10.4 Equilibrium molecular dynamics

Equilibrium molecular dynamics (MD) simulates the evolution of a microscopic model of
a material system in time in the absence of any thermodynamic driving forces that can
lead to fluxes within the material. By invoking the ergodic hypothesis, one can calculate
ensemble averaged structural and thermodynamic properties from a well-equilibrated
MD simulation. In addition, by invoking linear response theory, one can obtain trans-
port properties and in general characterize the dynamical response of the system to the
imposition or removal of driving forces that keep the system away from thermodynamic
equilibrium. In this latter respect, MD has an advantage over MC, which can only give

equilibrium thermodynamic properties.

10.4.1 Formulations of the equations of motion

The mathematical description of the dynamics of a classical system evolving un-
der the influence of interactions among its constituent particles was briefly discussed in
Section 3.2.1. Several formulations of the differential equations describing a dynamical

trajectory were mentioned there. We briefly review these formulations here.

Lagrangian formulation
Let gr, £ = 1,2,... be the (independent) generalized coordinates used to describe the
configuration of the system. These are collectively referred to as a vector q. Let

V =V(q,q,t) be the potential energy function and
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K = K(q,q,t) be the kinetic energy function of the system.
We define the Lagrangian function as
L= ‘C(q:ébt) =K.V

The trajectory q(t) satisfies the set of differential equations

d f OL AL
5 (50) 5= Sl

Eq. (10.57) is a differential expression of Hamilton’s variational principle of least action:
For a mechanical system in which all forces, except possible forces of constraint, are
derivable from a generalized scalar potential V that may be a function of coordinates,
velocities, and time, the motion of the system from time #; to time ¢, is such that the
line integral

to

e / £(a, 4,) dt

t

has a stationary point over the correct path of motion [Goldstein (1980)].

The momentum py conjugate to the generalized coordinate g is defined by

s B'C(qt élat)

k ; 3.1
) A 1)
The Hamiltonian function H(q, p,?) is defined from the Lagrangian formulation as
H(q,p,t) =Y _ ¢ px — £(q, 1) ‘ (3.2)
k

If £ does not depend explicitly on time, i.e, if it depends on time only through its de-
pendence on q and q, then H is a constant of the motion, corresponding to the system

total energy.
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Hamiltonian formulation
In this formulation, one starts with the Hamiltonian function H(q, p,1). A differential

description of the trajectory is given by the canonical equations

. _OH
] OH
Pk = —5;; (3.4)

If the Hamiltonian H does not depend explicitly on time, then, as one can readily prove
from the canonical equations, # is a constant of the motion, corresponding to the total

energy (conservative system).

Newtonian formulation
For a system whose configuration is described in terms of the cartesian coordinates r; of

constituent particles, a differential decription of the motion is given by the equations

m; ¥ =B (10'58)

Fi=-V.V (10.59)

with m;, r;, F; the mass, coordinate vector, and total force acting on particle 7, respec-
tively, and V(ry,...,ri,...,rn) the potential energy function of the system.

In all of the above formulations, the coordinates q or r have been assumed indepen-
dently variable. The equations have to be modified in the presence of constraints among

the system degrees of freedom. The Lagrangian formulation reduces to a constrained
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minimization of the action integral. In the Newtonian formulation, the presence of con-

straints among the site coordinates leads to an equation for the force F; of the form
Fi=-V:V+g; (10.60)

where g; the constraint force on site i. How the constraint forces g; can be calculated,
given the equations of constraint, is described below in our discussion of constraint dy-
namics algorithms (section 10.4.4).

In general, constraints on a dynamical system fall into one of two categories:

Holonomic constraints are cast in the form of equations involving only the coordi-

nates q and time ¢. In other words, a holonomic constraint is of the form f(q,t) = 0.

Nonholonomic constraints, on the other hand, are constraints that can only be ex-

pressed as inequalities, or involve time derivatives of the coordinates.

Figure 10.15 shows simple examples of a holonomic (a) and a nonholonomic (b) con-
straint. The circle of radius @ in Fig. 10.15 (q) is constrained to roll without sliding on a
line inclined by an angle a with respect to the z-axis. The configuration of the circle can
be described in terms of the coordinates z and z of its center and the angle of rotation ¢
around its center. Clearly, since sliding is not possible, z, z, and ¢ are not independent,

but have to always follow the equations
z=2)—ad¢sina
T=x9—a¢cosa
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These are clearly of the form f(z,z,¢) = 0, and therefore holonomic constraints. The
circle of radius @ in Figure 10.15 (b), on the other hand, is constrained to roll without
sliding on the zy plane. (Think of a coin rolling on a table.) The plane of the circle is
perpendicular to the zy plane at all times, but the angle # between the vector normal
to the circle plane and the z axis is free to change. The configuration of the system is
described in terms of the generalized coordinates z,y,6, and ¢. (The z coordinate of the

center is always a.) The condition of no sliding leads to the requirements

r=—aqa sin@q‘S

gzmacosf?qa

These are equations involving the time derivatives of z, y and ¢, and 6 itself. They are
nonholonomic constraint equations. No holonomic constraint can be written for the co-

ordinates z,y, 6, ¢ of this system.

z z |
radius &
P iy
(@) ?\ 2 a (b) y
‘ Xo
« * _ 9 Y
X
Coordinates  2,x, ¢ Coordinates x, vy, 6, ¢.

Figure 10.15 Examples of dynamical systems subject to constraints (a) holonomic; (b) nonholo-

nomic.
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In any formulation, the equations of motion are time-reversible. In an isolated sys-

tem of interacting molecules, the quantities H (total energy), P = Y p; (;cota.l linear
i
momentum) and L = Z r; X p; (total angular momentum) are conserved. In a system of
i

molecules confined to a box with periodic boundary conditions, on the other hand, which
evolves in time subject only to interactions among the molecules and their images, H
and P are conserved, but L is not. Every time a molecule crosses a face of the box and
enters through the opposite face, a discontinuous change in the total angular momentun
of the box is effected.

The most traditional type of MD simulation tracks such a system of molecules in
a box with periodic boundary conditions; it is therefore carried out under conditions of
constant N, V, B, and P. It samples the phase-space probability distribution of the mi-

crocanonical ensemble, with the additional constraint that the total momentum is con-

served.

10.4.2 Difference methods for the integration of dynamical equations

Consider the MD simulation of a material system in which all interactions among con-
stituent sites are incorporated in the potential energy function V(ry,...,r ~). This calls

for the numerical integration of a system of differential equations of the form

L=

1 :
—Fi(ry,...,rn) i=1,2,...,N (10.61)

r;(0), r;(0) specified
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This is an instial value problem. It can be converted to a system of coupled first-order

ordinary differential equations by the substitution:

T =V;

' 1 .
vi*:—’n;Fi(r]_,rg,...,rN) Z:1,2,...,N

]

r;(0), v;(0) specified

With y = [:;:l , this system is of the general form
y = £(t,y) (10.62)

y(0) specified

As we know from initial value problems in chemical engineering, a variety of difference
methods are availabe for solving the differential system of Eq. (10.62) [see Press et al.
(1986)]. Generally, one marches along the independent variable (time) in finite steps §t.
The step size may either be constant or changed adaptively during the numerical solu-
tion. The numerical scheme for the determination of y(#) is called nt* order when the

error

. Hynumerical(t) o yexact(t)” =) [(5t)n+1]

In choosing an algorithm for the integration of the equations (10.62), one must give con-
sideration to some factors that distinguish MD from other initial value problems, such as

the following:
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- The most time consuming part of an MD computation is the evaluation of forces on

sites. Thus, a good criterion for the efficiency of a MD algorithm is that the ratio

Number of f — evaluations

= minimal 10.63
simulated time TR ( )

The speed of all other computations involved in the algorithm is immaterial, as the
whole calculation is dominated by the f-evaluation. From Eq. (10.63), it is appar-
ent that the algorithm must not require many f-evaluations per integration time
step. Otherwise popular schemes, such as the 4'* order Runge- Kutta-Gill method,
are seldom used in MD because they do not fulfil this criterion. Again from Eq.
(10.63), the algorithm must allow employing a long integration time step §t. There
is, of course, a compromise between the number of function evaluations and the
magnitude of the time step that can be used.

- The algorithm must be stable. This means that the error ¢ must not increase
rapidly with increasing §¢. The stability problem is severe in stiff systems of ODE’s,
possessing two or more widely disparate characteristic time scales. MD simulations
of molecular systems are typically stiff, because of the wide spectrum of frequen-
cies or characteristic times governing bond vibrational, torsional, translational, and
long-range collective motions. Generally, stiffness in initial value problems can be
alleviated by the use of implicit algorithms. Such algorithms are not favored in MD,
however, as they require many f- evaluations.

The integration algorithm should require little memory.

The algorithm must be accurate; this means that the error €, defined above, must be
small for reasonably large §t. With regard to an algorithm’s ability to describe the
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“exact” dynamical trajectory, one can say the following: MD problems, being highly
nonlinear, are characterized by tremendous sensitivity to initial conditions; any two
trajectories that are initially very close will eventually diverge from each other ex-
ponentially with elapsed time. Clearly, there is no hope of tracking the “real” tra-
jectory at long times. This is not a problem for extracting meaningful dynamical
information from the MD run, provided the MD trajectory stays close to the “real”
trajectory over the correlation times of interest. It is also not a problem as regards
accumulating thermodynamic averages; for example, as long as the energy is con-

served within narrow limits, the MD trajectory provides correct sampling of the

NVE ensemble. A

y{t) P

ty  tag iy tn, t
E

[
y(t) = {(ty)

{n—z T tn tne

Figure 10.16 Schematic of a k = 4-value, £ = 3-step predictor- corrector algorithm.

Gear Predictor-Corrector methods [Gear (1971)]. These methods for solving

the initial value problem, Eq. (10.62), are widely used in MD. For a general discussion
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see Press et al. (1986). The basic idea in a predictor-corrector algorithm is graphically

outlined in Figure 10.16.

Assume that the integration has been performed up to time ¢,,. Estimates of the
unknown function y and its time derivative y(t) = f (t,y) are available at all node points
along the time axis, ¢;,7 < n. Calculations over the time interval t, to t,41 proceed as
follows:

P (Prediction): Information about y and its derivatives, accumulated over steps n—£4+
1 to n, is extrapolated to obtain an estimate of y(¢,+1), referred to as the predicted
value y¥ +1- This prediction rests essentially on a Taylor expansion around tn, and
does not involve any evaluation of the function f.

E (EBvaluation): Using the predicted value y£ +15 an estimate of the time derivative
¥(tnt1) is obtained through the evaluation jffH = f(tn+1,yf+1).

C (Correction): Through polynomial interpolation of the ¥(t) curve between t,_¢14
and ¢,41, the area under that curve between ¢,, and tp+1 1s evaluated and used
to obtain a corrected estimate of y(#,+1), referred to as the corrected value Wniis
In general, the E and C steps can be repeated, leading to a scheme of the form
P(EC)™. Iteration until convergence is seldom used, as the scheme is intrinsically
limited by the finite order of the corrector. In MD, one usually uses m = 1 to avoid

many expensive function evaluations.

In general, a k¥ — value predictor-corrector method uses % previously calculated val-

ues of y or its derivatives, while an £ — step method uses values calculated at ¢ previous
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mesh points along the ¢ axis. A k—wvalue method can be formulated in one of two equiv-
alent representations. In the Adams-Bashforth- Moulton representation (€ = k= 1), one

stores and updates the vector

(y1175t S’r‘na ‘Sty.'n—la L ;6t YH—k+2)

(compare Figure 10.16). In the Nordsieck representation, one stores and updates the val-

ues

15 R . | A L—
(y ? y » 2 y ? bl (k'—“l)!

The equivalence between the Adams-Bashforth-Moulton and Nordsieck representations is

discussed by van Gunsteren and Berendsen (1977).

As an example, we present here a four-value Gear predictor-corrector algorithm in
the Nordsieck representation that is convenient for integrating the system of Newtonian

equations of motion

i = f(r) (10.64)
Let
ro(t) r(t)
ri(t) | _ | 8te(t)
ro(t) | — | 6t2/2E(3)
r3(t) §t* /6 £()
The predictor scheme is
r{ (t + 6t) 1 1 1 19 recl)
el |0 1 2 81 |=0i)
rf(t+6) | [0 0 1 3| |rP() (i)
rf (t + 6t) 00 0 1 tF (1)
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Eq. (10.65) is a set of Taylor series expansions for the positions, velocities, accelerations,
and third temporal derivatives of the positions. The matrix appearing in it is known as

Pascal triangle matrix. The corrector scheme is

r[g(t + 6t) rg":(t + 6t) 1/6 ,

ri(t+6t) | [ri(t+6t) 5/6 P

rS(t+6t) | T [P +ot)| T 1 5 f(rg) —r3 (10.66)
rg (t + 6t) r(t + 6t) 1/3

The correction clearly depends on the difference between the predicted accelerations r’

and the accelerations evaluated from the predicted positions. The coefficients of the cor-
rector have been calculated for optimal stability and accuracy. For a system with a total
of N coordinates (N/3 atoms), the four-value Gear algorithm requires 5N words of stor-
age. Analogous schemes are available for differential systems of the form ¢ = f(r) and

r = f(r,r). Analogous schemes for differential systems of the form

The Verlet Algorithms

This family of algorithms are simple, accurate, easy to program, economical in stor-
age, and therefore quite popular. The original Verlet scheme can be thought of as a 3-
value, 2-step predictor-corrector method, where the predictor and corrector steps coin-

cide (no corrector step is needed).

Verlet’s original method (1967) for the problem

r=1f(r)=a(r)
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calculates the positions at ¢ + 6t from the positions at ¢, the positions at ¢t — §t, and the

accelerations at t by
r(t 4 6t) = 2r(t) — r(t — 6t) + 6t* a(t) + O(6t*) (10.67)
Eq. (10.67) is a consequence of adding the two Taylor expansions
r(t + 8t) = r(t) + 6t v(t) + %&2 a(t) + %6::3 b(t) +---

1L 1
r(t — 8t) = r(t) — §tv(t) + Eatz a(t) — gaf’ b(t) +---
The velocities can be estimated by

r(t + 8t) — r(t — 6t)

w 2 6t

+ O(6t%) (10.68)

Note that the velocity estimation scheme is of inferior order relative to the position es-
timation scheme. The Verlet algorithm requires only 3N words of storage, with N the
total number of coordinates in the system. It is time reversible by construction and pro-
vides excellent energy conservation. For example, in an NV E MD simulation of liquid
argon with time step 8t = 107 %s, energy fluctuations do not exceed 10~%¢ over a typical
run. When the time step is increased to 6t = 4 x 107'*s, the energy fluctuations be-
come 2 x 10 *¢. The sequence of calculations in a step of the Verlet algorithm is shown

in Figure 10.17(a).

The Verlet “leap frog” algorithm [Hockney (1970)]
Verlet’s original scheme, Eq. (10.67), generates the trajectory by adding a small

(O(6t?)) term to the difference between two large (O(8t")) terms; this may introduce
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numerical imprecision. This problem is corrected in the Verlet “leap frog” scheme, which

proceeds as follows:

r(t 4 6t) = r(t) + St v(t + 1/26t) (10.69)
v(t+1/26t) = v(t — 1/26t) + St a(t) (10.70)
(a)i=dt ¢+t =8t t 1+t =0t t 1+6t =0t t  +6t
r ““:;"‘::Z':-::-. S _E:':? :
v //
a _/

S
[ 1.4
’_‘_

Figure 10.17 Sequence of calculations in a step of the Verlet algorithm. (a) Verlet’s original
method; (b) The leap-frog method; (¢) Velocity Verlet algorithm. The stored vari-

ables are shown in grey boxes [after Allen and Tildesley (1986)].

The calculation of positions uses mid-step velocities. If velocities at integer time

steps are needed, they can be calculated by
i) = % (¢ + 1/268) + v(t — 1/26%) (10.71)

The leap-frog method is algebraically equivalent to the original Verlet algorithm. The

required storage is 3N words, which can be compressed to 2N by sacrificing Eq. (10.71).
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Calculations involved in one step of trajectory generation are shown schematically in

Figure 10.17(b).

The “velocity Verlet” algorithm [Swope et al. (1982)]
This algorithm is widely viewed as the most attractive variant of the Verlet method pro-

posed to date. It proceeds by using the following equations:

£t + 8t) = r(t) + 6t v(2) + % 582 a(t) (10.72)
v(t + 282) = v(t) + ~6ta(2) (10.73)

2 2
v{t +68) = v(t + %&) + %& alt + 6¢) (10.74)

3N words of storage are required. The calculations involved in one step of the algorithm

are shown in Figure 10.17(c).

10.4.3 MD of rigid, nonlinear polyatomic molecules in

generalized coordinates
In this section we consider technical aspects of performing MD simulations of fluids con-
sisting of small nonlinear polyatomic molecules with no torsional degrees of freedom,
such as water, ammonia, benzene, methane etc. We use this discussion as a starting
point for reviewing ways of describing the dynamics of rigid body motion. If potential
expressions are employed to describe the energetic consequences of distortions of bonds
and bond angles in each molecule, the molecular system can be treated as a collection
of sites subject to bonded and nonbonded forces, and its motion can be tracked though
the algorithms described above (e.g., predictor-corrector, Verlet). One problem with this
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approach is that it results in a stiff differential system; an extremely small time step is
required for tracking the fast bond vibrations. On the other hand, a classical treatment
for high-energy vibrational motions, éspecially motions involving light atoms, such as hy-
drogen, is not justifiable (see Section 4.6). For these reasons, it is physically reasonable
and computationally economical to fix bond lengths and bond angles at their equilib-
rium values. One should note that fixing bond angles is less reasonable for molecules
with internal torsional degrees of freedom, as it prevents cooperativity between bond
angle vibrational and torsional motion amd may artificially slow down the dynamics of
conformational isomerization. Fixing bond lengths and/or bond angles amounts to in-
troducing holonomic constraints among the cartesian coordinates of sites. For example,

fixing the bond length between two sites, 1 and 2, introduces the constraint
1 — 2| = di,

In the presence of constraints, cartesian coordinates are no longer independent. If one
formulates the dynamics in cartesian coordinates, one has to introduce constraint forces
[see Eq. (10.60) and following discussion]. The magnitude of a constraint force is in
essence a Lagrange multiplier associated with the constraint that generates it. This
method of integrating the equations of motion in cartesian coordinates in the presence
of constraints is discussed in Section 10.4.4.

Alternatively, one can choose to describe each molecule in terms of a set of indepen-

dent generalized coordinates and formulate the dynamics in terms of these coordinates
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(see Section 4.6). It is this approach that we wish to examine in this section. The con-
figuration of a nonlinear rigid polyatomic molecule is fully specified by 6 dégrees of free-
dom:

rcm, (I), ® ,‘P

rcas is the position vector of the molecular center of mass. ®,0, and ¥ are the Eulerian
angles, specifying the overall orientation of the molecule with respect to the laboratory
frame of reference.

For the definition of Eulerian angles it is useful to consider a frame of reference,
b, that is permanently fixed to the molecule and rigidly rotating with it. A convenient
choice for b is the frame formed by the three principal axes of the molecule. Let s stand
for the “laboratory” frame of reference that is fixed in space. A schematic of b and s in

the case of a water molecule is given in Figure 10.18.

%

Z
2l <

%s

Figure 10.18 Schematic of laboratory frame, s, and body-fixed frame, b, used in
describing the motion of a water molecule. b is chosen as the principal axis system of the

water molecule.
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Z i

The Eulerian angles specify the relative orientation of frames s and b. One com-
mon way of defining them [Goldstein (1980)] considers three rotation transformations
whereby s can be brought onto b, as shown in Figure 10.19. The s-frame is first rotated
around the z, axis by an angle @, such that the rotated axis z' is directed along the line
of intersection of planes =, y, and z; y;. Next, the transformed system =’ y' z, is rotated
around the 2’ axis by ©, until the new location z" of the z axis coincides with z;. Fi-
nally, the system 2’ y" 2 is rotated around the 2, axis by an angle ¥, until the axes '
and y" come to z;, and 3, respectively.

Yy
Z),

Xb

Figure 10.19 Definition of the three Eulerian angles &,0, ¥.

Let v* be the representation of a vector in the space-fixed frame s and v® is the rep-
resentation of the same vector in the body-fixed system b. The two representations are
related by

vi=Av* (10.73)
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where A a coordinate transformation matrix related to ®, ©®, and ¥ as

cosV sin¥ 0 1. 0 1 cos® sin® 0
A= |—sin¥ cos¥ 0 0 cos® 0 —sin® cos® 0| =
0 0 1 0 —sin® cos® 0 0 1
cos® cos ¥ — sin ® cos O sin ¥ sin® cosV¥ +cos® cos® sin¥  sin © sin ¥
—cosP sin¥ —sin® cos® cos ¥ —sin® sin ¥ + cos® cos® cos ¥ sin © cos ¥
sin ® sin @ —cosP sin® cos ©

(10.74)
As expected from Figure 10.19, A is the product of three rotation matrices. It is orthog-
onal (A™' = AT), which ensures that the transformation between s and b frames is

metric preserving.

In any coordinate frame, the dynamics of rigid body motion can be described in
terms of (a) three equations describing the translation of the center of mass under the

influence of the total force

P} Ry (10.75)

o«

where a labels the interaction sites constituting the molecule and F, stands for the ex-
ternal total force on site a; (b) three equations describing rotation around the center of
mass under the influence of the total torque on the molecule,
T=) (ra—rcm) xFo=) 1, xFy (10.76)
o 84
where we have introduced the notation r/, for the vector connecting the position of site
a with the center of mass of the molecule. The translational motion of the center of

mass is described by Newton’s second law of motion

F = ponm (10.77)
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For the description of the rotational motion around the center of mass it is useful to

define the angular momentum, L, as

L=) mar, x (10.78)
L is related to the angular velocity w by

L=1 w (10.79)

XX

IXX': Iyy IXK.‘. Iy)f = IEE

Figure 10.20 Examples of a molecule with cylindrical symmetry (united atom benzene) and a
molecule with spherical symmetry (methane). A set of principal axes is shown for
each molecule. In the case of benzene, the zz axis is uniquely defined but zz and zz
are degenerate. In the case of methane, all principal axes are degenerate; the mo-
ment of inertia tensor is diagonal with respect to any set of orthogonal axes passing

through the center of mass, with all three diagonal elements being equal.

In Eq. (10.79), I is the moment of inertia tensor, defined as
2 2 g/Q/
i P oo o g e
I=) ma (re’L-rhrh) =Y ma (8- yial, 224207 s —yls
2 . T —taty S —ZaYy T U

| (10.80)
2

codd
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where 1 stands for the unit tensor of second order. Diagonalization of I yields the prin-
cipal moments of inertia I,,,I,,, I,, as eigenvalues, while the corresponding eigenvec-
tors are the principal axes of the molecule. For a molecule with cylindrical symmetry,
two principal moments of inertia are equal. For a molecule with spherical symmetry, all

three principal moments of inertia are equal (see Figure 10.20)

The dynamical equations describing rigid rotation around the center of mass are of

the form

T =1 (10.81)

Note the analogy between Eq. (10.81) and Eq. (10.77) for translational motion. In a
body-fixed coordinate system b that coincides with the principal axis system, the combi-

nation of Eqgs. (10.78) and (10.81) leads to a particularly simple form:

TP =1"-6" + o’ x (I* - wb) (10.82)
with
L. 0 0
P=|0 I, 0
" 5

the diagonal representation of the moment of inertia tensor in the principal axis system.
Eqs. (10.82) are known as the Euler equations. The Euler equations permit a determina-
tion of the angular accelerations in the principal axis system from the torque, the angu-

lar velocities, and the moments of inertia in that system.
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The following is a complete formulation of the dynamical equations of rotational

motion in the generalized coordinates ¥, 0, &:

T* =) (ri—rén) x Fh

TP =AT*®
wi_T_zb_i_Iyy I bg
- y - :
A S
ws ! I_y_ + zzI bwi
vy vy
T Lol
b Tz ¥y b b
Sl e
8 T b
w? = Ky
& ,sin® cos®+ ;cosd cos@+ .
= — w w
e ane Y  sin® 2

® :wicos@-l—w;sin@

,sin® scos®
3 =l
Tsin @ Ysin @

¥ =w
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where the transformation matrix A is given in terms of ®,©, and ¥ by Eq. (10.74). The
coordinates of the sites in the laboratory frame s can be obtained from the (fixed) coor-

dinates in the b frame by
ri, —r;=AT (r} - r%) for every a, 8 (10.88)

The system of equations (10.83) to (10.88) can be solved numerically as an initial value
problem. In Eq. (10.83), the components of the torque are calculated in the laboratory
frame from the current configuration. Eq. (10.84) gives the components of the torque
vector in the body-fixed frame. Eqs. (10.85) are the Euler equations (10.82) in a slightly
different form. By integrating these equations over a small time step §t, one obtains

the angular velocities in the body-fixed frame at the end of the time step. The updated
angular velocities in the laboratory frame are obtained through the coordinate trans-
formation, Eq. (10.86). Egqs. (10.87) stem from the definition of the Eulerian angles.
They permit calculating the Eulerian angles at the end of the time step from the angu-
lar velocities in the laboratory frame. Finally, the new site coordinates in the laboratory

frame are updated via Eq. (10.88).

A drawback of the system of equations, Eq. (10.83) to (10.88), is that it calls for
repeated coordinate transformations between the laboratory frame and the principal
axis frame for each molecule. A more significant drawback is that ® amd ¥, as calcu-
lated from Eqs. (10.87), diverge whenever sin ©® — 0; as seen from Figure 10.19, in the
limit ©® — 0 the axes z° and 2° coincide, and ®, ¥ cannot be defined uniquely. To avoid

this problem, one may choose of switch the axes z?, y°, z° whenever ® for a molecule is
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approaching 0. A much more elegant remedy is provided by the singularity-free quater-
nion algorithm of Evans [Evans and Murad (1977)]. In this algorithm, four dependent
trigonometric functions of the Euler angles are used in place of the three angles them-

selves to describe rotational motion.

10.4.4 Constraint dynamics

For molecules with internal torsional degrees of freedom (e.g., alkanes) formulating
the equations of motion in generalized coordinates becomes quite laborious. As already
mentioned, there is an alternative approach, namely to formulate and carry out the MD
simulation in cartesian coordinates, while at the same time accounting for the holonomic
(e.g. bond length) constraints in the system.

Constraint dynamics algorithms are general and versatile. They are applicable to
rigid linear and nonlinear polyatomic molecules, as well as to flexible (hinged) poly-
atomics. Furthermore, they can be used to constrain parts of a molecule selected at will
without much effort.

As already mentioned, a bond length constraint between two sites amounts to an
equation of the form

|I'1 =5 I'2|2 = d122

When bond-angle constraints are used, it is most convenient to represent them as
pseudo-bond length constraints. For example [Figure 10.21(a)] to simulate water as a
rigid polyatomic using the cartesian coordinates of its three sites, one must constrain

the values of the two O-H bonds and the H-O-H bond angle. Instead of constraining the

162



bond angle, it is more convenient to constrain the distance H-H, effectively introducing
a “pseudobond” whose length is kept fixed. The number of degrees of freedom of the

molecule can be found as
3 X 3 or 9 cartesian coordinates — 3 bond length constraints = 6

as expected (3 translational and 3 overall rotational degrees of freedom). Methane, on
the other hand, can be simulated as a rigid polyatomic in cartesian coordinates using

4 bond and 5 pseudobond constraints. The net number of degrees of freedom is again
15 — 9 = 6, as expected [Figure 10.21(5)]. In the case of a butane molecule in the united
atom representation with fixed bond lengths and bond angles one can use three bond
and two pseudobond constraints, resulting in a total of 12 — 5 = 7 degrees of freedom
(three translational, three rotational, and one torsional) [see Figure 10.21 (¢)]. Through

such “triangulation” it is possible to constrain any bonded geometry one wishes.

Ve
s

\p seudobond

(a)

Figure 10.21 Introduction of pseudobonds (“triangulation) to constrain bond angles in model

molecules. (a) water; (b) methane; (¢) butane in a united atom representation
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As one can readily deduce from a constraint Lagrangian formulation, each length
constraint gives rise to a force acting along the bond or pseudobond. The constraint
forces appear in the equations of motion for the cartesian coordinates of the sites; their
magnitude is always such as to prevent distortion of the molecular shape.

As a simple example of how constraint dynamics is formulated, consider a water
model with fixed bond lengths but a flexible bond angle. Energetic consequences of dis-
tortions in the bond angle 6 are incorporated in the potential energy function of the sys-
tem. Let the three sites in a molecule be numbered as shown in Figure 10.22. We will
use the symbol g; to denote the force on site 1 due to the bond 12, whose length is con-
strained, and g3 to denote the force on site 3 due to the constrained bond 23. The di-
rection of forces g1 and gz coincides with the direction of bonds 12 and 23, respectively,
but their magnitude has to be calculated while tracking the motion of the sites. Site 2
will be subject to constraint forces —g; and —gs, which can be viewed as reactions of

the forces on 1 and 3, respectively.

Figure 10.22 Constraint forces acting on the sites of a model water molecule with fixed bond

lengths but a flexible bond angle.
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A full constraint dynamics description of the motion of sites in the water molecule is

given by the equations:

mit; =F; + g
m3Ts =F3 + g

mzi‘ngz—gl—g3

g1 = A1z (I‘1 o 1‘2)

B3 = Az2s (1‘3 e 1‘2)

x12(r1,r2) = (r1 —r2)> = d3, =0

X23(r2,r3) = (rs —ry)> —d3; =0

(10.89a)
(10.89b)

(10.89¢)

(10.90a)

(10.90b)

(10.91a)

(10.91b)

The forces F; are the “systematic” forces on sites. They are derived from a potential

function V(r;,rz,rs,...) that incorporates all intermolecular site-site interactions as well

as the intramolecular bond angle bending energy for all molecules. Eqgs. (10.90) sim-

ply require that the constraint forces be directed along the bonds. The magnitude of

the forces is controlled by the undetermined (Lagrange) multipliers A;5 and Aos. Eqs.

(10.91) are the equations expressing te two bond constraints. In all, Eqgs. (10.89) to

(10.91) constitute a system of 9 differential equations and 8 algebraic equations in 17
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unknown functions of time: ry(2), ry(t), rs(t), gi(¢), gs(t), A12(t), and A13(t). The nu-
merical algorithm for constraint dynamics must calculate the constraint forces in parallel

with integrating the equations of motion governing the system trajectory.

A generic constraint dynamics algorithm. A general algorithm for solving the
MD problem with constraints has been presented by Ryckaert, Ciccotti, and Berendsen

(1977). The constraint MD problem is written, in general, as

miti =F; +g; (10.92)
Xij(risr;) = r?i = d;?j =(r; — l‘j)2 — dfj =0 (10.93)
1
§i=3 Z Aij Ve Xis = Z AijTji (10.94)
J j
where F; = —V,..V the systematic force on site i, gi the total constraint force on site 4,

and Eqs. (10.93) are the bond or pseudobond length constraint equations. Let n, be the
number of constraints of the type (10.93) and N be the total number of sites. Then we
have a problem consisting of 3N differential and n. algebraic equations in the 3N + M
unknown functions r;(t), A;;j(t). Ryckaert et al’s algorithm proceeds as follows:

- Use a Verlet scheme to advance Eq. (10.92) for the sites by one step, ignoring the

constraint forces altogether:

ri(t + §t) = 2r(t) — r(t — 6t) + ﬁF,-(t) (10.95)

m;

If the positions r: were assigned to the sites, the molecule would be distorted.
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- The actual positions of the sites, taking into account the constraint forces, will be

[Verlet scheme on the complete Eq. (10.92)]:

§t* §t°
ri (t + 6t {Ai;}) = ri (¢ 4 61)+ —gi(t{A}) = ri(t+8) — — Y " Xijrii(t) (10.96)
1 1 J-

m

where the A;; are yet undetermined.
- Substituting the above expressions for r;(t + 6t) into the constraint equations

(10.93), one obtains
[ei (¢ + 8t {Ai;}) — 1 (8 + 68 (A })* — df; = 0 (10.97)

Eqs. (10.97) constitute a set of quadratic algebraic equations in the unknowns { X1}
The solution to this systelﬁ must be obtained iteratively. If the Newton-Raphson
method is used, then a n. X n. system of linear algebraic equations must be solved
at each iteration.

- Once the {A;;} have been determined, their substitution into Eq. (10.96) gives the

actual atomic postions at time ¢ 4 §¢. The MD integration step has been completed.

The SHAKE and RATTLE algorithms,The SHAKE constraint dynamics algorithm

(Ryckaert et al., 1977) avoids the numerical solution of the quadratic n, X n. system of

equations in {);;}, Eq.(10.97), which is quite memory- and compute-intensive for large

systems. Instead, the algorithm goes through the constraint equations one by one, cycli-

cally, adjusting the site coordinates so as to satisfy each equation in turn. Clearly, when-

ever a site is involved in more than one constraints, it is impossible to ensure that all

of them will be satisfied in one pass. The procedure of going through all constraints is
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repeated, until all constraints are satisfied with prescribed tolerance. The algorithm is
very popular in commercial simulation packages; the iterative procedure it employs can
be quite inefficient, however, especially in the presence of bond angle constraints. An
improvement of the SHAKE algorithm known as RATTLE was proposed by Andersen
(1983). RATTLE employs the velocity version of the Verlet algorithm to integrate the

-dynamical equations.

The algorithm of Edberg, Evans, and Morris. This interesting algorithm [Edberg,
Evans, and Morris (1986)] reduces the computations required for determining the con-
straint forces {A;;} by substituting a linear system of equations in {x\,; ;} in place of the
quadratic system, Eq. (10.97). These lincar equations are formulated by considering the

second time derivatives of the constraint equations (10.93):
r} — 3 =0=2rj;-1j; =0 = rj; - i + (£;) =0 (10.98)

One then solves the following system of algebraic and differential equations simultane-
ously:

m;T; =Fi 4+ g; (10.92)
gi = Z f\ijrji (1094)

J
rj;- f‘j,‘ + (I“j,')z = (10.98)

Note that site velocities enter this formulation explicitly. Upon substitution of the site
accelerations from Eq. (10.92) into Eq. (10.98), one obtains a linear system in {Xij}; the

determination of the {A;;}, therefore, reduces to the solution of a linear matrix equation
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at each step. Standard predictor-corrector or velocity Verlet methods are usable for inte-
grating Eq. (10.92). It is remarkable that the bond lengths d;; do not appear in the Ed-
berg, Evans, and Morris scheme. One relies upon the second derivative equations (10.98)
to preserve the geometry of the molecule. In practice, the molecular shape is gradually
distorted as numerical error accumulates. Whenever this distortion exceeds a prescribed
limit, the correct molecular geometry is restored by minimizing the functions

P = Z (rfj — d’?j)z ( bond penalty function) (10.99)

ij
U= Z (ri; - #:;)* ( velocity penalty function) (10.100)
ij

Constraint dynamics of linear and planar polyatomic molecules. In trying to
formulate constraint dynamics approaches for linear or planar polyatomic molecules in
cartesian coordinates, one encounters a difficulty in identifying the appropriate number
of linearly independent constraints. In the case of the linear triatomic CO,, for exam-
ple [Figure 10.23 (a)] constraint MD in 3 X 3 = 9 cartesian coordinates should employ
9 — 5 = 4 constraints. Costraining the two C - O and the O-O distances is straightfor-
ward; how the fourth constraint should be introduced is not-apparent, however. A sim-
ilar situation arises with a planar molecule of more than three sites, such as the united
atom benzene of Fig 10.23(a). In this case, 18—6 = 12 constraints are needed. While one
can write 12 bond and pseudobond constraints by trangulating the molecule as shown in
Figure 10.23(a), one discovers that the resulting constraint matrix is singular, because
all bonds and pseudobonds lie on the same plane. A solution for this problem has been
proposed by Ciccotti, Ferrario, and Ryckaert (1982). One tracks the dynamics not for
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all sites, but for a basic subset of “primary” sites for which the constraint problem is
well- posed. The rest of the sites (“secondary” sites) transfer the systematic and iner-
tial forces exerted on them onto the primary sites via the bonds. In this approach, CO,
would be represented as two primary sites and one secondary site, while benzene would

be represented as three primary sites and three secondary sites [see Figure 10.23(b)].

co, benzene

O0—o0—0

(a)

® primary sifes

b) © secondary sites

Figure 10.23 (a) A linear triatomic (CO;) and a planar polyatomic molecule (benzene). (b) The
motion of these molecules can be tracked with constraint dynamics by defining a set
of primary sites, shown here as the black spheres. Secondary sites follow the motion

of the primary sites while transmitting forces on them through the bonds.

10.4.5 General guidelines on the choice of MD algorithms
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We summarize here some recommendations based on the preceding discussion of MD

algorithms.

For simple fluid (monatomic) systems or for molecular systems where all bonded
contributions are incorporated explicitly in the potential energy function, the Verlet ve-

locity algorithm provides a good combination of simplicity and accuracy.

For rigid polyatomic systems one may choose to deal with the dynamics either in
generalized coordinates or in cartesian coordinates with constraints. In the former case,
the quaternion method with a Verlet leap-frog scheme for integrating the equations of
motion gives good results. In the latter case the Edberg-Evans and Morris algorithm is
satisfactory. In systems of linear or planar polyatomic molecules the MD must be per-

formed on a rigid core of “primary” atoms as discussed in section 10.4.4.

For flexible polyatomic systems, the use of constraint methods with cartesian co-
ordinates of sites is advantageous over the use of generalized coordinates. Both the
Edberg-Evans Morris and the RATTLE algorithm can be used with satisfactory results.
It is advisable to constrain bonds but not bond angles; constraining the bond angles
affects the dynamics of conformational isomerization while leading to very modest in-
creases in efficiency. The development of simulation algorithms is si;i].l a very active area,

and the researcher should be constantly aware of new developments in the field.
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10.4.6 Molecular dynamics in ensembles other than the microcanonical

Conventional MD is carried out on a model systems formed from a primary box of con-
stant dimensions and consisting of interaction sites that move subject to interactions
among themselves. As already pointed out in section 10.4.1, the resulting simulation,
upon equilibration, samples the NV EP ensemble. The temperature at the simulated
thermodynamic state can be estimated as a time average (ergodic hypothesis) of an “in-

stantaneous” temperature 7 that reflects the total kinetic energy of the model system.
T = (T) _ (10.101)

The phase function T' is calculated from the kinetic energy K as

N

. 2K . 1 |p,-|2
L R e ey Z g

where N is the total number of atoms in the system, each of mass m; and momentum
Pi, and n. the total number of constraints. In counting n., one includes the total num-
ber of internal (geometric) constraints among the sites of the constituent molecules

in the molecular model employed (e.g., fixed bond lengths and bond angles); one also
counts global constraints imposed on the system as a whole (e.g., total momentum fixed
at zero). In a conventional NV EP MD simulation of a simple fluid with P = 0, for
example, one must use Eq. (10.102) with n, = 3 to calculate the instantaneous temper-
ature from the total kinetic energy; even though no geometrical constraints are imposed

on the molecules, the three components of the total momentum are constrained.
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The thermodynamic pressure P is conveniently calculated from the virial theorem

as an ensemble average of an “instantaneous pressure” P:
P =(P) (10.103a)

— 1 O R 3 1
P=pkpT + oW —pLBT-i-B—I—/—ZZ;(r;—rj)-F;J- (10.103b)
T >

Note that the double summation form, Eq. (4.64), of the virial theorem has to be used

here. Use of the single summation form, Eq. (4.63), is wrong in a system with periodic

boundary conditions.

Useful thermodynamic quantities can be obtained from fluctuation relations. For

example, the heat capacity C, at constant volume can be obtained from

il gy DO SO _3NkB
(v)_<iC}_2NLBT (1 20”) (10.104)

Since 1980, there has been much interest in designing MD methods that sample ensem-
bles other than NV E. One can distinguish several categories of techniques for perform-
ing non-NV E MD. First, there are heuristic, or ad hoc methods. For example, a simple
way to impose constant temperature in a MD simulation is to introduce “stochastic col-
lisions” that rescale site velocities by preserving the direction of the velocity vector but
picking a new magnitude for it from a Maxwell-Boltzmann distribution corresponding to
a prescribed temperature; clearly, if the time between stochastic collisions experienced
by a molecule is shorter than or commensurate with the correlation time of the velocity

vector (see below) such a strategy will perturb the dynamics of the system. Secondly,
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constraint methods can be used. For example, Evans et al. have imposed the require-

ment of constant temperature through introducing the nonholonomic constraint
2 3
Z mir; = §N k B T
i

in a non-Hamiltonian formulation based on the principle of least constraint of Gauss.
Thirdly, there are extended system, or eztended ensemble methods, which rest on the
principles of Lagrangian dynamics.

Here we will only present a brief discussion of extended ensemble MD methods

for the MD simulation of a system under a set of macroscopic constraints other than

N,V,E.

The basic idea in an extended ensemble method is to introduce one or more addi-
tional degrees of freedom (along with the microscopic degrees of freedom), which corre-
spond to one or more macroscopic quantities. Physically, each additional degree of free-
dom represents a “bath” or “reservoir” with which the original molecular system can
interact.

Associated with each new degree of freedom are a “coordinate”, a “velocity” (rate of
change with time), and a “mass’ (inertia).

A kinetic energy and a potential energy are assigned to each such degree of freedom.
These energies are functions of the coordinates, velocities, and inertial variables men-
tioned above.

The Lagrangian of the extended system is written as a difference between kinetic and
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potential energies that incoporate contributions both from the original (molecular) de-
grees of freedom and from the new degrees of freedom (reservoir).

The equations of motion for all degrees of freedom (molecular and reservoir) are de-
rived from the Lagrangian using Eq. (10.57). In general, the equation of motion for the
molecular degrees of freedom will be different from the Newtonian equations of motion
describing the time evolution of the system in NV E dynamics.

The equations of motion of the extended system are integrated with one of the methods
discussed in the previous sections.

If the potential energy and kinetic energy expressions for the additional (bath) degrees
of freedom have been chosen appropriately, the steady-state probability density distribu-
tion in the phase space of the original (molecular) system, as generated by the extended
system dynamics, will conform to the desired ensemble.

As follows from our general discussion of Lagrangian dynamics, there is an extended sys-
tem Hamiltonian, derivable from the Lagrangian, which is conserved by the dynamics.
This extended Hamiltonian contains contributions from the bath degrees of freedom and
no longer corresponds to the total energy of the original molecular system.

As examples for the implementation of extended ensemble methods we will consider
Nosé’s method for MD in the canonical ensemble and Andersen’s method for MD in the

NPH (constant pressure and enthalpy) ensemble.

An extended system method for MD in the NVT ensemble. Nosé (1984) de-

vised a method for performing dynamics under the macroscopic constraints of constant
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system volume (or spatial extent) and temperature, which samples the phase-space prob-

ability density of the canonical ensemble.

An extra degree of freedom, s, is introduced that allows for energy to flow dynam-
ically between the molecular system under study and a “heat reservoir” and thereby
change the kinetic energy of the system. The reservoir temperature (set point) T., is
an input parameter to the simulation. A “thermal inertia” (mass) Q is also introduced,
which controls the frequency of fluctuations in the extra degree of freedom s.

The degree of freedom s is introduced as a scaling factor for particle velocities:
v=st (10.105)

where v are the actual velocities of particles, defined with respect to real time, and ¥ the
derivatives of position vectors with respect to simulation time. In other words, a “simu-
lation time clock” is introduced in addition to the real time clock. Simulation time may
be expanded or contracted relative to real time, and s enters as a scaling factor in this
relationship:

1
(realtimestep) = (simulation time step)—
s

s is a function of real time, i.e. what real time interval corresponds to a simulation
time interval may change in the course of the simulation. Dots over symbols will denote
derivatives with respect to simulation time. The potential energy contribution assigned

to the extra degree of freedom s is

Vs=(f+1)kpTey Ins (10.106)
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where f stands for the number of the original molecular system. For a system of N inde-

pendent sites with periodic boundary conditions, f = 3N — 3, as expla.ined’ above.

The kinetic energy contribution assigned to s is written as

> (10.107)

Te Lagrangian of the extended system is

=K~V =K+K,-V=-V,=

N
1 , 1 Y
3 E miszrf—l—EQSZ—V(r)—(f+1)kBTeq Ins
=1

where the unprimed and primed quantities refer to the extended and original systems,

respectively.

The vector of generalized coordinates q is the column vector

ry 7T
r

rn
L 8

The equations of motion are derived from Eq. (10.57):

i aL' ac' =1
dt \ 9qp A, i

applied for £ =1,2,...,3N + 1. They can be written as follows:

. F; 1
B =t —alt o (10.108a)

N
; kg
§ = E M SE; — 11 10.108
Qs 2 sE; = (f 41} ” q ( b)
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Note the evolution equation (10.108b) for the extra degree of freedom s. Egs. (10.108)
are integrable, e.g. via a Gear predictor-corrector scheme.

The generalized momenta of the extended system are defined through Egs. (3.1)

i 22
P; = 5~ =mis I (#=1,2,...,3N) (10.109q)
oL
Pa= - =Q3 (10.1095)

A conserved quantity of the dynamics will be the extended system Hamiltonian
H’(pfa q’) = z (j'kp;c =3 ‘C(qa q) i
k

1 1 '
Ezmi s? I‘f = -2"(282 +V(r)+(f—|—1)kb Teg Ins (10.110)

H' is a constant of the simulation, which we will denote with E'.
Nosé (1984) presents a proof that the partition function of the extended system corre-

sponding to the Hamiltonian of Eq. (10.110) is

vy = 2rQ \'/* BN
NE =Dk \Ee T e ¥

1 3N 3N 1
W/d p/d rexp |—H(p,r) P T, (10.111)

where

=m;sT; = m;Vv; the actual momentum vector of site 1 (10.112)

.
Pz—s

The first three factors of Qnv g have to do with the bath degree of freedom, while the
rest is immediately recognizable as the phase-space probability distribution of the orig-
inal system. Clearly, the distribution over the phase space (r,p) of the original system
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defined by Eq. (10.111) obeys the canonical ensemble, as desired. Therefore, for any

function A of the atomic coordinates and momenta

(4(Ex)) = 4@ v (10.113)

where thhe primed angular brackets indicate averaging over the extended ensemble MD,
whereas the unprimed brackets indicate equilibrium averaging over the canonical ensem-
ble phase-space distribution of the original system at temperature Teq. In particular, for

the instantaneous temperature

N ;2 N

2 P; 2 m;
s L — L 10.114
fkg :‘=12m"82 ka; 2V3 ( 14)
one has
Average (T)' =y (10.115a)

Variance <(6’T)2>! = <(T - Teq)2> = T:g;

(10.1150)
Note that the instantaneous temperature does fluctuate about the set point, but the
fluctuations are weak for a system with a large number of degrees of freedom.

The real time duration of a Nosé simulation is obtained by multiplying the total simula-

tion time by <3“1>’. For a well-designed simulation, this factor should be around unity.

The choice of the inertial factor @ affects the system dynamics. If Q — oo (large
thermal inertia), one obtains very slow energy transfer between the molecular system
and the reservoir, and the dynamics approach those of a constant energy (NVE) sys-
tem. On the other hand, if () becomes very small, then the dynamical behavior is signif-
icantly distorted by the frequent energy exchange with the bath; this is especially true
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of slow, collective motions. A “reasonable” choice of Q should yield dynamical char-

acteristics (e.g., time correlation functions, self- diffusivities) coincident with those ob-
tained through NV E simulation at the same thermodynamic state. That such a “rea-
sonable” choice of @ is possible has been established empirically. The magnitude of Q

affects the frequency of oscillations of the bath variable s. The period of oscillations in

Q (s%)
szB Teq

relation time of a dynamical process, the dynamics of that process may be distorted by

1/2
s can be estimated as ¢; = 27 ( ) . If this period is smaller than the cor-
the extended-ensemble method. For NVT-MD simulations of simple liquids, Nosé rec-
ommends a choice of @ that leads to ¢y ~ 1ps.
Hoover (1985) modified Nosé’s constant temperature technique, arriving at an equilva-
lent set of dynamical equations that are free of time scaling. (i.e., there is no need to
distinguish between simulation time and real time, which is convenient). The resulting

scheme is often referred to as the “Nosé-Hoover thermostat”.

An extended system method for MD in the NPH ensemble. As a second exam-
ple of extended ensemble methods we consider the constant pressure-constant enthalpy
MD introduced in a pioneering paper by H.C. Andersen (1980). Here the extra degree

of freedom is the box volume V. The simulation box is “pulsating”, as if its walls were a
piston exposed to a constant pressure reservoir. Again, there is an inertial parameter W
resisting changes in the volume, which is often referred to as the “piston mass”. The set
value of pressure is denoted as P,,.

As in isothermal-isobaric MC, scaled molecular positions and velocities are introduced:

r="V1"3 (10.116a)
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v="V1%s (10.1165)

The potential and kinetic energy associated with the extra degree of freedom are
Vv =P,V (10.117a)

1 ¥
Kv =3 W V? (10.1170)
The Lagrangian formulation for the extended system leads to the equations of motion

2, V
F; - 35y (10.118a)

|
m; V1/3

By =

VRl P (10.118b)

where

P = % Zm;v2 +Y ) (ri—rj)-Fy (10.119)

i<

A conserved quantity is the Hamiltonian of the extended system,
2/3 - m; 5} 1 1 )
H =V T8y (V Py, V%) + SWVE 4P,V (10.120)
i=1

Andersen gives a rigorous proof that the equilibrium distribution of phase space points
of the original system generated by the extended system dynamics corresponds to an

NPH ensemble, with instantaneous enthalpy kept constant at

L r_l '2'_ !__14 !
H=H 2W<V>_H > kB (T)

The value of the inertial factor W affects the dynamics. Large W lead to slow volume

fluctuations; in the limit W — oo one recovers NV E dynamics. Small W, on the other
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hand, lead to fast volume fluctuations that may distort dynamical processes in the Sys-
tem. Andersen recommends choosing W so that the period of volume fluctuations is

roughly equal to the time for a sound wave to traverse the simulation box.

Other developments

A variety of extended ensemble MD approaches have been developed in recent years. We
briefly mention some of them below.

Parrinello and Rahman (1980, 1981) presented an extension of the Andersen method
that allows fluctuations in the shape of the simulation box and permits studying a sys-
tem under conditions of constant number of particles, stress tensor, and enthalpy (N7H
MD). The method is valuable in studying phase transformations in solids, wherein the
symmetry of the crystal lattice may change (e.g., orthorhombic to monoclinic); such
transformations would be disallowed in a cubic simulation box.

A constant temperature and pressure (NPT') or constant temperature and stress (NTT)
exteﬁded ensemble MD method that is based on a combinat?on of the Nosé and Ander-
sen or Parrinello-Rahman techniques has been described by Nosé (1984).

Nosé and Klein (1983) have carried over the constant temperature and constant pressure
extended ensemble methods to molecular systems.

Extended ensemble MD techniques using a variable number of partiples, and therefore
capable of sampling the probability density of the grand canonical ensemble, have been
developed recently [Cagin and Pettitt (1991)].

Perhaps most interesting is the ab initio MD technique of Car and Parrinello (1985). In

this technique, electronic degrees of freedom are incorporated into the extended ensemble
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simulation. The method tracks the motion of nuclear coordinates and at the same time
determines the energy of interaction through ab initio quantum mechanical density func-
tional theory of the inomogeneous electron gas suri'oundjng the nuclei (see Chapter 11).
No inputs about the potential energy hypersurface are required; the quantum mechanics
of the system is solved “on the fly” along with the molecular dynamics. Although very
taxing on computer time, this ab initio MD technique has been applied to systems such

as Si and GaAs melts and liquid H,O with excellent results.

10.5 Structure from molecular simulations
10.5.1 Information stored in tape file

Information about the structure, thermodynamic and dynamic properties of the
system under investigation is extracted by post-processing the results generated from
long molecular simulation runs. The results are typically stored in binary form in a large
“tape file”.

In the case of Monte Carlo, the tape file contains information about the configura-
tions visited during the run. Site coordinates r;, orientation angles ®;,0;,¥; and torsion
angles ¢; may be stored for all molecules. In variable volume simulations, the box di-
mensions must be stored. In addition, the system potential energy V and virial W (for
the calculation of pressure) may be stored. This information is stored every 5% or 10t

MC cycle, a cycle being a sequence of N attempted moves. More frequent storage would
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increase the size of the tape file without contributing much independent information, as
successive steps are highly correlated.

In the case of molecular dynamics, one stores the time ¢, the system configuration
(ri, ®;,0;,¥;, ¢;, bath degrees of freedom employed in extended ensemble methods)
as well as momentum space variables (atomic or molecular center of mass velocities Vi,
molecular angular velocities w;, etc.). The parent image coordinates of molecules (prior
to imposition of periodic boundary conditions) may be stored to facilitate monitoring
diffusional motion, although these can be regenerated from the primary box image po-
sitions without much trouble [Allen and Tildesley (1987)]. In addition, the forces F;,
torques 7;, total energy E, potential energy V, kinetic energy associated with site trans-
lation, center of mass translation, and rotation, amd the virial W are typically stored.
This information is stored evey 5% or 10*" integration time step.

Block average analysis can be used to determine the degree of correlation between
stored configurations and thereby estimate the statistical error in ensemble averaged
quantities obtained from the simulation. For a discussion of block averaging methods

and statistical inefficiency, see Allen and Tildesley (1987), p. 192.

10.5.2 Accumulation of pair distribution functions

The pair distribution function g(r) is a valuable piece of structural information one
can obtain from molecular simulations; it is related to thermodynamic properties and

testable against experimental information about structure from diffraction. From the
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discussion of section 9.1.1 [Eq. (9.16) and Figure 9.1] it is apparent that the pair distri-

bution in an isotropic system is obtainable as

_ olr)
glr) = p (10.121)

where p(r) the local density of particles within a spherical shell of radius r to + 4+ dr
centered at a site and averaged over all configurations of the system, and p the mean
(macroscopic) density of sites. Extensions of this approach to systems consisting of more

than one type of particles have been discussed in chapter 9.

Inifiatize all wvpis(b) 1o zero

—- Loop over all stored con{:’guro'hbns

|—>LooP over all pairs of partides (ij) v o givew (on]([ﬁurcﬁ‘('on

Calculate  winimum image distana (rl‘j)m;n

}

Sort distane (h‘;jw‘n, ie. deferming the bin b it falls info .

!

Add 2 4o the contents a{ the bin info which (ﬁ';’)mm Lalls
(1 {gr each odom ihualued): Hh;,(b) increased by 2

|

Figure 10.24 Loop over all configurations and all pairs of particles used to accumulate a his-

togram 7nps(b) of the minimum image pair distances from the stored results of a

MC or MD simulation.

The procedure for calculating g(r) from a simulation starts by analyzing all stored
configurations to determine the distances between all minimum #mage pairs. It is only

minimum image pairs that contribute independent structural information; the spatial
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correlation between no-minimum image pairs may be strongly affected by the artificial
periodicity of the model system, as is obvious for pairs of different images of the same
site. Having identified all minimum image pairs, one can calculate g(r) trough the fol-

lowing expression, suggested by Eq. (10.121):

Number of particles at distance r to r 4 dr from a central particle

g(r) = Number of particles at distance r to r 4 dr from a central particle
in an ideal gas system of the same density

(10.122)

Npis(b)

b= {23+ - Yamax

or

Figure 10.25 General appearance of the histogram of minimum image distances npis(b) accumu-
lated from a MC or MD simulation of a simple fluid. In practice, a much finer reso-

lution ér is used along the distance axis.

To compute the numerator and denominator of Eq. (10.122), the r-axis between
0 and a certain value 7,4, (beyond which structure is expected to have washed out) is
subdivided into bins of width §r. Let b be the index of the bin between r and 74 §r. Let
n(b) and n*¢(b) be the numerator and denominator, respectively, of Eq. (10.122) corre-
sponding to bin b. One accumulates a histogram n,(b) of numbers of minimum image
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pairs by looping over all stored configurations and all pairs of particles in each configu-
ration, as shown in Figure 10.24. The general appearance of this histograrﬁ for a simple

fluid simulation is shown schematically in Figure 10.25.

The numerator in Eq. (10.122) is formed from the histogram np;s(b) accumulated as

described above through

sl = Npis(b)

= W (10.123)
where N is the total number of particles in the model system and 7,.,,, the total number
of [equilibrated] configurations analyzed.

The denominator of Eq. (10.122) is calculated by straightforward geometric argu-

ments. If r,,, < L/2, where L the edge length of the simulation box, one can use

n'(b) = 432 [(r + 67)* — r°] (10.124)

Structural information can be obtained up to the maximum value of the minumum im-
age distance, which, for cubic model systems, equals the half-diagonal of the simula-
tion box. (i.e., rmax can be as high as L 3'/2/2 ). For separations higher than L/2, Eq.
(10.124) has to be modified, as the minimum image locus that corresponds to distances r
to r+dr is no longer spherical. A procedure that can be followed in this case is described
in Theodorou and Suter (1985h).

The pair distribution function is obtained from the histogram quantities n(b) and

nil(b) by
g (’r + %67») = nT:‘S?;) (10.125)

(assignment to the middle of each bin).
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The above procedure is readily adapted for the calculation of site-site distribution
functions g2# for all pairs of sites (a, B) in a molecular system. Procedures for the cal-
culation of X-ray and neutron diffraction patterns from g*#(r) have been discussed in

section 9.1.4.

10.5.3 Quantifying molecular orientation

In many applications (e.g., interfaces, polymers, liquid crystals) it is important that one
quantify the orientation of molecules or of characteristic structural elements (e.g., bonds,
dipole moments) with respect to a fixed coordinate frame or with respect to each other.
Let u; be a unit vector characterizing the orientation of the structural element of inter-
est; for example, u; may be a principal axis or a bond vector or the end-to-end vector of
a molecule. Let the angle between the unit vectors embedded in two molecules i and j

be 8;; (see Figure 10.26). The second order Legendre polynomial

Py(cos0;;) = [3 (u; - uj)2 - 1} (10.126)

b | =

when ensemble averaged, provides information on relative orientational tendencies of the

molecules. In practice, one often accumulates the quantity (“order parameter”)

(Py(cos Bij))lr,-—r”:r = % [3 <(u,~ . ll_,')2> i — 1] (10.127)
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as a function of the distance »r.
A value of the order parameter close to 1 indicates strong tendency towards parallel ori-
entation. A value close to —1/2 betrays a trend towards perpendicular orientation, while

complete absence of orientational correlation results in an order parameter of 0.

Figure 10.26 For the definition of an order parameter describing the relative orientation of two

molecules.

10.6 Dynamical information from equilibrium MD
10.6.1 Time correlation functions

In this section we briefly discuss how information about the characteristic times of
dynamical processes and about transport coefficients can be extracted from equilibrium
MD simulations. As already pointed out, MD simulation is a valuable source for such
information, especially concerning phenomena with short characteristic times.

Consider a system at equilibrium under given external constraints. The probability

distribution of the system in phase space will conform to an equilibrium ensemble, with
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density p°?(X) = p*!(p, q) [compare section 3.2.3]. Let

A(X) = A(p,q) (10.127a)

B(X) = B(p,q) (10.127p)

be two functions of the phase-space representative point (microstate) of the system. As
the microscopic state changes with time, so do the values of A and B. We will use the

notation

A(t) = A(p(t), q(t)) (10.128a)

B(t) = B (p(t), a(t)) (10.128%)

Furthermore, we will use the symbolism §.A(t), §B(t) to denote the deviations between
the instantaneous values of .A and B along a dynamical trajectory and the corresponding

ensemble average values:

SA(t) = A(t) - (A(t)) = A(t) — (A) (10.129a)

§B(1) = B(t) — (B(t)) = B(t) — (B) (10.1296)

We define the non-normalized time correlation function between A and B as

Can(t) = (6A(h) 8B(t: +1)) = {[A(t1) — (A)] [B(ts +1) — (B)]) (10.130)

For a system at equilibrium, the ensemble average on the right-hand side of Eq. (10.130)

will not depend on the time origin ¢;, but only on the time separation t. Also, by the
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ergodic hypothesis, the ensemble averages in Eq. (10.130) can be substituted by time

averages over all time origins #;.
Cas(t) = Cas(—t) = (8.A(0)8B(t)) = (6.A(¢) 6B(0)) (10.131)

In this discussion we will restrict our attention to the case where A4 and B are the same

quantity. We will call

Caa = (6A(t1) 8A(t; +1)) = (5A(0) §B(2)) (10.132)

the non-normalized (time) autocorrelation function of A.

We define the normalized autocorrelation function of A as

_ Cault) _ (8AR)6A0))
C4.4(0) <(5.A)2>

caa(t) (10.133)

The denominator in Eq, (10.133) is a measure of the fluctuation in A at thermodynamic
equilibrium.

cAA assumes a value of 1 for ¢ = 0 (perfect correlation at the time origin). As ¢ elapses,
ca4 decays, ultimately approaching 0 as ¢ — oo. Physically, c44 measures how the
property A loses memory of its initial value as a result of molecular motion in the sys-

tem. A characteristic time, over which this memory persists, can be defined as
(e o]
T4 = / caa(t)dt (10.134)
0

74 1s the correlation time of A. For some (but not all!) dynamical processes, the auto-

correlation function c4.4 is found to decay exponentially with time at long times (Figure

191



10.27). For such processes, an estimate of 74 can be obtained from the long-time slope

of the autocorrelation function in semilogarithmic coordinates.

'6' Col g ’L’4 . corvelation Time

3 3 1]
“relaxahow time '

Figure 10.27 Schematic of an autocorrelation function that decays exponentially at long times.

Autocorrelation functions are of great significance, because

- they provide a picture of molecular motion in a material system

- the time integrals 7.4 of flux autocorrelation functions are related to macroscopic
transport coefficients.

- the Fourier transforms é44(w) are often related to experimentally obtainable spec-

tra.

As an example, consider the velocity autocorrelation function in a fluid. The non-

normalized autocorrelation function for the a-component of the molecular velocity is

Coavalt) = {vealt) via(0)) = __]1\7 <Z Viaeld) via(0)> (10.135)

1
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where it is recognized that §via = viq, as (vi,) = 0, and that the average for a given
molecule ¢ will equal the average over all molecules. The expression on the right hand
side of Eq. (10.135) (average over all molecules) has distinct advantages in simulations,
as it drastically increases the sample size over which the autocorrelation function is accu-
mulated.

The non-normalized autocorrelation function for the velocity vector v is

1
and the normalized velocity autocorrelation function is

G _Cw(t) m
Cruslil) T BT T 3kpT
m

Sl = (vi(t) - v(0)) (10.137)

The Fourier transform of the non-normalized velocity autocorrelation function is

Cov(w) = / Cyv(t) e i@t dt = Z/Cw(t) coswt dit (10.138)
— 0

The general behavior of the functions cyv(t) and Cyy(w) for liquid argon at its triple
point is shown in Figure 10.28. At this liquid density, the decay of cyy with time is pro-
nouncedly nonexponential. The velocity autocorrelation function passes to negative val-
ues and asymptotically approaches zero at long times from below. The change in sign
reflects the reversal in the direction of motion as a molecule collides with the “cage” of
other molecules that surround it in the dense liquid. The “long time tail” follows a scal-
ing law of the form |cyy| oc #73/2, This slow decay is caused by collective hydrodynamic

effects (moving molecule creates a “wake” of other molecules with which it interacts).
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Note the relatively short correlation time for molecular velocities (practically all cor-
relation has subsided at ca. 1.5ps). The general appearance of the Fourier transform

é‘vv(w) is shown in Fig. 10.28(b). Such spectra are experimentally measurable through

dynamic neutron scattering.
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Figure 10.28 (a) Velocity autocorrelation function and (b) its Fourier transform for liquid argon

at its triple point.

As mentioned above, the time integrals of autocorrelation functions are related to
transport coefficients. As we know from chemical engineering, transport coefficients de-
scribe the response (flux) that is elicited in a system by the imposition of a perturba-
tion (driving force) that causes the system to depart from equilibrium. Autocorrelation

functions, on the other hand, describe the rate at which spontaneous fAuctuations created
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within a system at equilibrium die out with time. A very important connection between
equilibrium correlation functions and transport coefficients is established by linear re-
sponse theory [Hansen and McDonald (1986)]. We will not go into the linear response
formalism here. The basic idea is that, if a system is kept away from equilibrium by a
small driving force, then the rate at which it will approach equilibrium when the driv-
ing force is removed (transport phenomenon) will equal the rate at which a spontaneous
fluctuation arising in the absence of a driving force will disappear (autocorrelation func-
tion). Consider, for example, the binary diffusivity D. This transport coefficient is de-
fined as a proportionality constant between the flux (molecules per unit area per unit
time) of either species in a binary system relative to the system center of mass, and the
concentration gradient. For concentration gradients that are not too steep on a molec-
ular length scale, such a linear (Fickian) relationship between flux and driving force is
satisfactory. If one observes the binary system at equilibrium (system macroscopically
homogeneous) at the molecular level, one is likely to see fluctuations wherein the flux of
the two species is not strictly zero (equilibrium average value), but, say, there is an ex-
cess of type 1 molecules moving to the right and an excess of tyle 2 molecules moving to
the left. Such a fluctuation creates a small microscopic flux or current, which will even-
tually die out as the motion of molecules is randomized through collisions. Linear re-
sponse theory connects the rate at which this microscopic interdiffusion current will die
out at equilibrium with the interdiffusion coefficient. A prominent role in linear response

theory is played by autocorrelation functions of the form <A(t) A(O)) These appear in
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relations of the form
5= / dt (A(t)xi(o)) = fdt Cii(t) ‘ (10.139)
0 0
where 7 a transport coefficient, within a multiplicative constant. Relations of the type of
Eq. (10.139) are known as Green-Kubo relations.
An example is provided by the Green-Kubo relation for the self-diffusivity, The self-

diffusivity in the z-direction is related to the time integral of the autocorrelation func-

tion for the z-component of the molecular velocity, defined in Eq. (10.135):

B i / dt (3:(£)3:(0)) = f dt (v:2(2) vie (0)) (10.140)

while the orientationally averaged self-diffusivity (trace of the self- diffusivity tensor) is

D, = % / dt (Fi(t) #4(0)) = % / dt (vi(£)vi(0)) =
1 £ 1 1
: ] at F;vi(t)v,-((]) = = (Dysse + Doy + Dyes) (10.141)

Mathematically equivalent to the Green-Kubo expression, Eq. (10.139), is the Einstein

relation

2yt = ([A@) - AP} (for t>>t 4, long times) (10.142)

For example, the Einstein relations for the self-diffusivities D, ;. and D, are

IRECORETOR

2Dy 4pt = <[m,-(t) - :B,'(O)]2> , ot Dy pp = lim = (10.143)
[ri(2) — r:(0))*
BB = % <[r,-(t) — r,-(O)]2> ; o Dy = tlin;.o < = > (10.144)
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Again, in applying Eq. (10.144) to MD simulations, it is advantageous to perform an

average over all particles:

<—§,— > lri(t) - r£(0)12>
D, = L f

10.145

More important for engineering applications is the interdiffusion (binary diffusion )

coefficient D. A Green-Kubo relation for this quantity is

D= 3} (3 (gf%m))m f(jc(t)-jc(o)) dt (10.146)

where j°(t) is the microscopic interdiffusion current, defined as

i°(t) = 22§ () — 21 3°(2) (10.147)
with
N,
i) = ) u(t) (10.148)

1", (v = 1,2) equals the number of molecules of species v times the velocity of the cen-
ter of mass of the swarm of molecules of species v. Thus, j° is a flux of the two species
relative to each other. N is the total number of molecules in the system, z, = N, /N is
the mole fraction of species v, and G the total Gibbs energy function. Observe that D
consists of a thermodynamic factor and a mobility factor. The mobility factor is a time

integral of a flux autocorrelation function, as discussed above.

The shear viscosity can be obtained from the following Green-Kubo relation:

1= 5o [ & (Pes)Pas(0), @ (10.148)
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where Pop is a nondiagonal component of the instantaneous pressure tensor (z.e., the

opposite of an instantaneous shear stress, compare virial theorem):

143 %7 (Z &% =3 grmﬂ-ﬁ) (10.149)

The corresponding Einstein relation for the shear viscosity is

e d 2
2tn = 1  Gas(t) = GosO)F) (10.150)
with
Gap = %Z?"iapiﬂ (10.151)

Care must be exercised in applying these relations to model systems with periodic

boundary conditions.

The thermal conductivity A is obtainable in a similar way from the time autocorre-

lation function of the energy current:

b= o [ 4 G0 00 (10.152)
where
j& = % {% Zr;a fg— (e,—))} (10.153)

is a component of the energy current, with

L zm. i ;va(m (10.154)
JFt

The corresponding Einstein relation is

2 Ap = LBVT2 ([Bea(t) — Sea(0)]) (10.155)
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A %—Zrm Py S (10.156)
In general, the estimation of transport coefficients is more reliable if based on the Ein-
stein, as opposed to the Green-Kubo route; this is because the Green-Kubo approach
calls for integrating the long-time tails of correlation functions, and the error in accumu-
lating these tails from a MD simulation of short duration may be significant. As opposed
.to D, the properties D,n, Ar are collective properties of the system and not proper-
ties of individual particles. In estimating them from Green-Kubo or Einstein relations,
one cannot average over all particles, as was done in Eqgs. (10.141) and (10.145). Conse-
quently, these collective transport coefficients require much more computer time than the
self-diffusivity in order to be estimated reliably; this problem is partly alleviated by use

of non-equilibrium molecular dynamics simulations. [Allen and Tildesley (1987)].

10.6.2 Calculation of autocorrelation functions from MD trajectories

In accumulating an autocorrelation function C44(t) from the tape file of an equi-
librium MD simulation, the ensemble average appearing in the definition of C 44 is sub-
stituted by a time average. Multiple time origins 7y along the MD trajectory are used
to obtain the time average [see Figure 10.29(a)]. Let 7 be a counter for time, such that

t = 7 6t with 6t the time interval between configurations stored on tape. Then,

4 Tmax

Caa(7) = (A(1) A0)) = > A(0) Almo +7) (10.156)

T
mazxz To=1

Clearly, the maximal of time origins used in (10.156) has to satisfy

Tmaz S Trun — T (10157)
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where 7,.,,, the overall duration of the run in units of §¢. Short-time correlations are ob-
tainable with greater precision than long-time correlations. The sample size becomes
very limited at 7 values commensurate with 7,,,. Therefore, to safely estimate the en-
tire C4.4(%), the length of the simulation must be significantly larger than the correlation
time 74 associated with the property A. C 44 values are typically accumulated in par-
allel for all 7, 0 < 7 < 7,,, through a double loop over all stored data [see Figure

10.29(d)]. Some memory-saving techniques for performing this calculation are discussed

by Allen and Tildesley (1987).

To =1, Trun «foop ovey origing
tz 0, min (Teor , Trun-To) Loop over
T T T T =0, tor y, Trun-Tp e g
¥ = = ===
’ " 1y
Te To (13 To & s m{('ln) (9(('[°+'[)
(8) (b)

Figure 10.29 (a) Schematic showing how the value of a time correlation function at T is calcu-
lated from a MD run using multiple time origins. () Double loop over all origins

and all time intervals used in accumulating the time correlation function.

When the accumulation of autocorrelation functions up to Tmey ¢ Tryun iS Te-

quired, the computations associated with the double loop of Figure 10.29(b) become
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excessive. A computationally more expedient method is to accumulate C 4 A(t) via two
fast Fourier transforms, by invoking the correlation theorem of Fourier analysis. First,
the A(%) obtained from the run is transformed using FFT to obtain A(w); this involves
Trun 10gs Trun Operations. Next the Fourier transform of the autocorrelation function is

obtained from A(w) as

1

Tmaz

A* () Aw)

Caua(w) =

Finally, C 4 A(w) is back transformed via FFT to obtain C4 A(E):

10.7 General organization of a simulation code

We close this section with a very brief reference to the structure of a molecular simula-
tion code. The code must be designed so that minimal information is lost in the event of

a computer crash, and so that it can be restarted with minimal difficulty.

Input/Output

File manipulations should be kept to the minimum. Usually, three types of output files

are accumulated:
Output file. This contains information about the model system size, potential pa-
rameters used, conditions simulated, overall run duration, number of equilibration
steps used, and other information needed for fully identifying the run and reproduc-
ing it, if necessary. Instantaneous quantities (V, E,7,P,...) are written at frequent
intervals so as to allow one to inspect the progress of the run. Accumulated simula-

tion averages are printed out at the end.
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Configuration file. In this file, the configuration and momenta (for MD), seed for
random number generation (for MC) and accumulators of average prdperties are
saved periodically, so as to allow restart in the event of a crash. Old information

is overwritten; i.e., the file contains the most recent snapshot of instantaneous and
averaged information available. It is also known as the “crash file”.

Tape file. In this file, all positions, velocities, accelerations, energies, etc. are stored
at frequent intervals, as discussed in section 10.5.1. New information is appended,
t.e., the file contains a detailed record of the entire simulation. The simulation re-
sults are obtained by post-processing this file. This file is typically extremely large
and is written in as economic a form (from the point of view of storage) as possible;

it need only be machine readable (by the postprocessing program).

Program Structure

The general flow of computations is as follows [Allen and Tildesley (1987)]:

- Read/print simulation parameters and general information about the run.
Set up auxiliary parameters. Initialize potential tables and neighbor lists.

- Read in the starting configuration file.

- Initialize property accumulators for the calculation of averages.
Position the tape file at the right point for output.

- calculate/print energy, forces, and other important characteristics of the initial con-
figuration.

- Main body of the simulation (loop over steps)

202



Move particles

- Update running averages

Print out instantaneous properties and current averages on output file (one ev-

ery IPRINT steps)

Print out detailed information on the tape file (once every ITAPE steps)

Save current configuration on the crash file (once every ISAVE steps)
- Accumulate and print final averages, fluctuation quantities, statistics on the run.

Close all files and exit.
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