. Oa gavel apydTepa Totég Yo efvan oL «xaAEC» CUVORTAHCELS, ahAd oe xde
nepintwon Ya Vélaue o deixtpieg ouvapthoelg va elvan tétoleg. ‘Eyouue hoimdv 1o e€rg anotéheoua

Ocedpnua 9.1.4 (Fubini yw deixtpiec ouvaptioe). Eotww (X, A, p) xar (Y,B,v) dbo ydpor o-
nenepacpévov pétpov. Ia kdde C € A ® B Oewpolue tg owvaptiioas ¢o @ X — [0,00] ka1 Yo :
Y — [0, 00] mou opilovtar ws

Kai

vely) = p(Cv) = /X xeu () dy(z) = /X xe(@,y) dulz).

Tote n ¢ etvar A-petprioun, n Yo B-petprionun kar emmAéov 10y vel

(9.1.2) /Xqﬁc dp = /ch dv,
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/x (/Y xc(z,y) du(y)) du(z) = [/ (/x xo(z,y) du(x)> dv(y).

Anéoeitn. Trmodétouue apyxd OTL ol jt xou v ebval TEMEPAOUEVA. OEWPOVUE TNV OLXOYEVELL

1 1wo00Vvaua

C= {C’ € AR B: ¢c, Yo petphotues xau / oo du :/ Yo dy}
X Y

xou Yo Set&oupe 61t C = A® B. Aol A® B = a(A), 6mouv A elvon 1 0txoyEvelo OV TV UETENOWOY
opYoywviwy, xou apod n A eivor xAEWOTH W TPoc TIC MENEpaouéves Topéc (enyfote yatt) yvwpeilovue
61t A® B =0(A) and 1o Oedpnua 1.2.4. Enoyévanc, apxel vo delfoupe dtu:

1. H C mepiéyel T uetpriowa oploymvia.

2. H C ebvar »\don Dynkin.

INo o tpwto, av C = A x Bue A€ Axu B € B éyovpe 611 Cp = By xz € A xou Cp = & o0ddC.
Eniong CY = A yia y € B xou CY = @ ahhe, dpo do(z) = v(B)xa xu Yo(y) = p(A)xp, mou eivo
ueTpoweg cuvapThoels. Emouévac,

[ ocdn= [ w8y du= ) = [ payav = [ ve v

INo 1o Beltepo, mpénel var eAEYEoUUE TIC WLOTNTES Tou oplopol tne xAdong Dynkin. Kat’ apydc, eivou
mpogavéc 6TL X X Y € C agol 10 X X Y elvan yetpriowo oploydvio.

Ocwpolpe pla adZovoa axorovdia (Cp )y otoryeinv e C xou Yo dei&oupe 6t C = ,, C), € C. 'Ohec
oL @, xU YPe,, ebvanr UETEYOWES ot ETUTAEOV Loy UEL

/X bc,, dp = /Y ve, dv

Yiae x8de . Aol 1 (Cy)y ebvor adZouca, To (Blo woyler yio g ((Cn)z) xou ((Cn)Y) xou emmhéov €youye

Co=|J(Cn)a xu C¥=[J(Cn)".
n=1 n=1

‘Eto, ot (¢¢,) xou (Y, etvar adEovoec xou entmhéoy

po(z) =v(Cy) =limv((Cp)s) = liTILn oc, ()

n

o

voly) = u(CY) =limp((Cp)") = lim ¢, ()

v xde x € X xan y € Y. Buvenag, ol ¢ xan Yo ebvan Yetprioeg xou emmiéoy, and 1o Ocwpnua
Movétovng E0yxhiong 6.2.6 €youue 6Tl

/qbcd,u:lim/ oc, d,u:lim/wcndyz/wcdy,
X noJx nJy Y

onraot| mpdypatt C' € C.
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Ocewpolpe twpa 800 civola C, D € C ye C C D xan Ya delloupe 61t D\C € C. Twzr € X xuy € Y
€Y OLUE
(D\C)y =D, \Cp xu (D\X)Y=DY\C".

Yuvenoe, agol Cp C Dy xon CY C DY xaw ol f1 ot v €VOL TETEQUCUEVAL €Y OUUE:
¢p\c(2) =v(Dz \ Cz) = v(Dz) = v(Ca) = ¢p(2) — ¢o()

xon opow Yp\c = Yp — Po. Eneton howmdy 6L oL dp\¢ v Pp\¢ ebvor PETENOLIES xau ETITAEOV

[ ovcdu= [ 6p-scdu= [ épau- [ bcdu= [ vwdv- [ vea

Z/YIZJD—UJC dV:/yﬂ}D\c dv.

"Apa, mpdypot, D\ C € C.

EXéyEope 6Tt ioybouy tar 1 xou 2 mapamdve, doo éneton To {NTOVUEVO GTNV TEQITTWOT| TWY TENEQACUEVKY
uétpwy. 21N yevixn nepintwon e, Peioxovue adouvoee axohoudiec (Xy)n xau (Yy,), otc A xa B
avtiotoyo wote X =, Xn, Y = U, Yn xou yia xéde n vo woyder p(Xy),v(Yy) < 00. Oewpolye, »g
oLVHYWE, TOUC TEPLOPIOUOUS [y, XOL Uy TV [ XU ¥ TOU 0pillovTal »g

pn(A) = (AN Xy) xau vy(B)=v(BNY,)

yian e N Ae Axu B € B.

Ta fun, xou vy, elval TENEPACUEVO UETEA XL YO OTIOLEGONTOTE ONOXATPOOWES CLVAPTNAOEL [ %ol g oTa
X xou Y avtiotouya oy lel

(9.1.3) /fd,un:/ fdu o /gdl/n:/ g dv,
X Xn Y Yn

opxel v opilovton 6har T ohoxdnewpoto. (H anddelln autdv twy oyéoeny aphvetar og doxnon.) Agol

TA [y, XU Vp, ELVOL TETEPAUOUEVAL, OL GUVORTYOELG
T = vp(Cy) won y = pun(CY)

elvon peTprioyeg xan emTAEOY Loy VEL

/X Un(Cy) dpin(z) = /Y 1n(CY) dvn(y)

yioe xdde n. Bougova ye v (9.1.3) n tehevtaio lodTTa YRdPETOL WS

(9.1.4) /X vn(Ce)xx. () dp(x) = /Y 1 (C) Xy (y) dv(y).

‘Ouoc, edxoha Bremoupe 6Tt do(z) = v(Cy) = limy, v, (Cy) xou buoa Yo (y) = lim, pu,(CY), dpo ov ¢o
xou Yo ebvon petpioes ouvopthoetc. Tdpa, agol ot oxohoudiec (Xy,) xau (Yy,) elvon adovoee, to Bo

Loy VEL Xou YioL TIC UTO ohoxApwon axohovdiec otny (9.1.4). Enopévne, xadde to n teivel 010 00 €youue
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(amb to Bedpenua Movétovne Xoyxhiong 6.2.6 ot

/ bo() du(z) = / bely) du(y),
X Y

onwe Véhoue. 'Etol ohoxinpdveton 1 anddelln tou ewphuotog. [

Av unodétaye mpog otiyuiyv 6t elye optotel éva uétpo p otov (X x Y, A® B) wote va ixavoroleito
1 (9.0.1) xou 9€hape vou toy Vet xou xdmowo anotéheopa tonou Fubini vy tnv f = x¢ Va énpene va €youye

/Xtﬁcdu=/y¢chz/Xxyx(;dp:p(C).

Me Bdon auth Tnv Topathenor anodexviouue hotndy To e€Ng:

Ochpnpa 9.1.5. FEotww (X, A, p) kar (Y, B,v) xydpor o-renepaopérov pétpov. Tére vndpyer povadiio
Hérpo p arov ydpo (X x Y, A® B) dote

(9.1.5) p(A x B) = pu(A)v(B), ya kife A€ A ka1 B € B.

EritAéov o p dlvetar ané tn oxéon

(9.1.6) p(C) = /X o du = /Y@Dc dv, yu C e A® B,

omov o1 p¢ kar Y €lvar omws oto Tponyoluero Dedpnua.

Anddetn. Anodeixviouye apyxd v Umopln. Oewpolue tn ouvdptnomn p touv opileton and Tic oyéoes (9.1.6)
xou Yo Bei€oupe 6TL opilet éva pétpo otov yopo (X X Y, A® B). Kat’ apydc napatneodue 6t

p(Q)Z/Xd)@ duz/Xu(Qm) du(z) = 0.

Enopévoc, péver va deydel 1 aprduiown tpootetixdtnta. Oewpolue Aotnév pa oxoroudio (Cy)y Zéverv
avd 6Vo ototyelwy e A ® B xou Yo delouye 6Tt

p <U Cn) = Zp(cn)
n=1 n=1

Trohroyilouue:

P (pl Cn) :/X¢UnCn d,u:/XV (U(Cn)x> dlu('r)

n=1

-/ > v((@e) dute) =3 [ v((€a)) duta)
_ ;/X bc, dp = ;mcn),

6mou otV Teltn Wt Yenotwonotoaue Ty utdleon 6t ta (Cp ), elvon Eévar avd 800 xat 0TV ETOUEVN
0 Yedpnua Beppo Levi (Oewenua 6.2.12). "Apa, to p eivar tpdypott uétpo. Av tpa A X B elvou éva
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ueteriowo opdoynmvio, dnradn A € A xa B € B, tote

piaxB) = [

V(A B)) duw) = [ (B) du(w) = p(A)(B).
X

A

YUVETOC, TO p €xEL Oheg TIC WLOTNTEC TOL {NTOUGUUE, ONAAOY Yio Y WOEOUS T-TEMEQUCUEVOU UETEOU UTEOYEL

TévTaL VoL UETPO YLVOUEVO.

[t povadixdtta, €ote T éva pétpo otov yoeo (X x Y, A® B) ye v 1di6tnta
T(A X B) = u(A)v(B), ywxdde Ae Axu B e B.

Oa deifouye 6t to T Towtiletan pe to p. Bploxoupe adZoucec axohovdies (Xy,) xou (Y5,) petpriowmv
ouVOhwY hote va toyouy ot X = (J,, Xy, xou Y = |J,, Vi, xou yio xdde n vo éyovue pu(X,) < 0o xau
v(Yy) <oo. Tote, X xY =J,,(X, x Y,) xou emmiéov

T(Xpn X Yy) = w(Xn)v(Yn) = p(X, X Y,) < oco.

Aol 1 owoyévela Twv YETENOWOY 0p00YwVILY elvol XAEIGTH WE TEOC TENEQUOUEVES TOUES ENETOL, A0 TO
Ocwenua Movadwotnrag 2.2.1, 6t p = 7. o

Opiwopdc 9.1.6. Eotw (X, A, pn) xa (Y, B,v) yoeor o-nenepoouévou étpou. To povadind pétpo p
Tou eCacPoMlEToL amd TO TEONYOUUEVO VeWpnua AEYETAUL UETPO YIVOUEVO TV (b Xl ¥ xou oLUBoAleTo
we p x v. O yopoc wétpou (X X Y, A® B, pu x v) Myetow xdpos ywdpevo v (X, A, u) xau (Y, B, v).

[Mopatnenote 6T, and TOV TEOTO TOU 0pICTNXE TO UETEO YWVOUEVO, eluaoTe Twpa oc Véorn vo Eovo-
Yedpoupe ) oyéon (9.1.2) we e€ic:

/Xqﬁcd/i:/ywcdu:/xxyxcd(uxm.

ITépopa 9.1.7 (apyn Cavalieri). Eoww (X, A, u) kar (Y, B,v) xdpor o-renepaouévov pétpov. Av ya
wa otvoda C, D € A® B ioxve ou

v(Cy) =v(Dy) p— oxeddr yua kide v € X
wote (u x v)(C) = (u x v)(D).

Anédeién. H doopévn oyéon yedgetan xou w¢ ¢c = ¢p p—o.1. oto X. "Apa, mpdypatt

(00 = [ b du= [ 6 du=(ux1)(D),

EZetaloupe twpa T cuumeplpopd Tou pEtpou Lebesgue ota yivoueva:

IMTopddevypo 9.1.8. T n € N dewpolue to pétpo Lebesgue A, otov petpriowo yodeo (R, B(R™)).
Avk,meNyen==k+m, e

() B(R™) = B(RF) @ B(R™), émou éyoupe xdvet guotxd v tavtion R® = RF x R™.
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(B) An = Ak X A

Anédatn. () Oo anodelfoupe dLadoyixd Touc BVo eyxeiopolc. Oewpolye apyxd dVo clvoha A € B(RF)
xou B € B(R™) xou Yo det&oupe 61t A x B € B(R"). Av

m R =RF xR™ 5 RF xau mp: R* =R x R™ — R™
elvow oL amewxovioelg Tpofolnc, ToTe unopolue va ypdpouue

Ax B=(AxR™)NR"x B)=n7"(A)Nn, ' (B).

Aol o1 T xu T eivan cuveyelc cuvapThoels, cuutepaivouue 6Tt Ta Ty L(A) xau Ty L(B) elvon olvola
Borel otov R, dpa 10 (B0 toylet xa yioe 1o A X B. Yuvenwe, n B(R™) nepiéyer o petprioya opdoymvia
xon ool emmAéoy eivan o-dhyePea éyouye Tov eyxhelousd B(RF) @ B(R™) C B(R™).

[ tov avtiotpogo eyxhelond apxel va detouue 6Tt av G elvon éva avowtéd urtocivoro tou R™ tote
G € B(RF) ® B(R™), &t n B(R™) mopdyeton omd To0 avoxtd oOvora. Améd 1o Baod Afuua 3.2.3

unopolue va Bpolue oaxoroudia Eévwy avd 800 daotnudteny R, t =1,2,... otov R" ®ote
oo
G - U Rt.
t=1

Etvor 6uw¢ cagég ot xdde dudotnuo Iy yedgpetar otn woppt| By = R,El) X R£2) OTou T0 REI) elvon SLdoTNua

otov R¥ xou 7o Rgz) elvor Bidotrnua otov R™, dpa Ry € B(R*) @ B(R™) yiw xdde t. Eretor 67t

o0 [e.e]
G =JR=JR" x R®) € BR")  BR™)
t=1 t=1

doa éyoupe Tov eyxeoud B(R™)B C (R¥) @ B(R™).

(B) I'vwpiloupe 611 to Yétpo Lebesgue eivor to povadixd pétpo Borel otov R™ mou ixavomolel tny
M) =vp(I), vy xdde I didotnuo otov R”,

6mou vy (I) o n-didotatoc dyxoc tou I. Av I eivon évo tétol0 BdoTnua, TOTE UnopolUE va Ypdpouue
I=1D x I? énov ta IM xou I eivan Sraothpata otov RF xon otov R™ avtiotowya, dpo:

Ok X Am) (D) = (A X A ) (TP x 13y = X (TN, (13
= 0 (I, (I®) = v, IV x 1)) = v, (I).

Autd amodenviel 6Tl Ay = A X A\ O

IMapdderypa 9.1.9. To Yedpnua Fubini yia yopaxtneiotixés cuvoptroelc unopel va unyv oyvel ov
€0TW XU EVOL OO T 4 XOUL ¥ OEV eVl O-TETEPACUEVO.

Arndéaén. 'Eoww (X,A) = (Y,B) = ([0,1],B([0,1])), u to pétpo Lebesgue oto (X, A) xou v 10 yétpo
anapidunonc otov (Y, B). Ocwpolpe 10 A = {(z,x) : x € [0,1]} € X XY xau napatnpolye 61t A € ARB

xou emiong v xde x € X xou y € Y woylel 6T

¢a(r) = v(Ag) =v({z}) =1
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Hol
Ya(y) = p(AY) = u({y}) = 0.

YUVETOC,

/){mdu:l#ozjymdu.
O

Yy OAto. X auth) TNV eVOTNTA AmOdEIEUE OTL GTNY TEPITTWAT TOU €YOUUE VO YWEOUS T-TETEPUCUEVOU
uétpou opileton mhvTo Evar povadind pétpo yvduevo (dnhadh mou va ixavorolel tn oyéon (9.0.1)) otov
X®EO Youevo. Aev elval YEVIXA OWOTO, AV APUEEGOVUE TNV UTOVECT, TOU O-TETEPACUEVOU UETEOV, OTL
UTdpyEL TavTa HOVo €va TEToo UéTpo: otny ‘Acoxnon 9.14 Siveton €va avunopddetypo. o’ oha autd,
elvar yeyovde 6Tt yior omoouadhtote 800 ywpoug uétpou (X, A, 1) xou (Y, B, v) undpyet évo yétpo p otov
(X xY, A®B) nou vo ixavorotet Ty (9.0.1). H anddeiln autod tou Yewphiuatos yenotponotel to Yempnua
enéxtaong Tou Kapardeodwer| xat Eepedyet and Toug oxonols auThY TV ONUELOCEWY. Od oXiaypaPicOUUE
T Boowd e PrAnoata oty ‘Aoxnon 9.13 napoxdto.

9.2 Ta Yewpruata Tonelli xow Fubini

Ye auth) Ty evotnTa Yo anodel&oupe 800 BlapopeTixéc exdoyéc Vewpnudtwy TOnou Fubini. Xougonva pe
10 Oetpnua 9.1.4 xou tov Optopd 9.1.6, av o X xau Y elvon ydpol o-nenepaopévou pétpou xan f = xc¢
yia xdmowo C € A® B, t61e

/x([/fdy)d”:[/</de”>dV:/Xnyd(u><u).

Y1oyog yag elvan var amodetfouue TETOlEC TaUTOTNTES Yiol EVPUTEREC XAAOELS CLVAPTACEWY. AuTO Tou Yo
OUEPTOTAY HAVELS PUCLONOYIXY EIVOL VOL TTROY WENCOVUE OIS AXELBME Kol GTOV OPLOUSO TOU OAOXANEOUATOS
oto Kegdhawo 6: yetd amd Tic OelxTpleg CUVORTACELS VoL PTACOUUE OTIC UTAEC CUVAPTHOELS, OTI CUVEYELL
OTIC U1 AEVNTIXEC UETEHOWES CUVOPTNOELS X0 TEAOS OTIC OAOXANEWOUES CLUVAPTACELS. AUTY axelBng elvor
1 mopelo Tou Yo oxohovcoupe. Eexviue Aolndv and to eEAC:

Ocopnua 9.2.1 (Tonelli). Eorww (X, A, n) ka (Y, B,v) xdpor o-nenepaouévov pérpov. Av f: X x
Y — [0,00] elvar pua petprionun ouvdptnon, Yewpodue tig ovvaptrioes ¢r @ X — [0,00] ka1 iy 1 Y —
[0, 00] mov opilovtar wg

pf(x) =/fo dv:/yf(w,y) dv(y)

Kai

wf(y)—/xfy du—/Xf(w,y) du(x).

Tére, n ¢y etvar A-petprionun, n 1y B-petpioun xar emmAéov 1oy del

Jordu= [ wrav= [ pagsn)

1 1wo0dvaja

[ ([t ) anter = [ ([ ste) i)} avto) = [ 5t
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Amdoaén. Kat’ apyde, ov ¢ xau 9y elvon xohd optopévee clugponva ye tny Hpdtaon 9.1.3. Q¢ cuvAdwc,
oivouue TNV amddelln oe Briwarto:

Brpo 1. H f elvar tng popygric f = xc v xdnoto C € A® B.

‘Onwg elnaye xou mpv and 0 dlatinworn Tou Yewphuatog, autd To BAud TeoxOnTeL dueca and To Ocwen-
poe 9.1.4 xon tov Optopod 9.1.6, av mapatnericoude OTL ¢ = ¢o xan Yy = P, Omouv dc xan Yo elvon ot
ouvapThoel Tou Vewprioade oto Oenpnuo 9.1.4.

Brpa 2. H f elvon un apvntixs amhy) cuvdpetnaon, dnhadr cuvdetnon e wop@nig

n
f= Z ajXc;
i=1

Y xdroto aj = 0 xau C5 € A® B.

[Mopatnpotue ot Yo xdde x € X €youpe
n
fLE = Z aj(XC]):B
j=1

X0l CUVETIOC 1) YRUUUXOTNTA TOU OAOXATROUATOC BivEL

(9.2.1) 65 =) ajéc,
j=1

n omolo elvan petpriown. Telewde ool nolpvouue 6T

9.2.2) vp =Y aic,
j=1

dear xou 1 Py ebvon petprown. Emmiéov, and to Brua 1, yia xdide j €youue

/X¢Cj dlt:/yiﬁcj dV:/Xxyij d(p x v).

IToMamhaotdlovtog autés Tic OYEoELS UE a;j xou TpooVétoviag modpvoupe (Adyw twv (9.2.1) xou (9.2.2))

Joordu=[opar= [ fagoco,

7
oTlL

onAadn tn {ntoduevn oot
Brpa 3. H f elvou Tuyoloo un apvntiny| ueteriown cuvdetnon.

Katd 1o yvwotd, undpyet adZouca oxohoudio: (sp )y KN 0pVNTIXGY OTAGY HETENOUWY CUVIPTACENDY WOTE
sp 0 f. Tote, yia xdde x € X, n axoloudior cuvoptioenmy ((sn)w)n elvon abZovoa xou ETAEOV (Sp )z
fz. Katd ouvéneia, and 1o Yedpnua povotovng alyxhiong €Youpe OTL

llglgbsn(x) = hrrln/y(sn)x dv = /fo dv = Qbf(x)
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Teheloxg dpota €youpe xan tn oyéon
lim ¢, (y) = ¥7(y)

v xdde y € Y. ‘Opwg, and to Briua 2 ou ¢, xan 1), elvon petprioeg yio xdde n xou emniéov 1oy let

/X¢S” d/t:/yq/)sn dV:/Xxysn d(p x v).

‘Apat, 0L GUVOPTAGELS ¢ f X0l 1 p EfVOL UETRPHOUIES Xol UEALGTAL, ooV Xok Ot (P, Jn X0l (Y, )p €V aOE0UoES
(eZnyhote yiotl), éneton amd o Vedpnuo povotovne olyxhong ot

/ngfdu:/ylpfdyz/)(xyfd(uxy).

IMépropa 9.2.2. Eorww (X, A, pn) ko (Y,B,v) yopor o-renepaopévov puérpov ka1 f + X xY — C

O

petproun ovvdptnon. Ta axdlovda elvar wwodvaua:
(i) H f etvar okorxAnpcsoun, dnhadn f € LM (p x v).
(ii ) Toxve 6u [y [y |f(@, )] dv(y) du(z) < oo.

(iii ) Toxve éu [y [y |f(z,y)| du(z) dv(y) < .

Andoaén. H |f| etvou un apvnuind yetphown ouvdptnon xou ond to Yedpnuo Tonelli éyouue

[ av) duta) = [ [ 1l duto) avto) = [ 171,

Av howdy woyder pio and Tic (i)-(iil), dnhadn éva and ta Tpior ohoxhnpmpoTe elvor TETEPUOUEVO, TOTE TO
(Blo oy eL xou Yo Ti¢ dAAeS BLo. O

To endpevo Prua elvon va UEAETHOOUUE OAOXANEWOWES CUVOETHOES Tou Ttadpvouy Tweég oto C. TV
QUTES Loy Vel To e&Nc:

Oevpnpa 9.2.3 (Fubini). Eotw (X, A, 1) ka1 (Y, B,v) xopot o-terepaciévov pétpov kar f € L1 (px
v) odokAnpdoun ouvdptnon. Tote:

(i) Ioxve 6u f, € LY (V) p—oxeddv ya kdde x € X ka1 f¥ € LY (1) v—oxeddv ya kddey € Y.

(il ) O1 owaptrioes ¢ : X — C kar ¢y : Y — C nov opilovtar wg

Jy foly) dv(y), av fo € L1(v)

¢p(z) =
g 0, dgopetiicd

Jx () dp(@), @ ¥ € L))

vrly) =
! 0, dgopetiicd

aviikour otous L () kar LY (v) avtiororya kar emmAéor 10yUel

(9.23) Jordu= [ wrav= [ pagsn)
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onAaon), ovowaotikd

(9.2.4) ([ st ) auto) = [ ([ sty dute) ) aviy
Z/Xny d(p x v).

Anddetn. Ou yenowonotolue To GUUBOAOUS ¢, xou Py, yior Wior yetprioun ouvdetnon h: X x Y — [0, oo]
omwe xdvape oto Bedpernuo Tonelli.

(i) Agol f € LY X V), ohupwva U T0 TponyoUuevo Téplope €YOUUE 6T
[ ([ 15wl ) dute) <o
x \Jy

/ o) du(y) <
Y

p—oyeddv yio xde z € X (e€nyfote 1o autd avahutind). Me ko Moy, fr € L1(v) p—oyeddv yiu
xde z € X. Tehelwe avdhoya Prémovye ét f¥ € L1(1) v—oyedby yia xdde y € Y.

ii) @étoupe A={z € X : f, ¢ L1 (v)} xu nopatneodue 6Tt yia éva € X éyouue
t parTneoly youl
/Y |f2(y)] dv(y) = 00 av xa uévo av @5 (z) = oo,

dpa A € A xon pi(A) = 0, apod n @y ebvon petpron. Tty andden tne (9.2.3) thpa:
Trodétouye apyxd 6t f elvan mporypatinh ouvdptnon. Doz € X \ A éyouye

b5(x) = /Y faly) dv(y) = /Y (o) () duly) /Y ()" () du(y)
- / (F)aly) du(y) - / (F)ely) duly) = dy+(z) — ds- ().
Y Y

Apa pp = (Pp+ — @5 )Xx\a- AT 10 Ocirpnua Tonelli n ¢y eivon petpriown xou emniéov, apod u(A) =0
xan f € LY x v) woybouy ot:

/ PprXx\A Al =/ Gp+ du :/ frd(uxv) < oo
X X XxY

ol

/X<15fXX\A d/J:/Xéf)f d'u:/Xxyf d(pu x v) < oo.

J1ostaus [ o dus [ oy du= [ ifldtexn) <o

YUVETOC,
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dnhadh ¢p € L1 (). Moo, oyler 6Tt

/chf duz/XcéﬁxX\A du—/chf—xX\A dp
= [ s [ o= [ fdpcon.

Tehelwe avdhoyo amodevOETOL Xt 1) OYECT PE TNV Y.

[o T yeviny| mepintwon topa: yedgouue f = fi +ifa 6mou ol fi, fo elvon mpaypatiés ouvapThoeLls,
ONOXANPOOIIES WS TPOS 4 X V. OETouue

Ar={zeX:(f): g LV)} xu Ay={x € X :(fo). ¢ L ()}

Aol fr = (fi)e +i(fo)s émetn 61t A= {z € X : f ¢ L1 (v)} = A1 U Ay (ouvende u(A) = 0) xou

enlong ¢y = (¢p, +idp,)Xx\a- Apan @5 chvan petphown xu ¢y = ¢y, +igs, p—o0.1. ot0 X, GUVETHC
¢ € L1(n) nou

[ 6 du= [ on dusi [ o5 dn

= [ ndwxwri [ g = [ g

Tehelwg duola EneTal TO CUUTERAUOUA Yol TIC Py oL ETOL ONOXANEWVETAL 1) AOOEEN). O]

Me tnv (Bl ouclacTixd anddelln unopel vo dellel xavele 6TL To Oetpnuo Fubini woydel xou yio ohoxAn-

PWOLIES OLVOPTACELS UE TéS 6To [—00, 00]. H anddelln agphvetan we doxnon,.

Xyxoho. Yuvitwg to Yewpruata Tonelli xau Fubini epopudlovton yall. Av 9€houvye va vnoloyloouue
T0 ohoxhfpwua wog ouvdetnone f @ X x Y — C Pohedel molkéc gopéc va amodeiloupe mpdta 6T
f € LY (p x v) yenowonodvtae 10 Oedpnua Tonelli (ouclaotind To moploua oL T0 axoroudet) xou
0T GUVEYELXL VoL TO UTOAOYI{COUUE Yok Tou Ocwpruatoc Fubini avadiatdocovtag o ohoxhne®uato Ye
XATIAANAY oelpd. Mo egapuoyt authc tng wéag Yo dolue oto Kegdhato 11 émou Yo yerethooupe
oLVENEN GT0 YWpo LY(N).

9.3 Aoxroeig
Opdda A’
9.1. 'BEow (X, A, p) xou (Y, B,v;), i = 1,2 yopor c—nenepacuévou pétpou. Na dellete 6Tl

px (v +v2) = (uxvi) + (b X v2).

9.2. 'Eoto (X, A) petphowoc ybpoc xan f : X — R petpriom ouvdptnon. Na deifete 671 o oOvoha
(i) Gr—(f) ={(z,y) e X xR: y < f(z)}

(i) Gro(f) ={(@,y) € X xR: y> f(a)} o

(iti ) Gr(f) ={(z,y) e X xR: y = f(z)}
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avixouy oty o—dhyeBeo A @ B(R).
9.3. 'Eow (X, A, 1) ydpoc o—nenepacuévou pétpou xou f : X — [0,00) yetpriown ouvdptnon. Oétouue

R(f) ={(z,y) e X xR: 0<y < f(x)}
ol

S(f) ={(z,y) e X xR:) <y < f(2)}
Na deigete 6Tt R(f), S(f) € A® B(R) xou emniéov

/ fdp = (uxX) (R(f)) = (< A) (5(f)) :/ u(lf = y]) dA(y).
X [0,00)

Suvdyete 6T av o e Yetpriown ouvdptnon g @ X — [0,00) woydel p ([f = y]) < p(lg = y]) v xdde y > 0,
e [y fdp < [y gdp.
Opdda B

9.4. Anodeilte 6T dev undpyel ovvoro Borel A C [0,1] x [0,1] dote A, apripfiowo yio xdde x € [0,1] xou
[0,1]\ AY apuiuhowo yia xdde y € [0, 1].

9.5. Adote nopdderypa cuvérou C C R? dote C ¢ B(R?) xou var toylouy to e€Ac:
() Cp € BR) xou CY € B(R) yio x&e z,y € R %o

(B) O ouvaptioeic = — A(Cy) xou y — A(CY) eivon Borel petprioyes xon 1oy beL

//\ )dA(x /AOyd/\

9.6. Adnote nopdderyuo Borel petprowne ouvdptnone f: R? — R dote f ¢ L1(A x A) xou vo oyler fr € L1(N)
xou f¥ € LY(N) vy xdde x,y € R xon emmhéov

//fzyd)\ YdA(y //fa:yd/\ YdA(z).

9.7. 'Eotw (ank )y p=y tet 0k axcohoudior mporypotinddv aprdpuady yia v orola 1 oetpd 3, 4 [ank| ouyxhiver. Na

00
k=1

=1ln=

deilete 6T
o0

SR
Apk = E § Apf;-
1

n=1k=1

Owdda T

9.8. 'Eow f : (0,1) — R Lebesgue petpfiown ouvdptnorn. Av n ouvdptnon g(z,y) = f(z) — f(y) cbvou
ohoxhnpdotun oo (0,1) x (0,1), va delEete 6t f € L£1(0,1).

9.9. Ecw f,g: R™ — [0, 00] un apvnuxéc yetpriowes ouvapthioec. No dellete 6Tt

/n frgdXx= /OOo </{16Rn:g(z)>y} f(z) dx\(ﬂ&)) dA(y).
/ng(x) dA(z) = /OOO A{z: g(z) > t}) dt.

Yuvdyete 6Tl
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9.10. Eotw f : R" — R Lebesgue yetpriowun cuvdptnon pe v e&hc widtnta: undpyer C1 > 0 wote, yio xdde

t>0
Gy

12

A{z = |f (@) > t}) <

Aeigte 6t undpyer Co > 0 wote, yio xdde pyetprioyo odvoro E pe 0 < A(E) < 0o va toyle
[ 18] do < VAT
E

9.11. 'Eotw wo petprown ouvdpetnon f € L£1(0,1). Tw z € (0,1) 9étoupe

iy
/ g(e) d(x) = / () dx)

9.12. Eow (X, A, 1) xou (Y, B,v) tuydviee xdpor pétpov. Amodellte dtL atov xdpo ywouevo (X x Y, A® B)

Acifte 6t g € L1(0,1) xou

opl{letan éva uétpo yvouevo p axohovdmvtae ta e€hc Bridortas

(i) Amnodelte 6t av éva petpriowo optoydvio A x B ypdpeton ot popen

AxB= D(Aann),

n=1

6mou {A,, x By} axorovda Eévewv avéd dvo petpriowny opdoywviny, téte
o0
-3 ua
n=1

(ii) Av {A, x By} xa {E,, X F,} eivon 300 axohovdiec Eévwv avd 300 petphiownv opoyuviwy dote

GA x Bp) GEXF
n=1 n=1

Tt6t€e

ZN(An)V(Bn) = ZU(E Jv(Fy)

(iii ) Oewpolye NV oovéveldr R OV TV TETEPUOUEVODY EEVOV EVOOEWY PeTprowy opdoywviny. Ta éva
C =Ui_,(Ax x Bi) € R 9étoupe

= u(Ap)v(By)
k=1

Anodelte 6t n R elvan dhyePpa xan to pg mpouéteo otny R.

(iv ) Xpnowonowdvtac to Yedpnua enéxtoone tou Kopadeodwer| cuvdyete to {nroluevo.
9.13. Eow (X, A, u) = (Y,B,v) = (R,P(R), i), 6mou

0, av A apiuropo
n(A) = {

00, av A unepapliuroylo .

‘Eotww m: X XY — X pe n(z,y) = 2 — y n npoforf) tou X napddinia otn dydvio A = {(z,z) : ¢ € X} tov
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X xY =R2 Opllovye p,7: A® B — [0,00] and Tic oyéoeic

0, oavC=AUB xum(A),m2(B) aprdufioua
p(C) =

00, OLIPOPETIXA

0, avC=AUBUD xu m(A),m2(B),n(D) aprdufciua
{oo, OLAPOPETLXAL .
Na 8elete OTU:

(i) Ta p xou 7 elvon pétpo oty A® B.

(ii) p(Ax B)=7(Ax B) = p(A)v(B) yia xéde A€ Axu B € B.

(iii ) Tt Brayodvio A woylter A € A® B xou p(A) = 00, eved 7(A) = 0.

‘Etot, 1 LovadxotnTol ToU HETEOU YLVOUEVOU UTOTUYYEVEL oY BEV XAVOUPE TNV UTOVEST] TOL 0 —TNEMEQATUEVOUL.



Kegpdiawo 10

To Oewpnua Radon-Nikodym

Y16y oc pag og autéd T0 xePdhano elvon va tapoustdcouue to Yewpenua Radon-Nikodym. To demdpnuo autd
Eeywpellel xuplng Aoyw TV egoupuoy®y Tou 6T Ocwpla IIbavothtwy xou T Xuvaptnolaxr Avdhuon.

Yy Hopdypago 6.2.1 eidope 6t av (X, A, p) ebvar évog yodpoc pétpou xau f + X — [0,00] wo
LETEROWN UN apvnTxh cuvdptnon, tote v A — [0, 00] ue

(10.0.1) v(A) = /Af du

opilet éva pétpo otov yweo (X, A) to onolo eivan, 6mwe Mg, andluta owvexés we mpog To i, dnhadt
av p(A) = 0 yu xdmowo A € A, t6te woylet 6t v(A) = 0. To Jewpnua Radon-Nikodym eZetdler xotd
TOo0V Loy Vel TO avTioTEoWo, dNhadr Toleg cuVDTxeg TEETeL var LxavoTolel Evar HETEO 1 OF Evay UETEYVOLO
xoeo (X, A) bdote xdle uétpo v 1o onolo elvor amollTeg cuveyés wg Teog 1 va elvor Tng wopenc (10.0.1).
‘Onwe Yo Sovue ot cuvéEyela, apxel vo xdvouue Ty unddeon OTL To 1 elval o-TENEPAOUEVO.

Trdpyouv TOMES SLaPORETIXES TTROCEYYIOELS Yol TNV AmOBELEN TOU VEWPNUATOS. 2Uy Ve amodeviETI
UETE amd TN MEAETT) TNC EVVOLAC TOU TPOTNUAOTLEVOU UETPOU, UE YoM TN AeYouevng avdhuone Hahn evég
TE€ToloL UETpou. Ou amo@iyouue auTtd To epyoleior xou Yo ddcoupe wa abvtoun anodelln nou Bootleton
uovo oe 6ca €youue PereTroel éwc 1o Kegdhao 6. Xto emduevo xepdloo da ddooupe wia debTepn
amooelln Tou Vewphuatog Ye ypnon Baoixwy anoteleoudtoyv tne Yewmplog ywewv Hilbert, to omoio Yo
epapuboouue otov L2 ().

10.1  AmnoAutn cuvéyeta xal xrJeTOTNTX

Eexavde Ue Yot oOVTOUN PEAETT TN EVVOLIC TNG ATOAUTNG GUVEYELIG TOU OVUPEQOUE THURPATAVE.

Opwopog 10.1.1. Eotw (X, A) yetphiowog yopog xa 1, v 8o wétpa otov (X, A). Aéue 6t to v elvau
amoAUTwS OUVEXES e TEOC 1 xa Ypdpoupe v <K oy Y xde A € A ye p(A) = 0 wydel 6t v(A) = 0.

H éxgpoorn «amohitwe cuVEXECY TIOU YENOWLOTIONOUUE ToRATAvVe dixotohoyeiton and tnv eEAC EVOLo-

(pEpouaa TEOTAOT):

ITe6taocm 10.1.2. Eotw (X, A) petpriogos xapos kar p, v 6vo puétpa ovov (X, A). Trodérouue du
0 v elvar memepaouévo. Ta axdlovOa elvar ioodVvaua:

(i) To v elvar amoAUtws owvexés ws mpog .

(ii ) Ia kdle € > 0 vndpyer § > 0 dote ya kdle A € A pe p(A) < 6§ va wyva v(A) < e.
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Andoaén. (i) = (ii) Ac vrodéooupe 6Tt 1o (ii) dev ahndelder. Tote, undpyel € > 0 Mote Yo x&e n va
unopolue va Bpolue A, € A pe

1
w(Ay) < on X v(Ay,) > e.
©étouue A = limsup,, A, o napatneolye OTL, ool

1
Zu Z——1<oo,

n=1

ané 1o 1o Afjupo Borel-Cantelli (Aoxnon 2.3) énetan 6t u(A) = 0, dpa xou v(A) = 0. ‘Ouwe, and v
‘Aoxnon 1.4 éyouue 6Tu

v( (m UAk>—11mV<UAk>/5
n=1k=n
apol v (Ure,, Ak) = v(Ap) = € vy xdle n, dpo éyoupe avtigaor.

(ii) = (i) Eotw A € A dote p(A) =0 xou e > 0. Tote, undpyel § > 0 wote vo toye 1 (i), duwe tote
p(A) < 6 xou éneton 6t V(A) < €. Agol 10 € > 0 ity Tuy GV Eyouue mpdyuatt 6t v(A) = 0. Yuvenwc,
v . O

[Tepvdpe tpa oTNY €vvola TN xadeTOTNTAC TOU Vo YEELAGTOVUE UETH altd TNV AOOEIET) TOU VEWPHUATOS
Radon-Nikodym:

Optowoéc 10.1.3. Eow (X, A) petphopog ydpog xo i1, v 80o pétpa otov (X, A).
(i) Aéue 6T 0 p eivon ovykevtpopérvo oe éva A € A av woyler u(X \ A) = 0.

(i ) Aéue 6t to uétpa p xon v elvon kdleta av undpyer A € A Bote 10 p1 VoL Elvol CUYXEVTPOUEVO GTO
A xou to v va givar ouyxevipwpévo oto X \ A. e auth v tepintwon, yedgpouue L v,

Mepixéc oyeddv queces WOTNTEG TNC AMOAUTNG CUVEYELNG Xl TN XUETOTNTIC TEQIEYOVTOL OTNV O-
x6houlT| TEdTUCT:

ITpétaocm 10.1.4. Eoto (X, A) petprioipog xipos kai ji, v kar p pétpa otov (X, A). Tére woydovy
Ta €éng:

(i) Avv < pkarp << p, Wte v+ p <K .
(i) Avp Llvkap Lv, tote p+p L.
(ii) Avv < pkar p L p, tére v L p.
(iv) Avv < pxarv L p, tére v = 0.

Andoeén. (i) Av A € A xou u(A) = 0 téte and uc unodéoec naipvouye 6t v(A) = 0 xa p(A4) = 0.
A, (v + p)(A) = v(4) + p(A) = 0.

(ii) Bpioxouye ovvoha A, B € A wote

p(X \ A) = v(A) = p(X \ B) = v(B) = 0.
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‘Etot, yiato C = AU B € A éyouvpe v(C) =0 xou u(X \ C) = p(X \ C) =0 (e&nynote yiatt). Encton
6t (u+p)(X\NC)=0,8pa pp+p L v.

(iii) Agol p L p propolpe va Bpodue A € A dote p(X \ A) = 0 xou p(A) = 0. Aol buwc v < p
éyouue 6Tt V(A) =0, dpo v L p.

(iv) Ané o (iii), yw p = v, ovunepaivoupe 6t v L v, dpa npdypatt v = 0 (e&nyhote yiotl). O

10.2 To O=wpnua Lebesgue-Radon-Nikodym

Alvouye oe auth) TNy evotnta v anddeln tou Yewpruoatoc Radon-Nikodym otnyv nepintwon mou ta
UETEOL f4 o v glvon TMETEPAUOUEVA.  LTNY TporypotixdTnTo Yo anodelfovye To €€XC LoyLROTERO Vewpnua

VTR TAOTG:!

Ocwpnpa 10.2.1 (Lebesgue-Radon-Nikodym). Eotw (X, A) perprionios xwpos kar p, v 600 meme-
paopéva pétpa ovov (X, A). Tdre vrndpyovr uetprionun ouvvdptnon f + X — [0,00) ka1t D € A pe
w(D) =0 doze
v(A) =v(AND) +/ fdu, ya kide A € A.
A

Anédeién. Oo ddooupe TNV anddelln oe BruoTa.
Brjpa 1. Kataoxeu| tng cuvdptnong f.

H cuvdptnon f mou ddyvoupe Yo mpénel olyoupa vor xavomolel Ty
/ fdu<v(A4), yuxdde A€ A.
A

O emAéZouye exclvn Tn cLVAETNOT MoV TEOCEYYILEL OGO TO BUVATOVY XAAVTERA TNV LOOTNTA OE AUTH TNV
aVIGOTNTAL. OEWEOUUE AOLTOV TNV OXOYEVEL

H:{h:X—>[0,oo): /hdugv(A), YLO(X&SSAGA}.
A

[o v H nopatneoldue to e€rc:

(i) H#@, apol 0 € H.

(ii ) Av hy,hy € H t6t€ hy V he := max{hi, ha} € H. Hpdyuat, av B = [h; > ha] xou A € A tuydy,
T0TE

/hl\/hgd,u,—/ hl\/hgd,u,—i-/ h1V hy du
A ANB A\B

:/ hldu+/ ha dp < v(ANB)+v(A\ B) =v(A).
ANB A\B

(ili ) T xdde h € H woybel 6Tt
/hdugzx(X)<oo,

oo To PETEO V Elvol TETEPAUOUEVO.
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a:sup{/hdu: he’H}<oo.

Oa detloupe OTL LT TO supremum €val GTNY TEAYUATIXOTNTA MaXimum ot 1) GUVEETNOT Yiol THY omola

O¢touye

emtuyydvetar Yo ebvan 1) ntoduevn f. T xdde n Peloxoupe cuvdptnon hy, € H dote
1
a— — < /hn dp.
n
Téte, av g, = max{hi, ha, ..., hy,} éxovue 6T g, € H xon

1
(10.2.1) a—né/hn dug/gn du < a.

‘Oponc, n axohovdia (gn), eivar adZovoo (e&nyhote yiotl), dpo ouyxAiver xotd onueio oe wio petproun
ouvdptnon f. Anéd to Yewprnua povétovne olyxhiong xou t oyéon (10.2.1) oupnepoivouye étu f € H xan

/fd,u:hm/gnd,u:a.

Ocewpolpe ) ouvdptnon 7 : A — [0, 00) e

HAALo T

T(A):V(A)—/Afdu, yio Ae A

xou mopartneovye Ot ebvan uétpo otov (X, A) (enyfote yuotl). Tlpénet va Bpolue obvoro D ye u(D) =0
xu 7(A) =v(AND) vy xdde A € A Av buwc p(D) = 0, tote €youue

T(A)=7(AND)+7(A\D)=v(AND)— Ame du+71(A\ D)

=v(AND)+7(A\ D).

Yuvenoe 1o D mpénet, xou tawtdypova apxel, vo ixavornolel emmhéov t ayéon T(A \ D) = 0 v xdde
A € A. Onodte, ouvohind, Ydyvoupe xdmowo D € A wote

(D) =0 xu 7(X\D)=0.

Ou pag gavel ypriowo to e€Xg texvixd AMupo (n anddelln do dodel oto Téhog Tne mapoypdpou):

Afupo 10.2.2. Eotw (X, A, 1) xdpos nenepacuévou pétpov kar pa oikoyéveia € C A. Tére vndpyer
aprunoiun vrooikoyéveia F C E dove:

(i) Av Ae F, tdre u(A) > 0.

(ii ) Ta ovoweia tng F elvar Eéva avd Svo.

(iii) Av F=JF, ©o X \ F bev nepiéyer kavéva otoeio tng € yvriowa Jetikol p-pétpou.
Brpa 2. Kataoxeu| tou D.

Wdyvouue éva sbvoho D € A ue

(D) =0 xu 7(X\D)=0.
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o n € N Yewpolue tnv owxoyévela

X0l TOEAUTNEOVUE OTL
(o) av A € &, tote p(A) > 0, xou
(B") n &n ebvan xheoth ¢ Tpog aptiufolues EEVEC EVOOELS

(vor T enaindetoete). Egapudlovtog, to Afupo 10.2.2 yioa xdde plo oand tic &, yia xdde n Bploxouye
oprdufoun owoyévewr G, C &, Eévwv avd 800 cuvolwY VeTol p-pétpou, Kote av Gy, = J G, 10 X\ Gy,
VoL Ny TEPLEYEL xavéva oTotyelo TN &, Yetnod p-uétpou.

Ané 1o (B) mopandve cuunepaivoupe 6t xde Gy, € &y, dpa

1(Gn) < pX)

T(Gp) <

‘Etor, av G =22, Gy, éyouvpe 6t 7(G) < 7(Gp) — 0, dnhadh 7(G) = 0. Oétouye
p=c¢"=J¢;
n=1

X0l TopOTNEOVUE OTL pévet Vo dey Vel povo 6t u(D) = 0. Ed Yo ypnotponoticouye tov t1pdmo e Tov onolo
emhéZope ™y f. Apxel puowd (and v unonpooleTixdtnta Tou Pétpou) va detydel ot (X \ Gy) = 0
yio x&de n.
Ioyveiowoe. Av A € A e u(A) >0, t6te yia xdde n € N undpyer B, € &, wote B, C A.
Hpdrypatt, av 9écouue

9:f+%Mh

T6TE 1) g Bev elvon oTolyelo Tng owoyévelng H apod

/gd,u:/fdu+:b,u(A)>/fd,u=sup{/hd,u:h€7—[}.

Yuvende, undpyel cuvoho B € A dote
/ g du > v(B)
B
1) LoodUVoUL
1 1
v(B) </ f du+/ XA duz/ fdu+—p(An B).

B n.JB B n

Téte, v T0 cbvoro By, = AN B éyouye

ANB
r(B) < 7B) =w(B) - [ fap<"A0D,
B n
onhadn By, € &, omwe Véloye.
Yrodeponotolue thpa évay puoxd aptdud n. Av etyoue u(X \Gp) > 0 t61e Yo unopoloaue vo Bpodue
By, € &, ye u(By) > 0 bote B, C X \ Gy, 10 onolo eivan dtono and tov 1po10 eTAOYAC TNS OLXOYEVELNS
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Gn. 'Etoy, npdypatt u(X \ Gp) = 0, an’ 6nou érneton 61t p(D) = 0 xon 1 anddelln ohoxhnpd>Inxe. O
Yav dueco mopioua Tou Yewpruatog Lebesgue-Radon-Nikodym €youue tdpa to Yempnuo Radon-

Nikodym yia menepacuéva pétpa:

ITépiopa 10.2.3 (Vedpnua Radon-Nikodym yio nenepaopévo uétpa). Eotw (X, A) petpronuos xadpos

ka1 f, v 6Vo memepaopéva uétpa ovov (X, A) dote v K p. Téte vndpyer povadikn pi—o.m. HeETPrioIun
ouvdptnon f: X — [0,00) dote

v(A) = / fdu, ya kide A € A.
A

Anddedn. Eoupwva pe o Yewpnua Lebesgue-Radon-Nikodym propolue vo Bpolue uetproun cuvdpetnon
f:X —[0,00) xu ovoro D € A pe pu(D) =0 dote

v(A) =v(AND) —I—/ fdu, ywxide Aec A
A
Aol buwc u(D) =0 xou v < p éneton 6t v(D) =0, dpa (AN D) = 0. Buvende, npdypartt,
v(A) = / fdu, ywxdde A e A
A

Tt povadixdtnta, urodétovue 6T fo @ X — [0,00) elvon xdmotor A petprowun ouvdpetnon Gote To
v va ebvat 1o a6ploto ohoxhfpwpa TN fo we meog 1 xou Yo 8etlouue o1t f = fo p-o.m. oto X. Ago0
Iy fo € LY(p) éneton 611 f — fo € LY(1) xow emmiéov yia x8de A € A éyoupe

/(f—fo) dM:/fdu—/ fo du=v(A) —v(A) =0.
A A A
‘Eneton to {nroduevo (e&nyfote yioti). O

Keivouye aut) tnv mapdypago ye tny amddeln tou Afupatog 10.2.2.

Ilpcytn anédeién tov Afuuatos 10.2.2. Oswpolye TNV oxoyEévela
S={F C&: wydouv ot (i) xou (ii) mapomdve}.

To (iii) mopanéunet otny edpeon wog oxoyévelag F € S 1 onola va eivon TOA) «ueydhny, doo 6Tn yenon

tou Afupatoc Zorn. Av (7)., efvon puo chuotdar otowyelov e S, t6Te auth éyel dve gpdypa oty S

apoV Fj C J;er Fi Yo xdde jleell xon emmhéov | J;ep Fi € S — 1 am6deiln autol Tou 1oy uplopol agrveTol
¢ doxnoT.

Emopévee, undpyer F € S yeylotinh) wg npog TN oyéon tou nepiéyeodar. o tnv F ioybouv guoixd
ot (i) xou (i) agod F € S. T v (iii) wdpa, av F' = [JF xou av vrodécoupe 6t undpyer E € € ye
p(E) >0 wote E C X\ F t6te Yo éyovye ENA = vy xdde A € F (e€nyfote yatl) xou ouvende
FU{E} € S: auto elvou dromo and tn yeytouxdtno e F.

Méver va Sevydel n oprdunowédtnro tne F. (Hoapotnehiote dtL Sev €yer ypnorponoimnel péypl thpa 1
unddeon 6t to p ebvan menepacpévo.) Ta xdde k n owoyévewa

]—"k:{AeJ-“:M(A)>]1}
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elvon TETEPAGUEV), apol av uTto¥écouue Gt undpyet dmetpn oxorovdia {A, :n =1,2,...} C Fj té1e and
0 (ii) mopandve cuunepaivoupe HTL

M(UAn>: N(An)22%2007
n=1 1 n=1

n=

0 omolo eivat drono ool to p elvon tenepacuévo. And to (i) napandve cuumepaivouue Ot

F= [j Fie
k=1

doo ) F etvon oprdunoudn. O

Aeltepn andédbaén tov Arjppatos 10.2.2. Trodétouye 6t undpyer A € € pe p(A) > 0 odhde dev €youue
tinoto vor Seioupe. Apywxd oplloupe & = {A € € : pu(A) > 0} o emhéyovue Ay € & pe p(Ar) >
2sup{u(A) : A € &}. Oplloupe emione & := {A € & AN Ay = o},

Yuveylloupe enoywywd. Av ta Ay, ..., Ay €xouy emheyel xau €yl oploTel 1 owoyévela &, EMAEYOUUE
Apy1 € &, étol Oote u(Apy1) > %sup{,u(A) A e &y} xon Vétovpe Enp i={A €& AN(ALU--- U
Any1) = 9}

A¢ vnodéooupe opywd 6Tt umdpyet m € N tétolog wote &, = I. Anhady, vy xdde A € & ue
AN(A1U---UAp,) = T woydet 6t p(A) = 0. Tote, n F = {A1,..., A} clvon oprdurown oxoyévela,
o Ay, .., Ay ebvon Eévar, €youv pétpo p(A;) > 0 yoexdde i =1,...,m, xawto X \ (A1 U---UA,;,) dev
TepLEyeL xaveva otolyeio tng £ yvhola YeTinol p-uétpou.

‘Eoto thpa 611 &, # @ yia xdde n € N. Oewpolye my F := {A, : n € N}. Anb tov tpén0 optopol
Toug, Tt olvola A, etvon Eévar xou p(Ay) > 0 v xdde n € N. Enione, agpol u(X) < 400 xou ta A, ebvon
Eéva, woylet 6tL Yy o0 u(Ay) < 400, dpo pu(An) — 0.

‘Eotww A € € 1o onolo nepéyeton oto X \ U, Ay, xan éoto 6L pu(A) > 0. Agod pu(Ay) — 0, undpyet
n € N této0c Gote pu(Ay) < 2pu(A), xou €0t N 0 WxEdTEPOS YuoIXGS Pe auTh TNV WidTNTe. Aol
AN(A1U-UAp_1) = @, époupe A € Eyy—1, dpat 21u(A) < p(A,) 70 onolo ebvor dromo. O

10.3 H yevuxn poppr tou Yewpnuhatoq

Y1oyo¢ pag oe auTy) TNV Topdyeapo elvon vo artodetouue to Yenpnuo Radon-Nikodym otnv nepintwon
7oL 10 U€TEOo 1 elvon o-Temepacpévo. [ va to meThyouue auTtéd Vo YEELUGTOVUE GANO Evar TEYVIXO ATjuuol
oto Vgog tou Bruatog 2 tng anddellng tou Oswpruatog 10.2.1:

Afupo 10.3.1. Eoww (X, A, 1) xdpos o-nenepaopévov pétpov kar pia owkoyéven € C A. Tore
vndpyer apiunoun vroowkoyéveia F C € dote av F = |JF va wyve ou

(10.3.1) WE\F)=0, yuaxideE €.

(A6 avtd énetar dti to X \ F Sev mepiéyer kavéva otoiyeio tng € Jetiko uétpouv, eknyriote yati.)

Anédein. Trmodétouue apynd Tt TO 1 elvol TETEPAOUEVO Xl VEWPOVUE TNV OXOYEVELX E¢ TIOU ATOTEAE(TOL
7 7 7 7, 7 4 7 7 e 4
and Ohec Tic apriuriowes evioelg ototyelwv e £. Kdlde otoyelo tne & avixel xan otnv A, dpa €yel

vonua Vo YEwpCOVUE TNV TOCOTNTA

(10.3.2) a=sup{u(E): E €&}
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yioe v omofo emmAéoy toyVel 61 0 < a < pu(X) < 0o. Bploxoupe howmdy wio axohoudia (Ey, ), ototyeiov
e & wote p(Ey) — a xaw ¥étovye F = o2 | Ey. Tote, F € &, (eZnyhote yuutl) dpo undpyer F C &
wote F' = JF. Eto, yio xdde n éyovye b1t

w(Ea) < pu(F) <a
xou ool w(E,) — a érneton 6t w(F) = a. Xuvenoce, agpol to 1 elvar tercpacuévo, yioo B € € éyouue 6Tl
9oL pu(En) 1( , 0P p paopEVO, Y XOul
WENF)=w(EUF) = p(F)=uEUF)-a<a—a=0,

apov EU F € &,. Yuvende, npdypott u(E\ F) = 0.

Y yevixn nepintwon, agol to p elvon o-tenepoouévo, Beloxoupe axorovdia (X, ), otoiyeiwv tne
A dote X = o2 Xy xou pu(Xy) < 00 yioe x8de n. Oétouvue pin(A) = p(ANX,) yio A € A xau
ToEUTNEOVUE OTL X3V Ly, elvon éva memepacuévo uétpo otov (X, A). Tuvende, yia xde n Bpioxouvye wio

in (E\U]—"n> =0

oprduriown owoyével F, C € wote

v xdde n € N xow E € £. ©étouye
(10.3.3) F=J 7
n=1
xou mopatneoVue 6Tt N F etvan aprdufown, F C € xaw av emmiéov F' = |JF, v E € £ éyoupe

n(E\NF) <> u(XaNENF) <Y p (X B\ JF)
n=1

n=1
- iﬂn (B\UF) =0,
n=1

OTWS YERE. [

ITapathenon 10.3.2. Av F xou F' eivon 800 aprdurowes unoowoyéveeg e € 6Twe 0To Tponyoluevo
Ao, ToTE

(10.3.4) i (U FA Uf’) — 0.
Anddeaén. T'pdpoupe
UA\Ux =U{e\UF :EcF}

xan aol 1 F elvon apriunown cuunepalvoude Ot

M(UJ—“\UF’) < ZM<E\U}“’> =0

Ec&

yenowonowdvtog ty (10.3.1) v tnv F'. Tekelwe duota Enetan 1 oyéon

u(U]”\Uf)zO

xou oLVerde N (10.3.4). O
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XENOWOTOLOVTUS TO TEONYOLVUEVO AU ATOBEXVIOUUE TORA TO:

Ocehpnua 10.3.3 (Radon-Nikodym). Eotw (X, A) petprioguos xadpos kat pu, v 6vo pétpa otov (X, A)
WOoTE TO |1 va elvar o-nemepaciiévo ka1 v K . Tote vmdpyer povadikn p—o.m. UETPHOIUN owvdpTnon
f:X —[0,00] dbote

(10.3.5) v(A) = / fdp, ya kdfe A € A.
A

Av emmAéov vnobéooupe ot ka1 To v €lvar o-temepaciuévo tote n f umopel va emieyel wote va maipvel
Tpég oo [0,00).
Andédeadn. Alvoupe xou AL TNy amddelln oe Briuata:
Brpo 1. To p xon v elvon o-nencpacyéva.
Ye auth v tepintwon Beloxoupe axolovdies (A;)ien % (Bj)jen Eévov avd dvo ototyeinv tng A dote
p(A;) < oo xou v(Bj) < 0oy xdde i xan j. Av ndpoupe we (Xp)nen wat apidunon g owxoyévelag {A;N
Bj} i jyenz mopotnpolue 6t (Xy) arotehelton and Eéva avd S0o ototyela tne A wote u(Xn), v(Xy) < 0o
yioe xdde n — eEnynNote T AenTopépELES.

O¢Toupe TOPY Ll = Ay, XU Vp = V|ay , O0mou Ax, = {A € A: A C X,} 1o {yvoc tnc A oT0
Xn. To py, xou vy, ebvon menepacuéva Y€tpa Ue vy, <K fip, dpa amd 1o Ocwpnua Radon-Nikodym yuo
Tenepaouéva Yétpo ouunepaivoupe 6Tt yior xde n undpyet uetphoun cuvdetnon fr : X, — [0, 00) dote

vn(A) = /Afn dptn, ywxdde Ae Apye AC X,
1) LoodUVoUL
(10.3.6) v(A) = /Afn dp, Yy xdde Ae Aye AC X,
Opiloupe ) ouvdptnon f : X — [0,00) dote flx, = fn yio x&de n o napotnpolue ot auth opiletan

xohd xou ebvon petpriown (eEnyrote yiatl). Luvendg, yenowonowwvtog ) oyéon (10.3.6) xou to Oedpnua
Beppo Levi, yit A € A naipvoupe:

V(A) = ; V(AN X,) = n; /Amxn fn dp

:z/flmxnfdM:zAfXXndﬂ
:/Ag):leXn:/Af.ldM:/Afdu'

Av tdpa fo 1 X — [0,00) elvan par SN YeTpriown cuvdptnon wote To ¥ va elvon To adploTo oho-

x\ewua TS fo WS TEOS U, CUUTERUEVOUNE OTL Yiot xdle 1

yn(A):/Afdu:/Afodu, vy xdde A e Aye A C X,

doo, amO TNV LOVIOIXOTNTO Yid TETMEPAUOUEVYL YETRPY, EmeTon OTL f = fo pu—o.m. 070 X, BUVeEn®g, ool
X =2 X éyovpe npdypott 6t f = fo p—o.1. 010 X (CUPTANPMOTE TIC AENTOUEPELEC).
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Brpa 2. H yevur| nepintwon: 1o v 6ev elvon anopaitnta o-TETERAGUEVO.

Ou Eeywploovye exelva Tor utoclvora Tou X ota onolo To v elvar Tenepacuévo xat Vo Sloyeploovye ot
Z 4 e 7 4 4 Z
ouvéyewa To X xatdAinia Bdoel Tou mponyolpevou Ajuuatoc. 1o cuyxexpuyéva, Yétouue

(10.3.7) E={AecA:v(A) < o0}

xou oVupovo we to Afupo 10.3.1 Beioxoupe F C £ apriufiown dote av F = [JF va éyovpe p(E\F) =0
v xdde E € £. Av ypddoupe F = {F1, Fy, ...} éxoupe 6t v(Fy,) < 0o (agod F C &) vy xdde n, dpo
T0 V| A, ebvon o-nenepaoévo. Aol emmhéov V|4, <K ] AL, and 1o Briua 1 undpyet petpriown cuvdptnon
g:F —[0,00) dote
V(A):/Agdu, v xdde A€ Auye A C F.

Méver va dolpe pévo T yivetan yio exetva to A ye A C X\ F:
Ioyvptopée. Av Ae Aue AC X\ F, 16t v(A) = oo - pu(A)L.
Mpdrypart, av yio xdnoto tétoto A éyovue p(A) =0, tote v(A) = 0 ool v < 1, eved av p(A) > 0 t6te
u(A\ F) > 0 (e&nyfote yioti), dpa A ¢ £, dnhadni v(A) = oo.

Optloupe ™ ouvdptnon f: X — [0, 00] pe

g(z), z€F

(10.3.8) flx) =
oo, xze€X\F

xou Topatneolue 6Tl Yoo A € A éyouue

V(A):V(AHF)+V(A\F):/,40F9 dp+o00-u(A\F)

=/ g du+ ooduz/ fdu+/ fuz/fdu-
ANF A\F ANF A\F A

Méver va derydel uévo n povaduxdtnta tng f: umodétouye mdAL 6Tl uTdpyEl xdmol GAAT] CUVEETNON
fo: X — [0, 00] ote

(10.3.9) v(A) = / fdu= / fo du
A A
v xdde A € A. And ) povadixdtnta oto Brua 1 énetan 6t flp = folp p—o.m., dpo pével va detloupe
povo ot fo|x\p = 00 p—o.1. Av autéd Sev ahndelel, TétE T0 GhVOrO
{r e X\F: folx) <oo}=|J{z e X\ F: fo(z) <n}

n=1

Eyel VETXO U-UETEO XU CLVETIOC UTARYEL 1 OTE
p{z e X\ F: fo(z) <n})>0.

Aol 1o p eivan o-nenepacpévo, Beloxovye A C {z € X\ F': fo(x) < n}pe 0 < p(A) < oo. Tore, agod

Lémou e ouvidue xévouue T ovufucn oo - 0 = 0.
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AC X\ F xou pu(A) >0, énetoun 6t v(A) = 00 eved

/fodué/ndu:n-u(A)<oo:
A A

dromo and v (10.3.9). Etot n anddeln ohoxhnpainxe. O

Opiopdc 10.3.4. 'Eow (X, A) yetpriowoc ywpog xat i, v 800 pétpa otov (X, A) dote to p va ebvou
O-TEMEQUOUEVO xou v K . H povadinh) p—o.m. petpriown cuvdptnon f mou npodoptleton and to Yempnuo
Radon-Nikodym Aéyetow Radon-Nikodym mapdywyos tou v ©¢ mpog it xou cuuBoiileton pe g—;.

‘Etot, n oyéon (10.3.5) hopPdver tn uopyh

dv
v(A) = —d
(A) L

/gdvz/gdydﬂ
dp

v xdde g © X — [0,00] petphown. To tehevtaio autd amotéhecya Loy UEL oL Yol ONOXNNEWOLUES

xou 1 Hpdraon 6.2.15 (iii) ypdpeton wg

ouvaptioelc g : X — C — enoindedote To.

IMapdderypa 10.3.5. To cuunépacua tou Yewpruatog Radon-Nikodym Sev woylel xat’ avdyxn otnv

nepinTtwon mou To 1 dev elval o-TETEPACUEVO.

Anddaén. ©¢toupe (X, A) = ([0,1],B([0,1])), v = A, to uétpo Lebesgue otov (X,.A) xou p t0 pétpo
anapidunonc otov (X, A). Téte v < p1, odll& av utodécoupe 6Tt undpyel f + X — [0, 0o] petpriown dote

v(A) = / fdu, yxdde A€ A,
A
ot Yo € X €youue

0= v({z}) = /{ S dn = f@p(la) = f2),

onraot| f = 0, dpa v = 0 0 onolo eivan PuUOXE dToTo. O

10.4 To Oswenuo AvdAivong tou Lebesgue

Yougwva ye to Jenpnua Lebesgue-Radon-Nikodym, av p xan v efvon 800 memepaouéva p€tpa 6Tov Yweo
(X, A), t6te undpyouv petpriown cuvdptnon f : X — [0,00) xaw ovoho D € A ye u(D) = 0 dote

v(A) =11(A) +1.(A), yiaxdde A e A

OTOU

Vi(A) =v(AND) xu 1r(A)= /Af dp.

Or ouvopthoelc v1 xou v eivan eniong pétpa otov ywpeo (X, A) v ta ontolo udAiota Tapatneolye 4Tt To Vg
elvat cLYXEVTPWUEVO 010 D, evdd To 1 elvor ouyxevtpwuévo 6to X \ D, xou 10 12 elvon anohdtwe GUVEYES
¢ TEog To f. Me dhha Aoya, v L poxan vo << pr. Aut ) mopartrienon yevixeleton oto e€Xg:
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Oecvpnua 10.4.1 (Yedpnua avdluone tou Lebesgue). Eotw (X, A) évag petprionuos xopos kat i, v
ovo pézpa orov (X, A) dote to v va elvar o-nenepacpévo. Tdte vndpyovy povadikd pétpa vy Kai vy 00
xapo (X, A) dote

v=uv1+12, ue v Llp kar vp << p.

(Iapaznpriote éu 1woxVea eniong vy L vy and o (iii) tng Ipdéraong 10.1.4.)

Anddeén. Avalntolue olvoro F € A, dote v1(A) = v(ANF) xou vo(A) = v(A\ F). Téte, npogavide
v = v + vy xou To vq elvon ouyxevipwuévo oto F. Apa, vy va oyler v L p mpénel var €youpe OTL
u(F) = 0. Emmiéoy, yio va toyVet vy < p, tpénet yio xdde E € A pe u(E) = 0 va éyoupe v(E\ F) = 0,
dnhadh to F' mpéner vo elvon xatd xdmolov tpémo éva peyoTixd oUvoho (¢ Tpog To V) Yo To 0onolo
u(F) = 0. Odnyoluacte howndy ot yehon tou Afjupatoc 10.3.1 yio Ty owoyévela

(10.4.1) E={AecA:p(A) =0}
Bpioxouye étol pa apriuriown vnoowoyéveln F C € dote av F' = (JF va éyoupe
v(E\F)=0, yuxdde E € €.
‘Opwe, n € ebvar xhetot ¢ tpog apriunotues evaoels, dea F1 € €. Luvodilovtag, €youpe ot
p(F)=0 xu v(E\F)=0, yioxdde E € A ye u(E) = 0.

©étoupe v1(A) =v(ANF) xu 1p(A) =v(A\ F), to onolo puowd opilouv yétpa otov ydpeo (X, A) xau
emniéov v = vy + vp. Enlong, and tn oultnon mou xdvoue mptv ond v (10.4.1), npoxdnter 6ti vy L p
xaw Vg K b — EAEYETE TO.

[ T povadixdnta, Yewpolye dVo pétpa V) xou vh otov yopo (X, A) dote v =v] + v pe V) L u
xou vy < p. Aol v] L p, urdpyer F' € A dote 1o v va elvan ouyxevtpouévo oto FY o to f1 vo eivou
ouyxevipwuévo oto X \ F'. Av tdpa E € A pe u(E) = 0, téte

V(E\ F') = v4(B\ F') + y(E\ F') < (X \ F') + 1h(E) =0,

aol V) L poxon vy < p. Buvenoe, and v Hopathenon 10.3.2 éreta 61 v(FAF') = 0 (egnyfote
yiol). Apa, yio xdde A € A éyouye

n(A)=v(ANF)=v(ANF) =1 (ANF) +V4(ANF') =vi(A4)

aol to V] elvon ouyxevipwuévo oto F' xou v4(F') = 0 agol vy < p. ‘Apa vy = 1. Avédhoya, yio xdide
A € A éyouue

vo(A) = v(A\F) = v(A\ F') = (A\ F') + (A \ I) = 15(4)

(e&nyhote yiotl). Apa, vo = V) xan 1 andOeEn ohoxhnpdinxe. O

10.5 To Oswpnua Avanopdotacne tou Riesz

Khetvouue autéd 10 xepdhaio xdvovtag Uior amhn avapopd oto Yeopnuo avanapdotacng tou Riesz. Trev-

Yupllovye mpdta Tov oaxdhovdo optoud and T BuvapTnotoxr) Avaivon.
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Opwopog 10.5.1. 'Eotww (X, || - ||) xdeoc pe vopua. O bduikds xipos tou (X, || - ||) elvon o yodpog ue
V(l)p[J.O( (X*7 H ’ ”)7 omov

X ={f: X > R: f gpoyuévo ypouuxd cuvaptnooeldéc}
now
If1] = sup{[f(z)| : =] <1}.

Eivow tumxéd mpéfBhnua otn XLuvaptnolaxty Avdhuon, yio Soopévo yweo (X, | - ||) vo 9élouye va
xotohdBoupe pe Tt «uotdlery o duixde Tou yodeog (X*, || -||), dnhady| va Beolue évav tpbéno va teptypddouue
OhaL ToL parypéva Yeauuxd ouvaptnooedt| f @ X — R. Avo anotehéopota tétolog @oong eivon tor e€ng:

1. (©ewpnua Riesz yur ywpouc Hilbert) Av (H,(-,-)) eivon évac (mporypatxde) yodpoc Hilbert xou
f i H — R éva gpayuévo ypouuixd cuVIRTNOOELDES, TOTE UTdpyEL v € H WOTE

f(z) = (z,v), Y xdde z € H.

Me dhha Aoy, o H* elvon looyetpind loduoppog ue tov H.

2. 'BEoto (L, || - |lp) v 1 < p < 00 0 ydpog oxohoudicv

0, = {(an)n : Z lan P < oo}
n=1

UE VOpUA TNV
1
oo P
I(an)nllp = <Z!anlp> :
n=1
Av f 4, = R elvou éva pparyUévo Ypouuuixd cuvaptnooeldés, tote undpyet oaxohoudio (by), € ¢4

WOoTE

f(x> = Zanbm
n=1

Yo xée & = (an)n € £p, 6TOL q 0 ovluyris ekbétng Tou p, dnAadH

11
S+ =1
P q

7, * ’ 7 ’
MdéhoTa, o £ ebvon loopetpind 106Uoppoc e Tov .

INo neptocdTeERO MaPAdELYUOTA BUIXMDY YWEWY TUPATEUTOVUE OTIC LNUEIWOEL LuvapTnoloxnic Avdluonc.

To Yewpnuo avarnopdotacng tou Riesz yopoxtneiler tor detind pparyuéva yoouuuixd cuvapTnooELdT TOU
xépou Banach (C(K), ||+ [ls) 6mou K évag cuunoyfic uetpixds yopoc®. Anhodi, exeiva to suvaptnooetds
¢ e C(K)* pye v oo av f > 0 tote ®(f) > 0.

Ocehpnua 10.5.2 (Yewpnua avanapdotacne tou Riesz). Eotw (K,d) ouuraynis petpikés xopos. Av
¢ : C(K) = R elvar éva Oetiké gpaypévo ypaupuksd ouvaptnooedés, tote vndpyel Hovadiké kavoviko

2Yrdpye enione wa opxetd Yevixdtepn exdoyh tou Yewpuatoc Tou avapépetor oe Tomixd cuunayelc Hausdorff tono-
hoywole ympoug xan yoapoxtneilel to Yetund ypaupixd cuvoaptnooetdn tou ywpou Ce(X).
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Hétpo Borel p oto K wote

O(f) = /Kf dp, yua kdde f € C(K).

Toe e am6deiln tou Yewpruotog mopanéunovue oto Kepdhowo 12 tou Bifhiou «Oewplo Métpoy twv I
Kougouhh xou 3. Neypenovn,.

M yevixdtepn exdoyn tou Yewphipoatog avanapdotaons tou Riesz yopaxtneiler dha tor pryadnd (ot
uovo ta YeTxd) ypouixd cuvaptnooetdt) Tou ydeou C(K). T tn Slatdnwon autod Tou anoTEAECUATOS
XeeLlOUAGTE TNV €VVOLA TOU ULy odlxol HETeou Ue TNy ontola Oev €youpe acyohniel oe aUTES TIC ONUELDTELS.
T ptor amédetln tou Yewpruatog Ye yenom Wog «Utyadixrc exdoyfcy tou Otwpruatog Radon-Nikodym
Topoméunoupe oto Kegpdhowo 6 tou BifAiouv Real and Complex Analysis tou W. Rudin.

Y10 endpevo xe@diono Yo BOCOULUE Vo axOUn ATOTEAECUN TETOOL TOTOU: YioL «Xohdy Uétpo fi, Vo
Sole 6Tt Yl 1 < p < 00 0 dudg Ydpog Tou YWeou cuvapthoewy LP(u) elvor .ooUeETEE 16OUORYOC UE
tov Li(p) 6mou ¢ o ouluyhc exdétne tou p.

10.6 Aoxvoeig
Oudda A’
10.1. 'Eotww (X, A, v) évac yopoc pétpou xau p to pétpo anapldunone oto X. Anodellte 6t v < p.

10.2. Eoto (X, .A) évac UETphooc XOpoc xou (i, V1, Vs pétpa otov (X, A) dote v < pxon vy < p. Trodétovpe
6T T0 p elvon o-nemepaopévo. Amodeilte 6t

dintvs) _dn | dva
du dp du

xou 6ty a = 0

d(avr) dvq

du _a@7

H-OYEDBOY TavTOU.

Ousda B

10.3. 'Eotww p,v dVo pétpa otov xodpeo (X, A). Anodeilte 1t p L v av xou wévo av yia xdde € > 0 undpyet
Ae Adote
p(A) <e xaw v(X\A) <e.

10.4. 'Eow p,v pétpo otov petpriowo xopo (X, A) xa f: X — [0, 00] petphiown ouvdptnon dote v(A) =
J4 fdp v xdde A e A Anodelite 6mu:

(o) Av to v givon o—nenepacpévo 16te f < 00 P—0.T.

(B) Av 1o p elvon o—nenepoouévo xou f < 00 p—0o.T. TOTE TO V EVUL T-TENEPUCUEVO.
10.5. 'Eotw p, v pétpa oto uetpfiowo xweo (X, A) xou f : X — [0, 0o petprowun ouvdptnon wote v(A) = [, fdu
v xdde A € A. Amodeilte 6t f > 0 p—o.m. av xou pévo av p <K v.
10.6. Eotw p, v o-encpacpévo uétpo otov YeTprioo yweo (X, A) dote p K v xaw v K p. Anodeilte bt

dv du
— - —=1 — o.T.

dp av & BTOT

10.7. Eotw (X, A, ) yopoc o—nenepocpévou pétpou. Anodeilte 6t undpyet nenepacpévo pétpo v otov (X, A)
Wote v <K oo pp L V.
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10.8. 'Eotww p,v yétpa oto petpriowo ywpeo (X, A). Trnodétoupe 6t 1o p eivon o-nenepacpévo. Amodeilte 6Tt

v < poav xon wovo av  Radon-Nikodym mopdywyog g—; oplletan xou 1oy Vel g—z

<1 p—o.m oo X.

Oudda I'.

10.9. 'Eoww p1,v1 o—nencpaouéva uétpa oto xopo (X, A) xou pg, ve o—nenepoouéva pétpa oto ywpeo (Y, B)
WoTE vy K 1 xol Vo K pg. No deilete 6Tt

V1 X vy <L [y X U2

O ETUTTAEOV
d(Vl X 1/2)

d(p1 X pi2)

o dlll dl/2

z,y) = — () —
(.9) dpn dpz

(), (p1 x p2)—o.m.

10.10. (Aeopeupévn péon ) Eotw (X, A, u) yodeoc mdavétntac, B C A po o—dhyefpa xou f € Ly (X, A, ).
Mo Seopevpévn péon nun e f we mtpog ™ o—dhyefpa B elvar yioa B—petpriown cuvdpton g : X — R yio tnv

omola loyLel 6Tt
/ fdp :/ gdp, yw xédde B € B.
B B
(i) Anodeilte bTL undpyel wio deopevpévn péorn T e f we Tpog B.

(ii ) Anodel€te 6Tt av g elvon W deoyevpévn péon Twh e f e mpog B, téte

[ sl < [ 15l < o

(iii ) AmnodelZte bt v Seopeupévn péorn T elvon wovadixr, Snhadr av g, g1 elvon d0o deouevuéves péoeg TéS NG
f, t6t€e g = g1 p—o.m.

H Seopeupévn péon tph e f we npoc B ouufBoliletan pe E(f|B).

10.11. 'Eoto (X, A, u) yoeoc mdavétnroc xu f € L (X, A, p). No unoroyiototv ou E (fI{@, X }) xu E(f|.A).

10.12. (Idi6tntec e deopevpévne péone Twhc) ‘Eotw (X, A, p) ydpoc mdavétntoc xou d0o o—dhyefpec C C
B C A. Na deléete 6T

(i) H deopeupévn péon T ebvan ypoppwd: Yo a,b € R xau f,g € Ly (X, A, ) woydel 61t
E(af + bg|B) = aE(f|B) + bE(g|B).
(ii) Avng: X — Relvon B—petphown xou [ |fg|du < oo, t6te
E(gf|B) = gE(f|B).

(iii ) TIoyvel 6Tt

E(E(fIC)[B) = E(fIC) = E(E(f|B)[C)






Kegpdiaio 11

Xopol LF

Ye autd To TeEheuTado XEPAAUO XATUOXEVALOVPE TOUS YWeoug cuvapthoewy LP. Ytodyoq pag ebvar va
oploouue 10 GuUVEYEC avdAoYo TV YWewv (£p, || - ||p) Touc omoloug avagpépaue otnv Topdypapo 10.5.
Ocwpolye évay yoeo pétpou (X, A, 1) xau aoyololuaoTe ye exelveg Tic YeTprolues ouvapthoee f: X —
C yw tic omoleg

(11.0.1) /|f|p dp < .

Av 1 < p < oo, ypoluevol tov oplopd e || - || otov £, elvon guotohoyixd vo 9écouue

1/p
1l = ( [isr du)

yioexelvec Tic f mou ixavortototy v (11.0.1). Iopatneolue bt eve, dnoe Yo dolue topoxdte, Ye autdy
oV 0plopd 1 || - ||, txavorotel Ty ety Vi aviobdtnta, dev elvar owotéd bt av || fll, = 0 téte f = 0, mopd
wovo 6t f =0 p—o.n. (e&nyrote yioti). T va amogiyouue autd to TedBAnua, Vo XUTAoXEVACOUUE TOUS
yweoug LP «tautilovtacy cuvaptroelc Tou elvon u—o.1. (oeC.

[Teprypdipoupe oVOAUTIXG QUTY| TNV XUTAOHEUT] XL OTT| CUVEYEL UEAETAUE PACINES IBLOTNTES AUTWOY TV
Ywewv. Ebidtepa, anodewviouue 6Tl elvon yweol Banach. Xtn cuvéyela, acyoholuaote oaitepa Ye
Toug yopouc LY xou L? mou mapouctdlouy Eeywplotd evdlagépov ot TEhoc BIVOUUE, WS EPUPHOYH CUTAC
e Yewplag, wa xopdy) omddelln pag (AMyo mo actevoic) exdoyrc touv Yewphuatoc Radon-Nikodym.

11.1 Koataoxeur tTov ywewy LF

Opiopdg 11.1.1. 'Eotw (X, A, i) yopeoc pétpou xar 1 < p < co. H xhdon LP(u) anoteheiton oand dheg
exelveg Tig petproweg ouvopthoeic f: X — C vy Tig onoleg woylel

1 au< o,

Hopatnpolue apyxd 6t o LP(p) elvon ypouuixde ywpos: Iedyuat, éotw f,g € LP(p). Tote yio xdide
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x € X €youue

|f(2) + g(@)IP < (1f(2)] + |g(@) ) < (2max{|f ()], |g(x)})"
= 2Pmax{|f(x)", [g(x)["} < 2°(|f(@)[” + |g()|"),

/f+g|p dp < 2P </|f|p d,u+/|g|p d,u> < 00,
onhadh f + g € LP(p).

[Tpoxewévou va amogiyouue T ducxohio Yo TNV onola WANCUUE GTNY ECAYWYT) TOU XEQUAXLOU,
opilouye pa oyéon woduvaplog otov yweo LP(un) og e&hc: av f,g € LP(u) Vétoupe f ~goav f =g
p—o.m. oto X — enaindedote 6Tl elvan mpdypatl oyéoT ooduvapiag.

Opiwopog 11.1.2. Eow (X, A, p) yopoc wétpou xou 1 < p < oo. Téte 10 obvoro twv xAdoewy
tooduvoplag Tou yweou LP(p1) we mpog ) oyéon ~ ocudforileton ye LP(p). Emniéov, o LP(u) yivetan
YOUUULXOC YOEOS UE TIC TEAEELS:

1+ 19l =1f+9g] xu a-[f]=][a-f],

6mou a € C xau [f] € LP(p) etvon m xhdon woag ouvdptnone f € LP(u).

Y10l TopaxdTe, YLoL Vo amhouGTEVGOUNE TOV GLUUBONOUS, avtl vor yYedgpouye [f] € LP(u) VYo ypdpouue amhd
f e LP(u). Etor, yo o f € LP(p) 9étoupe

1/p
1l = (/W du) .

ITpoétaom 11.1.3. Eotww (X, A, 1) xopos pétpov kar 1 < p < oo. O xdpos (LP(p), | - ||p) evar xydpos
€ vopua.

Anéoeién. H tadtion cuvopTACE®Y TOU GUUTITTOUY U—G.T. EYIVE axEB3MS VLol VoL IoYUEL 1) CUVETY WYY
| fllp=0= f=0. Hdypat, av [ |f|P du = 0t6te f = 0 p—o.1. ot0 X xou cuverax [f] = [0] € LP(p).
Emuniéov, givon dueco 6t av f € LP(u) xu a € C, t6te

lafllp = lal [ fllp,

Goar pével uovo vo detydel 1 Tprywvixy aviootnto. Auth mpoxUnTeL dueca and Ty avicdtntor Minkowski,

TNV oTolal ATOBEVVOUUE TUEUXATW YENOULOTOUWVTAS XATOLES XAACIXES AVICOTNTES. [

Afppo 11.1.4 (Avicétnra Young). Av x,y > 0 ka1 p,q > 1 pe % + % =1, téte

€ 1wotnta pévo av x = yi.

Anddeén. H ouvdptnon f: (0,+00) = R pe f(x) = Inz elvou yvnolone xolkn. Av hownév aq, ..., am >0
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xutj € (0,1) ye ty + -+t =1, 161
m
th Ina; <In(tiar + - + tmam),
j=1

7 7 r 7
and v avicotnta Jensen. Eneton ot

(11.1.1) ala - -alm <tiag + o+ tpan,
UE LOOTNTA HOVO OV A1 = **+ = Q. H ovicoTnTor qUTH YEVIXEVEL TNV avloOTNTAL aElIUNTIXOU-YEWUETEIXOD
wéoou. Av ty = =ty = 1/m, naipvoupe
ai+---+a
7”/a1 Qo < —m
m

Eqapuélovtac ty avicétnro (11.1.1) e a1 = 2P, ag = y? xou ty = %D, to = % (rapotnefiote 6Lty +tp =1
opov % + % = 1) ouunepoivouye 6T

a a P q
}/paé/Q<71+72:7+y7
p q p q

Ty =a

ue lootnToL wovo av P = a; = ag = y1. n

Oplowdg 11.1.5 (ouluyeic exdétec). Avp,q > 1 xou I%—l—é =1, tote Aépe 6Tl oL p xou g elvon oulvyelS
exéteg. Xuppuwvolpe 6Tt 0 ouluyTrc extétng Tou p = 1 elvor 0 ¢ = 0.

ITp6taom 11.1.6 (aviodtnta Holder). Eotw (X, A, 1) xdpos uérpov, f € LP(u) kar g € L(u), émov
o1 p,q > 1 etvar ovluyeis extéres. Tére, fg € L' (1) xar

/Ifgl du < (/ LfIP du>1/p (/ g/ du) Uq,

1fglly <[ fllpllgllq-

onAaon

Anédaén. Trnodétouye mpwta OTL
1915 = [ 147 dia =1 s gl = [ 1ol da=1.
Ané v avicdtnta Young, yio xdde x € X 1oylel 6Tt
1 py 1 q
[f(@)g()] < —[f(@)P + ~|g(2)]*.
b q
OloxAnpmvovtag ©¢ Teog o TalpVouuEe
1 1 1 1
Jisaldus s [17 dus s 1ol =>4 = = 1= £l lgl
p q p q

Y yevud| mepintwon: uropolue vo utodéoouue ot || fll, # 0 %o ||g|lq # 0 (dhide f =07 g =0 p—o.m.
xou 10 aploTERS péhog tne {nroluevne aviootntag undeviletan, ondte dev €youpe timoto vor Bet€oupe).
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OewpoLUE TIC CUVAPTACELS

f g
= xon g1 = :
£l lgllq

[Topatnpotue ot
p 1 P q 1 q
(il dp = = | PP dp=1 x| dp = 7= [ g|* dp = 1.
1711 lgllg
And v e teplntwon g ovicdTNTag Tou BelEouE ToRATAV, £YOUUE

/ frgr] du < 1, Sruod, / £l din < 1l llgll-

O

ITpétaom 11.1.7 (avicétnra Minkowski). Eotw (X, A, 1) xdpos pérpov ka1 1 < p < oco. Av f,g €

1/p 1/p 1/p
(/|f+g|” du) < (/!flp du) + </\glp du) ,

1+ glly < [1fllp + llgllp-

LP(u), tote

onAaon

Anédeién. H avicdtnta elvon omhf oty mepintwon p = 1. X1n ouvéyela Yewpolue tny mepintwon 1 <

p < 00. Mropotyue va unodécouye 6t || f + gl|p > 0. T'pdgoupe

I gl = /|f+g|pdu=/!f+g|”‘1|f+g| dp
/ 1+ gl du+ / 1+ glP Vg dp

) 1/q . 1/q
( [ 15+ du) 1l + ( [ 1510700 du) 9l

6mov, 610 TENeLTlO PN, epopuboape TNV aviodtrte Holder yio T Lebyn ouvapthioewy |f + g[P~L, | £|

N

N

xou |f + g|P~, |g|- Hapatneolpe 6t (p— 1)g = p (B4t oL p xon q ebvor ouluyelc exdétec). Suvend,

1/q 1/q
< [ 15 +g070n du) _ ( 15+l du) —If + gl

1+ gl < I f+gl5/ (1 fllp + Nlgllp)-

XenowWonoumvTog TNy p — % = 1 ouunepatvoupe 6TL

"Ercton 6Tt

I1f +gllp

<If 11y + llgllp-
If + g|l/

If +9llp =
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O ywpeog L™

Opiloupe thHpa ev ouvtopia T0 GLVEYES avdhoYo ToU YWOEOU (Yoo, || - |loc) T®V Pparyuévmy oxolouticv,
TEUAEITOVTUG UEXETEC A0 TIC AETTOUERELES.

Opiopde 11.1.8. Eotww (X, A, ) yopoc pétpou. H xhdon L£°°(u) anoteheiton and Ohec excives Tic
ueterowes ouvapthoec f: X — C vy Tic omoleg undpyel B > 0 dote

p({re X :|f(z)]>p}) =0

Mo e tétowa f, 9€toupe || flloo To Infimum 6Awv avtdv tov f.

Ebxoho BAémoupe 6Tt 0 L) elvon ypoppinde ydpos. ‘Onng xon tpornyouuéves, av yia o f € L)
woylel || flloo = 0, t61€ ouunepaivoupe 6Tt f = 0 p—o.n. ‘Etoy, yo f, g € L), Vétoupe f ~gav f =g
pu—o.n. oto X.

Opiopog 11.1.9. Eoto (X, A, i) yodpoc pétpou. Tédte 10 6OVORO TV XAIGEMY IGOBUVOULNG TOU YOEOL
L2(p) o mpog ) oyéon ~ cupPoliletar pe L°(p). Emnhéov, o L*(u) yivetar ypoupxnde yHpog Ye Tic
Tpopavelg TEAEELS.

Ou ypdpouye, dnwe xou ey, f e L®(u) avtl vy [f] € L(u). Téhog, yo o f € L (p) détouye

[fllc = inf {8 >0: p({z e X:|f(z)| > B}) = 0},

T0 0VOIW0€ES supremum g f.
ITebtacm 11.1.10. Eoww (X, A, pu) xdpos pétpov. O xapos (L°(w), || - [|eo) €lvar xdpos ue vépua.

Andédeadn. Agrveton wg doxnon,. O

11.2 Baowxeég WBLotnTteg TV Ywewy LP

Y 0yxAor otov LP

‘Onwe pohe anodeilope, yia xdde 1 < p < oo, 1 || - ||p optler wor vopuo otov LP(u) xon cuvende opilet
ulat évvola GUYXALONG ax0AoVILOY UETEHOHIWY CUVIRTACERY OE AUTOV TOV YWEO. 1€ auTy TNV evotnta Yo
ouyxplvoupe auth TN oOYXAoN PE TI¢ UTOAOLTES cLYXA(oEC Tou Yeketrooue oto Kegdhawo 7. Ailvouue
Tov €Y 0plouo:

Opiopde 11.2.1. 'Eow (X, A, u) yopoc pétpou, fr : X — C oxoloudio petprotuwy ouvaptioewy
xou f: X — C petphowun ouvdptnon wote fp, f € LP(p). Aépe 6 n {fn} ovyxhivet oty f otov LP ()
oy

[fn = Fllp =0

xoddC N — 00.
Efvor govepd 611 1 obyxhion otov L (1) Sev efvor i amd tn ohyxhon xatd péoo tne Mapaypdgou 7.2.

Ochpnpa 11.2.2. Eoww (X, A, n) xdpos pétpov, f, : X — C axolovdia petpriowy ovvaptricewy
ka1 f : X — C pepriowun ovvdptnon dote fo, f € LP(n). Av fn — f otov LP(u), wote f, — f katd
HE€Tpo.
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Andédeén. 'Eotw e > 0. Trodétouye tpnta 6TL p < 00. Oua yenowonotfcoupe Ty avicdtnta Chebyshev-
Markov (BX. Hpbtaon 6.2.8): "Eyouue

W 1ful@) = £@)] = ) = pl{z € X : |fala) — f@)P > )
<5 [V 11 du o,

ooV fr, — f otov LP(u). ‘Etor, mpdypott f, = f xotd yéteo.
[Ma v tepintwon p = 0o whpa, tapatneolue tpdta 6Tt | fr(z) — f(2)] < || fo — flloo p—o.1. ot0 X.
Aol || fr, — flloo = 0, yiot 6houg Tehixd toug n oyVer 6T || fr, — flloo < €, dpa

p{z s |fu(z) = f(2)] = €}) = 0.
O
To avtiotpogo Tou TEoNYoLUEVOU VeEWEHUUTOS BEV Loy VEL — QPHVETAUL KOS GOXNOT VLo TOV OVAY VOGT
vo. Bpet xatdAAnio avTimoedderyua. Ioylel duwe to e€hc uepind avtiotpogo:

Ochpnpa 11.2.3. FEoww (X, A, 1) xdpos pétpov, fr, : X — C axolovdia petpriowy ovvaptricewy
ka1 f : X — C petprionun ovvdptnon bove fn, f € LP(u), émov 1 < p < oco. Av f, — [ xavd pézpo
ka1 emmAéov vndpyer petproyun owvdptnon g : X — [0, 00] pe g € LP(pn) dote | fr| < g y1a kde n € N,
t6te fr, — f otov LP(u).

Anddeaén. Ac vrnodéooupe ot f, = f otov LP(u). Téte, undpyouv g9 > 0 xan vraxohovdia {f, } e

{fn} Oote

(11.2.1) / Fon — FIP di > o

yioo xde n. Ouwg, agod f, — f xotd yétpo énetan OTL fr, — f xotd p€TEo xou CULVETKS, Amd TO
Mépiopa 7.3.7, undpyer vroxorovdia { fr, } dote fr, — f p—o.m. And tn cuvidim Yy Ty g o To
VeWENUA XUPLIEY NUEVNS CUYXAOTG, CUUTERAVOUUE OTL

/ fi — 1P dp— 0

10 omolo €pyetan oe avtigaon ye v (11.2.1). O
Ebvau cagée, 6tL cuvbudlovtog autd to amoteréopata he to Yewpruota tne Hopaypdpou 7.5 unopolue

vo. Bydhoupe opxeTd dxoun cuunepdopata. Zeywpllovue To e€Xg:

IMépiopa 11.2.4. Eotw (X, A, p) xdpos uétpov, fr, : X — C akolovlia petprioyuwy ouvaptrioewy

kar f : X — C perprionun owvdptnon doze fr, f € LP(p). Av f, = f otov LP, tdéte vndpyer vnakolovdia

Ui} o5 Ufn} 1€ fo, = f p—o.m

Anédein. Ebvar dueco and to Oewpnua 11.2.2 oe cuvduooud e to Iopiopa 7.3.7. O]

ITAneodTnTa TV YWewy LP

Ye auth y evétnra Yo Seifoupe 6t brot ot ydpol ue vopua LP (1), 1 < p < oo ebvon mAripelg, dnhadn ydpol
Banach. I'ta vor To tetOyouue autd Yo yenoLoToCOUUE Tol ATOTEAECUOTOL TTOU BEIEUE GTNY TEOTYOUUEV

evotnTa Yoo T olyxhon otov LP(p).
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Ocwpnua 11.2.5 (Riesz-Fischer). Eoww (X, A, 1) xopos pérpov kar 1 < p < 0o. O xdpos pe vépua
(LP(w), | - |lp) €tvar xdpos Banach.

Anddaén. EZetdlovye mpwta tny nepintwon p < co. ‘Eotw { fp} wo oxohoudio Cauchy otov LP(u). Oa
0etloupe ot undpyer f € LP(u) dote ||frn — fllp, = 0. Kot’ apyde, yenowonowdvtoag to entyeionua g
anddelEne Tou Oewpruartog 11.2.2 éyouvpe ot n { f} elvon Cauchy xotd uétpo: Ipdyportt, yio e > 0 xau
m,n € N €youue

p{r € X < | (@) — fol@)| 2 1) = pl{z € X < (@) ~ fule)P > D) < 5 / o= fml? dp
= o flly =0

%o m, m — 00. YLVETKOC, and To Owenua 7.3.6 undpyouv peterown f : X — C xou par umoxoroudia
{fr,} e {fn} ve fr, = f p—o.n. pénel va deiouvye bt emniéov f € LP(p) xan fr, — f otov LP(u).

‘Eotw € > 0. Trdpyet ng € N dote ||fr — fimllp < &, Y1 xdde m,n > ng. Ané 1o Aduua tou Fatou
GUUTEQAUVOUUE OTL:

[ 1= 11 < timint [ (g fi 7 du< e

Yoo m = ng. XUVEROC, fm — f € LP(u), dpo f € LP(u) xou emnhéov, yioo xde m = ng €youpe
| fm — fllp < €. Aol 1o apyxd € > 0 Arav tuydy, ouunepaivouue 6t f, = f otov LP(p).

[Mo v meplntwon p = 0o e, Yewpolue o clvola

Anm = {z € X2 [fu(2) = fm(2)] < [lfn = Finlloo}

Yot o ool oy OeL 6t pu(X \ Apm) = 0. Etor, av A =11, Anm €yovpe 6t pu(X \ A) =0 (e€nyfote
yroet). Hopatnerote 6t yio xdde n, m € N éyoupe

sup | fn(2) = fm (@) < [[fn = finlloo

T€A

doar m {frn} elvon opotduoppo Cauchy oto A xou cuvende opolduoppa cuyxhivousa. Opllouue f(z) =
lim,, fp(z) Yoo € Axon f(z) =0ywwa ¢ A. Toten f: X — C elvau yetpriown xou f, = f oyotduoppa
oto A. Koatahryouue howmdv oto e€hc:

1fn = flloo = [(fn = Fxallec < sup |fu(z) — f(2)] =0,
Goo f € L®(u) xau fr, = f otov L(p). O

Ilpocéyyion ocuvaptrioewy ctov LP

Ye auth TV evoTnTa Toeouctdloupe 800 Bacixég WLOTNTEC TEOCEYYIONG TV CUVUPTACEMY TOU OVAXOUV
oe ywpoug LP. Eexwvdye Ue 10 e€rg YEVIXO amoTéNeouaL:

Ochpnua 11.2.6. Eotw (X, A, pn) xdpos pétpov ka1 1 < p < 0o. Oewpolue tnr owkoyévaa S mov

aroteleital ané OAe§ Tig anAés ovvaptioes s : X — C ya g omotes 10y Vel

p{z e X : s(x) #0}) < oc.

HS elvar mukvny otov LP ().
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Andoaén. Kot’ apyde, av s € S elvar yior amhy) cuVEETNOT UE XAVOVIXT| LOP@PN

n
s = E anAjv
Jj=1

Tétoto GoTe Yl xde j yio To onolo a; # 0 vo oyel 6t p(Aj) < oo, €youue

[ 15 dn =3 lagua;) < o
j=1

Anhodh S C LP(p).

Tty uxvéTnTa topa, utodétouue apyxd 6t f € LP(p), f > 0. Téte, undpyet adZovoo axoroudio
oAV ouvapthoewy {s,} pe 0 < s, < f xau s, 2 f. Téte duwe, sy, € LP(u) vy xdde n dpa s, € S
(e&nyhote yiotl). Emmiéov, |f — s,[P < fP xou ool f e LP(u), to dedpnuo xuptapynuévng obyxhong
olvel 6Tt

/|Sn_f|pd#_>07

dnhad” 6t ||sp, — fll, — 0. Apa, oL Vetixeg ouvopthoels otov LP mpooeyyiloviar and amiéc wg mpog Ty
|- 1lp- H yevixh| nepintwon twv gryodixdy cuvopthoewy Enetol Ue Tic ouvilelg Teyvixéc. ]

Yt ouvéyeta Yo aoyohniolue ewdixdtepa pe TNV mpoceyylon Borel yetpriouwy cuvapticewy Tou
optlovTon o€ %dmolov UETEXO YOEo and cuveyeic ouvapTthoels. Alvouue TpdTa Evay oploud:

Opwopoe 11.2.7. 'Eow (X,d) yetpwde yopoc xan [+ X — C wyadnr) ouvdptnon. To xhewoté

cVOVONO

supp(f) = {z € X : f(z) # 0}
ovoudletar gopéag tne f.

Ocewpolpe tpa Tov LTdYWEo Ce(X) Tou yheou C(X) Twv cuVEY®Y cLVIETHCEWY 6T0 X TIOL ATOTE-
Aelton amd dAeg exclveg Tic ouveyelc ouvapthoelc f: X — C twv onolwv o gopéag elvon cuunayéc cOvVoho,
onAadn autég mou undevilovtan €€w amd éva cuunayég cvoro K C X. Ye «ToAhoUCy UETEXOUS Y MOROUS
oy el 6Tl oL cuvapthoelg atov LP(u), 6mou 1 < p < oo, npooeyyiloviow and cuveyelc cuvapTAoEl; Ue
ouuTay T PopEa — YOVTEXE, OE GGOUS YWEous toy el To Oewpernua Luzin (Osdpnua 8.2.1). Xeetalbpoote
T0 ¢ Vedpnua and tnv Tonoloyio:

Ochpnua 11.2.8 (Tietze yia petpixolc yweous). Eotw (X,d) perpikds xipos, F C X kAeotd kar
[ F — C ouwvexns ouvvdptnon. Tére, vndpyer ovvexris ovvdptnon g : X — C mov ermexteivar Tty f,
onkadn glr = f, ka1 emmAéor ikavonoiel TNy ||g|loc = || f]]oo-

Tot yror amdBelgn tou YewpNUATOC GTO YEVIXOTERO TAUIGLO TWY QUOLOAOYIXMY TOTOAOYIXMY YWOEWY, TOR0-
méunoupe oo Biiio «Ievixr) Tonohoyla xou Yuvaptnotoxr Avdhuony twv X. Neypendvn, ©. Zoyaplddn,
N. Kohop{So xou B. Popudnn (Kepdhawo 13). Eyele, yia Aoyoug amhotntog, Yo anodeilouye to anotéheopo

uévo otoug ydhpoug RE.

Ocdpnua 11.2.9. Fow 1 < p < co. To abvoro Ce(RF) twr owexdr owaptiioewr e ovurayr

popéa tou R efvar mukvé atov LP(\,), dmou Ay, to pétpo Lebesgue atov RE.
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Andédeadn. Adyw tou Oewpruatog 11.2.6, apxel vor TpoceYYICOUUE TIC YoURUXTNELO TIXEC GUVAPTHCELS UE-
TehoeY ouvehwv A C RF ue A\ (A) < oo. Hpdyuatt, ol amhéc ouvapthoelc Tne S eivon Temepaouévol
Yeouuxol cUVBUAGUOL TETOLWY YOPUXTNPLO TIXWY CUVIRTACE®Y. ATO TNV xavovixotnta Tou Yétpou Lebe-
sgue, vl T0 TUYOV € > 0 umopolue va Bpolue cuumayéc K. xan gpaypévo avouxtéd U, kote K, C A C Ue
xou M\ (U \ K.) < eP. Xprnowomoldvrog 1o s tou Urysohn uropotue va opicouye f € Co(RF) mou
wavorolel Tic 0 < f <1, f =00t0 US xou f =1 oto K. Tore, |f — xal < 1xu f=xa oto K. UUE,
oot
1 = xallp < Pe(U:\ K2)]VP <e.

O duxdc Tou [P

To Yedpnuo mou axolovdel yopoxtneiler Gha o PporyUéva Yeouuxd cuvaetnooetdh tou LP(p) yio 1 <

p < 00 OTNY TEPIMTWON TOL TO fi EVUL T-TIEREPUOUEVO.

Ochpnua 11.2.10. Eoww (X, A, 1) xdpos o-tenepaopérov pétpov kar 1 < p < oo. Av & : LP(p) —
C elvar éva ppaypévo ypapjuxé ovvaptnooadés, tére vrdpyer g € Li(p), émov ¢ o ovluyns exétng tov

P, HOTE
o(f) = [ g du
yia kdde f € LP(p). Mdhioza, o duikds (LP(p))" tov LP(p) efvar wopetpixd 106poppos jue Tov LI(p).

H anédeln tou Yewphuatog napaAelneton SLOTL EEPEVYEL AMO TOUC GXOTOVE QUTWY TWV oNUeWoewy. Tapa-
Téunouvye elte oTic «Xnuetdoeic Avélvorng Iy tou A. Tavvénouviou (Kegpdhawo 2) eite oto Bifhio «Oewplia
Métpouy twv I'. Koupouhhr xau X. Neypendvn (Kegdhawo 11) yio tny anddeiln.

11.3 O yopor LT xouw L2

Kdévoupe €3¢ wia emmhéov avapopd otoug yopouc LT xou L? ol omolol éyouv mpdodetn douh, ohyeBpun

X0l AVAUAUTLX.

11.3.1 H ocuvénin ctov L'())

‘Onwe oy et yevixd i dhoug touc LP(p), émou (X, A, 1) yodpoc pétpou, o LL(N) éyet 0 Souf ypopuxol
xweov. Iap’ 6ha awtd, Yo VERAUE VoL 0p{COVUE XATOLIG HOPPTS KTOMAATAAGIACUO» GTOV YOEO AUTO, HOTE
va yivel, omwg Ape dAyefpa. O ocuviing, xatd onueio, TOAATAACLICUOS OUKS, BEV Elval XOAL OPLOPEVT
TpdEn otov L, agol undpyouv cuvapthoec f,g € L1(A) yio tic onotec fg ¢ LY(N) (xamooxeudote éva
tétol0 Topdderypa). O «atdhinhocy Tolhamhactaoudc i tov LE(A) ebvon n ouvéhién.

Eoto f,g € LY(N\). Ozwpolpe t cuvdptnon ¢ : RF x RF — C pe
oz, y) = [z —y)g(y),

n onola eivor petprhown (doxnon). Avixel enione otov L (R2?F):

[, 1)l dx@) = law)l [ 17~ )] dXw) = gl ]
Rk RE
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am6 To avalhoiwTto tou uEtpou Lebesgue w¢ mpog Tic petagopés. Enopévne:

/Rk(/m'(”)w ) )= [ sl aAw) = 1l lglh < oo.

"Enetor Aowndy, anéd o Ocirpnua Tonelli, 6t ¢ € L (Agx) xou dpa and o Oedypnuo Fubini éyouye d1t 0

/f(m —y)9(y) dA(y)

opileton A—oyeddv yio xdde x € R¥ xou emmhéov (av Vécouue Ty Twh tou fon pe undév exel mou dev

ONOXATPOU

opileton), oav cuvdptnom tou x opilel éva ototyelo Tou L1(N). Abvoupe tov e€fc opopd.

Optopég 11.3.1. 'Eotow f,g € LY()\). Téte, excivo 10 otoyelo f* g tou LY(N) mou opiletor A—o.m.

am6 TN oYEoT

(F+9)@ = [ 1= 9) AW
Aeyetan owvédién twv f o g.
"Eyouue tdpo yLor xahd optouévr mpdln

w0 LY\ x LY\ = LY(\) ue (f,9) — fxg.

Autog Go ebvon 0 «tohhamiactooudcy mou {nthoaue. ITohd ebxola topatneolue xot’ apyds 6Tl 1) GUVENEN
elvou Suypoppx) — emokniedote 0. Mepuée Poaoixée 1B1oTNTES TNG CLVEAMENE TEPLYPAPOVTOL TUEOXATW:

IMpétaomn 11.3.2. Ay f,g € L*(\), tdre

(11.3.1) 1+ glly < I lallglls-

EmmnAéov, n owéién eivar ovvexns.

Andédean. Me tov mapoamdvey GUUBOMOUO Yo Tn CLVAETNOY @ EYOUNE OTL

I +ali= | ‘ [ 1= watw) dA<y>]dA<w> <
< [ ([ 1660 3w ix@) = U1kl

Dot T ouvéyela tHpa, Yo det€oupe 6t av fu, f, gn, g € LX) pe || fn — flli = 0 %o [|gn — gll1 — 0, t61¢
[fr % gn = f * glly = 0. Tpdypor,

an*gn_f*ng:||fn*(gn_g)+(fn_ )*gul an (n g)Hl"i_H(fn_f)*ng
< [ fnllillgn = glls + [1fn = Fllallgll = 0,

and tic vnodéoelc. O
IMpétaom 11.3.3. Eowo f,g,h € LY(N). H ouéién éxe tig e€rig 1bidtnres:

(i) Etvar drypaupuxn, dniadn

(f+g)xh=fxh+gxh ka f*x(g+h)=f*xg+ f*h.
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(ii ) Eivar petaletikn, oniadn
frg=gxf

(iii ) Eivar tpooetaipiotikii, 6nAadn
(f*g)xh=fx(gxh).

Anddeadn. Adyw tng cuvéyelog TS CLVEMENS, Yiol VoL amoBelEOVUE OE TATEN YEVIXOTNTA QUTE TOL AMOTE-
Aéopara, opxel vor Tor amodelloupe yiol TIC CLUVEYEIC CUVOPTAOELS UE CUUTOYY) POREN, AOYW TOL Otwpruo-
T0¢11.2.9, émou €youue Tic cuvRlelg WLOTNTES TOL oAoXANPOUATOC Riemann.

H Svypapuxotnra ebivon dueon. ot yetodetindtnta, yedpouye:

(F+9)@ = [ 1 =9 dy= [ Fg(e~2) dz =g+ (o)

OTOU AVOPE TNV OANXYT| METABANTAC 2 = = — Y.

[ TNV TPOCETAUEIGTIXOTN T, €Y OUUE:

(F+@em)a) = [ £ =)o) dy /f@w(/g@wM@deyz

/ </ f@=y)gly = 2) dy) h(z) dz = / (/f@ —z—u)g(u) du> h(z) dz =

— [(F9)a = (e dz = ((F ) < W)(a),
OTOU AVOUE TNV OANXYT| METABANTAC U = ¥ — 2. O

Me Béon v mopamdve TpdTaon xu 1o Oewpfuo Riesz-Fischer, o LY(A)etvor wo petadeninri dAyefpa
Banach, dmhadh pa petadetind dhyefpa e pa vopua yia Ty onoio toylet n avicdtnta (11.3.1) xou etvou
TANENG WS TROS TN UETEIXT TOU UTY) ETAYEL.

11.3.2 O L*(u) eivon ywpoc Hilbert
Oupilouye apyxd to e€hc: av (-, -) elvar éva eowTepXd YIVOUEVO GE évay Ypouuxd Yweo X, T6te autd
EMAYEL PUOLOAOYXE Uit vopua oTo X Tou opiletal and 0 oyéon

|z = (z,2)'/?, yaze X,

1 omola ue TN oelpd TNg xohotd To X etpixd ydpeo. Av o X elvor TANpng w¢ TEOC TN HETEIXY) TTOU EMAYEL
TO EOWTEPXO YWVOUEVO, ToTE 0 X Aéyeton xpos Hilbert. Ouulloupe eniong 6Tl 0 OTOLOVONTOTE YWOEO UE
E0WTEPIXO YWVOUEVO Loy Vel 1) eEN¢:

ITpotaon 11.3.4 (oviobtnto Cauchy-Schwarz). Eotw (X, (-, ) xdpos pe eowtepikd ywipevo. Torte,
ya kdOe x,y € X,

[{z, y)| < Nzl lyll

Arnddeén. E€etdloupe mpodtor TV mepintwon mov o X ebvan ypouuxde yweog mhve andé to C. 'Eotw
z,y € X xou éotw M = |{x,y)]. Trdpyer 6 € R dote (x,y) = Me®?. Twa x4 wryodind aprdud A = re'
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€Y OLUE

0 < Az +y, Az +y) = Mz, 2) + Mz, y) + M, v) + (4, v)
= [M*{z,2) + 2Re(Mz, ) + (y,9)
= r2(z,z) + 2Re(rMe’ V) 4 (y, ).

i(0+t) _

EmAéyoupe 1o t étol wote e —1. Tote, €youue

r2(z,x) — 2rM + (y,y) >0
yioe xde r > 0. Hodpvovtac 7 = /(y, y) //(x, x) €xovue to {nroduevo (n nepintwon z =0 %y = 0 elvou
TPOPavAC).
Yy mepintowon mouv o X elvon Yeauixog yoeog mve and to R, nopatnpolue ott yio xde z,y € X
xon yioe xdde t € R woydet

0< (tz+y,te+y) =3z, 2) + 2t{z,y) + (y, ).

H Sioxpivouca Tou Tpuwvipou o mpoc t mpénel vo ebvan wixpdtepn 1 (o omd pndév. Apa, 4(x,y)?
Az, x)(y,y) < 0. Auté diver To Intolpevo. O

‘Eotw thpa (X, A, 1) évac ympog YéTpou. Oempolue TNV anexévion

() L) x L2(n) = € gz (frg /fgdu

Ard v avicdétnta Cauchy-Schwarz cuunepaivouues 6Tt
Yy

1/2 1/2
[ 119 du<</|f|2 dﬂ) (/w du> o

xon GUVETEC 1) (+, ) efvor xohd oplouévn xon pdhiota opilel éva uryadind ecwtepnd yvéuevo otov L2 (p),
ONAod”:

(i) Eivou ypouuxh o¢ mpog v medtn LeToBANTH xou oLluyYNOS Yeouuxh »¢ Tpog 1 Se0Tepn:
(af +bg,h) = a(f,h) +blg.h),  (f,ag+Dbh) =a(f,g) +b{fh),

v %8¢ f,g,h € L%(p) xon a,b € C.

(ii ) "Eyer ouluyr ouppetplo, dnhody

(f,9) =19, ),
v xéde f,g € L2(p).

(iii ) Efvor 9etinnd, dnhadn
(f.f) 20, ywxdde feL*(u) xn (f,f)=0 & f=0.

H anddeiln autdv twyv idotitov aghveta we doxnor. Télog, napatnpolue 6t av || - || ebvon 1 vopuo mou
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ENSYEL TO ECWTEPINS YWouevo otov L2 (1), téte

_ 1/2 1/2
1l = (/ /7 du) _ (/|f2 du) — /1l

v xdde f € L?(u). Koatd ouvénewor o L2 (1) éxer xhnpovopioet tn vépud | - ||z omé 1o ecwtepind yvbpevo
(-, ). Buvdudlovroc auth TY Tapathenon ue To Yedpnue Riesz-Fischer, cuunepaivouue 6t o L2 (p) evan
yweoc Hilbert.

11.4 Mwx debtepr anddelln Touv Yewpruatoc Radon-Nikodym

Alvoupe o auTH TNV evOTNTa W 0eUTER, cuVTOoUdTEREN, ambdeln Tou Yewpruatog Radon-Nikodym. Oa
YETOWOTOLAGOUUE TO amOTEAETUA TNE TPONYOUUEVNC Toparypdpou, dnhadh 6t o L2 eivon ydpoc Hilbert.
Yuyxexpuléva, Yo ypetaotolue To Yewpnua Riesz yia yweoug Hilbert to onolo avagépaue xon otnv §10.5.
To uneviuuilouue xa €66:

Ochpnua 11.4.1 (Riesz). Eoww (H,(-,-)) xdpos Hilbert ka1 f : H — C éva gpayuévo ypaupxié

owvaptnooedég. Tote vndpyer v € H dote
f(z) = (z,v), yua kdle x € H.

H onédeln otn pyodiny meplntewon elvon eVIEADS avahoyT UE AUTAY TNG TEAYUATIXAS TERIMTmong oL
UTIAEYEL OTIC LNUELOOELS Luvaptnotoxric Avdiuonc.

Eduétepa, otny tepintwon tou yodeou L2 (1), 6mou (X, A, 1) ebvor évag ydpog uétpou, To anotéheopa
OLOTUTAOVETOL WG EENG:

Av ¢ : L?(u) — C etvar éva ppaypévo ypaupixé ovvaptnooadés, téte vndpyel g € L?(u) dote

o5 = [ 13 dn

yia kdOe f € L*().

To yeovéxtnua g amodelng mou Yo TUpOUCIACOUUE, OE GUYXELON UE AUTHY TIOU OWOOHE GTO TEOT
YOUUEVO xe@AAO, efval OTL amanTel xou Tar 6VO UETEO TOU EUTAEXOVTAL OTT BlATOTMOT TOU VEWPHUATOS Vol
elvow o-menepacpéva. H anddeiln ogelleton otov von Neumann.

Ocedpnua 11.4.2 (Radon-Nikodym). Eotw (X, A) petprioios xdpos kai p, v 6Vo o-nenepaopéva
pérpa otor (X, A) ne v < p. Tore, vndpyer petprioun ovvdptnon h: X — [0, 00] dote

o) = [ nn,

yia kde A € A.

Andédedn. Oo anodellouue poévo TNV TERITTWOoN Tou Ta (1 xou v elvan menepacuéva. H ouvéyeio yioo v
TepinTwon mou elvon o-TeMEpAcUEVA, TNV OTolol TUEOUCIAGOUE GTNY amddelln Tou Ocwpruatog 10.3.3, elvou

7 7 4 4 Z
oTTAY| o BEV OTAULTEL XATOLL VEX LOEQL.

Ocwpolpe 10 Pétpo p = p + v oto yodeo (X, A) to onolo elvon mpogovne nenepaopévo. Oewpolue
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Tov mparypaTnd xoeo L2 (p) xow T ouvdptnon ¢ : L3 (p) — R pe

o5 = [ 1av

Efvor dueco 6t 10 ¢ ebvon ypoppixd ouvaptnooetdéc otov L (p) xou emimhéov
sol < [1rtav< [irdo
1/2 1/2
<(frao) ([ ) = Vol

dnhadh To ¢ elvon gporyuévo. Amd To dedpnua avamapdotaone Tou Riesz undpyet tpaypatnd g € Li(p)
ME TNV WOLOTNTA

o(f) = / fg dp,
BM\odY,

(11.4.1) /f dV:/fg dp,

v x&de f € LE(p). And auth tnv g Yo xoaoxeudoouue Ty h tou dewphuoatoc.
Ioyvewowocg. Ioylet 0 < g <1 p—o.t. oto X.
O¢roupe apyixd An, = {z € X : g(z) = 1+ 1} xou éyouye, Vétovtag f = xa, oty (11.4.1), 6t

plidn) > vid) = | o> (1 T i) p(An),

Smhadh p(An) = 0. Apa, p({z € X : g(z) > 1}) = 0. ‘Opowa, Vétoupe B, = {z € X : g(z) < =1} xu
tot€E, Yo f = xB, , Talpvouye:

1
0 < v(By) = / g dp <~ p(By),

n

onhadh p(By) = 0. 'Eto, énetan o toyvplopoe.

Ané n oyéon p = p + v cuunepalvoupe 6Tt

[rao=[sans [1av

v xdde f: X — C ohoxhnpddoyun xou cuverde ) (11.4.1) naipver tn popen:

(11.4.2) /fu—@dyz/jgmL

v xdde f € L?(p). Av C = {z € X : g(x) = 1}, t61e epoapudlovtoc v Teheutaia lobtnTa Yo f = X0,

0—/0(1—9)611/—/(}9@,

doa pu(C) = 0. Agol v <K p, éxoupe 6Tt v(C) = 0, dpa xau p(C) = 0. Kotd ouvénela, ynopolye ywplc

BArémouye OTL
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TEPLOPLOO TNE YEVIXOTNTOS Vo uTtovécouue 6Tl 0 < g < 1 mavtol oto X.

‘Eotww A € A. T n € N dewpolue tn cuvdptnon:

fo=0+g+---+9")xa

n omola avixer otov L2(p), agol 0 < g < 1 xou 70 p elvon menepaopévo, dpa n (11.4.2) vy f = fn

YedpeTon:
" 1— n+1
/(1—9 ) du—/g~gd,u.
A A l—g

Ou uno ohoxAfpwor axoloutieg elvan duwe adlouoeg xaw g™ — 0 xatd onuelo oto X. 'Etot, to Yewpnua
HovoTovng oOYXAIoNG Hog Olvel OTL:

V(A)Z/ldl/: %d,u.
A A

To A Htav tuydyv, ondte Vétovtog h = ﬁ éyoupe 0 {nToluevo. O

11.5 Aoxroeig
Owpdda A'.

11.1. Eoww (X, A, n) yodpeoc pyétpou xou f € LP(u). Na deilete 6T yio xdde a > 0 woylel

p (e 1f@)] > a}) < (”f”)

a
11.2. Eow (X, A,u), 1 < p < 0o xu g o ouluyhic exdétne tou p. Av f, — f otov LP(u) xou g, — g otOv
L9(p), det€te 6Tt fugn — fg otov L1 (u).

11.3. Eow (X, A, i) ybpeoc uéteou xou p,q,r = 1pe £ = L + 1 No deifete 6t av f € LP(u) xou g € L9(p),
XLPOC UETP UE 7 q

D=

t6te fg € L™(p) xou
I£gllr < 1F1pllgllg-

11.4. Eow (X, A, u) yopoc yétpou xau fo, f € LP(u) wote f, — f otov LP(u). Av (gy,) eivon o opotduoppo
pearyuévn oxohoudio ueTerowy cuvapTAcewy 010 X UE gp — g u—oyeddv tavtol, va dei&ete ot || fngn — fgllp —
0.

11.5. Eotw (X, A, 1) xodpoc nenepacpévou uétpou xou 1 < p < ¢ < oo.

(i) Av f: X — C petpriown, va deiete 6Tt
£l < 1 Fllg (X))

(ii ) No el€ete ot LI(p) C LP(u).

Owpdda B'.

11.6. Eotww (X, A, ) yopoc pétpou xou 1 < p < ¢ < 7 < co. No dellete 6n xdde f € LI(u) ypdpeton otn
woph f = g+ h v xdmoec g € LP () xou h € L" (). [Trédeén: Bewpfiote 10 ovvoro E = {x : |f(z)| > 1} »on
Yedte f = fxe + [xEe]

11.7. Bow (X, A, p) yopoc pétpou xou 1 < p < r < co. Na dellete bt av f € LP(u) N L"(u), 16t f € Li(1)
viexdde p < g <.
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11.8. Eow (X, A, n) ydpoc yétpou, p = 1 xou o axohoudia {fn} otov LP(p) pe || follp < 1 yio xdde n. Av
frn = f natd onpelo p—o.m., vo detlete 6t f € LP(u) xou || fl|p < 1.

11.9. Eow (X, A, u) yoeoc menepacuévou yétpou xon f : X — C petphiown ovvdptnon. No deilete 6t
f € LP(u) av xou wévo av

Zn”u({xeX:n—lg|f(m)\<n})<oo,

omouv 1 < p < 0.

11.10. 'Eotww (X, A, 1) xopoc wétpov xou fn, f € LP(u), 6mov 1 < p < 00, e fn, = f p—o.n. Na dellete 6t

[fr = Fllp = 0 ov xow pévo ov || fully = ([ flp-

11.11. 'Eow (X, A, 1) xdpoc menepooyévou uétpou xau pia Yetprown ouvdptnon f : X — C. No delfete 6Tt

Tim (£l = 11/l

11.12. Eotw 1 < pp < p1 < 00. Adote napodelypata petpfiowny cuvaptioewy f : (0,00) = R tou txavorololv
o e€ne:

(i) feLP(0,00) av xou pbvo av pg < p < py.
(i) f € LP(0,00) av xaw wévo av pg < p < p1
(iii ) f € LP(0,00) av xat wévo av p = py.
[Trédadn: Aoxapdote ouvapthoeic tne woppic f(r) = x| logx|’.]
11.13. Eoww E évo Lebesgue petprioyo unosivoro tou [0, 1] ye 0 < A(E) < oo.
(i) Aci&te 6t n xE * X elvou cuveyfic cuvdptnom.
(ii ) Aseigte 6T undpyet € > 0 wote: av |z| < € t6te A(EN(E +x)) > 0.

11.14. 'Eotww {fn} oxohoudia pn apyntixdv cuveydv cuvapthceny oto R. Trodétoupe btu xdde f,, undevileton

¢Zw and 1o [0,1/n] xou
1/n

Fult) dt = 1.
0

Eotw g € LY(R). Opllovye gn = fn * g. Actte 6T ||gn — gll1 — 0 xaddc n — oc.

11.15. Stadeponoolpe g € L1 (R™) %o opilovpe

(i) AcelEte 610 Ayt LY (R™) — L (R™) elvon gpoypévos yeoupinds TeheoThc.

(ii ) Av emmiéov g > 0, vnohoyiote ) vépua || A4l Tov Ay.

(ili ) Aci&te 6T n povadueh, f € LY(R™) yio tv onola f * f = f ebvou m f = 0.
11.16. Acigte dnvav f, € LM0,1] xou || fo]| < 57, 16T fr, — 0 oyedbv mavtol w¢ mpog to pétpo Lebesgue.
Owpdda I,

11.17. 'Eotww (X, A, u) xodpoc pétpou, p > 1 xou wa ouvdptnon f € LP(u). No dellete 61t

[upan=n [ T (e e X @) > 1) dr.
X 0
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11.18. Eoww (X, A, u) yopoc nenepacuévou pétpou xau f : X — R yetpriown ouvdptnon. Trodétouue 6Tt
undeyouv p = 1 xou otadepd C' > 0 tétola toTe

plfe e X 1@ > < ¢

v %8¢ ¢ > 0. Aellte 6t f € L™ () yioe xdde 1 < r < p.

11.19. BEow r > 1 xu fp : (0,1) = R petpriowes ouvapthioeic pe || fnllr < M v x&de n. Trodétoupe ot
fn — [ oxeddv mavtob (¢ mpoc 1o pétpo Lebesgue) oto (0,1). Na deifete 6t yia xdde 1 < p < r woydel
[ = fllp = 0.

11.20. Eotwo f € LY (R"). T xdde t € R Yétouvpe fi(x) = f(z +t),r € R. Na deilete dTu:
(i) T %&de t éxovpe f; € LY(R™) xou [ frd\ = [ fdA.

(ii ) Ioybet limy—yo [ |fi — fldX = 0.

11.21. 'Eowo f € LY(R). No deiete 611

lim [ f(z)cos(nz) dA(z) =0 xou nll_}n'olo f(z)sin(nx) dA(z) = 0.

n—oQ

11.22. Afveto wa @paypévn Lebesgue petpriown ouvdpton f: R — R nmou undeviletan €€ ané o [—1,1]. T
xade h > 0 oplCoupe N cuvdptnon ¢p : R — R e

x+h
on(z) = %/% f(t) dA(t), = €R

AcetZte 6t ||onlle < || fll2 xou [|¢n — fll2 — 0 étav h — 0T

11.23. 'Eowo {fn} oxohoudo un epvnuxdv ouvapthoewy otov L (R¥) pe [ frd\ = 1 vy xéde n € N. Tro-
Bétouye 6Tl v xdde § > 0,

lim fo d\ = 0.

o0 Jig:|@|>6}
Aceilte 6T v xdde p > 1,

Jim || fl, = o0

11.24. 'Eow (X, A, p) yopoc mbavétnrac xou f € LP(p) v xdmowo p > 1. Na deiete 6

log || £, > / log | dy.

11.25. 'Eow E, F' Lebesgue petpfioya untooltvora tou R, ye A(E) < oco.

(i) Aci&te 6L n xE * XF elvou cuveyhic cuvdptnon.

(ii ) Asigte 6un- (XE * X[o,l/n]) — X E oxedov navtol xadde n — 0o.
11.26. 'Eotww (X, A, 1) yopoc o—nenepacpévou uétpou xau g : X — C petprown ouvdptnon. Troldétoupe ot
yio %49 f € L (p) woylet xou f - g € L' (u). No delfete é f € L*(p).

11.27. Eotww 1 < p < oo xau f € LP[0,1]. T xdde n € N opiloupe

2"
fn =2" Z an,k(f)XJn,ka
k=1
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émou Jp ) = [’“_1 ﬁ) Xl an k() = fJn,k fdX. AclEte 6t
Tinn | = fully = 0.
11.28. Eotww 1 < p < oo xu f € LP[0,00). Aceilte 6t
[0 oo < st
v xdde z > 0 xon 6T

) 1
lim T

/Ox F(t) dA(t) = 0.

11.29. 'Eotww (X, A, p) yOpoc HéTpou XL €1,C2, ... Cm > 0 pe ¢g + 2 + -+ + ¢y = 1. Na dellete 6t av
fis fas ooy fm 0 X = C elvan petpriowec ouvaptioels, tote

/ (ﬁ |fz-|°i> < ﬁ (f1a1au) "

11.30. Yrodétovue 6T f € LP(R) v xdde 1 < p < 2 xou emuniéov 6T

sup || f[lp < +oo.
1<p<2

AciEte 6t f € L*(R) »ou
[fll2 = Tim [ £]],.
p—2

11.31. 'Eowo f € L'0,1] pe tv e€hc ibtnror undpyet C > 0 dote

[ 111dx < oV

yio x&de Lebesgue petprioiwo unoctvoro A C [0, 1]. Acei&te 6u f € LP[0, 1] yiexdde 1 < p < 2. Eivor avoryxoaotind
n f otov L?[0,1];

11.32. Eow f : R” — R Lebesgue petpfiown, E = supp(f) yio v onoio oy be

(+). /E exp (|f(x)]) dA(x) < 00

Anodeitte 6u f € LP(R™) vy xdde 1 < p < oo xou || f]l, < Cp, 6mov C' > 0 wa andhutn otadepd. Adote
TopddELYUo HETPHOWNG cuvdptnone f mou xavornotel T (x) adh& f ¢ L2 (R™).

11.33. Eotww (X, A, ) yoeoc pétpov ye u(X) > 0 xou pa yetpriown ouvdptnon f : X — C. Opiloupe 1o
0vo10€s Tedio Ty g f va elvon to ohvoho Ry dhwv twv a € C yio to onola toylel to e&Rc: Yo xdde € > 0

p{z e X :|f(z)—a| <e}) > 0.

(i) No deiete 61 10 Ry elvan xhetotd clvoho.

(i) Av f € L™ va deiete 6t 10 Ry elvon oupmayée xa || flleo = max{lal : a € Ry}.

11.34. Eow 0 < p < 1. OpiCouye tov (apvnuixd auth t @opd) auluyrj exdétn g Tou p anb tn oyéon %+% =1
‘Eoto (X, A, pu) yopoc pétpou. Av f,g: X — [0, 00] va delete 6Tt

s (fr ) (fra)”
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(Jireora) "> (Jra) " (Jow) "

11.35. Acigte 6t av 1 < p < g < o0, t61€ 0 L0, 1] elvan npddtne xatnyoploc vnoctvokho tou LP[0,1].






[TopopoTRuaT






IMTapdetnuo A’

OroxArpwua Riemann

A’.1  Oglouodcg

‘Ecto [a,b] éva xhewoté ddotnuo oto R, Awpépion tou [a,b] da Aye xdle nenepacuévo vnocivoho
P = {xg,z1,...,25} T0U [a,b] pe 20 = a < 1 < ... < xp = b. Ou ypdgouvye P = {a = 29 < x1 <
... < xp = b} v va Tovioouue auTAY oxpBee T dtdtaln.

Kdéde Swopépion P = {a = xo < 21 < ... <z, = b} ywpilet 70 [a,b] oe n unodlaothuata [Tk, Tr11],
k=0,1,...,n — 1. Ovoudloupe mAdtog tng dapéptong P tov aptdud

I|P|| = max{x1 — xo,x2 — T1,...,Tp — Tp—1}-

Hopatnerote 6Tt dev amaUTOVUE and To [Tk, Th4+1] VoL EOUV TO (Blo Pixoc.

H dwwépion Pr Myeton exAéntuvon tne P av P C Py, dnhadr av 1 P npoxOntel and tnv P ye tny
npoo¥fixn nenepacuévey to Thidog onuelwy. Av Pi, P eivan 0o diapeploeic tou [a, b], n kown exkAéntuvon
v Pp, Py etvon 1 dwpéplon P = P U P,

Ocwpolpe thpa wa ppaypérn ouvdptnon f : [a,b] — R xou pa Swépion P ={a =29 <21 < ... <
xp = b} tou [a,b]. T xdde k =0,1,...,n — 1 opilloupe Toug mparypatixols aptiuoie

mg(f, P) = my =inf{f(z) : z < x < xp41}
xou

My(f,P) = My = sup{f(z) : 2k < & < T4}
To dve xou To %dte dpolopa e f we mpog Ty P elvon ol apriuot

n—1

U(f.P) =Y My(wpsr — )

k=0
no
n—1
L(f,P) =Y my(aps1 — zx)
k=0

avtioTouya. Eivar gavepd 6t yia xdde diouépion P 1oy let

L(f,P) <U(f,P)



198 - ITAPAPTHMA A’. OAOKAHPOMA RIEMANN

ool my, < My xou T — 2, >0, k=0,1,...,n — 1. Ioydel duwg pia TOAD o 1oy uet aviooTnTo:
Afuppo A’1.1. Eotwo f: [a,b] = R gpayuévn ovvdptnon kar Py, Py 600 duauepioes tou [a, b]. Tére,
L(f, ) S U(f, P2).

Andédeaén. H onddeln Pooileton otov axdroudo loyvplouo:

FEowP={a=20<x1 <...<Zp < Tpp1 <...<Tp=">0} oz <y < Tpy1 Yo xETOLO
k=0,1,....,n—1. Av P, = PU{y}, t61t¢

Arndbetn tou 1wy upiopol: Oétouye m](gl) =inf{f(x):z <z <y} xau m,(f) =inf{f(z):y <z < xR}
Téte, my, < m,gl) oL my < m,(f) (36t A C B = inf B < inf A). Enopévoc,

L(f, P1) — L(f, P) = m" (y — &x) + m{P (w41 — y) — my(@p1 — ax) > 0.

Evtelo avdroya delyvouue 6T

oty anddeln tov Mupatog Yewpolue Ty xowy| exkéntuvon P = P U Py twv Py xaw P, H P
meoxOnTEL omd TNy Py pe mpootxn mencpaouévwy to tAfdog onueiwy. Av e@upudcouUE TOV oY URIOUO
nenepacyéves to nhidog gopée, taipvouue L(f, P1) < L(f, P).

Agoi 1 P mpoxintel oamd v Po ye v 1tpocdixn nencpaouévewy to tAdog onueiny, ouota Brénouue
6t U(f, P) S U(f, P2). Ané tny dhin mhevpd, L(f, P) < U(f, P). Luvdudlovtog To Topomdve, €Y0UUE

L(f,P) < L(f,P) <U(f, P) < U(f, P»).

xou 1 amédeln ebvar TAeng. O

Opwopog A'1.2. Eoto f: [a,b] = R gpoypévn ouvdptnon. Opilovpe we kdtw odokArjpopa e f

oto [a,b] o
b
/ f(z)dx = sup {L(f, P) : P Swopépton tou [a, b]}
xou ¢ dvw odokArpwua e f oto [a,b] to
i
/ f(x)dx = inf {U(f, P) : P Swwépion Tou [a, b]}

And 1o Afuua A"1.1 éyoupe
b b
/ flx)dx < / f(z)dx.

Mo gporypévn ouvdptnon f : [a, b] — R Aéyeton Riemann odokAnpdoiun av

/: f(z)de = /abf(:c)dx.
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H xow#| oauth tih) Méyetan odokArjpwpa Riemann tne f oto [a, b] xou cupBohileton ye

/abf(m)d:v i /abf-

A’.2 To xputrero Tou Riemann

Ocedpnua A’.2.1 (xpithpto Riemann). Eoto f : [a,b] — R gpayuévn ovvdptnon. H f eivar Riemann
olokAnpdoun av kai pévo av yia kie € > 0 umopolpe va Bpolue duapépion P tou [a, b] tétowa dote

U(f,P) - L(f,P) <e.

Anéoein. Trodétovue mpwta 6TL 1) f elvan Riemann ohoxAnpdoiun. Anhady,

/abf(a:)d:c = /abf(:v)dx = /abf(x)dw.

‘Ectw € > 0. And tov optoud tou xdtew ohoxhnpoduatog, undpyel dwpéplon P tou [a, b] tétolr wote

b €
/ f(z)dx < L(f, P1) + 7

Ané tov optopd tou dvw ohoxhnpouatog, utdpyet dtapépton Py tou [a, b] tétoln dhote

3

)
JEC R

Ocwpolue v xowt| exiéntuvon P = Py U Py. Tore,

U(f.P)~5 < ULP)-3
) b
< /f(x)da::/f(a:)dx
< L(f,P1)+§<L(f,P)+5,

an’ 6Tou érneton OTL

0<U(f,P)— L(f,P) <e.

Avtiotpoga: unodétouye 6Tt yia xde € > 0 undpyel Swopépion Pr tou [a, b] tétola wote
U(f, Pe) < L(f, ) + ¢

Tore,

b

[ #war <vtr ) < 1P we < [ v

a

Brhad
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yioe x&e € > 0. ‘Eneton o1t

[ swe= [ sy

onAaot| 1 f ebvar Riemann ohoxAnpdoiun. [

Oevpnpa A’.2.2. Kdle povétorn ouwvdptnon f : [a,b] = R elvar Riemann olokAnpdoiun.

Andoaén. Xwplg meploploud tne yevotntog unovétovye 6tL n f elvon adouca. H f elvan mpogavide
pporypévn. T xdde n € N dewpotye tn dopépion P, = {a =29 < 1 < -+ < Zp—1 < T, = b} T0U [, b]
oe n (oo utodlooTrAoTe. Anhadn,

k(b —a)

Tp =a-+ , k=0,1,...,n.
n

Tote, agol 1 f elvon ad&ovoa €youue

n—1 n—1

UG Pa) = Y Mienar = 28) = 3 foren) = o (flan) oot faa),
k=0 k=0
=V n—1 n—1
L(f, Pp) = ) mi(wpsr — wp) = Zf(ffk)b;a = b;a (f(@o) + -+ f(wno1)).
k=0 k=0
Apa,
005 ) - 107, ) = S =100 =0) _ 0= J@lo=a)
Ané 1o xputrpto Tou Riemann Biénoupe edxoha dtL 7 f elvow Riemann ohoxhnpdown. O]

Ochpnua A’.2.3. Kdle ovvexns ovvdptnon f : [a,b] — R elvar Riemann oAokAnpdoiun.

Anddeén. '‘Eoww ¢ > 0. H f elvar ouveyric oto xhetot6 Sidotnua [a, b], dpo opotdpoppa cuveyhc. Mro-
eolpe Aowdy va Beolue § > 0 e v e€rg WdTnTa:

Av z,y € [a,b] xu |z —y| <6, t6te |f(x) — f(y)] < ;55

Mmopolue eniong va Bpolue n € N tétol0 wote

b—
<5
n
Xwpilouye T0 [a,b] oe n unodlaoThuaTa TOL 6oL URXOLS I’_Ta. Ocwpolue dnAadh Tt Swopéplon P, mou
amoTeAelTan amd T onuelo
k(b —
Tr=0a+ ( a)7 k=0,1,...,n.
n
‘Eotww k =0,1,...,n—1. H f elvou ouveyhic 010 xAetoTtd Sdotnue [Tk, Tr41], dpot Todpver péytotn xou

eENGyLoTh Th ot oautd. Trdpyouv Snhadh vy, Y € [Tk, Trr1] TETOW GOTE

My = f(y) xou  my = f(yg).

Emmhéov, To uixog 10U [Tk, Tpi1] v oo pe =2 < 4, dpa

g — Yi| < 6.
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Ané v emhoyy| Tou § Talpvouue

My =i = ) = F) = 1Fh) = F@] < —

b

‘Eneton 6t

n—1

U(f, Pn) = L(f, Pa) = (Mi — mue) (@41 — k)
k=0
n—1 c
< b o a(xk‘+1 - xk‘)
k=0
€

- a( a)=c¢

Ané 1o xputrpto Tou Riemann, 7 f eivou Riemann ohoxAnpwouun. O

A’.3 IsuotnteEg TOoL OAoxAnpwuatoc Riemann

Ye auTh TNV Toedypapo avapEROUNE TIC THO BaoxéC WLOTNTES Tou oloxAnpwuatoc Riemann xou anodel-
%xvOoLUE pepéc and autéc. H amddeiln twv unoholnmy elvon plor oA doxnon.

Ocedpnua A’.3.1 (ypouuxdtnta tou ohoxhnpwpatoc). Av f g : [a,b] — R evar 500 odokAnpdoipieg
ouvaptioes kairt, s € R, téte ntf + sg elvar odokAnpdoun oo [a, b] kai

/ab(tf + sg)(z)dr = t/ab f(z)dz + s /abg(g;)dgj'

Ocevpnua A'.3.2. Eow f : [a,b] = R gpayuévn owvdptnon ka1 éotw ¢ € (a,b). H f elvar ohokAn-

pooun oo [a,b] av kar pévo av efvar odokAnpdoun ota [a,c] kai [c,b]. Tdre, wyvel

/abf(:c)d;v _ /acf(m)d;v+/cbf(m)d:n.

Ochpnua A’.3.3. Eoww f : [a,b] = R odokAnpdoun ovvdptnon. Yrodérouue éum < f(z) < M

yia kdOe x € [a,b]. Tdre,
b
m(b—a) < (z)de < M(b— a).

a

Ynueiwon. O aprduodg

elvaw n péon turj e f oto [a, b].

IMépiopar A’.3.4. Eoww f,g : [a,b] = R odoxAnpdoipes ouvaptrioes. Trobérouue éu f(x) > g(x)

/a  fla)de > / gl

Ocedpnua A’.3.5. Eoww f : [a,b] — [m, M] odokAnpdoiun ouvvdptnon kar éotw ¢ : [m, M] — R

yia kdOe x € [a,b]. Tdre,

ouvexnis ovvdptnon. Tdte, n ¢ o f: [a,b] — R eivar odokAnpdoyun.
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Anédeaén. ‘Eotw € > 0. Oa Bpolue dopépion P tou [a,b] ue tyv Wbiotnra U(do f, P) — L(¢po f, P) < e.
To {ntoduevo éneton amd To xpithiplo Tou Riemann.

H ¢ eivor ouveyhc oto [m, M], dpo eivon gporyuévn: umdpyer A > 0 dote [p(€)] < A yo xdde
¢ € [m, M]. Eniong, n ¢ eivon opotbpoppa cuveyhc: av Véoouue €1 = /(24 + b — a) > 0 t61e undpyel
0 < d < ey wote, vy xdde &,n € [m, M] pe |§ —n| < 0 va woyler [p(§) — d(n)] < e1.

Egopudélovtac 1o xputrpto tou Riemann yio tnv ohoxhnpwoudn cuvdpetnon f, Beloxouue Sopepion
P={a=xy<z1 < - <z <Tpy1 < -+ <y =b} dote

n—1

U(f,P) = L(f, P) = > (My(f) = mi(f))(wrs1 — 21) < 6.
k=0
Opiloupe
I={0<k<n—1: M(f)—m(f) <6}
J={0<k<n—1: Mp(f) —mi(f) = 6}

Iapatneolye to e€Xg:
(i) Av k € I, t6te vy xdde x, 2’ € [xg, xp41] Exovpe |f(x) — f(2')] < Mp(f) — mi(f) < 6. Iaipvovrac
€= f(x) xoun= f(a), égovue &,n € [m, M] xou [ —n| <. Apa,

(@0 f)(x) = (¢o N2 =16(8) — ¢(m)] < e1.

Aol ta x, 2’ Aoy tuydvia 010 [Tk, Tt1], oupnepaivoupe 6Tt My(po f) — my(po f) < e1 (e€nyrhote

yiotl). ‘Eneton bt

Y (Mi(¢po f) = mu(do f))(@rpr —ax) e Y (wrp1 —ar) < (b a)er.

kel kel

(ii) T o J €youpe

0 (wrpr —ar) < Y (Mr(f) = ma()(wha — 21) < 6%,

keJ keJ

Z(mk_H - xk) <40 <eq.
keJ

Eriong,

(@0 f)x) = (o @) < (do @) +[(do f)a)] <24

v xde x, 2" € [xg, xp11], dpot Mi(po f) —mp(po f) < 24 yia xdde k € J. Encton 67

Y (Mi(do f) —mi(o f))(@rpr — 2x) <24 (wp41 — 34) < 24e1.

keJ keJ
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And 1o mopomdve cuUTECUVOUUE OTL

n—1

U(po f,P) = L(go f,P)=> (My(¢po f)—mi(do f))(wrs1 — k)

k=0
=Y (M(do f) —mr(o ) (@1 — k) + > _(Mi(¢o f) = mp(do f))(wh1 — 1)

kel keJ
< (b—a)e1 +24e) =«.

AuTo ohOXATPOVEL TNV amOBEE ). O

Xenowomolhvtag To Oedenuo A'.3.5 unopolue vor EAEYEOUUE EUXOAA TNV ONOXATEWCILOTNTA BlapPOEWY
CUVUPETACEWY TOU TEOXVTTOLY amtd TNV GOVIEST) Uag OAOXANEOOIUNG CLUVAETNONG f UE XATIAANAES GLVEYElS

CUVUPTNACELS.

Ocedpnua A’.3.6. Eotw f,g: [a,b] = R odoxAnpdoues ovvaptrioes. Tote,

’/abf(:r)dx

(o) n | f| efvar odoxkAnpdorun kai
b
< [Ir@lds.

(B) n f? etvar ooxAnpcdoun.
(v) n fg etvar odokAnpdsoun.

Anddeén. To (o) xou (B) ebvan dueoeg cuvéneieg Tou Oewpruatoc A'.3.5. T 1o () yedpouue

(f+9)?*—(f—9)?

fg= 1

xou ypnotpornoolue to (B) oe cuvbuaoud Ue to yeyovie ot ot f + g, f — g elvon ohoxinpdouyec. [

Mia otuPaon. ¢ todpa oplooye to f;f(x)dx uovo otnyv mepintwon a < b (Sovkeboue 6T0 XAEWGTO
Sdotnua [a, b]). T mpoxtinolc Abyouc ETEXTENVOUPE TOV 0pLoUG Xou OTNY TEPITTWON a = b we e€hc:

(a) ov a = b, Bétovue [ f =0 (v xdde f).
(B) ava >bxoun f:[b,a] = R elvar ohoxhnpmoun, opiloupe

/ab f(z)de = — /ba f(z)dz.

A’.4 O opioudg Tou Riemann

O optopdc mou BWOAUUE YioL TNV OAOXANEWOLOTNTA WaS Pporyuévng ouvdptnone f : [a,b] — R ogelhetan
otov Darboux. O mpdtog avotneds opiouds tng ohoxhnpwoiddtntog 009nxe and tov Riemann xou elvou
o ehc:

Opwopoc A’4.1. Eotw f: [a,b] = R gpoypévn ouvdptnon. Aéue bt n f eivon odokAnpdoiun oto
[a, b] ov undpyet évag mpaypotixds oprdude I(f) ue v e€hg wiotnTo:

[ %xdde € > 0 punopolpe vo Beolue 6 > 0 dote: av P = {a =20 < 1 < -+ < zp, = b}
elvan Swapépton Tou [a, b] ye mhdroc || P|| < 6 xou av & € [zg, xk+1], K =0,1,...,n — 1 v
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TuyoVoN ETAOYT oNueiwy and To uTodlaoTAUATa oL opilel N P, tote

n—1

Z J&) (@ppr — ) — I(f)| <e.

k=0
Ye auth v nepintoon Mue ot o I(f) eivan to (R)-ohoxhipwua tne f oo [a, b].

Yuppohiouds. Buvidwe yedgoupe = yioo Ty emhoy onueiov {£o, &1, .., o1} xou > (f, P,E) v 0

dipoloua
n—1

> FER) (@ — k).

k=0
Mopotnphote 6Tt Thpa 10 E «ureloépyetony 6to cudfohoud Y (f, P,E) agol yia tnv B Stopépton P
umopolpE var €youpe ToAéS dapopetinée emhoyéc = = {£o, &1, .-, En—1} HE &k € [Tk, Tht1]-

Ocehpnua A’.4.2. Eoww f: [a,b] = R gpayuévn owdptnon. H f eivar odokAnpdoun katd Darboux

Z /. /7 z .
av ka1 povo av eivar odokAnpwoiun katd Riemann.

Andde€n. Trodétoupe mpdto 6TL 1 f elvon ohoxhnpdotun xotd Riemann. Iedgouye I(f) yia 1o olo-
x\pwua e f uE Tov oploud tou Riemann.
‘Eotw ¢ > 0. Mnopotue va Bpolue wo Swpépton P = {a = 29 < 21 < -+ < xp, = b} (e apxetd

uxe6 TAdTOC) WoTe Y x&Ve emhoyh onuelwy = = {£0, &1, ..., &n—1} Y€ &k € [Tk, Tpt1] VoL Loy DEL
n—1 c
D &) @rer — 2k) — I(f)] < e
k=0
Do xdde k= 0,1,...,n — 1 pynopodue va Bpolue &, &) € [xk, Tp41] GoTe
!/ 2 1 2
mi > f(&) — b—a) ™ My < f(&) + b—a)
Apa,
n—1 c c
L(f, P) > Zf(ffc)(xkﬂ — k) — 1 I(f) - B
k=0
xou )
€ €
U(f,P) <D F(E) @wrpn — o) + 5 <I(F) + 5.
k=0
‘Enctan ot

U(f,P)—L(f,P) <g,
onraot| N f ebvar ohoxhnpwoutrn xotd Darboux. Eniong,
€ b ot €
10 -5 < [J@is < [ fwn <10+,

xa aol o € > 0 oy TUYOV CUUTERUVOUNE 6T

Aﬂmwleﬂqu:uﬁ.
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Arhad,
b
/ f(@)da = I(f).

AvtioTtpoga: unodétouue otL 1 f elvar ohoxAnewoiun e tov oploud tou Darboux. Eotw € > 0. Trdpyet
dropépton P ={a =20 <z < --- <z, = b} T0U [0, b] dote

U(faP)_L(f7P)<

=1 m

H f etvan gparypévn, dnhadr undpyer M > 0 dote |f(z)| < M ywo xdde = € [a, b]. Emléyouue

€

5 p—
6nM

> 0.

‘Eotw P’ Swéplon tou [a,b] ye nhdroc ||P|| < d, n onofa efvar ka1 ekAéntvvon tns P. Téte, yio xdde
emhoyn 2 onueinv and ta unodaothpata Tou opilet n P éyouue

b
[t =5 <LG.P) < L P) < Y PE)
a b )
SULP)SUGP) < [ flapdo+ 5.

Ao,
b

Zntdpe va Sei€ouye To (Blo mpdypo Yl Tuyoloa Swopépton Py pe mhdtog uxpbtepo and § (1 duoxohio etvat

<&
3"

6TL i Tétota Slaépton dev Exel xavéva Aoyo vo elvon exhéntuvon tne P).

‘Eow P ={a=y <y1 < < ym = b} wa térow doépion tou [a,b]. Ou «npociécouvyey otnv
Py éva-éva 6ha tor onpela 2 e P ta omolo 8ev aviixouy oty Py (awtd efvon to mohd n — 1).

A¢ molue 6Tt éva tétolo xy Beloxeton avdueoa oto dladoyixd onueto y; < Y41 TNg Pi. Oewpolue
v Py = Py U {zp} xou tuyotoa emhoyh 2N = {€0, &1, €1} pe & € [y ui), L =0,1,...,m —
1. Eméyouye 8o orusio & € [y, zx] xu & € [k, Y1) xon dewpolpe ™y emhoyr onueioy E3) =
{€0,&1, - &-1,6,§ - - &m—1} Tou avioToryel oty Ps. ‘Eyoue

S PLED) =D (£, P EO)| = £ Wi — w) — FED) @k — w0) — FE) (Wi — )|

< 3Mmax|yer —yf < 3M6

Avuxadiotdvrae ) Soouévn (Pr, 21 ue 6ho xon hentérepec dapepioeic (Py, 2*)) mou mpoxintouv ye
v tpocinxr onuelwy g P, yetd and n to ToAL Briyata @Tdvouue ot uio Stopéplon Py xou puor emAoy
onueiwy =(0) ue Tic e€ng WOLOTNTES:

(o) H Py etvan xown exdéntuvon tov P xa Pr, xou €yel mhdtog uixpdtepo and 9.

(B) Aol n Py eivar exiéntuvon tng P, éyouue

‘Z(f, Py, 20) - /ab f(z)dx

<<
5"
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(v) Agol xdvope to mOAD n Bruata i va @tdooupe oty Py xan agol oe xdlde Brua o adpoiouata
amelyoy T0 TOAND 5, €YOUpE

—=(1 =(0 £ €
‘Z f’Pl’ () Z(f7P0)u( ))‘ <n27—§

n

Arhadh, yio TV Tuyoloa diapépion P mhdtoug < § xon yio v tuyoloa emhoyh 21 onuelov and o
umodac Tt TG P, €youue

]Zf,Pl,H /f )da

<

> (f, Py E >>—Z<f,Po,E<°>>] 'Zf,Po,”(o /f )

§+§:E.

<

‘Eneton 6t 1 f elvar ohoxhneotun pe tov oplouéd tou Riemann, xododg xon ot ow I( f) xou fab f(z)dx etvan
{oot. O



IMapdetnuo B’

Aptunoiuc xou LTEEACLYUNCLUAL

cOVOAOL

B’.1 IoconAndwxd cOvoia

Opgwopog B'.1.1 (Icominduétnta). ‘Eotw A, B 800 civoha. Ta A, B Myovta womAnOikd av undpyel
wo ouvdptnon f : A — B, 1 onola ebvor 1-1 o entt. Tére, ypdgpouue A =, B A |A| = |B| fxo A ~ B.
IMopadeiypota B'.1.2. (a) Ta ocVvoha (0,1) xou (0,2) eivar wwomAndxd, péow e avuotolyiog f :
(0,1) = (0,2) ye f(z) = 2x. Fevixdrepa, xdde avowntéd didotnua (a,b), a,b € R, a < b, eivon toomhndixd
ue 1o (0,1) yéow e avtiotouylac f: (0,1) — (a,b) ye f(t) = (1 —t)a + tb.

(B) To obvoro twv puomy aptiudy N = {1,2, ...} eivar toomindnéd ye to obvoro tov aptiov A = {2n :
n € N} yéow e avtiotoylac f: N — A ye f(n) = 2n.

(v) To ocbvoro twv puowdv apliudv N eivar lwomindxd ye 1o clvoho twv axcpalwy Z. Ilpdyuort:

Yewpovye tn ouvdptnon f: N — Z ue

k, avn=2k—-1, keN
f(n) = B
1—-k, avn=2k keN

H cuvdptnon f avtiotoyel otoug Teptttols puoxois Toug YeTinols axepaioug xal 6Toug dETIOUE PUOLXOUS

Toug pn YeTixolg axcpatoug.
(8) To ovoha [0,1] xou [0, 1) ebvor toomhnduxd. Hedypatt: Yewpolpe 1o oivoro A ={L :n=1,2,...},
0 omolo eivar utocUvoho tou [0, 1] xou opilouye ) cuvdptnon f : [0,1] — [0,1) ue

-1
o) = T wvr € Axur =
x, OLLPOPETIXGL

EOxoha ehéyyouue Ot 1 f elvon avtioTouylo.
H enduevn mpotaom pag Aéet 6TL 1) loomAnhixotnta Yetald cuVOLLY elval oyEoT) Llooduvoulag.

ITpétaom B'.1.3. Eoww A, B,C un kevd otvoda. Téte 10yovy ta axédovda:
() A~ A4,

1 . . . / . R / ,
Mo tétota ouvdptnon ovoudleton avtiotolylo. Aéue tdte 6TL €xoupe wa avtiototyla and to A oo B.
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(B) av A ~ B, téte B ~ A ka1
(y) av A~ B ka1 B~ C, tte A~ C.

Anédeién. ‘Aueon,. O
YvpBoiopoéc. Luyforilouvye pe T, 10 0OVOAO TV TEGTWY N Guoxey, dnhadh T, = {1,2,...n}.

Optopde B'.1.4 (renepaopéva xor dnetpa oOvoha). (o) ‘Eotw A un xevé oivoro®. To A héyeton

memepaoévo av umdpyouv n € N xou cuvdpetnon f : A = T, n onola eivan 1-1 xon enl. Tote, Aépe 611 0

mAnOdpidpos touv A etvou n 1 6t 10 A €yer n otouyeia xan ypdgpouye card(A) = n A #A =nfxu |A| =n.
(B) 'Evo ovoho A héyeton dreipo o SV elvon TETEPACUEVO.

IMpbtaom B’.1.5. Eva otrolo A elvar dreipo av kar pévo av vrdpyer 1-1 ovvdptnon f : N = A, onAaon
vndpyet B C A dote B ~ N.

Anddaén. Xty xatedduvorn mou axolowdel ypnotonoolue Ty opyh TN aptdufoune emhoyhc (6nwe
oy VeL, eldwdtepa, 6To cuVADN allwpatixd Thalowo ZP"). Trodétoupe mpwta dtL to A eivan dmerpo. Eidi-
x6tepa, 10 A eivon un xevé. ‘Apa, undpyet a1 € A. Tote, 1o obvoho A\ {a1} ebvan pn xevod. Apor, undpyet
az € A\ {a1}. Opoiwc, A\ {ai,a2} # & xou unopolue vo emhélovpe az € A\ {a1,a2}. Enoywymd,
opileton axohoudia (a,) otoyelwv tou A. Ipdypot: av unrfpye n € N wote A\ {a1,az,...,ap,} = @
16t Yo elyope A = {ai,a2,...,an} xou 10 A Yol oV TENEPUGUEVO.

Optloupe 16t f : N = A pe f(n) = ap. H f ebvou 1-1 d61 1 ay, ebvon Swagpopetind avd 80o. Av
Véoouue B = f(N) t6te B C Axoun f: N — B etvan 1-1 xou enl. Anhadr), B ~ N.

Avtiotpoga, unodétovpe 6Tt undpyel 1-1 ocuvdptnon f : N — A. Av 10 A ebvar nenepaopévo, t6Te
undpyouy m € N xou g : A — T, n omola etvon 1-1 xan enl. Tote, n ouvdptnon go f : N — 15, elvon 1-1,
dromo (e&nyfote yioti). O

YuuBoiiopos. ‘Eotw A, B 50o cOvoha. Av urndpyetl 1-1 ouvdptnon f : A — B, ypdgouue A <. B 1

A = B xou Mye o1t 10 A €yel mAnddprduo to moAd (oo pe autdv tou B. O cupPBolioudg xou 1 opohoylo
Suxonohoyolvtan amd to yeyovog 6t 1o A eivon iwomindxd pe to f(A) to onolo eivar utosivoho Tou B.

IMopadeiypata B.1.6. (a) To olvolo Z twv oxepoinv elvan drepo, dibtt N C Z.
(B) To cbvolo twv pntodv eivor dretpo dott N C Q.

(v) Kdde un tetpippévo didotnua eivan drewpo ohvolo.

Yyohwa B'.1.7. Kdbe dneo alvoro A elvar icomhndind pe xdnowo yvhoto utocivoréd tou. Mpdypatt,
otny Hpdtaon B'.1.5 deilope 6Tt av to A elvan dnepo tote undpyet 1-1 ocuvdptnon f : N — A. T'pdgouue
bp = f(n) yian =1,2,...xouVétovye B = f(N) = {b1,b2,...} C A. Oewpolye 10 civoro C = A\{b;},
T0 onolo elvat yvHclo urtocivoro tou A xou opiloupe wa cuvdptnon g : A — C o e€nig:

bni1, ovx = by vl xdmOO N
g9(x) =
x, avzr € A\ B

Edxoha ehéyyoupe 6t 1 g ebvon 1-1 xau eni (doxnon).

T t0 xev6 olvolo Beybpacte 6T elva Tenepacuévo pe TAndderduo 0.
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B’.2 Apuiunroipa xaw unepoplunoipa cOVOA

Opwopog B'.2.1 (opudurowa xou unepoprduiota odvola). ‘Eotw A éva dnepo obvoro. To A o
Aeyetow dmepo apiunouo av undpyet 1-1 xou ent cuvdptnon f : N — A, dnhadn av A ~ N. 'Eva clvoro
A héyetan aprifunouo av elvan tenepacuévo 1 dmetpo apriunowo. Av to A dev eivon aprdurouo, Go Aéyeto
unepaprunoipio.

YuuBoiicpoéc. Tov minddpriuo twv guody aprdudv tov cupBohiloupe pe w A Ry (dheg 0). Etot, av
T0 oUvoho A elvor dnelpo aprdurowo yedpoupe |A| = No. T éva yevixd aprdufotuo oivoho A €youpe
| Al < No.

IMopadeiypata B’.2.2. («) To cbvolo Z twv axepolwy eivar drelpo oprduriowo.

(B) To Nx N = {(m,n) : m,n € N} evan dnepo opduiowo: n ouvdptnon f : N x N — N pe
f(m,n) = 27 1(2n — 1) etvon 1-1 xon ent. To yeyovée 6t ebvon ent éneton amd to Yeperddec Yedpnua
e aprdunuixic (6et&te ot ebvon 1-1).

(v) Av A, B eivou dmerpa opriuriotua oOvoha, tote 10 A X B = {(a,b) : a € A,b € B} eivor eniong dmelpo
oprduriowo. Ipdyuott, av T A, B elvar dreipa oprduriowo téte undpyouy f : A = Nxaw g : B — N
ouvapthoelg 1-1 xou eni. Oewpolpe ) ouvdptnon h : A x B — N x N énouv h(a,b) = (f(a),g(b)).
Xpnowomolviag 1o Yeyovog 6Tl ol f xan g eivon 1-1 xon entl unopoldue edxola va ehéyloupe otL N h elvou
1-1 xou ent. "Apa, A X B ~ N x N. Ané 1o nponyoluevo nopddetypa €youue N X N ~ N, ondte and v
Ipotoon B'.1.3 éneton 611 A x B ~ N.

H enduevn mpdtaom divel ypriowoug yapaxtnelopols yio To aptdufotud GUVOA.

IMpétaom B'.2.3. Eoww A drepo odvoro. Ta e&njs elvar w0oddvapa:
() To A etvar apiOurnioyuo.

(B) Trdpxer ouvvdptnon f: N — A, n onota eivar eri.

(v) Trdpyer ovvdptnon g : A — N, n onoia eivar 1-1.

[t Ty omédelén e mpdTaong Yo YeetdoToUUE Eva AU TO 0Tol0 TapoUGLdleL aveEdpTNTO EVOLUPECOV.
Afppo B'.2.4. Fotw A dreipo vrootvoro tov N. Tote, to A eivar apiunoiuo.

Anddetn. To A elvou dnepo, enouévwe eivon un xevd. And v opyh e xahic ddtadne (apyy| tou
ehaylotou) undpyet 10 a; = min A. To olvoro A\ {a1} ebvon enione un xevd (odhde 1o A Yo Aoy
TENEPACUEVO) OTOTE, TEAL amd TNV apy | TS xohfAc dtdtadng, utdpyet to ag = min A \ {a1}. H dwodixacio
auth ouveyileton en’ dmetpov, yatl av otopatoloe oe xdnolo Bhuc ng Vo eiyope A\ {ai,...,an,} = 2,
onhadh to A Va Aoy mencpaouévo. ‘Etot, opiletar enaywynd pa oxoloudio (ay) Stopopetindv avd 0o
ototyelwv tou A. Iopatnefote 6t 0 (a,) ebvon yvnolng adZovoo axoloudior Quotxdy, dpo a, > n yio
xdde n € N.

Ioyvpiouds. A ={ai,as,...,an,...}.

Eivaw npogavéc 6t {ai,az,...,an...} € A. Av vnodéooupe 6Tt 0 eyxhelopde eivar yviotog, TOTE
umdpyel a € A &ote a # ap v xdde n € N. Ipogavae, €éyovue a > ay xou enlong undpyet n € N dote
ap > a (86t a, = n). Apa, undpyel Y€YoToC N PE TNV WIOTNTA @ > ayp. TOte, ay < @ < apy1. Autd
glvon dromo, dott éxyovpe a € A\ {a1,...,a,} xw a <min A\ {a1,...,an}.

Ané Tov 1oyuplonod €netan dueca 6TL To A elvon apriunoyo. O

Topea elpaocte oe Yéorn va anodetlovue v Hpdtaon B'.2.3.
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Anddeén tns Hpdraons B'.2.3. H cuvenaywy?h (o) = (B) eivan dueon and tov oplopd tou aptiuroiuou
GUVOAOL.

Trodétoupe ot oyler to (B), dnhady| undpyet ouvdptnon f : N — A, n onola eivon enl. Téte, yio
x&e a € A woyder f1({a}) # @. Oétoupe n, = min f~1({a}), a € A (to min vrdpyer amd TV apyN
e xohAc ddtagng). H ouvdptnon g : A — N, pe g(a) = ngq eivor xohd opopévn xou 1-1. Hpdypar:
TopaTNEOVUE 6TL av a,b € A ue a # b, téte f1({a}) N f7H{b}) = @ o dpa ny # Ny

‘Eotw 6t woylel to (y) dnhady, undpyet 1-1 ouvdptnon g : A — N. Téte, 10 B = g(A) eivan dmerpo
UTOGOVORO TWV QUOXGY. ATd To Muua, To B etvon aprduriowo, dnhadr undpyet h : B — N, 1 onola elvou
1-1 xou enl. Ocwpolpe tn ouvdptnon ¢ : A — N e ¢(a) = h(g(a)). Edxoha eréyyoupe 6t eivan 1-1 xou
ent, doa t0 A elvon aprduriowo. O

IMopadeiypata B'.2.5. To civoro Q twv pntodv apudumy elvar apriunowo. Agpod to Q civan drelpo,
opxel va dei&oupe 6Tl undpyel 1-1 ouvdptnon g : Q — N. Agol N ~ Z x N, opxel va dei&oupe 6TL undpyet
1-1 ouvdptnon f : Q — Z x N. Ocwpolye tn ouvdptnon f: Q = Z x N ye f(7%) = (m,n), énov m € Z,
n €N, ged (m,n) =1 xou 1o m/n etvon 1 povadx| avdywyn topdotaom e Yetxd TopovouaoTy.

To endpevo Yewpnua ogeiketon otov Cantor xou detyver 6TL apriuriowes to mAYog Tpdlelc Yetagd
oELIUACLUGY GUVOAKY Ttapdyouy aptiunotua alvola. To emyelpnua Tou yenowonoleiton Yo TNV anoden

elvol YVwoté wg mpito dayivio entyeipnua tov Cantor.

Ocehpnua B'.2.6 (Cantor, 1899). Eotw (A4;)icr pua owkoyévein apidunouwy vnoouvédwy evés ouvédov
X. Av wo I etvar apidunionio, wote kar to ;e Ai etvar apidurionjo.

Anéoeitn. Av n évoon elvon xevr), 1o cupnépacya eivon dueco. Av o I eivon TENEQUGUEVO, TO ATOTEAECUL
oxohoulel amd TEMEQUGUEVT] EVKOT aptlunodeny cuVOhwy. Trovétoupe Aowmdy 6Tl To I elvan dmelpo aprd-
unowo xou, Petd amd enovapidunon, yedgouue I = N. Ayvoodvtag Tuyov xevd A;, €Youde TNV oxoyEvel
A1, Ay, ... Ay, ... Eniong, xdlde un xevo A; ebvan apriunowo, enopévwe umopolue va amoptdufcoupe T
oTolyelo Tou K¢

A; ={a},ay,...,a;5,...}, i=1,2,...

(ov xdmoto amd ta pn xevd A; eivon menepacuévo, enavolouBdvouue xdmolo oTtolyelo Tou dmelpeS PopES).
Aprudvtog pe autdv ToV TEOTO Tal GToLYEl TOU EXJOTOTE GUVOAOU TodpVOUNE EVay AMELROo THvoxa, OTwS
potvetal oto axdlovdo oyfuo:

11 1 1

Al tay ay ag a
2 2 2 2
Astal a3 a3 ay,
3 3 3 3

A3 al a2 CL3 ak
n n

Ay al ay ay ay,

Téte, elvon mpogovéc 6L o mivaxog autoc teptéyel Gha ta ototyelo Tov A = (72 A; (evdeyopévue ue
emovahierc). Amoapripolye ta ototyeio autod Tou Tivaxo xotd uixog twv dtarywviny e xatedduvon and
To ApLoTERS TTPOg Tar BeCLd, we eERC:

1.2 1.3 2 1
ai,ay,as,ay,ay,as, . ..
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Ané v moapondve Swduaoio apliunone mpoxtntel anewévion m : N — A eni (opiote v ). To
ouunépacyo éneton ané o (B) tne Ipdtaone B'.2.3. O

H endpevn npdtaon anodeixviel 6Tt undpyouy abvola to ontola dev eivon aprduriowo. Autd pdhiota
oy Vel yior ToL U TETEUEVAL SlaoTruata 6o R.
ITpétaocy B'.2.7. To otvodo [0,1] = {z € R: 0 < z < 1} efvar vrnepapidurioro.

Andéetn. To obvolo [0,1] eivon dnepo. Eotw 6t etvon aprduioo. Téte, unopolue va ypddouue
0,1] ={zp:n=1,2,...}.

Awnpotye o [0, 1] oe tpla Swadoyixd toourxn Swothuata wc e€nhc: [0,1] = [0,1/3] U [1/3,2/3]U[2/3,1].
Tote, ToLAdyLoTOV €var amd auTd Ta Telol BlaoThHPATA BeV TepLEyEL To 1. Ovoudlouue autd To Brdotnua Iy
xou To Otoupolye o Tpla loouxn dadoyxd xhetotd dwotiuata prixoug 1/9. Touvkdyiotov éva and autd
oev mepLéyel 10 xo. Ovopdloupe autd to Bidotnua Iz. Xuveyilouye pe tov Blo TedTo, ondTe TalpvouUE
e pdivouca axohoudio xhelotdv dractnudtwy Iy, = [apn, by ye zn, & I, o by, —a, = 37" — 0. And
10 YeMPNUA TV EUPOREUUEVOY XAEWGTOY Blaotnudtoy woylel (o2, I, = {z}. Agol x € [0, 1], undpyet
no € N dote & = xp,. Atono, d6tt = € I, yia xée n € N evdd zp, & In,. O

Ynueiwon: Hopatnehote 6TL 1 TANEOTNTA TV TEAYUATIXWY aptdudy tollel ovoloTixd PO 6NV o-
TOOEIEN: YENOWOTOLACUUE TNV VEDPNUL TV EUPOAEUHEV®DY XAEIGTOVY OLAC TNUATWY. XE OVTLOO TOAY, TO
obvoro Q N [0, 1] eivon apriuriowo.

IMépiopa B'.2.8. To glvolo twr mpayuatikdy apiudy R kar to odvodo twv appitwr R\ Q evar
unepaprunoua.

Andée&n. Agoi [0,1] C R, n nponyoluevn mpdtoon deiyvel 61t to R elvon unepopriurfowo. Av o R\ Q
Aoy apriuriowo, tote, enedn xau to Q eivon aprdufowo, to Oedpnua B'.2.6 Yo édve 611 R = QU (R\ Q)
elvow apriuriowo, droto. O]

Oa yenowponololue entong ta oxdhouto 800 Vepehwdn anoteréopota yio oyxplon TAndopliuwy.
Ochpnua B’.2.9 (Cantor-Schréder-Bernstein). Av A < B ka1 B < A, téte A ~ B.
Ocewpnua B’.2.10 (Cantor). I'a kdfe ovrodo A wyve |A| < |P(A)|.

Andéeén. H anexévion a — {a} eivon 1-1 and 10 A oo P(A). Apxel hoimdv va detloupe 61t dev undpyet
ent amexovion f: A — P(A). Av unipye, 9étoupe

D={ac€A:a¢ f(a)} € P(A).

Ané v eni WBomta Yo viipye d € A pe f(d) = D. Téte d € D av xaw uévo av d ¢ f(d) = D,
dtomo. O]

Télog, delyvouue 6Tl T0 GUVORO TWV BUABXMY oAUV Elvol UTERAELIUACLUO.

Ochpnua B’.2.11 (Cantor). To olvolo twr dvadikdy akodoviidy
N =1{0,1}N = {2 = (z(n)) : z(n) € {0,1}, n=1,2,...}

etvar vrepapriunoiyio.
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Anédeén. To emiyelonuo Tng anddellng etvar Yvwotd wg deltepo diaywrio emyeipnua tov Cantor. Apyixd
TopaTnEoliE 6Tt To obvoro 2N ebvor dmelpo. Eotw 6t elvan aprdprowo. Téte, undpyet wa apidunom twv
otoyeiwy tou: 2N = {z, 1 n = 1,2,...}, 6mou x&de x, civor duadixh oxoroudio. Mropolue téTe va

TOEAGTACOUUE TO GTOLYELO Ty, AL TIC CUVTETOYUEVEC TOUC GE HLOP®N ATELOOU Tthvoa:
n

S
[

I
—
S

[
—~~
—_
S—
S
[
—~~
[\
S—
S
—
—
w
SN—
S
—_
—
Sy
S~—
S~—

KoutdZouye 1o mpthto ool elo oTny TpdTn CUVTETAYUEVY, TO 8eUTERPO GToLYElD OTN BEUTERY CUVTETUYUEVN,
10 Tplto oToLYElD OTNY Teltn cuvTETAYPEVN x.0.%. ANhadr, xvOOUACTE GTNY «XUELoL DAY OVIOY» TOU Tivoxa

wou Bdoer authc opilouue o e€hic otowyeio Tou 2N
y=1-z1(1),1 —22(2),..., 1 —zx(k),...)

Tote, yio xdde n € N ebvan x,, # y 8161 2, (n) # 1 — 2,(n) = y(n). Me dhho Aoy, t0 y Srapépel amd
To X1 OTNY TEWTN VE€or, and To T2 0T delTEEN Véom x.0.x. Etol odnyoluacte oe avigaon. [
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