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Outline

Need for multiscale modeling of materials.

Potential of mean force with respect to selected
degrees of freedom.

Structural/thermodynamic coarse-graining:. Force
Matching, Iterative Boltzmann Inversion,
Pretabulation of Interactions, Reverse Monte
Carlo and Maximum Entropy methods.

Reverse Mapping.

Dynamical Coarse-Graining: Projection Operator
Formalism.

Langevin, Brownian, Dissipative Particle
Dynamics Methods.

Entanglement network simulations. EMSIPON.



Problems of the modern world

Health

Energy

Environment
Food

In solving these problems, a
central role is played by the design
of materials with prescribed
properties and of processes and
products based on these
materials.

Contemporary materials design often involves molecular-

level considerations.

“About 10,000 years ago, humans began to domesticate plants and
animals. Now it's time to domesticate molecules.”

— Susan Lindquist, Whitehead Institute for Biomedical Research,
Massachusetts Institute of Technology



Challenge: The behavior of materials is governed
by very broad spectra of length and time scales
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Multiscale Modeling of Materials
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Multiscale modeling proceeds hand-in-hand with experimental
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Multiscale Modeling
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Coarse-Graining

/

“Top Down”

Fitting to experimental
structural, thermodynamic,
dynamical data.

e.g. MARTINI

Marrink, S.J.; Risselada, H.J.; Yefimov,

S.: Tieleman, D.P.;: de Vries, A.H. J.
Phys. Chem. B 2004, 108, 750-760.

SAFT-y-Mie
Fayaz-Torshizi, F.; Mdller, E.A.

Macromol. Theory Simul. 2022, 31,
2100031.

\

“Bottom-Up”

Effective interactions
and parameters
descriptive of the
dynamics (friction
factors, rate
constants...) at the
coarse-grained level
derived from more
fundamental levels.



Phase Diagrams of SDS and CTAB agueous solutions
“Wet” MARTINI
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Anogiannakis, S.D.; Petris, P.C.; DNT J. Phys. Chem. B 2020, 124, 556-567.



Potential of Mean Force

Generally, if we distinguish the variables spanning the configuration
space of a system into a subset of (slowly evolving) degrees of

freedom, on which we want to focus, R, and a subset of (fast) degrees
of freedom, r¢:

Potential of mean force with respect to R:

U (R)=—k.T Injexp[—ﬁﬁ(R,rf)] dr, + const.

Potential energy function

U, (R) Is a configurational free energy, which describes effective
Interactions among the degrees of freedom R, having projected out r.

At each R, the r; are assumed to be fully equilibrated. This is

physically reasonable when there is a clear time scale separation
between the times governing the evolution of R and r.

[[-VeV(R.1r,) |exp[-B¥ (R, ) ]dr, _(F)
jexp[—ﬁff/(R,rf)]drf R

- Iexp[—,ﬁf(/(R,rf ) |dr,

N Iexp[—ﬂW(R,rf ) |dr,dR

Note: —VeU. (R)=ksTS

~(R)

=Cexp[-pU (R)]



Example of a Potential of Mean Force

__ 6000 12000
=

m 4000
3 10000

« 2000

€
2 0 8000

N 3
P -2000 - 6000 — @ Atomistic simulation

@

> X
= -4000 N '
~ € 4000 —®— Gaussian

& -6000 > approximation
=
N 8000 2000 x Langevin
D'E approximation
<1-10000 0

0 20 40 60 80 100 0 20 40 60 80
R(A) R (A)

Single unperturbed C,,, PE chain: Potential of mean force
(Helmholtz energy) as a function of the end-to-end distance R:
AU +R) = U +R) — U+(0) from united-atom Monte Carlo simulation
TAS : Minus entropic part of AU

AU, : Internal Energy part of AU, ¢

Approximations to U (R) according to the Gaussian model and to the
inverse Langevin model also shown.

Frangou, M. Diploma Thesis, School of Chemical Engineering, NTUA, 2016.



Potential of mean force between two spherical PS-grafted SiO,
nanoparticles in PS melt (3D SCFT)
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U+ (X1, X5) , kd/mol

Example of a Potential of Mean Force

Alkanes in silicalite:

R= (X4, X,) : positions of chain
ends along the channel segments
iIn which they reside.

Potential of mean force U, ; (X, X,)

Maginn, E.J.; Bell, A.T., DNT
J.Phys.Chem. 100, 7155-7173
(1996).




Configurational Coarse-Graining

Atomistic Description:
System of N, (macro)molecules, each consisting of N, particles.
Configuration described by 3n-dimensional vector r", n = Ny, N,

Coarse-Grained Description:
System of N, (macro)molecules, each consisting of N,.=N,_ /A
effective particles. Configuration described by 3N-dimensional
position vector RN, N = N, N,.

Let U, «R") be the potential of mean force with respect to the coarse-
grained variables. By definition, configurational integral is given by

7 zje_m/(rn)dr” - _[e_ﬁu”‘f(RN)dRN

Assume that U «(R") is given by an additive expression of the form

Non (~ Ny Np—1 N, -2
U s (RN ) zUzCG (RN ) = Z[ZUACG'SU (RJ—l’ R, )+ Z U;?G'bend (RJ—l’ R, RJ+1)+ Z UACGM (RJ—l’ R, Ry, RJ+2)J

i=1 \ J=2 J=2 J=2

N
+ZU§G’”b(R,,RJ)

1<J

How can effective stretching, bending, torsion and nonbonded
interaction potentials be determined from the atomistic force field?



A general formulation

Atomistic Description:

Hamiltonian h(r",p")= i%pf +v(r")
i=1 i

pr(r) ~exe v ()] pp(p”)'vexp{‘ﬂi : }

i1 2m.
Coarse-Grained Description:
Coordinates {R"}={R,.R,....Ry}, momenta {P"}={P.P,....P,},P, =M R,
N
o 1
CG Hamiltonian H(RN,PN)zsz, +U(R")

1=1 |

Equilibrium phase-space probability density Ps, (R",P")=P,(R" )P, (P")

P (RY)-exe AU (RY)] PP(P“)~exp{‘ﬂ.§;zi}2|.}

Noid, W.G., Chu, J.-W., Ayton, G.S., Krishna, V., Izvekov, S., Voth, V.A,,
Das, A., and Andersen, H.C. J. Chem. Phys. 2008, 128, 244114.



Assume that positions and momenta of CG model are specified in terms of
positions and momenta of atomistic model via the following linear relations:

R" =M, (r") or R, ch,,, 1=1,2,...,N

pN :Mp(pn) or P :MIZC”pi/mi, | =12,...,N
=)

Consistency between atomistic and CG models:

exp[—ﬂu (R™ )] ~ _[exp[—ﬂfV(r”)]&(MR (r")-R" )drn
N n?

exp{ ,BZ } jexp{ izl“Zp—ran&(MP(p )_PN)dpn

First consistency condition leads to:

U(R")=-kT Inz(R")+const

~_[exp[—,8fV(r”)]5(l\/lR (r")-R" )drn

Noid, W.G., Chu, J.-W., Ayton, G.S., Krishna, V., Izvekov, S., Voth, V.A.,
Das, A., and Andersen, H.C. J. Chem. Phys. 2008, 128, 244114.




Forces in CG model:

U(R") _ kT :
R (RN):_ aRI - Z(;N)Iexp[_ﬁ((/(r )]g5(ZCJJ j j—5£ZCI|r| - j
Definitions:
Set of atoms i involved in the definition of CG site I: |, ={i|C, #0}, VI=12,.,N

Set of atoms specific to CG site I: S, ={i|C, #0and C;; =0 VJ =1}, VI=12,..,N

Introduce set of constant coefficients {d, } for each site | of CG model:
d,=0iff ieS, and Y d, =1 VI =12,...,N

jes,

. . If no atom is involved in the
Using the set {d.i}one obtains

definition of more than one

coarse-grained sites,

consistency in momentum
and space is ensured by

F(RY)= (R (")), where
d, d; ov(r")

) Z e R
e AR o) R [zcﬂ
- Je[-pv () ]o(Ma (") -R"Jar B
Noid, W.G., Chu, J.-W., Ayton, G.S., Krishna, V., Izvekov, S., Voth, V.A.,
Das, A., and Andersen, H.C. J. Chem. Phys. 2008, 128, 244114.




F (RY) =<F. (r”)>RN Forces in CG model:

] d.. d, ov(r" Averages of linear
F (r")= EZS C—Ilj_f (r") _EZS CIIJ_ a,(r_ ) combinations of atomistic
= e R forces on sites specific to
<ﬂ( )> _Iﬂ eXp[ )J5(MR(r )-R )dr the CG sites.
RN jexp[ pv(r )] (Mg (r")-R")dr"
c2)’ Masses of CG sites in
M, = ; - terms of atomic masses

Variational principle for computation of many-body potential of mean force U(RY):
e Consider, for each CG site |, the CG force field as a set of real continuous

functions G, {R"},1=12..,.N G, =-V,U

* Minimize ? [G] :3LN<ZN:‘]FI (r”)—GI (I\/IR (r”))‘2> with respect to the
=1

parameters of these functions. “Force Matching”

Noid, W.G., Chu, J.-W., Ayton, G.S., Krishna, V., Izvekov, S., Voth, V.A.,
Das, A., and Andersen, H.C. J. Chem. Phys. 2008, 128, 244114.



Multiscale Coarse-Graining Method (Force Matching)

Methanol Chargeless single-site CG model at molecular center of mass.
Pairwise CG potential represented by spline basis functions.
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Left: Radial distribution function of CG sites as obtained from atomistic model
(dashed line) and from CG model (solid line).

Right: Distribution of velocity components of CG sites as obtained from
atomistic model (dashed line) and from CG model (solid line).

Noid, W.G., Liu, P., Wang,Y., Chu, J.-W., Ayton, G.S., Izvekov, S.,
Andersen, H.C., and Voth, G.A. J. Chem. Phys. 2008, 128, 244115.



Multiscale Coarse-Graining Method (Force Matching)

Site E Site A

1-ethyl-3-methimidazolium nitrate
(EMIM* NO37)

&
Broken lines: Atomistic. Solid lines: Coarse-grained @ '
Site C

A-C effective bond lengths.

B-A-C valence angles.

B-A-C-E dihedral angles.

-100 0 100
v (deg)

Noid, W.G., Liu, P., Wang,Y., Chu, J.-W., Ayton, G.S., lzvekov, S.,
Andersen, H.C., and Voth, G.A. J. Chem. Phys. 2008, 128, 244115.



Iterative Boltzmann Inversion Method

Match structure. Coarse-grained effective potentials derived through an
iterative process using an oligomeric reference system.

Atomistic oligomer MD

Define CG Sites

v

RTTTITE "| Determine target distributions P(a), g(r) through atomistic NVT molecular dynamics
) get distrib (a), g(r) through lecular dy
Initialize CG potentials | ——— U (1) =—k,TIn(P(1)/I*)
i1 ‘ =1 § U > (9) =k, T In(P(6)/sin 6)
CG NVT-MD o
‘ I U () = kT In(P(9))
CG potentials refinement [« NO ! Check for convergence U (r) = kg T Ing(r)
o o of distribution functions
US (a)=U % (a)+kT In(P(a)/P(a)) l
Yes
U™ (r)=U™ (r)+kgT In g
1 ( ) ( ) ( ( )/ ( ) Pressgre U&G’nb(r)zUCG’nb(l’)—kAkBT {1_Lj
correction I

W. Schommers, Phys. Rev. A 1983, 28, 3599.
Reith, D.; Putz, M.; Miller-Plathe, F. J. Comp. Chem. 2003, 24, 1624.



|IBlI-Based Coarse Graining of Poly(Ethylene Terephthalate)

United Atom Model
42 d.o.f./monomer

6 bond types

7 angle types

6 torsion types

1 out of plane type

20 unique non-bonded pairs

Coarse-Grained Model
9 d.o.f./monomer

2 bonds A-B, B-B

2 angles A-B-B, B-A-B

2 torsions A-B-B-A, B-A-B-B
6 unique non-bonded pairs

Kamio, K.: Moorthi, K.: DNT. Macromolecules 2007, 40, 710-722.



Coarse-Grained Effective Potentials: PET
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Upon convergence, distribution functions of the CG dimer system are in good
agreement with the target distributions derived from atomistic simulation



PET Melt Properties from Connectivity-Altering CG MC Simulation
1 atm, 450 K, degree of polymerization =100

density [g/cc]

Density

13
1.28
126 W

124 |
.22
.2
.18
116 |
.14

0 200 400 600 800 1000 1200
MC Steps [million]

CG MC: p=1.24+0.01 g/cmd.
Experiment:. p=1.25g/cm3

Mean squared end-to-end
distance of subchains
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150 [
140 T—
130 [
120 %

<R*(m)>/m

1 10 100

Asymptotic value (R2(m))m=140 A2, or
(R2/M=0.68A2 /(g mol?).

Neutron scattering [Guilmer et al. (1986)]:
(R2/M=0.61-0.69 A2 /(g mol-L).



Coarse-graining molecular models: Atactic Polystyrene

Iterative Boltzmann Inversion (IBl)
D. Reith, M. Putz, and F. Muller-Plathe, J. Comp. Chem. 2003, 24, 1624,

Spyriouni, T.; Tzoumanekas, C.; DNT; Muller-Plathe, F.; Milano G. Macromolecules 2007,

40, 3876. 1
Coarse- <4== Atomistic
Grained Model Model
2 v difficult

¢4------ -

Equilibrated 3 Equilibrated
Coarse-Grained mmp Atomistic
Configurations Configurations

1. Coarse-graining (IBI)

2. Equilibration at coarse-
grained level (using
connectivity-altering MC)

3. Reverse-Mapping
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Coarse-grained simulations of
monodisperse aPS melts
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T. Spyriouni, C. Tzoumanekas, DNT, F. Muller-Plathe, G. Milano
Macromolecules 2007, 40, 3876.



Reverse Mapping for PS

 Energy-weighted Geometric Reconstruction:
— CH, carbons placed at CG sites.

— CH and connected aromatic carbons grown
simultaneously using equilibrium bond angles.

— Rest of the ring positioned as a planar object
at a pre-selected torsion angle.

— Selection among 100 candidate reconstructed

configurations based on Boltzmann factor of energy l
W e e
OQ,\ - w

increment, avoiding improbable torsion angles.
e Structure optimization via MC.:
— Rotation of PS monomers around CH,—CH, axes.
— Configurationally biased regrowth of monomers.
— Rotation of rings.

— MC starts with full intramolecular and soft
iIntermolecular potentials. Intermolecular
potentials increased to full strength in 5 steps.

 Energy minimization of resulting united-atom PS:
— Soft potentials for pushing apart overlapping atoms
— LJ interactions gradually switched on (from 80% to 100%)
Vogiatzis, G.G.; DNT Macromolecules 2014, 47, 387.




Normalized probability

Normalized probability

aPS Reverse mapping: Torsion angle distributions
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0.005 f
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Vogiatzis, G.G.; DNT Macromolecules 2014, 47, 387.
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aPS: Reverse mapping to atomistic level

Reverse mapping to united atom model of
Lyulin, A.V.; Michels, M.A.J. Macromolecules 2002, 35,1463.

Reverse Mapping-
4chains-350mer
~ - = = = 1chain-80mer
7N
LAY \ - — Expt-523K
WAXS
O
pattern =

q(A™

T. Spyriouni, C. Tzoumanekas, DNT, G. Milano, F. Muller-Plathe,
Macromolecules 2007, 40, 3876-3885.



Coarse-graining via Pretabulation of Interactions Between Molecular Pairs

Atomistic calculation of the intramolecular potential for each pair of coarse-
grained moieties, scanning all variables determining the pair relative configuration

Tabulation of the calculated potential values (accounting for symmetries)

Application of multi-dimensional interpolation methods for the evaluation of the
potential during run time

0 0,

(1)
Example : /\\ 0; f“’ j
Liquid Benzene \\ U \’J 0.
j

6D model — Six variables 4D model — Four
determining relative variables determining

position and orientation : relative position and
i 0; 0;, 05, 03, 0; orientation: r;,0, 6,0,

ij?
/3 7l3

Ui i (5:,6,,0,,8,) = —kgT In{ jdw jda) exp| -V, ,J,ei,ej,qgj,wi,w)]}
Zacharopoulos, N.; Vergadou, N., DNT J.Chem.Phys. 2005, 122, 244111



Liquid Benzene — Comparison of Atomistic and
Coarse-grained Simulations

Atomistic MD Coarse-
(flexible grained MC
molecules, (4D model)
COMPASS
force field)
220 o
I . Structure — PDF between COM
180_— . A(}: l{]OAr: 0-2 % A 22 | ' I ! 1 4 I 4 I ' I ' I ' I ' I ' I ! ]
1 A Aar=01 A 20+ =MD ]
160 vy Ar=005A 18} —MC “
T 140+ A= 5 ar=02 A 16}
2 120 < Ar=01 A | 14l
o Ar=005A | ol
g 100- 3 < 12}
7 80+ . | T=300 K ® 10t
& 60- * 0.8+
: ouU i
407 - ’ P= pmoleckBT _< - > o T=300K
] av 04| _ 3
209 = ool p=0.870 g/cm3 |
0 —r - 1 1 1 1 T 1 11 “f ]
0.86 087 0.88 0.89 090 091 092 0.93 094 095 0.0 ——— ! ! e ——
0 2 4 6 8 10 12 14 16 18 20
density, p [g/cm’] rIA]

Zacharopoulos, N.; Vergadou, N.; DNT J.Chem.Phys. 2005, 122, 244111



Liquid Benzene — Comparison of Atomistic and
Coarse-grained Simulations

Atomistic MD Coarse-
(flexible grained MC
molecules, (4D model)
COMPASS
force field)

Orientational Correlation between unit normal vectors on different molecules
L e e e e IS s s m s p s p s e B

1 2 in A r —MD
P,(r) =E[3<cos (] 'ui)>ri,.=r —1} 08 .MC
1l 0.6 :
J I .
A W A S L T=300K
. Ui L0 P,=-1/2 02t p=0.870 g/cm?®
U: L :
. L 0,0, random: (P)=0 oo | N
N r ] r
Zacharopoulos, N.; Vergadou, N.; DNT 0.2

0 2 4 6 § 10 12 14 16 18 20

J.Chem.Phys. 2005, 122, 244111 (A



Other Coarse-Graining Algorithms

Inverse Monte Carlo
Lyubartsev, A.P., and Laaksonen, A. Phys. Rev. E 1995, 52, 3730-3737.
Lyubartsev, A.P., and Laaksonen, A. Lect. Notes Phys. 2004, 640, 219-244.

Optimizes the effective pair potential to reproduce g(r)’s between
coarse-grained centers as computed from atomistic simulation. A
Newton-Raphson scheme is used to optimize the potential,
represented by a set of tabulated values as a step-wise function of
distance.

Relative entropy minimization
Shell, S. J. Chem. Phys. 2008, 129, 144108 (2008).
Chaimovitch, A., and Shell, S. J. Chem. Phys. 2011, 134, 094112.

Coarse-grained effective potential defined by a condition designed to
provide minimum entropy change between the atomistically
represented and the coarse-grained system and thereby minimize
the information loss associated with the coarse-graining process.

Public domain software for coarse-graining:
Denis Andrienko et al., MPIP https://www.votca.org/



https://www.votca.org/

Dynamical Coarse-Graining:
The Projection Operator Formalism

Atomistic description: 3n generalized coordinates q(t)
3n generalized momenta  p(t)
Hamiltonian #(q,p)

0
Hamilton’s equations of motion: ald = P H
dt|p _J
et

Liouville equation for the probability density in phase space p(q,p,t) ;

8_,0+Z OH O OH 0 _0 or 8_,0+in:0 iL: classical
ot = \op, 09, 0q, Op. ot Liouville operator

For any function of the phase space point ﬂ(q,P):

. da a/q.dquraﬂ.dpi _Z”: OH O OH 0O
dt =\oq; dt oJp; dt op; oq; 0Oq; Op;

)ﬂ= LA

i=1



Projections of observables in phase space

Consider first a set of (not necessarily orthogonal or normalized)
reference vectors {a,,a,,...,a,} in R" and an arbitrary vector x in R"
How can one best represent X as a linear combination of {al,az,...,aN } ?

Determine coefficients {c,,C,,...,.Cy } such that

(X—Ca, —Cya, —...—Cyay ) = min,
(a,-a, a-a, - -3, |[c] [xa]
az:a1 az:az a2:aN C, :X'az or cj:i(a-a);il(x-ai)
. . . . . . i=1
8- ay-a, -oay-ay|[cy] |x-ay |
Matrix (a-a)

Projection of X onto the set of reference vectors {al,az,...,aN }:

Px=3 (e (xa)

j=1 \_i=1



Projections of observables in phase space

For a n-particle system at equilibrium, characterized by a time-

independent normalized phase-space probability density p®%(q, p),

we think of all observables as constituting a Hilbert space, i.e. as a
vector space equipped with a scalar product. For two observables,
A and B, we define the scalar product as the correlation function:

(4.8)=[(a,p)8(q,p) o™ (q,p)dadp

Given an arbitrary observable X and a set of reference
observables {ﬂl,ﬂz,...,ﬂ,\l } , we define the projection of X on the

reference observables as
Projection operator P Projection operator orthogonal to P

}

o= (S 0 a) ) 0-1p

j=1 \_i=1

Inverse of matrix of equilibrium correlations
between the 4;'s



Projection onto a subset of (slow) variables

Observables {ﬂl,ﬂz,.-.,ﬂ,\,} can be shown to evolve according to:

:ZN:iij jdsZMkJ (t-s)+R.(t), k=12,.,N
j=1

Mori-Zwanzig equation

10, = Z(ﬂ,flﬁ <ﬁlk,ﬁli> Frequency Matrix

_ AIQLtA : Random Force
R ()=¢7QiLA(0) Part ofﬂ that is initially
If set {4, 4,,..., Ay} includes all the orthogonal to all_4; and
slow dynamics, then R,(t) will evolves so as to remain
fluctuate rapidly around 0 and My(s) orthogonal to them at all
will quickly decay to 0 at long times. subsequent times.

— _iZNl:<;l,jl>ji1 <Ri (s),R, (O)> Memory Matrix



Projection onto a subset of (slow) variables

Correlation functions: C,, (t)= <ﬁlk (t), 4 (O)> = <ﬁlk (t).4 (O)>

Postmultiplying both sides of the Mori-Zwanzig equation by _7, (0)
and ensemble averaging, we obtain

Zugkjck, jdsZMkJ (t-s) kI=12,.,N

The correlation matrix obeys a similar equation to the Mori-

Zwanzig, involving the frequency matrix and the memory
matrix, but without the random force term.

Nakajima, S. Progr. Theor. Phys. 1958, 20, 948-959.

Zwanzig, R. J. Chem. Phys. 1960, 33, 1338-1341.

Zwanzig, R. Phys. Rev. 1961, 124, 983-992.

Mori, H. Progr. Theor. Phys. 1965, 33, 423-455.

Kawasaki, K. J. Phys. A. Math. Nucl. Gen. 1973, 6, 1289-1295.

Hijon, C., Espaiol, P., Vanden-Eijnden, E., and Delgado-Buscalioni, R.
Faraday Discuss. 2010, 144, 301-322.



Markovian approximation

Equations of motion for slow observables (Mori-Zwanzig):
N
=>iQ,4, jdsZMkJ (t-s)+R(t), k=12,..,N
j=1

Fast degrees of freedom, projected out of the description, manifest
themselves through the memory term and the random force term.

If there is a clear time scale separation between the slow variables
{ﬁll, Ay ey le} and the remaining variables of the system, the autocorrelation

functions (Ri(S) R,(0)) of the random forces and, therefore, the memory
matrix elements Mkj(s) decay to zero over times much shorter than t.
Memory term in Mori-Zwanzig equation can be approximated by

3 Jesm, () |10

j=1

N N

[e3 (511, (0-9)~ 3 Jem, 5) 1,0

j=1 j=1

X

N o0

==Y &A (1), with & = jdslvlkj ZN:deUl,ﬂ) (Ri(s),R(0))

j=1 o i=1 o
dissipative matrlx



Example: free Brownian particle in solvent

Choose 3 components of the momentum of the

O(())O © © 80 particle as the slow degrees of freedom:
O O ﬂk_)pk’ k:1,2,3
© o ©
© 0©® (4.4 (p.p;)=(p’)5; =mk,Ts,
O(())O OOO © 1 1 1
VA — S, = 5.
<ﬂ ﬂ>]l <pi2> J ka J

N 3

10 =22 (4.4), (A A) > 30, (BB )= o By =0

R, (O) =F (0) Total force initially exerted by solvent molecules on particle

R (t)=F,(t) Total force that would be exerted by solvent molecules on
particle if initially the force on it were F,(0) and the whole
system evolved between times 0 and t in such a way that
the particle remained stationary

(F(0)Fy (9)),

My (5) = =D ——5, (Fy (), (0)). =

i=1 ka BT




Example: free Brownian particle in solvent

Mori-Zwanzig equation: p(t):—_t[ds 1 (F(0)-F,(s)) p(t—s)+F,(t)

Markovian approximation: P(t)= —{I ds SmiBT (F(0)-F, (S)>O}p(t)+ F,(t)

mv(t)=-mév(t)+R(t) Langevin equation for free Brownian particle (1908)

A stochastic differential equation.
Langevin force R(t) is known only through its statistical properties:
¢ = mc = friction factor.

<R (t)> -0 Usually estimated from
particle diameter d and
(R(t)-v(t))=0 solvent viscosity # as

(=3 nnd (Stokes, 1851).
<Ra (t)- Ry (0))=2mk, T ¢ Oup 5(t) Particle self-diffusivity
D, = kgT/{ (Einstein, 1905).



Langevin equation: Brownian particle in an external field

my(t)=F(r)-mé&v(t)+R(t)  (R(1)=0

External  Friction Langevin <R (t) . V(t)> -0
force due  force (random)
to field force <Ra ('[)°Rﬂ (0)>:2kaT fé‘aﬂé‘(t)

F(r)=-V,U(r)

How does one integrate this stochastic differential equation numerically?
(Langevin Dynamics)

Generalized Langevin Equation

For a generalization of the projection operation formalism to non-
Hamiltonian systems with an arbitrary number of coarse-grained variables,
see Xiang, J.; Kim, K.S. J. Chem. Phys. 2011, 134, 044132.

The potential of mean force with respect to the coarse-grained variables

appears in the resulting formulation.



A scheme for Langevin equation integration

Stochastic equations of motion: Definitions:

f'i = V.

V. =—m 'V U (r) — &V, + om=Y2\W \/\/I = Ri (t) / (ZmingT )1/2

o’ =2Ek, T
“BAOAB Scheme”

At M =diag(m;, m,,...,my)

+ Vigya = Vi _7M_1VU (rk) N
\|’k+1/2 - W(O,l)

N2 = Iy +7Vk+1/4

&AL
_ =e
- Vigais =4V, T a12 (BM) 1/2\|’|<+1/2 4
At B =1/(kgT)
N1 = N +?Vk+3/4
At

o Vi = Viga _7 M_lvu (rk+1)

Fass, J.; Sivak, D.A.; Crooks, G.E.; Beauchamp, K.A.; Leimkuhler, B.;
Chodera, J.D. Entropy 2018, 20, 318.



Example: Langevin Dynamics of a Free Brownian Particle

Langevin free £=0.2x10%3s?, M=0.014 kg/mol, T=450 K, At=10" s Langevin free £=0.2x10%s, M=0.014 kg/mol, T=450 K, At=10" s

2.0E-07 1,56-07

2,0E-07 2,0E-07

z{m)

y(m)

2,0E-07

Langevin free £=0.2x10%%s %, M=0.014 kg/mol, T=450 K, At=10" 5

1,56-07
2,0E-0

-2,5E-07 1,5£-07

x{m)

-2,5E-07

z(m)



Example: Langevin Dynamics of a Free Brownian Particle

LD BAOAB ¢=2x10'%s' M=14g/mol T=450 K At=10"%s 1000traj MB

1,0E-13
=
=
= 8,0E-14 y = 8E-07x+ 5E-16
3 R =0,9978
E X
g
O 6,0F-14
= —_—
@
o —7
Q 40F-14
g r
=
: i (r)
Linear (r

& 2,0E-14
Q
=

0,0E+00

0,0F+00 2,0E-08 4,0FE-08 6,0F-08 80E-08 10FE-07 12E-07
time (s)
2
7.82x10™" m? . m? RT s M
—0.131x107°% — D oy = - =0.134x10" —

ssim 6><9.98><10_8 S S gM S



Example: Langevin Dynamics of a Free Brownian Particle

LD BAOAB £=2x10"2s! M=14g/mol T=450 K At=0.5x10"15 s 1000 traj MB

1,2E-18
1,1E-18
1,0E-18
9,0E-19 —_—
8,0E-19
7,0E-19
60E-19 | TTTTT 6RT/(EM)(t-1/¢)
5,0E-19
4,0E-19
3,0E-19
2,0E-19
1,0E-19
0,0E+00
0,0F+00 5,0E-13 1,0E-12 1,5E-12 2,0E-12

theory

mean square displacement {m?)

time (s)

theory: <r2> =6D, (t—é+%exp(—§t)J



Example: Langevin Dynamics of a Free Brownian Particle

LD BAOAB £=2x10*%st M=14 g/mol T=450 K At=0.5x10"*°s 1000 traj MB

1,20F+00
1,00E+00 |

8,00E-01

6,00E-01

4,00E-01

Mormalized VACF

tot

2,00E-01 = exp(£1)

0,00E+00 =
0,00E+00 5,00E-13 1,00E-12 1,50E-12 2,00E-12 2,50E-12

time (s)



Example: Langevin Dynamics of a Free Brownian Particle

Distribution of velocity components, M=0.014 kg/mol, T=450
K

1,E-03

£

=

=

=

c

c X
=

£ 4 E-04 Y
- —_—
L

o 2,BE-04

E A M_ B

O-FL 00
oo

1,5E+03 -1,0F+03 -5,0E+02 0,0E+00 G5,0F+02 1,0E+03 1,5E+03

Velocity component (m/s)



Example: Langevin Dynamics of a Free Brownian Particle

Distribution of particle speeds M=0.014 kg/mol, T=450 K

1,E-03
1,E-03

8,E-04

6,E-04 — L D-BAOAB

Maxwell
4,E-04

plv) (s/m)

2,F-04

0,E+00
0,0E+00 5,0E+02 1,0E+03 1,5E+03 2,0E+03

-2,E-04 v (m/s)



Position Langevin Equation — Brownian Dynamics

mu(t)=F(r)-mev(t)+R(D)  (R()=C

External  Friction Langevin _
force due  force (random) <R (t) . V(t)> =0

to field force
R (t)-R,(0))=2mk, T &S, 5(t
F(r)=—v U (D) <a() ﬂ()> Mks T &6, 0(t)

If we are interested in tracking the evolution of the system over time
intervals At >> 1/£, we can neglect the inertial term on the left-hand side:

my(t) ~|mv/At|<<|mv & =|-m&v(t)

Under these conditions, we say that we study Brownian motion in the high
friction limit. The motion is described by a position Langevin equation:

F(t)= miéF(r)+ r'(t) wherE _:_"( ):mifR(t) is a random velocity process
(r®)=0 (r(t)r;(0))= 2 S(1)=2D,5,6(t) (a,f=123)



Brownian Dynamics

For a system of interacting Brownian particles, integration over time step
At can be performed using the equations

Di' (r) G
r(t+A) =r (t)+ ) ——=F (r)At+V, -D;(r)At+Ar,

J B

Arig sampled from a multivariate Gaussian distribution with
Mean <Ari2>:0 (i=12,..,N; «=1,2,3) and
Covariance matrix <AHSN§;> =2D, ,At (i,j=12,..,N; @, f=12,3)

For a set of dilute Brownian particles of diameter d moving in a
solvent of viscosity #, the diffusivity tensors are well approximated by
[ kT

3znd Hydrodynamic interactions

Oseen tensor
r.r.
KeT [1+ ! ”J, ifi=]j

2
\872.77rij b

1, Ifi=|
Dij(l’):<




Brownian Dynamics/Transition State Theory Study
of Long Alkane Diffusion in Silicalite-1

\ |

o0 4 Activation Energy for Diffusion
Filled: simulation
Open: QENS (H. Jobic)

=
(6]
1

S

] !
F A

i

S

H—___,.pl"—‘-—\h.
_._,..-"
=0
— e
TS et
\ﬁ\/‘

\

A i

Ea (kJ/mol)
5
1

« Potential of mean force U(Xy, X,) in each
macrostate extracted from configurational
bias Monte Carlo Integration (CBMCI). ® 7

» Contribution to friction matrix in each
environment estimated by fitting chain

midpoint and contour length time auto- 0 2 4 6 8 10 12 14 16 18 20
correlation functions from short-time MD. Number of carbon atoms

0

* Rate constants for transitions between macrostates calculated by TST using
CBMCI and piecewise planar representations of the dividing surfaces.

Maginn, E.J.; Bell, A.T.; DNT J. Phys. Chem. 1996, 100, 7155-7173.



Dissipative Particle Dynamics

r.=r.—r
Model = set of point particles that N LT | B
move and interact with each other : L r ‘rii‘
with three types of pairwise forces: I J r.
e. =—
F = Z(FC+FD+FR) Yo
1A conservatlve force derived from a R = ai,-( —%jeij
potential :
2) A d.issipati\_/e fqrce that reduces the FijD = ¢, (eij v, )eij
radial velocity differences
3) A stochastic force directed along the line R _
o . Fi' =0, W, €.
joining the centers of the particles J 1

y;;: Gaussian white noise that is symmetric (y; = ;) and satisfies
Wij (t)>:O, <Wij (t) Wi (t/) ) = (5ik5j|+5i|5jk) 5(t_t') Fluctuation-dissipation
. . 2
Forces vanish beyond a cutoff distance r. [WR (ﬁ,— )] = o, (ﬁj)

Total momentum is conserved, )
hydrodynamics is respected, T = const. oy = 28;kgT
Hoogerbrugge and Koelman, Europhys. Lett. 1992, 19, 155.
Espafnol and Warren, Europhys. Lett. 1995, 30, 191.




Coarse-graining of poly(SPE) antifouling polymers

Atomistic
Molecular Dynamics

L
Lo Yy

(=

(fs — us; A — 10 nm)

Examine
low to moderate
molar masses
Assess
« Short- and long-
range structure,
conformations
e Dynamics
* Thermodynamics

Mapping

(a)
4
e=(-©

Mesoscopic
Dissipative Particle Dynamics (DPD)

W

e

Parameterization
Procedure

Bonded
interactions
-Matching of strand
and strand/angle
distributions

Nonbonded
interactions

-Matching g;;s

Dynamics
_Friction factor

(ps - 10 ms; nm — um)

Reproduce
atomistic results

Access high molar
mass regime

Predict

* Long-range structure
and conformations

» Surface-foulant
potential of mean
force



Coarse-graining of water and DPD units

Coarse-graining . N, =5 water molecules per bead
M
Size of water bead - I, =3/3N,, W0 =7.66A
NAvopHZO
Repulsion strength . a,; =135.868 (units of kgT/ry)

(reproduces experimental
compressibility of H,O)

« DPD — limited ability to reproduce the

dynamical properties of water.!2 x500 longer time
« The mobilities are compared to experimental step than MD
D450, following literature approach to convert (dt,,p = 0.001 ps)
DPD time unit into physical time.
Speedup: 3-5
Simulation time step : dt = 0.023 ps orders of

exp

Effective time step : dt"™™™ = dt——22—=0.496 ps magnitude?
m —H,0
1Groot, R. D.; Rabone, K.L. Biophys. J. 2001, 81(2): 725-736

’Lee M-T. et al. J. Chem. Theory Comput. 2015, 11(9), 4395-4403




Coarse-graining of SPE polymers

quaternary ammonium

sulfonate

Charge setto [g| =0.84 e
( based on atomistic
OPLS). Charge

Starting atomistic
representation: OPLS

GSB-SB-SB

Beads mapped to the smeared over sphere of
centers-of-mass: radius 0.25 ..
Z M., Lee, M. T.; Vishnyakov, A.;
r __allatoms i belonging to bead | Nelmark, A. V. J. Chem. PhyS.
coj — D M. 2016, 144 (1), 1-12.
' Warren, P. B.; Vlasov, A. J. Chem.

all atoms i belonging to bead j

Phys. 2014, 140, 084904.



Derivation of DPD bonded coefficients

Starting point: 0.1 ys atomistic MD of two SPES8 chains in water, 10.4% w/w.

Automatic regression of the the strand-length and angle distributions with
harmonic effective bonded potentials for use in DPD simulations.

Annealing optimization scheme that finds all the optimal strand and angle
coefficients at the same time that best reproduce the distributions from MD
In the presence of all interactions.

QSB—SB—SB 3
- MD
@ @ @ 2.5 DPD o SO-SN
Z 20 A\ Example:
<45 | d \o
£ " [ res00) SO-SN
& o strand
"‘ \ length




Nonbonded Interactions

Optimization of a; coefficients® for all the possible interactions with the
target to minimize the following objective function:

MSSE——Z > (027~ 0> ()

palrs pairs ij r=0

Involves integrals of squared deviations between atomistic and DPD-based
gi's over distances commensurate with or smaller than the saturation
distance of the pair distribution functions.

15 a;; parameters needed for the description of all the interactions.

( , )

a;; coefficients to be optimized:

SB SO SN SS w

SB
SO
SN
S5
W

1. Groot, R. D.; Warren, P. B. J. Chem. Phys. 1997, 107 (11), 4423-4435.



Nonbonded interactions

Objective function optimized as follows:

[—

1. ~5000 iterations with bounded random
sampling [a,,;,=10, a,,,, = 180]

2. ~3000 iterations with multidimensional
Bayesian optimization having as an input

8ij
o]

2 =
SE
LE
SE
o
2E
SE
5 1F
the 5000 previous iterations. “F
10000 - > B
) 15E
1000 Perform “educated S
guesses” for where a 0.5E
100 - minimum/maximum exists 0B
w based on the previous R
%) 10 - . . s 1E
= function evaluations. osk
1 =
2F
1.5E
0.1 - & 1E

0.5E y -

001 T T I T 1 0:| IIL IIlllJIIlll]ll[llJ IIIIJ..-I’ ]!Illlllllllljllllll:

0 2000 4000 6000 2000 10000 025 5 7510125 025 5 751012515

sorted evaluations of the objective function r(A) r(A)

Example pair radial distribution functions

1 https://github.com/fmfn/BayesianOptimization o comistic MD (blue) and DPD (red).

2 https://machinelearningmastery.com/what-is-Bayesian-optimization/
3 https://arxiv.org/abs/1807.02811



Investigation of SPE chains in bulk solution




Structural features of Atomistic and Mesoscopic SPES

HBLLL 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII_
10° 3 Z IE)AF?D + E
- % EXP(Mw) xg .
»[ W EXP(Mn) I .
— 10°EF ¥ EXP(sAxs) % =
= : P . E
E B -
< 10'E . ;
Qﬁm - E
e 100 __ ‘ * '_f" __
= A - =
= A TN :
1 A ’ .
10 EIIIII 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII_§
10° 10' 10 10° 10*

NSPE

Mean square radius of gyration from MD (e), DPD calculations (A) and
experimental data! (x, + and ). Experimental data derived from the correlation
R, = aM.°* with a=0.69 nm and b = 0.48, with M, being either the weight- (M,,, x)
or number (M, +) average molar mass.

Mary, P.; Bendejacq, D. D.; Labeau, M.-P.; Dupuis, P. J. Phys. Chem. B 2007, 111, 7767.



Mesoscopic Investigation of SPE brushes

Area/chain = 1.44 nm2. SB (black), SO (red),
SN (blue), SS (yellow) and wall beads (white)
shown. Wall beads and grafted beads (SB
beads marked with x) remain immobile
throughout the simulation. zg5 : position of wall
surface. h,: grafted point-wall surface distance.

1Xiang et al. Langmuir 2018, 34, 2245-2257

Polyamide membrane
surface modeled as periodic
FCC lattice (white beads).

Initially, SPE chains grafted
periodically with the same
areal densities and chain
lengths as in Xiang et. al.’s
work? for validation purposes.

Additional simulations? over a
broader parameter space
spanning various degrees of

polymerization (Ngpe = 5-20)
and areas per chain (0.64-37
nm2).

2Sgouros, A.P.; Knippenberg, S.; Guillaume, M.; DNT Soft Matter 2021, 17, 10873



SPE brush density profiles

ZS Zg

(@ 2 7T"T ' Mpw ' — prboseg] Density profiles of SPE (red) and
~ 15F = PD-w /ll'"j"';"';’;SPEE—; water (blue) from DPD (solid lines)?
i B a1 and atomistic MD! (dotted lines).
S osE R — 1 5 SPE units per grafted chain.
(b) 8 1 ="'?""*a/1h AL Area/chain= (a) 3.24 nm?
AISE— area/chain = 1. nm_ (b)144nm2
5 E (c) 0.64 nm?2.
2 f
B 0-5§' Solid vertical line: effective position
© 3f of the wall, zq.
15
E 1 . Dashed line: position of grafting
& F points, z;, in DPD.
= 0sf

o et Bin width 0.5r5pp ~ 0.383 nm.

h (nm) 1Xiang et al. Langmuir 2018, 34, 2245
2Sgouros, A.P.; Knippenberg, S.; Guillaume, M.; DNT Soft Matter 2021, 17, 10873



Mean force on approaching foulant

- area/chain = 3.24 nm’

Umbrella Sampling (Weighted
Histogram Analysis Method)

Foulant modeled as icosahedron
with radius of gyration 0.73 nm

Filled circles: atomistic MD, Xiang
et al., Langmuir 2018, 34, 2245.
Open squares: DPD, Sgouros,
A.P.; Knippenberg, S.; Guillaume,
M.; DNT Soft Matter 2021, 17,
10873




Entanglement network-based mesoscopic simulations
of polymer melts

ow

.' ..

short chains

(unentangled) J

ROUSE MODEL
=

Langevin

I:1‘riction = é/rl O
K(ris1-13) Pl(uhn length
Parameters k=3kgT/b?, £

. N, long chains

Sty (entangled)

:l.l‘ .‘ -: %

’:... :. Yo REPTATION MODEL

Additional parameter d ~ @,

Rouse, P. E. J. Chem. Phys. 1953, 21, 1272.
de Gennes, P.G. Scaling Concepts in Polymer Physics, Cornell University Press:

lthaca, NY, 1979.

Doi, M.; Edwards, S.F. The Theory of Polymer Dynamics, Clarendon Press: Oxford,

1986.



Mesoscopic Entanglement Network Representation

Nodal point or “bead”:
5-10 Kuhn segments

. tend point PE:

) e N=52 C atoms/bead

WWW strand

wen slip-spring  CIS-1,4 PI:

22 -CH,-CH(CH,)=CH-CH,
& A units/bead

Ensemble canonical with respect to polymer chains,
canonical or grand canonical with respect to slip-springs
Concentration of slip-springs N

. . . p p g 7 . :<n >/ Ze Ass(|| J|)/(kBT)
regulated via activity z_;, activ. " \ s

i> ]
Chappa et al. Phys. Rev. Lett. 2012, 109, 148302.



Mesoscopic Helmholtz energy function

A= A%trands T Aangles T Ahonbonded T A\antanglements T A:ompensating

Astrands T Aﬁngles :

'A\mnbonded :

'Abntanglements .
A\:ompensating .

Simulation canonical wrt polymer, grand canonical wrt slip-springs (activity Z

Effective stretching and bending potentials,
contributed by pairs and triplets of beads along a
chain. Incorporate subchain entropic elasticity.

Excluded volume and van der Waals attractive
Interactions. Functional integral of a nonbonded
Helmholtz energy function, which depends on local
density and is derived from an equation of state.
Computed by spatial discretization.

Free energy of the slip-springs.

Removes perturbations in chain conformations

caused by the slip springs.
(Chappa et al. Phys. Rev. Lett. 2012, 109, 148302).

activ)



Intramolecular Helmholtz Energy

Potential of mean force for stretching
of strands

From equilibrium atomistic simulations

Dy (1)

A%trand (r) — _kBT In Potrand 2

A7tr
|:strand (r) — _vr AStrand

Very well described by L;,,? approximation
proposed by M. Kroger for inverse Langevin

function.
J. Non-Newtonian Fluid Mech. 2015, 223, 77.

Deviates from Gaussian at high extensions.

Bending potential of mean force
Aangle (9) = l?a (H o 7[)2

Fitted to effective bond angle distributions between strands.

()

Foirang (kJ/MoIl/A)
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ngs
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Nonbonded Helmholtz energy in the bulk melt

Ahonbonded = d r avoI |:10 T:| Z cell voI (pcell K ’T)

kecells
Excess Helmholtz energy density avo, from equation of state.

Sanchez-Lacombe J. Phys. Chem. 1976, 80, 2352 — 2362

3

s o~ 1 Zintra, cg chainH A|3
an (o, T)==Pp*+PT(1-5)Inl-p)+PTHpi1+—In = -
rSL intraA begfjadS/Cham
3 P'M :
p=Lt o =—s
P o RT
7 Ui e
. Y e etel Tl
Mass of each bead uniformly smeared S SiiF S Tele
within a voxel of edge length h=R .. I )
[ ....’_ " h
Local density distribution p(r) %
accumulated using a grid of cubic ' =5l —
cells of edge length | =3 to 5 nm e




Mesoscopic Brownian Dynamics simulation

(64 A =1 (t )+ — [Fi (t)At+1F (tn)(At)Z} R, (At)
é/bead (T) 2
Random displacement vector.
m Components follow Gaussian
4 bead (T) — é/ 0 (T ) = distribution:
mmonomer At
¢, obtained from MD simulations <Ri2,a (At)> =2KkgT (=1,2,3)
(Harmandaris, V.A.; Mavrantzas. V.G.; DNT | bead
Macromolecules 1998, 31, 7934) or from
NMR measurements (Klopffer, M-H: Bokobza, Fi = _Vr- A including all contributions
L; Monnerie, L. Polymer 1998, 39, 3445). !
c’C)
Iog(O(T):Iog§OOO+ — . .
T =T+ C] Integration time step for PE: At=10 ps

Total ti imulated: 0.1
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Slip-springs: discrete hopping dynamics

Density of slip-springs (controlled via z_; ): 1.5 that determined from M,

activ
a'+
fao ; == Ai Aa Aa
& O Tagah b
s=0 a o "%{, khop =V, EXP| — ~ 00 | = Vhop exp __ %™
AR ? s=0 kBT kBT
o é%%% \ v )
o @
- b' oW b TST picture of hopping

B kD AN over a free energy barrier

Slip-springs move along chain contour by Initial estimate:

discrete jumps between neighboring beads. '

kT (Ng) T

AH) | o :
é/bead Nbeads (nKuhns/beadb )
@) 5 -1
AR Vhop (PE,450K)=5x10 s
oAby
Aé:ss)
nb,
Al Vogiatzis, G.G.; Megariotis, G.; DNT

contour of chain b Macromolecules 2017, 50, 3004.



Formation and destruction of slip-springs

R

attempt™~V max,ss

s\
W, T \\\‘\\\- b

rrrrr i lll/lj// '
s=1

b, —~

Destruction takes place for slip- Formation is initiated by chain ends.
springs connected with chain-ends.
kdestruction = khop kform
: 7 .
Detailed balance: Rate = Rate = k — v activ
destruction  formation form,ag Ab, —an Aby hop N
ss,ag Aby

Slip-spring formation, destruction, and hopping tracked by
Kinetic Monte Carlo (kMC) simulation

Vogiatzis, G.G.; Megariotis, G.; DNT Macromolecules 2017, 50, 3004.



Equilibrium melt: Chain conformation
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Equilibrium melt: Chain dynamics
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Stress relaxation modulus from equilibrium BD/kKMC

(A({ } { Peert | T)/m)

oF

T

PE 450 K, 1 bar T = pF-

G(t) = LT< Top (t + t)Taﬂ (t0)>

10" g=r=rrrer—r—rrr _ _
E Deformation gradient tensor?!

G(#) (Pa)

10 ' To improve accuracy, we average
E over all possible ways of choosing
a pair of perpendicular axes:?
10+ 3 —
] t, +t t
[ ——— 3649 g/mol v <TXV( 0 ) (0 >
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1078 bttt Autocorrelation functions are calculated
10° 107 10° 10°  py using the multiple tau-correlator.3
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(Elsevier, Amsterdam, 2012) pp. 133-179.
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Mesoscopic BD/KMC simulation of Polymer/Solid Interfaces
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Lifetimes of adsorbed chains: PE melt/graphite
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Relaxation time extracted from
long-time linear slope of hazard plot
for desorption of entire chain.

~ M for long chains suggests diffusion-limited desorption.

Chain end-to-end vectors exhibit longer and more strongly M-dependent

correlation times.
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Douglas, J.F.; Johnson, H.E.; Granick, S. Science 1993, 262, 2010.
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Summary

Coarse-graining Is a necessity given the multiplicity of
length and time scales Iin soft matter systems.

Optimal selection of coarse-grained variables depends
on the problem at hand.

Strategies for approximating many-body potential of
mean force: Force Matching, Iterative Boltzmann
Inversion, Pretabulation of Interactions.

Projection Operator Formalism provides a rigorous
framework for dynamical coarse-graining. Its
Implementation in Langevin, Brownian, and Dissipative
Particle Dynamics methods calls for judicious
approximations.

Brownian Dynamics/kinetic Monte Carlo with slip
springs offers versatile tools for addressing dynamics
of entangled polymers.
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