6. THE GRAND CANONICAL ENSEMBLE

6.1 Probability Density in the Grand Canonical (V' T) Ensemble

The grand canonical ensemble provides a statistical microscopic description of an
open equilibrium system of given volume or spatial extent, capable of exchanging energy
and particles with its surroundings. This ensemble is particularly useful in the study of

sorption equilibria and surface thermodynamic properties of fluids.
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Figure 6.1 Derivation of the probability distribution of the grand canonical ensemble

To derive the probability density governing the distribution of microstates in the
grand canonical ensemble, consider a system X, of given volume V, that is capable of
exchanging energy and particles with a much larger system B, whose volume is also con-
stant. The composite system X' = Y + B will be assumed isolated. The total number

of particles Ngr = N + Npg, the total energy Exr = E + Eg, and the total volume
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Vs = V + Vg of the composite system X' are fixed; therefore, the probability distri-
bution of &' among the microstates accessible to it is governed by the microcanonical
ensemble. The number of particles and the energy of systems ¥ and B fluctuate. Speci-
fying the microstate of ¥ entails specifying both the number of particles it contains and
the quantum state in which this set of particles finds itself.

Consider that ¥ is in a particular microstate v, in which the number of particles is
N, and the energy E, (see Fig. 6.1). Since the microstate of X is fixed, the number of
microstates accessible to L’ equals the number of microstates of B that are compatible
with a number of particles Ny — N,,, a volume Vg, and an energy Ex: — E,. We symbol-
ize this number by Qg(Nx: — Ny, Vg, Ex — E,), or, for brevity, QéNE' —N,, Ex, — E,).

Since X' follows the microcanonical ensemble, all its microstates are equiprobable, each

1
Qs (Ngi, Vi, Exi)

occurring with probability . The probability of finding ¥ in the mi-
g

crostate v will therefore be

P Qp(Ng: — N,, Exy — E,)
Y Qy/(Nygr, Vyr, Exv)

= const QB(sz —N,, Ex — E,) (6.1)

Using the fact that B is much larger than ¥, we can approximate the right-hand side of

Eq. (6.1) as follows:

Pp = const QFFNE” ng) cTp [anB(NEf e N,,, Egr e E,,) —]DQB(NE:, Ez.v)] =

const' exp [—E,, (8;2,{28) - N, (3;HNQB) jl (6.2)
B / Np=Ng, Vs B / Bp=Ez:, Vg

Now, from the microcanonical ensemble formalism [Eq. (4.5)]:

(aanB) 1
9E5 )N, v, FkbTs
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with T the temperature of the bath. We also set

(311193) _L(BSB) = UB (63)
ONB )pyve kB\ONB/p, v, kBTs :

Eq. (6.3) can be viewed as a definition of the particle chemical potential in the bath B.

Note that this definition is consistent with what we know from macroscopic thermody-
namics: For a 1-component system, the fundamental equation of thermodynamics in the

internal energy representation gives

dU =T dS — PdV + pdn, hence (ﬁ) .
on)yv T

The reader is reminded that the chemical potential of statistical mechanics is absolute,
rather than relative, and is defined as a partial molecular, rather than as a molar prop-

erty. The quantities Ts and pp are characteristic of the “heat and mass” reservoir. Set-

11
kg Tg kT

and p = pp, we obtain

P*VT — const' exp[-BE, +BuN,], or

ezp[—B E, + P pN,]
2 V. 1)

Probability ~P*V7T = (6.4)

where E(u, V,T) =) ezp[-BE, +Bu N,] (6.5)

The normalizing factor = is the grand partition function. Note that the summation
in Eq. (6.5) is taking place over all numbers of particles N, and over all qguantum mi-
crostates accessible to the system for each N,.

In a classical formulation, a microstate in the grand canonical ensemble is specified

through the number of particles N and the generalized coordinates and momenta q”,
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p" of all particles. The superscript N is used here to emphasize that the dimensionality
of the q and p vectors depends on the value of N. The probability distribution is dis-

crete in N and continuous in g, p". The probability density is given by

1 1

wVT ar. N Ny _ ay N _N o
PN G PT) = 5T N exp [-AHN(T", PT) + 6 uN] =
1 1 N N _N
where the grand partition function is
- =~ 1
B N Ty= Y, e d*Ng d*Np exp [-BHN(aV,pY) +BuN] =
N—Dh N!

all phase space
accessible to
N particles

D BN / d*Nq &*p ezp [-AHN(Q",PY)] =
N=0 )

all phase space
accessible to
N particles

[o 0]

S N QN, V, T) (6.7)

N=0

with z the activity, defined as

z = exp(B p) (6.8)

Observe that Eq. (6.8) is consistent with the macroscopic thermodynamic definition of
activity,

p=yu'=RT Inz

the only differences being that u here is expressed per molecule and that the reference

state chemical potential is zero, since an absolute scale of chemical potentials is used.
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6.2. Connection with Thermodynamics

The quantity Q(u, V,T) = —kp T InE(, V, T) is called grand potential. In a homo-
geneous system, the connection between the grand potential and macroscopic thermody-
namics is

—PV =Q(u,V,T) = -kpT InE(g, V,T) (6.9)
Note that this connection is consistent with what we know from macroscopic thermody-
namics. Invoking the maximum term approximation for the relation between grand and

canonical partition functions, Eq. (6.7), we are led to
—kpT InE(p,V,T) = —kpT (N)Inz— kg T InQ((N),VT)=
—(N) uy+ A=-G+A=—-PV

The average number of particles we expect to find in the system under given chemical

potential, volume, and temperature is determined as

(NM)yyr=)_ N /daNq d*Np p*VT(N; gV, p") =
N=0

S NNQWV,V,T) S N2NOW, VT
N=0 =, N=0 -
E(p, VT) D zNQ(N, VT
N=0
z("”“) =kBT(31“) (6.10)
0z V,T O T,V

Eliminating y between Eqs. (6.9) and (6.10) leads to an equation of state for the sys-
tem.

The Gibbs energy is found as

dlnE
G =(N) u=(N) kBTlnz_kBT(alM)TV (6.11)
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and the Helmholtz energy as

dng
=G—-PV=(N)u—kpTlnE=kgT  p— —InE w12
A=¢ (N) =k 5 [(aw) J (612)

The grand canonical formulation is readily extended to multicomponent systems. For

a system of n components under the macroscopic cc(u;’s"trajnts of fixed total volume V,
fixed temperature T', and fixed chemical potentials 1, gy ..., u, of all species, the prob-
ability density is

gHiE= eV (Nh Nay v voy Ngg qN,PN) =

1 e—BHN Ny N (@Y, PY)+B(p1 N1+ 12 No4- 4 1 Ny )
(B1y B2y oy piny V, T) h3N NI N,!...N,!

(6.13)

(1]

where N = N; + Ny +.-- + N, and

E(.u‘la “2:-"”“'719VT) Z Z z B3N N]'Nz ...Nn!x

Nl_O NQ—U ﬂ=0

/ &g d*Npep [~BHNN,.. v, (@, DY) + BNy + - + 5 N,)]

6.3 Density Fluctuations in the Grand Canonical Ensemble

The grand canonical ensemble offers itself for studying density or concentration fluc-
tuations in a system of given temperature and spatial extent, capable of exchanging par-
ticles with an environment in which the chemical potentials of all species are specified.

Of particular interest is how the magnitude of density fluctuations scales with the size of
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the system. To quantify density fluctuations, we introduce the variance in the number of

particles:
3 (6.14)

((6N)?) = (N = (N))?) = (W) — (N)

where all angular brackets denote averages under constant g, V,and T. From Eq. (6.10)

we obtain
(N) = kp T (ﬂ“ﬁ) (6.15)
o Jrv
hence
EAMEL- S A 1T
op Jrv B\ O Jrv BOw|E\O/1v],,
1 JFE 108 ’
A L e B 6.16
# [ﬁz.‘; (Bﬂ»z)ﬂ,v {ﬁ:n( #)ﬁ,v}jl ( )

Now, from Eq. (6.7),
S N erp(Npw QU V)

5°E
e " 0
(31“2 ) BV E(p, V,T)

[~

Y N fdqudSNpP"VT(N; q",p™) = (N?) (6.17)
N=0
Using Egs. (5.15) and (6.17) in (6.16), we obtain
(6.18)

(B—(N—))T!V = p[(?) - (Y]

ou

The left-hand side of Eq. (6.18) is easily calculated from macroscopic thermodynamics:

(3 (N)) B N2, _ Nive _
o )y 8(s N.avo) (—s BTal— v ap)
e
Navo TV
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or (6_“_")-) L (6.19)

v \ OP
material. Combining Eqs. (6.18) and (6.19) we obtain

1/8
where v the molar volume and k7 = —— (——3) the isothermal compressibility of the
T

(6N)?)=kpT (I:Tf) KT, OT

(GNP _(RT NP1
= (5 ) ) e

Eq. (6.20) is one form of the compressibility equation. The fluctuation in the molecular

(ST

N
density p = <7) can be expressed on the basis of Eq. (6.20) as
ke T \?
- p( ‘?f rcT) (6.21)

A number of interesting conclusions can be derived from Eqs. (6.20) and (6.21). First,

=

((60)%)

the isothermal compressibility must be a nonnegative quantity for a thermodynamically
1

(@x?)”

(N)

times the inverse square root of the number of particles in the system. In the thermo-

stable system. Second, the ratio equals an intensive thermodynamic quantity
dynamic limit, this ratio goes to zero. In other words, the distribution of particle num-
bers becomes extremely peaked at (N). This explains why the grand canonical ensem-
ble formalism yields the same results for the system thermodynamics as the canonical
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ensemble. Third, fluctuations in density in a one-component system become very large
when the isothermal compressibility tends to infinity. The condition k7 — o0 is real-
ized at the critical point of a pure substance. Near the critical point, therefore, density
fluctuations become unbounded. Inasmuch density fluctuations cause index of refraction
fluctuations within a material, we expect that light will be scattered strongly by pure
fluids in the vicinity of their critical point. This is actually observed, and constitutes the

phenomenon of critical opalescence.

6.4 An Application of the Grand Canonical Ensemble:

Derivation of the BET Isotherm for Multilayer Adsorption

The formalism of the grand canonical ensemble is particularly convenient for pre-
dicting sorption isotherms from molecular-level information. Sorption involves an equi-
librium between a solid (sorbent + sorbate) phase and a fluid phase. The fluid chemical
potential in the solid phase equals that in the fluid phase. In many cases, the spatial
extent and configuration of the sorbent (e.g. a microporous solid or a face of a metal
crystallite) is not significantly affected by the presence of fluid molecules; s.e., the sor-
bent can be viewed merely as a source of an external potential energy field on the fluid
molecules. Under these conditions, the sorbed phase constitutes a system at fixed tem-
perature, volume, and chemical potential, and can be treated naturally by the grand
canonical ensemble. Even in cases where the sorbent responds to the presence of sor-

bate (e.g., swelling of glassy polymer matrices, reconstruction of solid surfaces) one can

139



extend the ideas discussed here and formulate ensembles for the realistic treatment of
sorption equilibria.

As a simple example of the application of the grand canonical ensemble to the pre-
diction of sorption equilibria we consider the prediction of the BET isotherm for multi-
layer adsorption on a solid surface [Brunauer, Emmett, and Teller 1938]. Our derivation
follows Hill’s approach [Hill 1946, 1956].

The BET isotherm treats the phenomenon of physisorption of a gas on a solid sur-
face, wherein the fluid can form multiple molecular layers on the surface. It provides a
functional relation between the amount sorbed and the ambient gas pressure at given

temperature. This relation is of the form

o0 : (P%) (F <Py (6.22)

where
¢ : adsorbed amount per unit mass of sorbent, mol/g.
¢m : adsorbed amount that would correspond to full cﬁverage of the surface by a mono-
layer, mol/g.
P: gas phase pressure.
P;: vapor préssure of saturated liquid sorbate at the prevailing temperature.
The BET isotherm is very useful in determining the specific surface areas of porous
solids. For the surface area determination, one typically performs a series of measure-

ments of the sorbed amount c of a nonpolar gas (N2, Ar) at cryogenic temperature over
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P
a range of reduced pressures 0.05 < —- < 0.35. The experimental results are plotted as

P,
P_P) (Pli P,) vs. % In these coordinates, the BET Eq. (6.22) gives a straight line:

c(PaP— Py~ - [(b‘ Y (2) + 1} (6.23)

The quantities ¢, and b are obtained from the slope and intercept of the plot.
Knowing the area occupied by a molecule on the surface, one can readily translate c,y,
(mol sorbate/g sorbent) into a specific surface area (cm? of internal or external sur-
face/g sorbent). Absolute specific surface areas can be determined to within 20% by this
method.

To derive the BET isotherm, we will use the following microscopic model and ap-

proximations (see Fig. 6.2).

GAS (u,T)
n
Sorbate Y A 1w I O o
Sl HE b E B e T
- 5
(o Q 4
QO QQ 3
QOO0 O | 2
P Sooee ® | layer
L I}

SOLID (B Sites)

Figure 6.2 Microscopic model used for the derivation of the BET isotherm. Fluid
molecules adsorbed directly on the solid surface are shown as black spheres,
molecules adsorbed on other molecules as white spheres. The maximum num-

ber of layers that can form is n.
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. The surface consists of a regular two-dimensional array of identical sorption sites.

. The gas molecules occupy sites in a three-dimensional lattice extending above the
solid surface. Gas molecules can a.dsorb-directly on the surface to form the first
layer. Gé.s molecules can also adsorb on top of already adsorbed gas molecules,
thereby forming layers 2,3,...,n. We will assume that up to n layers of adsorbed
molecules can form on the surface.

. Within layer 1 there is no lateral interaction between sorbed molecules, apart from
the requirement that no two molecules can occupy the same sorption site. In the
statistical mechanical formulation, all molecules in the first layer will be modelled as
independent entities, each characterized by its own partition function ¢;.

. Molecules in layers 2,3,...,n form a phase that is similar to a saturated liquid at
temperature T. A site in the sorbed phase lattice can be occupied by at most one
molecule. Molecules in layers 2,3,...,n are also modelled as independent entities,
each with its own partition function gr. The quantity g is the same for all lay-

ers 2,3,...,n. qr contains contributions from translational motion within a site of
the upper layers, as well as from rotational and vibrational motion, if the molecules
have internal structure. In addition, gr, absorbs, in a mean field sense, the effects of
intermolecular interactions in the sorbate phase.

. The pressure in the gas phase is sufficiently low that the gas can be treated as ideal.
If the sorbate molecules have internal structure, we will denote their internal parti-

int

tion function by ¢i*'. [compare Eq. (4.37)].
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Some clarification of what goes into the partition function ¢; of molecules in the
first sorbed layer is in order. For molecules with internal structure, g; will contain con-
tributions from internal vibrational motion of bonds and bond angles, as well as from
torsional and overall rotational motion while the molecule is attached to a sorption site;
in other words, ¢; will contain contributions from the same degrees of freedom that go
into ¢i*'. Note, however, that the values of these “internal” contributions from vibra-
tion, torsion, and rotation, may be quite different in the sorbed state than they are in
the free gas state, as internal motions are strongly influenced by the field that keeps
the molecule sorbed at a site. In addition to the contribution of internal motions in the
sorbed state, factors that shape g; are (i) the potential energy of adsorptive interactions
between a molecule and the solid substrate; (i) the vibrational motion of the molecule’s

center of mass about its equilibrium position in the sorption site. Note that this center-

of-mass vibration replaces the uninhibited translational motion that the molecule is ca-

vibrations
o of molecular center r

1// about its equilibrium
Posi%ion

/
/4/

E'qui“b rium PosiHon

pable of executing in the gas phase.

of center of sorbed molecule

!0 = (Ko‘ Ye, %°)

A minimum of V5 (r)
Figure 6.2 Schematic of a single molecule localized at a sorption site on the solid surface,
for the explanation of the partition function g¢;.
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To clarify factors (i) and (77) mentioned in the last paragraph, consider a spherical
(structureless) molecule sorbed at a site on the solid surface (Fig. 6.3). In the gas phase,
the internal partition function of this molecule is ¢i* = 1 (compare section 4.6). In the
sorbed state, the molecule spends most of its time localized at a site under the influence
of a potential V,(r), exerted on it by the solid.

The equilibrium position ro = (zo, Yo, 20) of the molecule center of mass above the
surface corresponds to a minimum of V,. Excursions away from ry undertaken by the
center of mass in the course of its vibrational motion within the site are expected to be
small. For the purpose of analyzing this motion, therefore, it is sufficient to approximate
V4(r) by its Taylor expansion around ro truncated at the second order terms (harmonic

approzimation):

1 (32123) , 1 /8%, 5
5 (i =)+ (z — 20)
2\ 9 )s, 2\ 022/
where it is assumed that the unit vectors Z, ¢, Z along the three coordinate axes are

8%V ;
eigenvectors of the Hessian matrix of second derivatives ( 35 T) . Setting V,(rp) =
r or
ro

. av, 4 . . 1
Vs,0, and realizing that ( 3 s) = 0 since V, has a minimum at r¢, we can write
r
Lo

1 [8%V, ,  1(8%, 2 18V, 2
1un_vw+§(aﬁ)muwm)+§(aw)NW—m)+5(3ﬂ)m@—m)

The Hamiltonian of the sorbed molecule consists of the attractive potential energy

Vso0 < 0, characteristic of the bottom of the sorption potential well, plus three inde-
pendent harmonic oscillator Hamiltonians with angular frequencies

_[18V,)\? C[(18,)\? _(18,)*
Yz =\ oz 1‘0, “v = m Oy? l'e, Y= =\ 822

ro

144



A quantum statistical mechanica] analysis of a harmonic oscillator of frequency w leads

to the canonical partition function cxpl=fhw/2) [McQuarrie 1976, p.96]. Conse-
1 — ezp(—phw)

quently, the partition function of the sorbed molecule will be

_ B ezp(—ﬂhwx/.?) e:cp(—ﬁhwy/2) ezp(—LFhw, /2)
2 = exp(=BVay) 1—ezp(—fhw,) 1— exp(—fhw,) 1 — ezp(—fhw.,)

ks T

(6.24)

If the vibrational frequencies Wz,Wy,w, are low compared to , then ¢; assumes its

classical form

kg T\?® 1
91 = exp(—BV,,) (‘;—) —_—

Wy Wy w,
The above discussion gives us an idea of what shapes the internal partition function ¢;.
We now return to the problem of predicting the adsorption isotherm based on the
simple model of multilayer adsorption we introduced above. Consider the sorbate phase
in equilibrium with the gas phase at temperature 7' and chemical potential u. The
chemical potential of the sorbed species is the same in the gas and sorbate phases. By
the ideal gas assumption 9, it is related to the gas-phase pressure P and the temperature

T by Eq. (4.45):

pe A3 P A® )
= T . =k e .45
uw=kp 111( oz ) BTln(kBTq‘C?t (4.45)

We focus on a macroscopic patch of surface containing B sites and pick the sorbate
above this patch as our system. This is a one- component system of given spatial extent
(B surface sites x n lattice layers), temperature T , and chemical potential yu. There-
fore, the distribution of its microstates is governed by the grand canonical ensemble. We

proceed to formulate the grand partition function E(p, B,n,T) for this system.
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Let N1, Nz ..., Ny, be the number of molecules in the 1*, 27 .. pth layer of the
sorbate phase lattice. These numbers fluctuate from configuration to configuration in
such a way as to maintain a fixed chemical potential. For all physically acceptable con-

figurations, the following inequalities hold:

This is because a molecule in layer i of the sorbate phase necessarily sits on top of an
uninterrupted column of molecules in layers 1,2,...,i — 1 (compare Fig.6.2). A given set

of layer occupancies, {Ny, N,,...,N,} can be realized in

B! Ny! Nn_y!
(B — N)INi! (Ny — No)'N! " (Np_y — N,)IIV,!

B!
ways. This is because there are (B~ NII,! ways of arranging N first-layer molecules

Ny!
(Ny — N,)! V!

molecules on top of N; first layer molecules, etc. In the grand partition function, each

on B sorption sites; there are ways of arranging N, second-layer

one such configuration will carry a weight

qi\’l quz+N3+---+Nn exp [(Nl +No+4+Ns+---+ -Nn) ﬁﬂ]

as each molecule in the first layer is independently contributing a partition function Q1
(assumption 3 above), each molecule in the subsequent layers is independently contribut-
ing a partition function g, (assumption 4 above), and the chemical potential is every-
where pu. The grand partition function becomes [compare Egs. (6.5), (6.7)]:
B N N,
S BmT = 3 3 3
N1=0 N2=U N3=0
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N"Z‘l { B! Ny! N,! N,_;! &
N,=

(B — N1)!Ny! (Ny — N3)!Ny! (Ny — Ns)!Ns!  (Np—3 — N,,)!N,,!

o g N cap (N + Ny -+ No) B} (6.25)

For the analytical expression of E(u,B,n,T) it is convenient to introduce the following

notation:

gr ezp(Bp) =2 , — =) (6.26)

Eq. (6.25) becomes

N"z“ B! N,! No_s §
N B-N)N! ;- Vo) N (Narq = Na)I N

(Az)N gNet-+Na ) (6.27)

We focus on the innermost summation over N, first. Invoking the binomial theorem, we

obtain
Ny Nooy N
N, _ n—1 N, _ Nooy
¥ e 5 () oo
Nn:O
Next we perform the summation over N,_;. Again by the binomial theorem, this gives
.5
Nn—Z! N N
Z gt (14 )t =
= 1 1
Nn_1=0 (Nn-'z Nn—1).Nn_1_
No_s
Np_,! i)
z(l4+z)) "=
NEZO Ty A A LG

L+z@+a)M?=[1+z+22]"""
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The sums over N,,_3, N, _3,... are performed in the same way. In each case the result

collapses into a power of a polynomial of z, by virtue of the binomial theorem. The sum

over N, gives

Ny

Ny! : B
Z (Nl_Nz)!NzlzN2(1+$+2‘,2+-.-+$n 2)N2:(1+.'B+2:2+...+$ 1)N1
No=0

Finally, the outermost summation over N; yields

B
_ B! e
Bl B.x5,T) = E (B—NI)'Nl'()\x)NI (1+2:+a:2+---+:c 1.) =
N;=0 ) i

[1+Az: (1+x+x2+---+m"_1)]3 or

n B
E(,(L,B,R,T)Z |}+A$ (11—3 )]

= (6.28)

The grand partition function has been determined in closed form. From Eqs. (6.25) and

(6.26), the average number of adsorbed molecules at equilibrium can be found as

dlnE
(N)E(N1+N2+---+Nn):kBT( = )

1 Oln= (3]113) 5
- =z —— .o,
g1 (3_“’) 9 /par
B\ =z BT

N =1 n4+1 _ 1 n 1
(NY =2 B [1+Az (1 E )] aZEE S Sng Vmd

l1—=2 (1—z)? , Or
(N) Az [1-(n+1)z" +nz"t]
B (1-z)(1-z+Az-Az"t) (6-29)

Eq. (6.29) is in fact an adsorption isotherm. By definition, we can identify

(N) _ «

o (6.30)
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As regards the quantity = appearing in Eq. (6.29), in order to give it a more tangible
physical interpretation we think as follows: The average number of sorbate molecules in
layer 1, N;, can be found by differentiation of the grand partition function. From Eq.

(6.27) it is clear that

o= =
=3z (%) = (%)
= J:,Byﬂ z,B}V!

Substituting for = the closed-form expression (6.28), we obtain

(NVy) _ Az(1—2z")
B  1—z4 Xz— Azntl (6.31)

Combining Egs. (6.29) and (6.31),

(N)  1—(n+1)z" +ngnt
(M)~ (1-2)(1 -2")

Consider, now, the sorbate phase as the gas-phase pressure tends towards the saturation

pressure P,. In this limit all layers will be filled with saturated liquid, and therefore

As P> P, <i:n, of 1-(n+1)z" +ne™ =n(l -z — 2" 4 2"H1) | o

(N1)

l-z"=n(l-2), or (1-2) [1+3+---+m"—1—n] =

The only real solution to the above equation is £ = 1. Therefore, we conclude that

AsP—> P, z—1 (6.32)
Eqs. (6.26) and (4.45) give
PA3
= . 6.33
T =qL e Tqé;'“ ( )



Taking the limit (6.32), we obtain from Eq. (6.33)

P.A3 kp T girt

8
1=gqu—r T’ or qr = (6.34)

Eq. (6.34) attributes a concrete molecular meaning to the partition function gz, which
we introduced in a rather ad hoc fashion for the description of the state of molecules in

layers 2,3,...,n. Combining Eqs. (6.33) and (6.44), we obtain

<1 (6.35)

Sl

The parameter z, therefore, is none clse than the reduced pressure P/P,. In view of Egs.

(6.30) and (6.35), Eq. (6.29) can be recast in the form

n n+1
A (B 1t (£) +n (5
P, P, By P, A®
— = NI N <o buail
Cm 1._£ 1—£+)\£——)\ P i kp T q&"
P, T ] P,

(BET isotherm for sorption limited to n layers).

(6.36)

Letting the number of layers n go to infinity, we obtain from Eq. (6.36) the simpler

equation
b(ﬁ)
C Ps . ql.PsA.s
— = i b= A= 6.22
= T B e e ol B e i Y
PB PS P8

which is the BET equation stated at the beginning of this section. Note that the statis-
tical mechanical analysis has clearly pointed out the microscopic model and approxima-
tions on which the BET equation is based and has provided us with a molecular inter-
pretation of the coefficient b. [compare Egs. (6.22), (6.24)]. The coefficient b is a func-
tion of temperature. For a structureless (spherical) sorbate, b is shaped by the depth

150



and curvature of the potential energy well experienced by the molecule at the sorption
site. If the sorbate has rotational, torsional, and vibrational degrees of freedom, pertur-
bations in these degrees of freedom upon sorption also affect b.

If we restrict the sorption to a monomolecular layer (n = 1), the general equation

(6.36) reduces to

b (P)
3
i ——-—P" with b= @ b A

Cm P kBTq'-"'t
1+b (= .
c KP ; q A3
—_— t = — 6.37
on IxkP T K= T 0:87)

which is the Langmuir isotherm for monolayer adsorption. Note that, in the limit of low
pressures, isotherms (6.22), (6.36), and (6.37) reduce to a linear relationship between —
Cm

and P, with proportionality constant K = b/P,. The coefficient K (low-occupancy slope

of the isotherm) is known as the Henry’s law constant for sorption.
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