10. MOLECULAR SIMULATIONS

10.1 Introduction

Statistical mechanics provides a general, rigorous formalism for the calculation of
macroscopic properties given the Hamiltonian of a material system. As we have already
pointed out in Chapter 3, however, an analytical solution to this formalism is impossible
for most material systems of practical interest. The analytical treatments we discussed
in chapters 5 and 9 (e.g., Bragg- Williams approximation for the lattice model of a bi-
nary mixture, integral equaiion theories and perturbation theories for liquids) are de-
signed to provide closed-form solutions to the statistical mechanical formulation, given a
model for the molecular geometry and energetics. They can only do so, however, at the
expense of introducing simplifying approximations in the mathematical treatment of the
problems at hand.

An alternative approach is to undertake a numerical solution of the full statistical
mechanics given a model of the molecular geometry and energetics; this is the task of
molecular simulations. Simulations can provide ezact results (subject only to testable
numerical error). When applied without any simplification in the statistical mechanical
formalism, they constitute valuable tools for testing the approximations that underlie
analytical theories, as well as the models invoked to represent real—life materials (see Fig-
ure 3.1). In practice, simulations may be combined with judicious approximations to
attack complex problems that cannot yield to entirely analytical treatments. Hierarchi-

cal approaches; resting on a range of theoretical concepts and simulation techniques, are
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valuable for elucidating the molecular mechanisms underlying macroscopic behavior and

for establishing pathways to the prediction of properties from molecular-level informa-

tion.
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Figure 10.1 Inputs and outputs of a typical molecular simulation.

A simulation is a “computer experiment.” The inputs and outputs typically in-

volved in such an experiment are shown schematically in Figure 10.1. In applying sim-

ulations to real-life material systems, one is faced with two important problems. First,

one’s knowledge of the interaction potentials among the sites that constitute a material

system is usually limited, especially in systems where strong and specific (“chemical”)

interactions may be present. Quantum mechanics-based calculations of the potential en-

ergy hypersurface as a function of nuclear coordinates can address this problem. Second,

molecular simulations are extremely compute-intensive. Even when state-of-the-art su-

percomputers are used, for example, conventional atomistic molecular dynamics simula-

tions can only track the evolution of model systems of length scale O(1 00A) over time

scales of O(1 ns). The development of coherent hierarchies of modelling and simulation
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techniques that can successfully bridge the wide range of time- and length scales charac-
terizing real-life materials is a very serious challenge that has to be met suéceséfu]ly for
computer-aided materials design to become a reality.

In this chapter we will briefly address the principles and applications of Monte
Carlo (MC) and molecular dynamics (MD) simulations. Some general considerations
concerning the construction of a molecular model are described in section 10.2. The
mathematical principles of Monte Carlo methods, with an emphasis on the Metropolis
algorithm, are outlined in section 10.3; the application of these principles for the com-
putation of thermodynamic properties in the canonical, isothermal-isobaric, and grand
canonical ensemble is also dicussed in the same section. The formulation and common
algorithms used for molecular dynamics in the microcanonical ensemble are introduced
in section 10.5, followed by a discussion of molecular dynamics in generalized coordinates
and constraint dynamics methods for molecular systems, as well as of extended ensemble
methods for simulating systems in ensembles different from the microcanonical. Section
10.4 reviews ways of analyzing the results of molecular simulations to obtain structural
information, thermodynamic, and transport properties. The discussion is intended to
give the reader a flavor of how to perform molecular simulations, but is necessarily brief.

For more details, the reader is referred to the book by Allen and Tildesley (1987).

10.2 Construction of a molecular model

10.2.1 Molecular Representation

92



The level of detail built into a molecular model varies, depending on the objectives
of the investigator. For example, in modelling polymer solutions and melts, simple lat-
tice models have been used to test scaling relations for chain conformation and to ex-
plore how multicomponent phase diagrams and structure at interfaces depend on the ar-
chitecture and interactions of constituent .cha.ins. More detailed continuum models con-
sisting of tangent hard spheres have been used to test theories for the pair distribution
function and the equation of state. Detailed atomistic models taking into account the
detailed geometry and interactions of functional groups are necessary for the quantita-
tive prediction of the values of properties such as density, cohesive energy, surface and
interfacial tension, permeability by gases, and elastic constants in the glassy state.

In the latter, more realistic simulations, a material is represented as a set of inter-
action sites (atoms, groups, or centers of charge). The total potential energy is written
as a function V(r;,rz,...,rn) of the positions r; of interaction sites. It is convenient
to write the potential energy function as a sum of pairwise, three-body, ..., interactions
among sites:

VAT Boen s B = Z E Vouin(ris®i) + Z E Z vﬁ}éff; (riyrjyrg) +--- (10.1)

t < 7 1<y < k
In systems of nonpolar molecules interacting via dispersive forces, such a decomposition
of the potential energy function is supported by quantum calculations of the attractive
forces arising due to fluctuations of the electronic clouds. Such calculations lead to the
pairwise London potential and to the three-body triple-dipole Axilrod-Teller potential
[see Maitland et al. (1981)]. Pairwise interactions constitute the dominant contribution
to V. Nevertheless, three- and higher-body interactions are far from negligible; they are
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quite significant at liquid densities, and even more so in the solid state. As an indica-

tion, 10% of the lattice energy of solid argon is due to higher-than-pair interactions.
In practice, computing three- and higher-body interactions involves triple- and

higher loops over all interaction sites, and is therefore quite time consuming. It is thus

preferable to approximate V as a sum of effective pair potentials:

VAT B0 s BN = Z Z V;;f,’:.(r,, rj) (10.2)

i < J
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Figure 10.2 Comparison between the exact BBMS pair potential Vpair (solid line) and the
Lennard-Jones effective pair potential V¥ used in computer simulations of liquid

pair

argon (dashed line) [after Allen and Tildesley (1987)].

Contributions from three- and higher-body interactions are absorbed into the effec-
tive pair potential. As a consequence, V°/7 is rather different from the rigorous pair po-

pair

tential V4 between molecules. This is shown characteristically in Figure 10.2, which
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compares the very accurate Barker-Bobetic-Maitland-Smith (BBMS) Vi, potential

function for argon with an effective V¢/f frequently used in simulations of liquid argon.

pair
The BBMS function is based on molecular beam scattering, spectroscopic measurements
on argon dimers, inversion of the temperature dependence of the second virial coefficient
[cf. Eq. (9.44)], solid-state properties, and some theoretical calculations. V;{J;{,, on the
other hand, is a 12-6 Lennard-Jones (LJ) potential that works well in reproducing struc-
ture and thermodynamic properties in the liquid state. A simulation based on the exact
Vpair alone would give poorer results, as it would disregard the effect of higher than two-
body interactions.

Molecules with no pronounced spatial separation of electric charge can be repre-
sented as sets of Lennard-Jones interaction sites. For example, a butane molecule can
be represented as a set of four carbon and ten hydrogen interaction sites [ezplicit rep-
resentation, Fig. 10.3(a). A less detailed, but more economical representation that is
satisfactory in fluid-phase (but not solid-phase) simulations is the united atom represen-
tation, wherein each CH; and each CH, group is represented as a single interaction site
[Fig. 10.3 (b)].

In addition to nonbonded site-site interactions, the model must represent the
bonded geometry of the molecule realistically. The potential energy contribution asso-

ciated with the distortion of each bond length is often assumed to be of the harmonic

form

Vi(£) = % ky (£ —£°)? (10.3)
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where £ the bond length, (see Fig. 10.3), £° its equilibrium value, and k; the bond force
constant. More elaborate forms may be used (e.g., Morse potential). In practice, un-
less the computation of vibrational spectra is desired, it is satisfactory to consider bond

lengths as fixed at their equilibrium value, i.e., assume ky — co.

gl

“{-\ (b)

Figure 10.3 Molecular models for n-butane: (a) explicit representation; () united atom repre-
sentation. Interaction sites are sketched as spheres of radius roughly one third their
van der Waals radius; the van der Waals spheres of interaction sites interpenetrate

[compare Fig. 9.18 (a)].
The potential energy associated with bond angle distortions is attributed a form
! 042
Ve(6) = 7 ko (6 - 89)

where 6 the bond engle and 6° its equilibrium value. More elaborate forms involving the
torsion angles, may be used. For molecules with no internal torsional degrees of freedom,

bond angles are often assumed fixed (k¢ — o). Fixed bond angles should not be used
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for flexible molecules if an accurate representation of the dynamics of these molecules is

desired.

(b)
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Figure 10.4 (q) Definition of the dihedral angle ¢ for the middle skeletal bond of n-butane. By
convention, ¢ is zero in the {rans conformation, and assumes positive values as the
bond is turned away from the trans conformation in a direction that would lead to
unscrewing of a right-handed screw [Flory (1969)]. (b) Torsional potential Vs as a
function of the torsion angle ¢. The gauche minima (around ¢ = j:z?ﬂ-) are higher

than trans (¢ = 0) by approximately 0.7kcal/mol. The barrier Between gauche and

trans is around 2.95kcal /mol.

In flexible molecules, a torsional potential V4(¢) is used for every rotatable bond.

Vs depends on the dihedral angle ¢ of the bond. As an example, we show the torsional
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potential used with a united atom representation of n-butane by Maréchal and Ryckaert

(1983) in Figure 10.4

A list of atom-atom LJ potentials that can be used to construct crude first- guess
intermolecular potential functions is given in Allen and Tildesley (1987), page 21. Cross-
interaction parameters between sites of different type are typically estimated from the
self-interaction parameters via the Lorentz-Berthelot combining rules:

7ij = %(Uﬁ +055) i = (eweig)' ! (10.4)
Theoretical justification for the geometric combining rule employed for the es comes
from the fact that the London potential is proportional to the polarizabilities of the two
interacting species [Maitland et al., (1981)]. LJ and, in general, potential parameters
can be refined by comparison to experimental data, such as gas-phase second virial co-
efficients, internal energies at given density and temperature, heats of vaporization, sol-
ubility parameters, equation of state behavior (e.g., density at given temperatures and
pressures), lattice energy in the crystalline form, and experimental symmetry and lattice
parameters of the crystal.

For molecules with expressed separation of charges (“polar” molecules), a repre-
sentation based upon LI sites and centers of partial charge is appropriate. The partial
charges used to represent such molecules may be based on experimentally measured
multipole moments of the molecule (dipoles, quadrupoles, etc.; see Hirschfelder et al.
(1954)); on Mulliken population analysis of the electronic charge distribution of an iso-
lated molecule computed by Hartree-Fock methods, or on fitting its charge density dis-
tribution as obtained by Density Functional Theory calculations; or (best) on fitting ab
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instio calculated values of the potential energy of interaction between two molecules at
representative distances and relative orientations of the molecules. Partial !charges inter-
act via Coulomb forces:

V() = 0 (10.5)

As an example of molecular representations for a polar molecule that can establish
strong and specific interactions (hydrogen bonding), we present two models of water that
have been used in past simulation work (Figure 10.5). The two models are of widely dif-
ferent level of complexity. In the TIPS (“transferable intermolecular potentials”) model
of Jorgensen (1981) [Fig. 10.5 (a)], the HyO molecule is represented in terms of a single
LJ site centered at the oxygen nucleus, and three partial charges centered at the oXy-
gen and the two hydrogen nuclei. With the potential truncation procedures employed by
Jorgensen, this simple model reproduces the liquid-state behavior of water reasonably
well. Note that the dipole moment calculated from the geometry and partial charges
employed in the model, 2.25Debye, does not coincide, but is in fair agreement with the
experimental dipole moment of the water molecule, 1.85Debye. The model of Matsuoka,
Clementi, and Yoshimine (1976), on the other hand, [Fig. 10.5(5)] was derived by fit-
ting the potential energy hypersurface of a water dimer, calculated through an ab initio
configuration-interaction (CI) Hartree-Fock method. This model is much more complex.
The oxygen and two hydrogens are all considered as sources of exclﬁded volume repul-
sive interactions, which decay exponentially with increasing distance. Attractive inter-
actions that also vary exponentially with distance are present between the hydrogens on

one molecule and the oxygen on the other. In addition, there are Coulombic interactions
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involving all partial charges. The nuclei of the hydrogens are considered as centers of
positive charge ¢, while the center of negative charge —2q is displaced from the nuclear
center of the oxygen, being placed on the bisector of the H; OsH, angle at a distance

R(O4; — My) from it. The expression for the dimer energy at a particular configuration is
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(a)
Figure 10.5 Models for water: (&) Simple TIPS model of Jorgensen (1981). (b) Matsuoka -
Clementi - Yoshimine model, based on ab initio quantum mechanical calculations

of energy of the water dimer.
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—ay [exp(—bs 716) + exp(—by ra6) + exp(—bs r35) + exp(—bs r45)] (10.6)
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10.2.2 Summation of the total potential energy function

Any molecular simulation calls for frequent evaluations of the potential energy func-
tion V, given the configuration of the model system. Typically, V is expressed as a sum

veff

patr?

of effective pair potential contributions as in Eq. (10.2). In the following we will
use the simple notation v(r) to indicate a sphericaly symmetric effective pair potential.
Pair potentials such as the Lennard-Jones are characterized by weak attractive “tails”
extending out to infinite distance. Clearly, it is not practical to sum interactions over in-
finite pairs of molecules. Thus, a finite range modification of the pair potential has to be
used in molecular simulations.

The simplest way to create a finite range modification of a pair potential v(r) is to

truncate the potential tail at a cutoff distance r., i.e. use

modifie vir), Hen < r;
A {0( ) ir> 1 )

and deal with attractive interactions at distances beyond 7, in a mean field sense. A
typical value of . used in MC simulations of Lennard-Jones liquids is 2.50, with o the
collision diameter of the LJ potential. A truncated LJ potential generated according to
the prescription of Eq. (10.7) is shown in Figure 10.6(a). A problem with this modified
potential is that it generates infinite forces at r., causing energy conserva.tion to deterio-
rate within a MD simulation.

A better solution is provided by the truncated and shifted potential, shown schemat-

ically in Figure 10.6(b). Here, after cutting the potential tail at 7., the whole pair poten-
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tial curve is raised by —v. = —v(r,):

modifie v(r) — v, if r <7,
s d(r):{O() fr>r (10.8)
9 c

Note that this modification leaves the forces at distances r < r, unaffected, while the

modified force at 7. changes discontinuously from f(r.) = — (j_v) to 0.
T

c

The discontinuous change in the force at r. tends to create instabilities in the in-
tegration of MD equations. To correct for this, some investigators have chosen to use a
shifted force potential, as shown in Figure 10.6 (¢). In this modification, one truncates
the tail of the force curve at r. and shifts the whole curve upwards by —f, = — ¥ )

The pair potential is then obtained by integration of the shifted force curve:

- i o
fmodsfzed(,r) 2o _dr = fc, Ur=re (10.9)
0, He>r,
modifie v(r) — v+ c\T —T¢)y if'f'g'l"c
vmetd d(?‘):{ﬂ( ) el ) " (10.10)

With this modification, both the force and the potential are continuous, a discontinuity
appearing only in the first derivative of the force. A problem with the shifted force po-
tential, however, is that, by modifying forces throughout the r-domain, it changes the
interaction force law substantially. The thermodynamics of the original system, governed
by the unmodified potential v(r), can only be recovered through a perturbation scheme.

A simpler finite range modification that leads to continuous potential, force and
spatial derivative of the force, is shown in Figure 10.6(d). Here the potential tail be-
yond r; is substituted by a fifth-order polynomial, whose value, first derivative, and

d*v

G g dv .
second derivative are equal to v, 7’ and R respectively, at r;, and equal to 0 at r,
r r
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[Theodorou and Suter (1985a)]. A choice of r; = 1.45¢ and ry = 2.300 has given good

results with LJ systems.
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Figure 10.6 Various ways of creating a finite range modification of the Lennard-Jones potential.

(@) potential truncation at r.; (b) truncated and shifted potential; (¢) truncated and

shifted force; (d) substitution of the potential tail by a quintic spline.

Whenever a modified pair potential is used, the contribution from the omitted or

modified “tails” to thermodynamic properties must be calculated by direct integration.
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For example, the tail contribution to the internal energy [compare Eq. (9.31)] is
oo
Utails — og Np/ [v(r) — vm"d"ﬁed(r)] g(r)r? dr (10.11)
T1

where r; is the lowest radial distance at which v and v™°%ified giar¢ deviating from each

other. The tail contribution to the pressure [compare Eq. (9.34)] is

oo

_ 8 _ ,modified
Ptmls - _2?77'02/7_3 ('U(T) 1"31. (1‘)) g(r) dr (19_12)

T
where the pair distribution function g(r) is calculated from the simulation. With the
usual choices of 1, g(r) is often close to 1 for distances larger than r, and is substituted
by 1 in expressions such as Eqs (10.11) and (10.12).

Introducing a finite range modification of the pair potential is a poor approximation
in systems governed by long-range pair potentials, falling off with radial distance as r—"
with n < d, the dimensionality of the system. An important example of such a potential
is the Coulomb potential (n = 1). In systems governed by Coulombic forces, interactions
among all images of sites in the periodic model system are summed with the technique

of Ewald summation [see Allen and Tildesley (1987))].

10.2.3 Periodic boundary conditions and minimum image convention.

Common molecular simulations employ N = 10 to 10* interaction sites, although
simulations of millions of sites have been attempted on state of the art vector and par-
allel machines. Using large model systems is taxing from the point of view of stor-

age requirements and CPU time (the force/potential evaluation involves loops of order
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O(N?)). Thus, it is advantageous to use in production runs the smallest model system
size that can provide reliable estimates of the desired properties. For simple liquids in-
teracting through short-range forces, simulation averages have been found to be very
weakly dependent on system size for N > 100. A much larger numbel_: of interaction sites
may be required in more complex systems (e.g., polymers) where macroscopic behavior
1s affected by structure at large length scales. The seasoned simulator always confirms
the system size-independence of results by undertaking runs at different system sizes.

In some applications, the behavior of a very small amount of material (a droplet, a
nanocrystal) may be of interest; in such cases, a model system of finite extent is used.
More often, however, one is interested in the properties of extended bulk phases of ma-
terial. If a finite model box filled with interaction sites were used in such cases, the
predicted behavior would be dominated by surface effects. As an indication, if 1000
molecules are arranged on the nodes of a 10 X 10 x 10 cubic lattice, 488 of these molecules
will appear on the cube faces. In simulating bulk behavior, therefore, the trick of peri-
odic boundary conditions is used. The modei box (primary box) is envisioned as being
surrounded by images of itself in all directions. Sites in the primary box interact with
sites in the image boxes. Whenever, in the course of the simulation, an atom exits the
primary box, an identical atom enters through the opposite face. Thus, the primary box
is like a unit cell, by periodic continuation of which one creates an infinite medium with
no surfaces. A simple schematic of periodic boundary conditions in two dimensions is
given in Figure 10.7. The primary box is shown in the center (bounded by bold lines,)

along with the immediately surrounding 3% — 1 = 8 images of itself. In three dimensions,
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the primary box is immediately surrounded by 3° — 1 = 26 images of itself. Site 1 in the
primary box interacts with all sites or site images lying within a sphere of radius re (the

potential cutoff distance) centered at 1.
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Figure 10.7 (a) Schematic of periodic boundary conditions in two dimensions. If the minimum
image convention is satisfied, there is at most one image of 2 interacting with 1. (b)

Simple figure for the explanation of the minimum image convention.

Strictly, this periodicity is not compatible with the absence of long-range structure
in amorphous systems, such as liquids and glasses. If the box edge length, L, is suffi-
ciently larger than the largest length scale governing the properties of interest, however,
this artificial periodicity does not significantly perturb the results. For example, in a
molecular simulation of a LJ liquid, periodic boundary conditions do not affect the ther-
modynamics significantly if L ~ 60, as individual sites do not “sense” the periodic ge-
ometry. In simulating a polymer melt, on the other hand, one must choose L to be con-

1/

siderably larger than the chain radius of gyration (32> 2, if one wishes the long-range
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conformational characteristics of chains and the properties depending on them not to be

affected by the periodic boundary conditions (compare section 9.4).

Periodic boundary conditions necessarily cut off long-wavelength fluctuations (den-
sity waves with wavelength > L). Given the divergence of the correlation length for
structure at a critical point, the reliable simulation of near-critical systems is thus very
difficult. Periodic boundary conditions also introduce spurious features in time correla-
tion functions for times > —f—, where ¢ the sound velocity in the studied medium; = is
the time it takes a density wave to travel through the simulation box.

Consider two atoms, 1 and 2, in the primary box. In three dimensions, there are
27 images of 2 (in the primary box and the immediately surrounding boxes) that could
interact with 1.

Theorem:

B 5j25 (10.13)

then at most one of the images of 2 can interact with 1. The condition (10.13) is known
as minimum image convention.

Proof: Assume that condition (10.13) is satisfied, and there are two images of 2 inter-
acting with 1. We label these images 2 and 2' [see Figure 10.7(b)]. Since 1 interacts with

2, we have 712 < r.. Since 1 interacts with 2', we have 7}, < r.. Consequently,

P12 + 1, <27, (10.14)
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. On the other hand, by the triangle inequality on the triangle 122', we obtain immedi-

ately

ri2 + 12 2 L > 2r, (10.15)

where the last inequality stems from Eq. (10.13). The simultaneous validity of Egs.
(10.14) and (10.15) is clearly impossible. Thus, the hypothesis that there are more than
one images of 2 interacting with 1 is not true, i.e. there can be no more than one image
of 2 interacting with 1, Q.E.D.

For any two sites 1 and 2 in the primary box, the image of 2 lying closest to 1 is
called minimum image of 2 with respect to 1. If the minimum image distance is less than
¢, then the minimum image pair is interacting.

The following is a simple code for identifying interacting images and calculating the

total energy through a double loop over all sites in a cubic primary box:

DOI=1,N-1
Q
RXI = RX(I)
RYI = RY(I)
RZI = RZ(I)
C
DO J =1I+1, N

C Components of actual distance vector from J to I
RXIJ = RXI - RX(J)

RYIJ = RYI - RY(J)
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RZIJ = RZI - RZ(J)
C Minimum image distance vector from J to I
RX1J = RX1J - BOXL*ANINT(RXIJ/BOXL)
RYIJ = RYIJ - BOXL*ANINT(RYIJ/BOXL)
RZ1J = RZ1J - BOXL*ANINT(RZIJ/BOXL)
C Squared minimum image distance between J and I
RIJSQ = RXIJ**2 + RYIJ**2 4 RZIJ**2
C Screening of squared minimum image distance against
C squared cutoff distance
IF(RIJSQ.LT.RCUTSQ) THEN
.. compute I-J interaction ...
.. accumulate energy and forces ..
ENDIF
END DO
BOXL and RCUTSQ are the values of L and 72, respectively, and the real function
ANINT is defined as follows:
+1, if05<z<l1
ANINT(z) = { 0, if —0.5<z<0.5 (10.16)
-1, i-1<z<-05
If the IF statement in the innermost loop prevents vectorization, the code can be modi-

fied by use of the “conditional vector merge” statement (see Allen and Tildesley).
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10.2 Monte Carlo methods

The name Monte Carlo was first applied to a class of stochastic numerical meth-
ods by scientists working for the development of nuclear weapons at the Los Alamos Na-
tional Laboratory in the 1940s. The essence of these methods is the invention of games
of chance, whose behavior and outcome can be used to find the solution to a mathemati-
cal problem. Here we are only presenting a brief overview of Monte Carlo methods, with
emphasis on the Metropolis algorithm for calculating averages with respect to a multi-

variate probability density function. For more details, the reader is referred to the books

by Kalos and Whitlock (1986) and by Allen and Tildesley (1987).

10.3.1 Simple stochastic experiments: “Hit or miss Monte Carlo”

Early applications of Monte Carlo techniques were genuinely experimental. Perhaps one
of the most interesting ones was Lazzerini’s calculation of the number 7 by applying
Buffon’s theorem. In 1777, the French naturalist Georges-Louis Leclerc, Comte de Buf-
fon, discovered the following theorem in geometrical probability: Consider a needle of
length £ being thrown at random onto a set of equally spaced parallel lines, which are a
distance d apart from one another (d > £) [see Figure 10.8 (a)]. The probability that the
needle will cross a line is j——i In 1901, the Italian mathematician Lazzerini set out to

estimate m by the following stochastic experiment: He spun round and dropped a needle

onto a plane surface where he had drawn parallel lines Nyy;01, = 3407 times. He counted
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the number of times Njjs, that the needle crossed a line. He then used his experimental
results to estimate 7 as
_ 2L N, trials

= Hos (10.17)

Clearly, Lazzerini’s experiment relies upon accumulating an estimate of the probability
of crossing a line and then using Buffon’s theoretical result to relate this probability to
the sought m and to the geometrical parameters of the problem. Today, a computer can
be used to simulate Lazzerini’s experiment. One needs O(107) trials in order to estimate
m to 3 significant figures. The error in the estimate decreases with increasing trials in
proportion to Nt_ﬂ:la/ 123. Another “hit or miss” experimental method for calculating = is
shown schematically in Figure 10.8(b). Envision two pans of the same height being left
out on a rainy day. One pan is square, the other circular, with the diameter of the cir-
cular pan being equal to the edge length of the square pan. If Ny,i.s is the number of

raindrops (or weight of water) collected by the square pan and Nyis, that collected in

the circular pan, one can estimate 7 as

Nhits
.| 10.18
\g,)\ i Ntrials ( )
d [ 3 \\/‘
dy¢
(2) G

Figure 10.8 (a) Geometry of the Buffon needle experiment. () Estimation of 7 by collecting

rainwater on a circular and a square pan.
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10.3.2 Monte Carlo integration

} —Generate a random
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Figure 10.9 (a) Schematic of the evaluation of a one- dimensional definite integral by Monte
Carlo sample mean integration. () Uniform distribution in [0,1) sampled by pseu-
dorandom numbers R. (c¢) Uniform distribution in the integration domain [z1,22)
followed by the generated samples z. (d) Flow diagram of the Monte Carlo integra-

tion calculation.

In the example of Fig. 10.8(b), the random sampling of the pan surfaces by rain-
drops is used as a means of calculating an integral over a prescribed two-dimensional do-
main (the area of the circular pan). To clarify this role of Monte Carlo as an integration
method, consider the problem of numerically evaluating a definite iﬁtegral of a known

function of one variable over a specified domain (21, 5) [ see Fig. 10.9 (a)]:

I:/f(a:)d:c (10.19)
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One solution to this problem is provided by “Monte Carlo sample mean integration”,
shown in the simple flow diagram of Fig. 10.9 (d). One generates a large number of
pseudorandom numbers R, in the interval [0,1). These numbers R,, are samples from
a uniform distribution p(R) in the interval [0,1) [Fig. 10.9(d)]. (See Knuth (1973) for
reliable algorithms that generate pseudorandom numbers.) For each R,, sampled, one
forms the quantity z,, = z1 + Ryu(z2 — 21 ). The values z,, are samples from a uniform
distribution on the integration domain [z, z,) [Fig. 10.9 (¢)]. For each such formed z,,,
one computes the value f,, = f(zm) of the function to be integrated and accumulates
the sum Z fm over all sampled points. After sampling Nypiq15s values of z in this way,

m

one has an estimate of the integral I as

('132 2L 931) Nerials

m=1
Theoretical justification for Eq. (10.20) is provided by the mean value theorem of in-
tegral calculus. As an example, application of this integration method to the function
) = (1. :1:2)1/2 between £; = 0 and 2z, = 1 allows one to estimate 7 to within 4

significant figures in 107 trials.

As a numerical technique, sample mean integration cannot compete with more tra-
ditional numerical integration methods (Simpson method, Gaussian quadrature) in one
or two dimensions. It becomes superior to them, however, when oné has to perform mul-
tidimensional integrations. As an example, consider the evaluation of the configurational

integral for N molecules in a cubic container of volume V = L3 at temperature T

&= /d3N1' exp [—-AV(r)] = /d3Nr f(r) (10.21)
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where the integrand function

Hr) = f(r1,x2,...,vN) = exp [-BV(r1, a5 .. ,IN)] (10.22)

Z is a 3N-dimensional integral. For N = O(10), an estimate of Z can be obtained by
the multidimensional analogue of Eq. (10.20) as
VN N:ria.la

Z exp [—ﬁV(rgm),rgm),. ’ ,rg\',n))] (10.23)

m=1

Z ~
Ntrials

where (rgm), rgm), . ,rg\’,n)) =r(misa randomly selected point in the 3N-dimensional
configuration space of the system. In practice, r(™ is generated as N triplets of random
numbers, each number being drawn from a uniform distribution in [0, L). A Simpson
technique would require evaluating f(r) at all nodes of a regular 3N-dimensional grid
passed through the entire configuration space. If 10 points (nodes) per coordinate are
used, this would entail 103¥ function evaluations. With Monte Carlo integration, one
can get a reasonable estimate of Z using a number Ny,iq;s of function evaluations much
smaller than this. Although the Monte Carlo estimate is subject to some uncertainty,
due to the stochastic nature of the numerical method, meaningful error bounds can be
established by examining how the estimate changes as a function of Nyria1s. In systems
of six or more degrees of freedom, Monte Carlo becomes clearly preferable to the conven-
tional quadrature techniques for the same amount of CPU time.

The direct calculation of configurational integrals (and therefore free energies)
through Eq. (10.23) becomes impractical for N = O(100); for such dimensionalities, an
inordinately large number of configurations sampled from a uniform distribution would

be required for a reliable estimation of Z. Fortunately, estimates of thermodynamic
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properties for systems of such high dimensionality can still be derived through impor-

tance sampling.

10.3.3 Importance sampling for the calculation of ensemble averages

In chapters 4, 5, 6, and 9 we saw that important thermodynamic properties can be ex-

pressed as ensemble averages, of the general form

_ [ &Nr f(r) peme(x)
(f)ens = fdsNr pe"“’(r)

(10.24)

1
For example, when p*™*(r) = p™VV7T(r) = 7 ©XP [-BV(r)],

.= Vi) =05 = U, Ty T4 (pgT)

f:_Zri'F::ntﬁ’(f)NVT:PV_NkBT

i

f = exp(—BViest) — (f)NVT = exp(—pBu°?)

One could try to estimate (f) in Eq. (10.24) by applying the Monte Carlo integration

method outlined in section 2.3.2 to both the numerator and the denominator, i.e.,

Niriats
F(m) oo (m)
(e e
pens(m)

m=1

where m labels randomly generated configurations (points in configuration space). This,
however, would be very inefficient: Some regions of the multidimensional configura-
tion space (regions of high p°"*) contribute much more to the average than other re-

gions. For example, in the NVT ensemble, relatively confined regions of low V have a
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large weight in the averaging, while more extended regions of high energy contribute
very little. If we pick the sampled points by randomly “shooting” at the cbnﬁguration
space (Monte Carlo integration), we have an overwhelming probability of hitting states
with very high energy, which would contribute almost nothing to the density. To real-
ize why such a random selection of configurations would be very inefficient in sampling
low-energy states, envision a process of generating configurations of a dense liquid by
randomly picking N triads of coordinates for the molecular centers within a volume V.
The probability that at least one overlap between the repulsive cores of the molecules
will occur is overwhelming.

In calculating the ensemble average of Eq. (10.24), it would be advantageous to
sample configuration space nonuniformly, so that more probable states (low energy con-
figurations) are sampled more frequently than less probable states (high energy configura-
tions). Such a nonuniform sampling is called importance sampling. In fact, it would be
most advantageous to devise a sampling scheme such that the frequency of sampling each
state us proportional to p°™° for that state. If we do this, then the calculation of (f) will

amount to taking an arithmetic average over the sampled states:

(f) f(m) (10.25)

Ntrials

An ingenious algorithm for sampling a multidimensional space according to a (nonuni-
form) probability distribution and for calculating averages with respect to that distribu-
tion was introduced by Metropolis et al. (1953). Before describing the Metropolis algo-

rithm, we will briefly discuss Markov chains.
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10.3.4 Markov chains

A Markov chain [Kemeny and Snell (1960), Allen and Tildesley (1987)] is a se-
quence of trials (stochastic process) that satisfies two conditions:

a. The outcome of each trial belongs to a finite set of outcomes, called the state space.
b. The outcome of each trial depends only on the oucome of the immediately preceding
trial.

Central to a Markov chain is the concept of a transition probability. In these notes
we will define the transition probability P,,, from state m to state n as the probabil-
ity that a trial produces the state n, given that the previous trial has resulted in state
m. Ppp depends only on the origin and destination states m,n and is independent of
where within the sequence the considered trial lies. This is as a result of the definition of
a Markov chain, whereby memory goes only one step back.

By collecting the values of P,,, for all possible n and m we can form a transition
probability matriz. This matrix contains all information about the “dynamics” governing
the “evolution” of the Markov chain.

To clarify the concept of a Markov chain, let us consider the following example: The
weather pattern in some equatorial country can be well approxinated by the following
simplistic rules:

- If it does not rain on one day, there is a 60% chance it will not rain on the next day.
- If it rains on one day, there is a 70% chance that it will rain on the following day.

We are interested in calculating the chances of rain over an extended period of time.
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This system is described by a state space with two states: S (sunny, i.e., no rain)

and R (rainy). The transition probabilities are
Pss =0.60 , Pps=10.40

Prr =0.7T0 , Psr =0.30

They can be arranged in a transition probability matriz P as follows:

(10.26)

p_ [Pss Psr] _[060 0.0
" | Prs Prr 0.40 0.70

Eq. (10.26) illustrates an important property of transition probability matrices, namely
that

Z Pom = 1. for any m (10.27)

No matter what the origin state is, at the end of a trial the system must find itself in
some state. Consequently, the elements of each column of P must sum to 1. A matrix P
with this property is called a stochastic matriz.
Returning to our weather problem, assume that the weather forecast for December
31 is that there will be 50% chance of rain. For the initial a priori state probabilities we
have:
(0)
4% = [Zﬁl)} = [82] (10.28)

We now ask, what are the a priori probabilities qgl), qg) of sunny/rainy weather on Jan-

uary 17 Clearly, by the definition of transition probabilities,

¢§) = ¢ Pss + 0% Psr
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qg) = qgo) Prs +q§?) Prr

or
Prs Prr qg)) '

Similarly, for the weather on January 2 we can write
q? =Pq? =p2q®
and, in general, for the t** day of the year,
q? =P gtV =ptq® (10.30)

Note the distinction between the a prior:i probabilities q and the conditional probabili-

ties P. Application of Eq. (10.30) for various ¢ leads to the following results:

=9 R =0 =30 =4 =8 1=08 e t =20 e
qs 0.50 0.45 0.435 0.4305 0.4291 0.4287 0.4286 --- 0.4286 ---
qr 0.50 0.55 0.565 0.5695 0.5709 0.5713 0.5714 - .. 0.5714 ---

Clearly, the Markov chain approaches a limiting probability distribution among the

states, which we will symbolize by

II = lim q¥

t— 00

The limiting probability distribution satisfies the stationary state condition
PII =11 (10.31)

This means that II is an eigenvector of the stochastic matriz P, corresponding to an
eigenvalue of 1. Note that IT is completely determined by P and is not at all influenced
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by where the chain started (i.e., by q(®)). All memory of the initial state has been ef-
faced.

Markov chains in which one can ultimately go in a finite number of steps from any
state to any other state are called ergodic, or irreducible. Such chains always have a lim-
iting probability distribution (compare discussion in Section 10.2.3). One can deduce the
nature of a Markov chain from its transition probability matrix. If the matrix P is block
diagonal, the chain is not ergodic. Such chains may converge (get “trapped”) in one of
several stationary state distributions, depending on the initial state. On the other hand,

if the transition probability matrix is full, the chain is ergodic.

10.3.5 The Metropolis Monte Carlo algorithm: A numerical method for calculat-

ing averages with respect to a multivariate probability density function

We now turn to the problem of sampling from a given probability distribution func-
tion. Given is a probability distribution in a multidimensional space. The distribution
is defined by the probabilities II,,, for being at each point m of the multidimensional
space. Note that the state space in question may be discrete or continuous. In the lat-
ter case, I, = p(rp)d*Nr, where p(ry,) is the probability density at point r,, and d*Nr
is an elementary volume in the multidimensional space centered at r,,. Sought is an ef-
ficient numerical procedure for sampling the multidimensional state space according to
the probability distribution {II,,}. By “sampling” we mean picking a finite set of points
(states)

M1, Ma,... ,My,... TN, iats
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(where a given state may appear more than once in the sequence) such that the proba-
bility of finding each state m, in the sequence is practically equal to the pfescribed  § o
If we accomplish this sampling (i.e., generate such a sequence), then we can immediately
calculate the average of any function defined on the space of interest as an arithmetic
average, according to Eq. (10.25).

A solution to this problem was devised by Metropolis, Rosenbluth, Rosenbluth,
Teller, and Teller (1953) and is known as the Metropolis or M R*T? algorithm. The rep-
resentative points are generated as a sequence, each from the previous one, according to

stochastic rules that render the generated sequence a Markov chain.
m; — Mg —...My — e TN, iots

The transition matrix for this Markov chain is selected as

Ciitad if 0, 20, nm
Pum = {Cnm%ﬁ, et < i (10.32q)
Bunsob e Y Pi (10.32b)

n#m

where C, referred to as the underlying matriz of the Markov chain, is a symmetric

stochastic matrix, satisfying the conditions:
Cpm = Cppn for every m,n (10.33a)

Y Cuh =4 (10.33b)

Egs. (10.32a) for the transition probability can be written in the form

P = Gl 1iin (1, HH” ) (m # n) (10.34)

m
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Cam is interpreted as an attempt probability. A move from state m to state n is at-
tempted with probability Cy,,. In practice, moves are usually attempted dnly between
close-lying states in the multidimensional state space. That is, most of the elements of C
are zero, except for some elements that correspond to pairs of states (m,n) that lie cldse
to each other. Usually, but not always, Cp, is uniform in a small region of the space
around state m; i.e., one attempts to move from a given state m to any of the nearby
states » with equal probability. The choice of C must ensure that the resulting Markov
chain of states is ergodic. The second factor of the transition probability in Eq. (10.34)
is interpreted as an acceptance probability. Having attempted the move m — n with
probability C.,, one accepts this move with probability min (1, ]]::[I—:L) . Note that, if the
trial state n is more probable than the origin state m, then n is accepted as the next
state in the Markov chain. If the trial state n is less probable than the origin state m,
then n is accepted only some of the time, with probability IIII—:; < 1. If the trial state,
n, is not accepted, then the original state m is retained as the next state in the Markov
chain according to the requirements of Eq. (10.32b). The fact that not every attempted
move leads to a change in state is a very important aspect of the MR?T? algorithm. To
show that the transition probabilities defined by the Metropolis scheme, Eqs. (10.32)
and (10.33), will generate a Markov chain of states whose a priori probability distribu-

tion in state space asymptotically converges to the given distribution IT, we prove three

statements concerning the transition matrix P.



Statement 1: The matrix P is stochastic. i.e.

S Buy=1 (10.35)

This follows immediately from Eq. (10.32b), which is part of the definition of the transi-

tion probabilities.

Statement 2: P and II satisfy the condition of microscopic reversibility or detailed bal-

ance, i.e.,

. Pam = Hp Pron (10.36)

Physically, Eq. (10.36) informs us that the overall probability of encountering a move
m — n somewhere in the Markov chain equals the probability of encountering the re-

VEerse move n — m.

To prove Eq. (10.36), assume that, for the two states in question, II,, > II,,. Then,

following the general prescription, Eq. (10.32),

Hm an e Hm Cnm

HT?I

Hn Pm,n = Hn (Cmn H_) = Cmn ]:[m = Hm Cmn

while, from Eq. (10.33a), Cp,m = Crnn.

From the above three equations, II,;, P, = II, Piypn, Q.E.D. The proof in the case

I, < II,, proceeds exactly as above, with the role of m and n reversed. Note that cor-
rect Monte Carlo algorithms can be designed even with a nonsymmetric matrix C of at-
tempt probabilities, provided the acceptance probabilities are redefined in such a way
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as to ensure that the condition of microscopic reversibility, Eq. (10.36), is satisfied. For

such “smart” Monte Carlo alghorithms, see Allen and Tildesley (1987).
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Figure 10.10 Flow of calculations in a Metropolis Monte Carlo algorithm for sampling the proba-

bility distribution IT.

Statement 3: Il is the limiting distribution corresponding to the transition matrix
P. To show this statement, we must prove that IT is an eigenvector of matrix P corre-
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sponding to eigenvalue 1 [compare Eq. (10.31)]. Considering the i** element of the prod-
uct P II and using the condition of microscopic reversibility, Eq. (10.36), which we just

proved, we obtain:

¥ Palliee SOPI =ik YR ST,
m m m

where the last transformation is possible by the stochastic property of matrix P, Eq.

(10.35). Applying the above reasoning for all 7, we are led to
PII =1II Q.E.D. (10.31)

Eq. (10.31) guarantees that, whatever the initial state in the generated Markov chain of
states, a chain that is long enough will asymptotically sample the probability distribu-
tion of interest, defined by II. How long it will take for this asymptotic situation to be
reached will depend on the choice of the matrix C of attempt probabilities. Good Monte
Carlo algorithms will move quickly through state space, sampling states of high prob-
ability efficiently, and quickly effacing all memory of the initial state. It is noteworthy
that, to define the transition matrix P according to Eqgs. (10.32), one need only know
IT up to a multiplicative constant. Only ratios of a prior: probabilities appear in the
Metropolis scheme; this is particularly convenient in applications of the algorithm to sta-
tistical mechanics.

The general flow of calculations in a Metropolis algorithm designed to sample a
multivariate probability distribution IT and to compute averages with respect to that

distribution is shown in Figure 10.10.



10.3.6 NVT Monte Carlo by the Metropolis algorithm

As an example, we consider how the Metropolis scheme is applied for the simulation of
a simple liquid in the canonical ensemble. To fix ideas, consider a simulation of liquid
argon, modelled by a pairwise additive LJ potential such as the one displayed in Figure
10.2. Our objective is to generate a sequence of cqnﬁgurations of N molecules in a box
of constant volume V' with periodic boundary conditions, such that the sequence asymp-
totically samples the probability density of the canonical ensemble at temperature T.

In transcribing the general terminology and notation of the previous section to the
simulation in question, we select the configuration space (ry,rs,...,r ~) as the multidi-

mensional state space to be sampled. States correspond to configurations. The a priori

rgm), i owg rg:,n)) PNy, with pNVT

probability II,, of a configuration m equals p? VT(rgm),
the equilibrium probability density of the canonical ensemble and d3Nr an elementary
volume in configuration space that is assigned to state m. The ratio of state probabili-

ties entering the Metopolis selection criteria becomes

NvVT/ (n) (n) NVT
]]:im =L (r(lm),...,ré\:n)) = pRTVT (10.37)
B e s ) | P
Now,
nvr _ exp(—BVm)
= ST shay 10.38
Pm Z(N,V,T) (10.38)
SO
pNVT
T = P [ (Vo = Vin)] = exp [-fAV—n] (10.39)
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The acceptance probability becomes

NVT . ;
- pn 5 1, ].f Vn S Vm
e (1’ ngT> . {exp [~BAVmen], i Vu > Vi (8049

The Metropolis selection criterion involves only the potential energy change. Downbhill
moves in energy are accepted always, while uphill moves are accepted with a probability

equal to the Boltzmann factor of the potential energy change they bring about.

@ ®
@
@ R
. Ay;
Y %S .
® Mg

Figure 10.11 Schematic of displacement move attempted in a Metropolis Monte Carlo simulation

of a simple fluid.

As regards the attempt probabilities, the elementary move employed is a translation
of a randomly chosen molecule by a random vector. The components of the random dis-
placement vector are uniformly distributed within an interval (—8m5ad, O as P e Inthis
way, the attempted new positions form a uniform distribution within a cube R of edge
length 2 é7.,4., centered at the original position of the molecule (see Figure 10.11). The

element C,, of the underlying matrix of the Markov chain is thus

i 1 :
& = { N Nz’ if Ar; e R (10.41)
0, if Ar; ¢ R
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where N is the total number of molecules in the box and N wr the total number of nu-
merically distinguishable positions in the cube of edge length 2 §rmq.. The first factor
in Cpy, corresponds to the choice of the molecule to be displaced, while the second fac-
tor corresponds to the choice of its displacement vector. Note that the matrix C is by

definition symmetric, as Cpr, does not depend on the identity of states m or n.

Eqs. (10.40) and (10.41) summarize the Metropolis Monte Carlo algorithm for a
simple fluid in the canonical ensemble. A flow diagram of the computations involved in
a step of the algorithm is given in Figure 10.12, which is simply a transcription of Figure

10.10 for the canonical ensemble case.

When simulating a molecular system, the elementary moves attempted should
change all the configurational degrees of freedom. They should include rigid translation
of a randomly chosen molecule by a random vector, rigid rotation (random reorientation)
of a randomly chosen molecule, and torsion around a randomly chosen rotatable bond of
a randomly chosen molecule by a random dihedral angle for flexible molecules. For the
acceptance criteria for reorientation moves, see Allen and Tildesley (1987).

The question of the optimal choice of é7,,,, has received some attention. This
quantity should be chosen so as to give maximal efficiency in the exploration of config-
uration space (e.g., maximal mean squared displacement of molecules for a, given num-
ber of moves). Traditionally, é7,,,, is chosen so as to lead to 50% acceptance of the at-

tempted moves (50% acceptance ratio). There is indication, however, especially in sim-
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ulations of more complex systems, that bolder moves (with lower probability of accep-

tance than 50%) are more efficient. (¢, 4 A PSR T
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Figure 10.12 Flow diagram of the calculations involved in a Metropolis Monte Carlo simulation of

to accumulate running averages

a simple fluid in the canonical ensemble.

As regards the choice of a starting configuration, it is advantageous that this be a
configuration of high probability under the conditions of interest, to minimize the time

spent in equilibration. The traditional approach for simple liquids is to start from an

129



fec lattice of the required density and “melt” it to obtain a liquid; in this way, one en-
sures that repulsive excluded- volume overlaps are absent from the initial configuration.
A useful approach for generating initial configurations for model polymer systems is to
“grow” the chains in a bond-by-bond fashion within the periodic simulation box and
relax repulsive overlaps in the resulting amorphous system through a stagewise energy
minimization technique that gradually enlarges the atomic radii [Theodorou and Suter
(1985)).

In undertaking runs under different sets of conditions, continuation is very effective.
For example, the last configuration from a previous MC run can be used as a starting
configuration for a new run at the same density and different temperature.

Ensuring that the simulation is well-equilibrated is a prerequisite for reliably esti-
mating thermodynamic averages. Initially, the probability distribution of the sampled
microstates in configuration space is q(*) = (0,0,...,1,..., 0) [system in initial config-
uration]. As the simulation goes on, the distribution of sampled microstates approaches
the stationary distribution of the Metropolis transition matrix, given by the simulated
ensemble: t]irgo q¥ = II. Clearly, the initial period of the simulation is an equilibration
pertod, and must not be taken into account in the calculation of averages. At the end
of the equilibration period, all memory of the initial configuration should have been lost.
Equilibration can be monitored in several ways. Quantities that can be readily moni-
tored are potential energy and pressure. The equilibration period should be extended

until they show no systematic drift as functions of the number of attempted moves, but
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oscillate about steady mean values. In the case of a liquid simulation that has been ini-
tiated at a lattice configuration, one must ensure that all vestiges of order have disap-
peared before starting the thermodynamic averaging; translational and orientational or-
der parameters (see section 10.5) must show no signs of long-range order. The observa-
tion of self-diffusive behavior (mean squared displacement of molecules growing linearly
with time) is another indication of equilibration. As a rule of thumb, 500N — 1000N
MC steps are typically sufficient for equilibrating a simple liquid, having started from a
liquidlike configuration. More time is required if one starts from a lattice or if a phase
transition is close to the simulated thermodynamic state point. Much more time is nec-
I
essary for equilibration in systems of associating liquids or polymer systems, where se-

vere constraints on configurational rearrangement are placed by the strong and specfic

interactions of the chain connectivity.
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10.3.7 Isothermal-isobaric (NPT) Monte Carlo

As a second application of the Metropolis algorithm we consider the simulation of a sim-
ple fluid in the isothermal-isobaric ensemble [Wood (1968)]. Such NPT simulations are
convenient in that they permit tracking the thermodynamic properties of a model sys-
tem along constant-pressure conditions that closely correspond to the conditions used
in experimental measurements. Also, since it explicitly sets pressure, temperature, and
composition, i.e., all intensive properties that fix the thermodynamic properties of a sin-
gle phase, this type of simulation is much less likely to lead to phase separation within
the simulation box than a canonical ensemble simulation, in which total volume is fixed,
but pressure can fluctuate.

The acceptance criterion of MC moves is dictated, as always, by the probability

density of the ensemble of interest:

exp [-B(V(r)+ P V)]

PN V) = ~
NPT

(10.42)

where r stands, as usual, for the 3N-dimensional vector of positions of the N molecules.
Fluctuations in both the system volume and the molecular coordinates must be intro-
duced to sample configuration space. A complication in using (r, V) as degrees of free-
dom is that the limits between which the components of r take on values depend on V.
To avoid this interdependence among the degrees of freedom, we introduce scaled coordi-

nates

s = (s1,82,...,8N) where

Bi= — (10.43)



with L = V1/3 the edge length of the simulation box. The scaled coordinates s are di-
mensionless. If the center of the primary box is put at the origin and is retained con-

stant while fluctuating V, the components s, @ = z,y, 2, i = 1(1)N all satisfy
~IJB L B S 1

The probability density in the transformed coordinate set, pNFT(s,V), is found by

equating the state probabilities in the original and transformed representations:

pNPT (s V) d*N s dV = PN (0 VYA 4V = pNPT (e, VL3N d*N s dV, or

PP ) = exp[—B(V(s; V) + P V)] N EXP [-B8(V(s;V)+ PV)+ N InV]
ZNPT ZNPT
(10.44)

The factor VV appearing in Eq. (10.44) is the Jacobian of transformation (ratio of ele-
mentary volumes in configuration space) between new and old coordinates. The ratio of

state probabilities used in the Metropolis selection criteria is

Pn _ exp[—B(Vn+ PV,)+ N InV,]

pm  exp[—BVm+PVyp) + NIlnV,]

N. YV,
% n " ¥Ym Vn = Vm =5 T e
exp[ ﬂ(v Vi + P( ) ﬂanm)]
N_ T
exp {—ﬂ (AV +PAV — rl In V_)} (10.45)
. N,V e .
The quantity AV + PAV — E In v replaces the AV used in the canonical algorithm.

The elementary moves attempted in the NPT MC algorithm are shown schemati-
cally in Figure 10.13. The molecule translation moves (change in s; under constant V)

are carried out exactly as in NVT MC. The volume fluctuation moves change V under
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constant s. They bring about a uniform dilation/contraction of the primary box and its
images under preservation of all scaled coordinates; the accompanying deformation of
the model system, which occurs under preservation of the scaled distances between in-
teraction sites, is sometimes referred to as affine. The acceptance probability obtained

from the general criterion, Eq. (10.45), for each of these types of moves is shown in Fig. 10.13

ACCEPTANCE PROBABILITY
e s Translation of
randomly selected Win ( i, exp (_BA‘))'))
P Wa) molecule
] !
e I
O. e

| .
: Vinew
'® J i mn(i,exp[-p(b‘)f-rPAV- .g.fn m)l
|

L A G —

g

Dilation [ contraction of box, undler preservation

of all scaled coordinates (affine transformation of atom centers)

Figure 10.13 Elementary moves employed in isothermal-isobaric MC simulation of a simple fluid,

and associated Metropolis selection criteria.

NPT MC changes the the density of the model system. “Tail” contributions to the
total potential energy [compare Eq. (10.11)] must therefore be recomputed at each step
and taken into account in the Metropolis selection rules.

In systems with exclusively pairwise additive L] interactions between sites, the calu-

lation of the energy change upon introducing a volume fluctuation can be accomplished
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very fast, based on a simple scaling argument. The potential energy in the original state
m can be written as
12 6
m_4eZZ( (m)) —4622( (m)) =VeP+V®  (10.46)
i j>i \Lm s i j>i \Lm3;;
Given that the scaled coordinates remain unchanged in a colume fluctuation move, the

potential energy in the new state n, V,,, is obtainable as

E 12 L 6
_pa2) (Lm ©) (Lm
V, = V(! ( Ln) + YL ( Ln) (10.47)

Clearly, this argument does not hold for molecular systems where bonded potentials are
used, or where bond lengths and/or bond angles are kept fixed, meaning that scaled in-
tramolecular distances are not preserved in a volume fluctuation move.

The relative frequency of translation (rotation, conformational change) and volume
(edgelength) fluctuation moves in an NPT MC simulation is set so that equilibration is
fastest. Volume fluctuations are typically much less frequent than moves changing the
molecular coordinates, so that the model system is given the chance to adjust itself to
the modified density. As a rule of thumb, Jorgensen suggests introducing 1 volume fluc-

tuation every 6N translations in a simple fluid simulation.

10.3.8 Grand canonical{pVT)Monte Carlo algorithm

The general principles of Metropolis Monte Carlo can be applied relatively straightfor-
wardly to simulate a fluid in the grand canonical ensemble. Such simulations are valu-

able in studying sorption equilibria and interfacial structure and thermodynamics. The
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first Grand Canonical Monte Carlo (GCMC) algorithm was proposed by Norman and
Filinov (1969).

In the case of GCMC, state space is comprised of both the number N of particles
present in the system and the coordinates r’V of these particles (compare Chapter 6).

The probability density to be sampled is

p,uVT(rN,N) o _l_exp(Nﬂ;,L)

V) = (10.48)

exp [-AV(r1,...,rN)]

[1]] =

Clearly, r™¥ and N are not independent, as the dimensionality of r"V depends on N. In
fact, the dimensions of the density function p#Y7(r"V; N) depend on N, which compli-
cates the consideration of density ratios in designing selection criteria for the algorithm.
To eliminate this problem, we introduce again scaled coordinates (s1,...,8N), where

Sq; = V13 Taiy 0 < 8qi < 1. The probability density in the transformed state space is

p,uVT(SN; N) o p,uVT(rN;N) VN e

exp [—ﬁ(V(sN;N)—N,u) —InN!-3N h1A+N1nV]

(™
e

(10.49)

p(s™;N) =
Note that p*V7T(s™; N) is dimensionless. Taking the ratio of p*VT(sV; N) at two differ-

ent states,
Pn exp[—ﬁ(vn—Nn,u)-lnNn!—3NnlnA-I—NnInV] g
Pm  €Xp [-B(Vm — Npyp) —InN,,' —3N,, InA + N, V]

N,!
exp | =B (Vo = V) + F 4 (No = Nin) —In 5 = 3(Np = Niw) ln A + (N — Npp) In V

(10.50)

In particular, if N,, — N,, =1 (creation of a molecule),

2n o exp[~B(Va = Vi) + B~ (N +1) = 3In A +1nV] =

m
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exp | —-B(Vn — Vm)+1n (Nile)] | (10.51)

1
where f = —ﬂ@—) is the fugacity. If N, — N,, = —1 (destruction of a molecule
B A :
L exp[~B(Vn —Vm) —Bu+InN, +3InA—InV] =
D
NTn
exp | =B (Vo — Vi) +In GFV (10.52)
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Figure 10.14 Types of moves used in Grand Canonical Monte Carlo and corresponding selection

criteria.

As used in practice, GCMC attempts three types of moves: Translation of a ran-
domly chosen molecule by a random vector; creation of a new molecule in a randomly
chosen position of the simulation box; and destruction of a randomly chosen molecule.
Creation and destruction moves are attempted with the same frequency, to ensure mi-

croscopic reversibility. Molecule displacement moves are conducted exactly as in NV T
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MC simulations, and are subject to the same selection criterion as in NVT MC [obtain-
able from Eq. (10.50) by setting N,, = N,,]. Attempts to create or destrdy a molecule
are assessed with criteria (10.51) and (10.52), respectively. The three types of moves are

shown schematically in Figure 10.14, along with the corresponding selection criteria.

Adams (1974) introduced a modification of the GCMC algorithm in which a quan-
tity B related to the excess chemical potential is used as input. The chemical potential

is separated into two parts:

. 1 N A3 A3
#:Mer+#td:“ez+_1n (_)J& :ﬂex+kBTln(N)pVT+kaln T
3 7 7
3
k3 TB+ksTln (AV) (10.53)

where B = [ p®*® + In (N) WVT In the Adams method, the simulation is performed under
constant B, V, and T. u®* can be recovered from the definition of B by accumulating

(N) during the run. Note that, from Eq. (10.53), B is immediately related to the fugac-

ity:

f = exljffy) " exp(li);\ [V i exl.';;B) (10.54)

Clearly, constancy of B and T implies constancy of p and T, and Adams’ BV T simu-
lation is a GCMC simulation. The selection criteria, Eqs. (10.51) and (10.52), can be

recast in terms of B as

i B
5:; = exp ~—ﬁ AV 41w ( Ne—l— . )J (molecule creation) (10.55)
Pn [ N .
— =exp [-fAY +1n B (molecule destruction) (10.56)
Pm L
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