5. MEAN FIELD APPROXIMATIONS
IN STATISTICAL MECHANICS

5.1 Introduction

The perfectly general formalism of the equilibrium ensembles provides a link be-
tween molecular-level information and thermodynamic properties. In practice, how-
ever, an exact analytical solution of this formalism is impossible for all but the simplest
Hamiltonians (e.g., the ideal gas Hamiltonian examined in Section 4.7). A major source
of difficulty in deriving analytical solutions to the ensemble formalism stems from the
need to sum or integrate over a very large number of microstates or configurations in
calculating partition functions or configurational integrals [compare Eqs. (4.16), (4.38)].
Approzimations are absolutely necessary to arrive at closed-form solutions for micro-
scopic models that are realistic enough to be useful for addressing the properties of ma-
terials.

Mean field approzimations neglect correlations between different parts of a material
system at some level, and thus obviate the need to consider a multitude of configurations
in deriving the system thermodynamics. The closed- form solutions obtained on the ba-
sis of such approximations may be satisfactory over relatively wide ranges of conditions.
Clearly, however, mean field approximations are bound to break down when fluctuations
in properties as the system changes configuration become large relative to the average

values of these properties and thus dominate the system thermodynamics. As suggested

104



by our analysis of energy fluctuations in the canonical ensemble (section 4.5.2), fluctua-
tions become large when the system is near its limit of stability with respect to a phase
transition; under such conditions, the performance of mean field theories is expected to
be poor.

In constructing a mean field approximation one may follow one of several strategies.
A common strategy is to define a variable, or order parameter, that provides a collective
description of configuration. Examples of such variables are the magnetization in the
study of the Curie point transition of ferromagnetic systems; the density difference be-
tween two phases in the study of phase equilibria of isotropic single component systems;
and the concentration difference between two phases in the study of phase splitting in
two-component systems. An expression is written for the Helmholtz or Gibbs energy
in terms of the order parameter, and this expression is minimized to impose the condi-
tion of thermodynamic equilibrium (Landau theory of phase transitions [Lifshitz and
Pitaevskii 1980]) As the system goes through a phase transition, the order parameter
changes from zero to nonzero values (symmetry breaking). An alternative strategy starts
by approximating a system of interacting particles by an “equivalent” system of nonin-
teracting particles subject to an external field. The effects of other particles on a given
particle enter? through this field, which depends on the order parameter. For example,
a spin in the Ising model of a ferromagnet is envisioned as immersed in a field generated
by the mean magnetization of surrounding spins, with which it interacts. The thermody-
namics of the system is derived by imposing the condition that this “mean field” be self

consistent, i.e., that the response (contribution to the order parameter) it elicits from a
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particle be consistent with the magnitude of the order parameter that shapes its value.
In the Ising model, for example, self-consistency demands that the average magnetic
moment of a spin immersed in the mean magnetic field generated by surrounding spins
must equal the magnetization that collectively represents the state of the surrounding
spins.

Mean field approximations have played an important role in the development of the-
ories for phase transitions and critical phenomena. The modern theory of the renormal-
ization group [Wilson and Kogut 1974] provides a more robust and reliable framework
for treating these phenomena. In this respect, and from a physicist’s point of view, mean
field theory has been superseded. Nevertheless, when used Judiciously, mean field ap-
proaches can still be quite helpful in attacking complex problems of engineering interest
in a tractable way. As already mentioned, a serious fault of mean field theories is their
neglect of spatial fluctuations of the order parameter that may be correlated over large
distances. The importance of this omission depends on the spatial dimensionality of the
system under investigation. In systems of low dimensionality (1-d, 2-d) mean field pre-
dictions for phase behavior are frequently qualitatively wrong.

One should be aware that the term “mean field” is used rather loosely to designate
a spectrum of approaches, ranging from quite crude to very sophisticated. This is not
surprising; correlations in a system can be neglected at several levels. It is perhaps best
not to use the term “mean field” at all, but rather refer to the particular approximation

employed by name (e.g., Bragg-Williams approximation of random mixing in lattice fluid
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models; Guggenheim quasichemical approximation for the estimation of local composi-
tion in fluid mixtures; Flory approximation for the estimation of the configurational en-
tropy of polymer chain systems; Debye-Hiickel approximation for the distribution of the
atmosphere of counterions around a central ion, ete.)

In this discussion we will present two simple examples of mean field approaches.
The first concerns the application of the Bragg- Williams approximation on a lattice to
derive a simple regular solution model for binary alloys or liquid mixtures; the Guggen-
heim quasichemical approximation will also be briefly discussed as providing a higher
degree of refinement for the same problem. The second example concerns the derivation

of the van der Waals equation of state.

5.2 Simple Model of Binary Mixture Thermodynamics:

Bragg-Williams and Quasichemical Approximations

5.2.1 Lattice Model of an Incompressible Binary Mixture

Simple lattice models are useful for describing the mixing thermodynarnics of metals
forming substitutional solid solutions. The same types of models provide a conceptual
framework for studying the mixing properties of liquids, although, of course, a lattice
picture is much less justified in the liquid state. Lattices are convenient because they

allow easy enumeration of configurations. Insofar as momentum contributions to the
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partition function remain the same in the pure and the mixed states, the statistical me-
chanical analysis can be conducted entirely in configuration space. Thus, in this section
we will make no distinction between “partition function” and “configurational sum” or
integral.

Consider a lattice containing a total of N sites. Each site can accommodate one
A or one B molecule. Multiple occupancy of a site by molecules is prohibited by short-
range repulsive interactions. The lattice, whose coordination number will be denoted by
z, 1s assumed fully occupied. Molecules occupying adjacent sites in the lattice interact
through short- range attractive forces, but there are no interactions over larger distances.
The characteristic energies of nearest-neighbor attractive interactions per pair of inter-

acting molecules are w44, wpp, and w AB; all three are negative quantities (see Fig.5.1).

N = Na+ Ng sites
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Figure 5.1 Schematic representation of simple lattice model of a binary mixture.

The numbers of A and B molecules in the lattice are denoted by N4, Ng, respec-

tively. By the full occupancy requirement, one has

Ngs+Ng=N (5.1)
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The mole fractions z4 = N4/N and zp = Ng /N are intensive descriptors of composi-
tion.

The objective of this analysis will be to derive the thermodynamics of mixing of A
and B on the basis of this simple lattice model. From macroscopic thermodynamics we
know that the excess molar Gibbs energy function g% = 9Z(T,z4) is all we need for
this purpose. If we know ¢F, we. can extract activity coefficients for the two components,
formulate phase equilibrium problems, and construct the phase diagram of the binary
system. Note that the lattice model we employ here allows no volume change upon mix-

ing: AVpiz = VE = 0. As a consequence, the mixing thermodynamics will be pressure-
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In this analysis we choose to study the lattice model under constant N 4,Np, and
T. By Eq. (5.1), the total number of lattice sites is fixed. We thus have a system of
fixed temperature, spatial extent, and numbers of molecules of all species involved; in
other words, our analysis is conducted in the canonical ensemble.

Consider the lattice model in a given configuration (distribution of A and B
molecules among the sites). Let N4, Ng B, and N4p be the total numbers of nearest-
neighbor AA, BB, and AB pairs in this configuration. These numbers are related to one
another and to the numbers of sites N4 and Ng through simple counting relations. To
appreciate this, consider that every A site in the lattice is connected by a bond to all its
nearest-neighbor sites (Figure 5.2). The total number of bonds drawn in this way will

be 2 N4. When the connection exercise is completed, each nearest-neighbor AA pair will
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carry two bonds; each nearest-neighbor AB pair will carry one bond; and no nearest-

neighbor BB pair will carry a bond. Consequently,

2Ng=2Nyg4+ Nup (5.3a)
and, by repeating the exercise around B molecules,

2Np =2Npp+ Nup (5.3b)
In view of Eqgs. (5.3), N44 and Ngp can be expressed as functions of N4, Ng, and

N4g.

—g

Figure 5.2 For the derivation of counting relations involving the numbers of nearest neigh-

bor AA, BB, and AB pairs

Using Eqs. (5.3), we can express the potential energy of the considered configura-
tion as
E=Nsswas+ Nppwpp + Napwap =

ZNA ZNB
5 w44 + 5

i | 1
wpp + Nap (wAB —QWAd— E'UJBB) =
1
EA—f-EB—i-;NAB’w (5.4)
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ZNA

where £, = w44 is the total potential energy of a pure 4 system consisting of N4
molecules, and similarly for pure B. (The division by 2 is needed to avoid doublecount-

ing of ineractions in the pure component lattices). The quantity

Y

is called iﬁterchange energy. The physical meaning of this quantity can be explained by
considering the simple process of Fig. 5.3. On the left hand side of the figure are a pure
lattice of A molecules and a pure lattice of B molecules. One molecule is taken from
each lattice and placed within the other lattice. The total potential energy change per

ezchanged atom associated with this process is

22WAB — 2WA4 — ZWRE
5 =

When w < 0, interactions between unlike molecules are more favorable than interac-
tions between like molecules, and negative deviations from ideal solution behavior are
expected. When w > 0, interactions between unlike molecules are less favorable than
those between like molecules, and positive deviations from ideal solution behavior are
"eJ-t‘I\)‘éc,ted.

When attractive interactions are due to London dispersion forces, an interesting

relationship can be established between the interchange energy w and the cohesive en-

\

&y,
ergy densities if pure A and pure B. For London dispersion forces, the Lorentz-Berthelot

rule is often used to relate the characteristic interaction energies between like and unlike
molecules:
5 .
lwas| ~ (lwaal lwps()*
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Using the symbol v* for the volume of a lattice site, and substituting the Lorentz-

Berthelot rule into the definition of the interchange energy, we obtain

(1
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w=v*(64 — 8p)*

=

172
[ o
Vs ’

- (g tons)] -

where |Ep| /V7 is the cohesive energy density of pure species I, and &y is its Hildebrand

solubility parameter.
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Figure 5.3 For the explanation of the interchange energy w

In view of Eq. (5.4), the canonical partition function of the mixed system is

Q(NAaNBuT) = Z exp("‘“ﬂEconfig) =

all configs

N
Z 9(N4,Np, N4p) ezp {—ﬁ (EA + Ep + __;113 w)]
Nap
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where g(N4, N, Nap) stands for the number of system configurations containing ex-
actly N4p nearest-neighbor pairs of unlike molecules. In the sum on the right-hand side
of Eq. (5.5), configurations are grouped by the number of nearest-neighbor pairs of un-
like molecules they contain. This is useful because configurations with the same N4p are

isoenergetic, and therefore have the same Boltzmann factor.

5.2.2 Bragg-Williams Approximation

Eq. (5.5) for the partition function of the mixture is exact. If 9(N4,Np,N4p) were
known explicitly as a function of Np, performing the summation over all configura-
tions in Eq. (5.5) would yield the system thermodynamics. An analytical expression for
9(Na,Np,N4g) is not available, however. Our goal is to introduce a mean-field approxi-

mation and thus obviate the need to consider all possible configurations in Eq. (5.5).

Mean Field Approzimation At equilibrium, far from the limit of stability of the consid-
ered mixed phase, we expect that N g will be strongly peaked around its average value,
(Nap). We choose to substitute N4p by this average value in all Boltzmann factors ap-
pearing in Eq. (5.5):
{(NaB)
QmF(Na,Np,T) = ezp |3 EA-J-EB-F—;-—%U ZQ(NA,NB,NAB) (5.6)
Nasp

Note that this approximation involves throwing away fluctuations in N4g. Now,

> g(N4yNg,Ny B) is the total number of lattice configurations of N4 A-molecules and

Nap
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Np B-molecules on Ny + Ng = N lattice sites:

NI

Z g(NA,NB,NAB) = NA!NB'

Nap

(5.7)

Note that molecules of the same type have been treated as indistinguishable in writing

Eq. (5.7). Combining Egs. (5.6) and (5.7),

Quar(Na, No, T) = 74— cop [—ﬁ (EA +Bp+ (—J\Z“flw)] (5.8)

To complete the formulation, we need an expression for (N4p). To this end, we intro-

duce the following simplification:

Bragg- Williams approzimation of random mizing. “There is no short-range order apart

from that which follows from long-range order:”'.z.% peferi |

(Na) =Njp=Nyz (%) (5.9)

In Eq. (5.9), N%p denotes the number of unlike nearest neighbor pairs in a “random
mixture”, in which A4, BB, and AB interactions are identical (w = 0). In such a mix-
ture, one expects that the local composition around a given molecule will be no differ-
ent than the overall composition. If we focus our attention on the environment of an A
molecule, the fraction of its nearest-neighbor sites occupied by B molecules will equal
the mole fraction of B molecules in the lattice, Ng /N. Thus, N% g equals the num-
ber of A molecules times the lattice coordination number times the mole fraction of B
molecules. Equating the quantity (N4 B) (descriptive of the local cdﬁposition or “short-

range order” of the system) with Nip (which is dictated by the overall composition or
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“long-range order”) is the essence of the Bragg-Williams approximation. In reality, the
disparities among interactions between similar and dissimilar molecules will cause the lo-
cal composition to deviate from that of the random mixture. In particular, one expects
that (N4p) > N}z when w < 0 and (NaB) < N%g when w > 0. Introduction of the

Bragg-Williams approximation in Eq. (5.8) leads to

N!
~ N4!Npg!

QMF(NA}NB:T)

exp [—ﬁ (EA + Ep + NANNB w)] (5.10)

The partition function has now been expressed entirely in terms of known quantities,
and we are ready to extract the thermodynamics of the mixture in the mean field ap-

proximation. By equation (4.18), and invoking Stirling’s approximation,
1
A(N4,Np,T) = ~3 In Qaprr(Na,Npg,T) =

Na Ng

The Helmholtz energy of mixing is

N4sNp

+E4+ Ep +

w (5.11)

AAmiz(NA:NB,T) = A(NAaNBaT) _AA(NAaT) - AB(NB'.IT)

The pure component Helmholtz energies A4 and Ap are the same as the pure compo-
nent potential energies E4 and Ep; this is because molecules of the same type are con-
sidered as indistinguishable in the lattice formulation, so each pure component lattice
can exist only in one configuration. Substituting A(N4, Np,T) from Eq. (5.11), we ob-

tain

AAmiz(Na, Np,T) N4 Ny Np Np N4 Np
0 [ (5) 2 ()] 52
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which leads to the following expression for the molar Helmholtz energy of mixing:
Aamiz(24,T) =RT (zalnzs + zplnzp) + Noyowz 4 zp (5.12)
or, taking into account Eq. (5.2), and setting w’ = N4, w,
aE(a:A,T)EgE(zA,T)=w':cA$B (5.13)

The Bragg-Williams solution to the lattice mixture problem is none else than the two-
suffix Margules solution model [Prausnitz et al. 1986). Note that, for this solution

model, the excess Gibbs energy is purely enthalpic:

9(g”/T) h¥® — gF
hE('.r:A T = (—— =w'z4zp and, consequently, s¥ = ——<L — (5.14)
’ 9(1/T) . T

This is to be expected, as the configurational distribution of the system was assumed
identical to that of a random mixture. The fact that s€ = 0,v% = 0 makes the Bragg-
Williams mean field lattice model a regular solution model. The activity coefficients de-

rived from it are given by

2
= = 5.
Invyu kBT:cB, Inyp kBTmA | (5.15)

Some information on the ability of this model to fit experimental data from real alloys is
presented in [Lupis 1983].

For w > 0 the Bragg-Williams solution predicts splitting into two phases below an
upper consolute temperature of T, = . The binodal curve calculated on the basis of

2kp
the Bragg-Williams approximation is shown in Figure 5.4.
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An exact analytical solution of the binary mixture lattice model is possible in one
and two dimensions, but not in three dimensions. The model can be mapped directly
onto the Ising model of ferromagnetism, which has been studied heavily within the
framework of modern theory of phase transitions and critical phenomena. In three di-
mensions Padé approximant expressions have been developed to describe the “exact”
results obtained from simulation [Scesney 1970]. A plot of the binodal, based on such a
description of the exact solution for a cubic lattice, is shown in Fig. 5.4 along with the
Bragg-Williams result. Although the qualitative predictions of the Bragg-Williams so-
lution are correct, its quantitative agreement with the exact results is not very good,
especially in the vicinity of the critical point. The Bragg-Williams solution overestimates
the critical point and the extent of the immiscibility region. The Bragg-Williams binodal
is clearly more pointed than the exact binodal, whose flattened shape around the crit-
ical point is described by a universal “critical exponent”. The departure of the Bragg-
Williams solution from the exact solution is a consequence of its neglect of configura-
tional fluctuations, which exert a profound influence on the thermodynamics around the
critical point. We now briefly examine an improved mean field approximation that dis-
regards ﬂuctuétions at a higher level than the Bragg- Williams and thus provides a more

satisfactory representation of the exact results.

5.2.3 The Quasichemical Approximation

The development of this improved mean field approximation for liquid mixtures is

due to Guggenheim. The same approximation applied to the Ising model of ferromag-
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nets is known as Bethe- Peierls approximation. As opposed to the Bragg-Williams, this

approximation introduces local composition effects in describing the configuration of the

lattice system.

Figure 5.4
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Binodal curve for a binary mixture lattice model with interchange energy w.
The exact result from Monte Carlo simulations of the simple cubic lattice

(z = 6) [Lambert, Soane, and Prausnitz 1992] is compared with estimates based
on the Bragg-Williams random mixing approximation and on the Guggenheim
quasichemical approximation. A prediction from the lattice cluster approach of
Freed is also shown. The abscissa is mole fraction of species A; the ordinate is

temperature, in units of w/(3 kg).
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Our starting point is Eq. (5.5) for the partition function. In the thermodynamic
limit, far from regions of instability, it is expected that one of the terms in the sum-
mation of Eq. (5.5), corresponding to a particular value of N 4B, will be dominant, its
value governing the behavior of the entire partition function. The basic strategy followed
in the quasichemical approach is the foHowigg: (i) Develop an approximate expression
for g(N 4, Np, N4p) as a function of N4z; (l:) Using this expression, calculate the value
(N4p) that maximizes the term 9(N4,np,Ngg) exp[—p (Ea+Ep+ Nag/z w)], and
determine the maximum value of that term; (411) Substitute the partition function by its
maximum term and derive from it the mixture thermodynamics ( mazimum term ap-
prozimation).

There are many ways of formulating the quasichemical approximation to the quan-

tity (N4, N, N4ap). One way is to consider the system as consisting of randomly

mixed AA, BB, AB, and BA pairs. The quantity 9(N4,Np,Nap) is written as

(Naa + N+ N4p)!
9(N4,NB,Nap) = h(N4,Ng =
( =MD Wt (521 (M)

[%Z(NA—]—NB)]!

Wl ls) Naa!Npp! [(Maz)1]?

(5.16)

The factor h(N4, Np) is assumed dependent on the numbers of molecules but not on
the numbers of pairs, which appear exclusively in the combinatorial terms of Eq. (5.16).
The counting relations, Eq. (5.3), have been used in the last transformation.

Whereas random mixing of molecules was postulated in the Bragg-Williams approx-
imation, random mixing of pairs is assumed in Eq. (5.16). Thus, correlations are cut off

at a higher level.
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The factor (N4, Np) is calculated by demanding that Eq. (5.16) remain valid in

the case where A and B form a random mizture at the same composition:

N Np)! 12(N Ng)|!
9(N4,Np, Nip) = L—NAT—N;})— — h(N 4, Np) L2204t N‘?)] ; (5.17)
A * * *
NialNgp! [(_'2“1)']
z N2 z N3 z2N4 Np
L oy e A wi S8 B . *
From Eqs. (5.16) and (5.17) we obtain
! NI OV NE) [(AN%)
9(N4,Np,Nyp) = i o) (Wi Vi)t |(:N35)1] (5.18)

INg! (z N z N 2
WAlNa! (34— Bge)t (g - %)t ()]
We have expressed g(N4, Ng, N AB) in terms of constants and N4p only. The search for

the value (N4p) that maximizes the term

N
9(N4,Np,N4g) exp [—ﬂ (EA 4 By 4 245 w)]

z

and for the associated values (N4 4), (NBg), obtainable from (Nag) through the count-

ing relations (5.3), leads to the interesting result

(2 (Nap))*
(Naa) {(Npp

) = ezp (—2[3%) | (5.19)
Eq. (5.19) can be viewed as a condition for “chemical equilibrium” for the “reaction”
AA+ BB — AB + BA

with associated “standard Gibbs energy of reaction”

2
AGO = NAuo (2wAB — W44 _wBB) — ;'WNAUO

The origin of the name quasichemical approzimation lies in this observation.
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Deriving the mixture thermodynamics from Eq. (5.19) by invoking the maximum
term approximation is straightforward, albeit somewhat cumbersome. An expression
for the excess Helmholtz energy, from which the activity coefficients can be deduced, is
given in [Prausnitz 1986].

In Fig. 5.4, the binodal curve predicted by the quasichemical approximation is
shown along with the exact and Bragg-Williams results. It is seen that the inclusion of
two-molecule correlations in the quasichemical theory improves the quality of predic-
tions substantially. Nevertheless, the approximation, as any mean field approximation, is

bound to fail in the immediate vicinity of the critical point.

9.3 Derivation of the van der Waals Equation of State

The equation of state of Johannes Diderik van der Waals (Ph.D. Thesis Leiden, Hol-
land, 1873; Nobel Prize 1910) was an intellectual landmark. Although based on a quan-
titatively inexact mean field treatment, the equation accomplished a unified explanation
of all experimental knowledge of fluid behavior at the time of its development. It ac-
counted for deviations from the ideal gas law, predicted gas-liquid equilibrium and the
existence of critical points, and provided support to the molecular hypothesis. Here we
present a simple derivation of the van der Waals equation, pointing out the mean field
approximations on which it relies.

As starting point for the derivation of the equation of state we use the exact equa-

tions (4.39) and (4.38), which relate pressure to the volume-dependence of the configu-
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Ve

rational integral in the canonical ensemble. Furthermore, we will introduce a pairwise

additivity approximation for the potential energy function:

N N
_V(rl,rg, cen ,rN) = Z Z Vpa,-,-(|r,- — rjl) = }: Z vpair("“ij) (5.2{])
i=1 j=i+1 i < 3

Van der Waals’ formulation rests upon some insightful realizations about the pair po-
tential function Vpgir(rij). In a typical fluid, Vyair consists of a harshly repulsive and

a smooth attractive part. Furthermore, the structure of the fluid is governed mainly

by the harsh repulsive forces and is relatively insensitive to the weak attractive “tail”,
which dies out rapidly with increasing intermolecular distance. In our subsequent analy-

sis we will assume the following form for the pair potential (see Figure 5.5 (a)):

v""'f.’('r)—_:oo Hfr<e:
. By pair ? = ?
Vpair(r) {V““. (r), if v = L
pair
ir rep
Vore? 200
Pan'
./ -
/
[
\ [ 4
(o / r \\l“' _ r/\_____/ "excluded volume !
ot
V ir c
o D

hard spheve (collision)
(a) diameter (b)

Figure 5.5 (a) Approximate shape of the pair interaction potential in a fluid. (b) Defini-

tion of the hard sphere diameter and of the excluded volume of a molecule.

When the distance between the centers of two molecules becomes smaller than the

“hard sphere” (or “collision”) diameter o, the pair interaction is infinitely repulsive.

122



Consequently, a sphere of radius ¢ centered at the center of a molecule can never be
penetrated by the centers of other molecules. The volume of that sphere is called ez-
cluded volume of the molecule (Figure 5.5(5)).

With the potential energy function of Eq. (5.21), the configurational integral, Eq.

(4.38), becomes:

Z(N,V,T) = ]exp [=BV"P(r1,...,rN)] ezp [-BV**(ry,... )] &y .. dr N (5.22)
where V7 — Z ZV;;{-’,(T,-J-) g Z ZV;;E,.(Tij)-
i < g i < 3
Mean field treatment of attractive interactions The attractive potential energy func-
tion appearing in Eq. (5.22) can be written as a sum of contributions from individual

molecules:

N
1
V“”(rl,rz,. s ,I‘N) = EZ

i=1 \ j=1
FE]

Va.‘tt (Tij)

pair

N
=1

N

1 vatt 2 ; -

5 4 (I‘,‘, 1‘1,1‘2,...,I‘,_I,I‘,+1,...,I'N)
=1

The above expression is exact within the framework of pairwise additivity. The prefactor
% ensures that interactions are not doublecounted. The attractive potential energy YVt

“felt” by a gi{ren molecule ¢ due to all other molecules in the system is a function of con-
figuration. We now choose to neglect its configuration dependence, and substitute it by a

mean atiractive field Vit

N
p 1
Ve (ry,r2,...,rN) ~ Vite = 7 Z Vitr: (5.23)
i=1
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For the estimation of Vﬁ},i we consider the centers of all molecules outside the ex-

cluded volume of molecule ¢ as constituting a “smeared” background of uniform den-

sity p = N/V, equal to the overall molecular density of the system. (see Figure 5.6(a))
The “smeared” backround extends over radial distances ¢ < r < oo from the center

of molecule 1. Note that this mean field treatment of attractive interactions ignores any
two-body correlations at distances r > o. (In the terminology of the following chapters,
it amounts to approximating the pair distribution function of the fluid by a step function

at r = o). VifF; can thus be written as

o0

Vifri = / dmridrpViii(r) (5.24)

o

Note that 47 72 dr p is the number of molecules within a spherical shell of the smeared

background of Fig. 5.6(a) centered at the center of ¢ with inner radius » and outer ra-
, s

dius r + dr. Inasmuch/(’i/ﬂ},i, and therefore V§I% [Eq. (5.23)] are independent of the
system configuration, the Boltzmann factor of the attractive energy can be factored out

of the configurational integral of Eq. (5.22), leading to

N oo
Z(N,V,T) = ezp —,6'5 ]41r o i p Vs )] %

o

/exp[—ﬂvrep(rl,... ,rn)] &y ... dry (5.25)
or
Z(N,V,T) = Z**(N,V,T) Z"™(N,V) (5.26)
where
Nt T
Z*N,V,T) = exp —}37 Zﬂfvszﬁr(r) r? dr (5.27)

a
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Z™P(N,V) =/exp[vrep(rl,rg,...,r;\r)] d&ry ... drN = / d’ry d°r, cdry
no overlap
(5.28)
The last expression for Z "P(N,V) in Eq. (5.28) stems from the realization that the
Boltzmann factor of the repulsive potential energy is either 0 (for configurations where
at least two of the molecular hard sphere cores of diameter o overlap) or 1 (for configu-
rations where no overlap occurs). The integral in that expression is taken over all non-

overlapping configurations of N hard spheres in volume V. Because of the hard-sphere

nature of the repulsive potential, Z7¢? is independent of temperature.

P= densi{y
of molecular
cewnters

Figure 5.6 (a) Smearing of molecular centers around a given molecule invoked in mean
field approximation to the attractive interaction energy; (b ) Dlustration of the
free volume available for addition of a fifth molecule to a configuration of four

nonoverlapping molecules.

Approzimate Calculation of Z™P(N,V) The repulsive configurational integral of Eq.

(5.28) is not easy to calculate analytically (in fact, its calculation amounts to deter-
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mining the thermodynamics of the hard sphere fluid in three dimensions, a problem for
Ll
which no exact analytical solution but some good approximations exist). In the ¥an der

Waals approach, this integral is written as a product of “free volumes” available for ad-
dition of the 1, 274 ... Nt particle:
f d37‘1 d31'2 f d37‘1 d3T2 d37‘3

Ty fay e, i VT

no overlap

f d31‘1 d31"2 “rale d37‘N

no overlap

f ds'f'l d3r2 dal'N_.]_

no overlap

N

(1) 17(2) 17(3) N _TTv®

Vit vi? viP L v =TT v (5.29)
1=1

The free volume Vf(i) is the volume available for adding the center of an it* hard sphere
into a nonoverlapping configuration of (i — 1) hard spheres within a container of vol-
ume V' so that a non-overlapping configuration of i spheres is created, averaged over

all possible nonoverlapping configurations of the (¢ — 1) spheres. As an example, con-
sider the addition of a fifth molecule to a nonoverlapping configuration of four molecules
(Fig. 5.6(0)). The crosshatched region, lying outside the excluded volumes of the four
molecules, is the volume in which the center of the fifth molecule can go. The quantity
Vf(s) is the result of averaging the crosshatched volume over all nonoverlapping configu-
rations of the four molecules.

The excluded volume of one molecule [compare Fig. 5.5(b)] is

4
vV, = 3 Tad (5.30)
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Clearly,

van der Waals approzimation for the free volume We now postulate that
Vi) =V — (i —1)v, forall i (5.31)

Eq. (5.31) is exact for : = 1 and 7 = 2, but not for higher values of ¢. It underestimates
V}i), as it fails to recognize that the excluded volume spheres of molecules 1,2,...,i—1
may actually overlap, hence the total excluded volume may be smaller than the sum

of the individual excluded volumes (compare overlap of excluded volumes of molecules

2 and 3 in the lower part of Fig. 5.6(0)). Note that the approximation (5.31) ignores
three-body and higher correlations among molecules, and is thus a mean-field approxi-
mation. All that is accounted for is two-body exclusion. Eq. (5.31) becomes a satisfac-

tory approximation at low densities, i.e., under the condition
Nve <<V, or pv. << 1 (5.32)

In our analysis we will assume that condition (5.32) is fulfilled. Combining Eq. (5.29)
with the approximation (5.31), we obtain
N N

27N, V) =]V - - 1)vl = VN I [1—(1’—1) '“V] , or

i=1 i=1

[ I (U R



In view of the condition, Eq. (5.32), we expand the product of Eq. (5.33), retaining only

the first-order term in %5:

ZTP(N,V) Ve Ve
2 vl : e R B o fau il gl Pl T =
o 1- V+2V+ +(N 1)V] 1= 21424+ (N —1)
ve (N—-1)N ve N2 N v, Nv \V
- —Bl—gg=l-gpy=il-%v (584)
where the last substitution is again justified by Eq. (5.32).
Our result for the Z™? term can thus be written
N N
Nuv N 2
rep —_ N = e — N 5 e 3 )
Z™’(N, V)=V (1 2V) Vv (1 V37r0) (5.35)
It is convenient to introduce the notation
= —27 NAvo f atr(r (536)
2 3 Ve
bINAUO 511'0' :NAuo4'UHS:NAvoE (5.37)
where vgs = v./8 is the molecular hard-sphere volume.
Egs. (5.26), (5.27), (5.35)-(5.37) give
N? - Nb \V '
Z(N,V,T):ea:p(ﬁaVNivo) Vv (I_VNAW) or
Nb i | N2
InZ(N,V,;T)=NInV+NIn 5.38
B ( ) T ( VNAvD)+kBT VNAvo ( )
Invoking Eq. (4.39),
dInZ N N?b 1 1 N?
P=kpT|—— =kpT + — a 5.39
B ( BV )T,N o V V NAvo 1 — VJNVjva kBT V2 Niva] ( )

128



NAvo

N

Vv
Realizing that = v, the molar volume of the fluid, we obtain from Eq. (5.39)

1 b il a BT i a RT a
_RT |1+ 2 e
7 [v+v21—% v? v 1—% v2 wv—b v?’ o
a
(P+§) (v—b)=RT (5.40)

which is the familiar van der Waals equation of state.

The hard-sphere equation of state obtained from the van der Waals by setting
a = 0 is exact in one dimension (Tonks gas), but inaccurate in three dimensions. Much
more accurate equations of state (e.g., Carnahan-Starling) exist today for the three-
dimensional hard-sphere fluid. The concept of short-range repulsive and long-range
attractive forces among molecules and the idea that fluid structure is dictated by the
former have played a very important role in modern liquid theory. In a sense, van der
Waals introduced the first perturbation theory, relying upon the hard-sphere fluid as a

reference fluid.

129



References

Lambert, S.M., Soane, D.S., and Prausnitz, J.M. (1992). Liquid-liquid equilibria in
binary systems: Monte Carlo simulations for calculating the effect of nonrandom
mixing. Presented at the Sixth International Conference on Fluid Properties and
Phase Equilibria for Chemical Process Design, J uly 19-24, 1992. Cortina d’ Am-

pezzo, Italy. Fluid i“ Lpalibe (1913) 35, 59-68.

Lifshitz, E.M., Pitaevskii, L.P. (1980). Statistical Physics (Vol.5 of Landau and Lif-
shitz Course of Theoretical Physics), 3rd Ed., Part 1. Pergamon Press, Oxford.

Lupis C.H.P. (1983). Chemical Thermodynamics of Materials. Elsevier, Amsterdam

Prausnitz J.M., Lichtenthaler R.N., Azevedo E.G. (1986) Molecular Thermodynam-
ics of Fluid Phase Equilibria. 2nd Ed., Prentice-Hall, Englewood Cliffs.

Scesney P.E. (1970) Mobile-Electron Ising Ferromagnet. Phys. Rev. B 1(5), 2274-
2288.

Wilson, K.G.; Kogut, J. (1974). The renormalization group and the € expansion
Phys. Rep. 12, 75-200.

130



