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AYXKHZXH 1
Mo évav tetpayoviko mivaka 3 X 3 oyvel 0Tt

1 3 1 0 1 —2
B-|11l=|3],B -|1|=|0|,B-] 0 |=|0].
1 3 0 0 -1 2

Noa Bpeite T1g 1010TIES, TO YOPAKTNPIOTIKO TOAVMVULO Kot TO. 10100100vOGHOTA TOV TTivaka, B.
O wivaxoc B avtiotpépetar; (dtkatoldoynon) O wivakag B dwaywvomoteital; (dtkatoldynon)

Av voi, mowa elval n dywvomompévn Tov HopeN Kot olog £ival o mivakag mov Tov
dywvomotet; Na vroroyicete Tov mivaka B.

Avon
Evkola mpokdmtel 0Tt d10tipég eivar ot 3, 0, -2, a@ov mopaTnpovuE OTL:
1 11
B-{11=3-]1
1. 1.
11 o
B-|1|=0-(1
0 0.
1 1
B-{0o]|=-2-|0
-1 -1

Emopévag to yapaktmpiotikd tov molvdvouo givat yg(A) = A(A+ 2)(3 — 1)
Eme1on ot 1drotipég givan OAeg drapopetikég, o mivakag B elval d10y®vomomGLog.
O mivaxog pe otieg Ta Wodavoopata givor o P.

1 1 1
P=11 1 0
1 0 -1

O B &ival o10y@vomomoipnog 010TL T 1010d1ovOGHoTe ivol YPOUUIKA aveEApTNT, 0OV
OVTIGTOLYOVV GE OLUPOPETIKES 1O10TIUES.

O B dev avtiotpépeton d1otL detB = 3 - 0 - (—2)=0 (ywvouevo 1310TIHdV).

Apa apkel va Bpodpe Tov avticotpo@o Tov P Yo vo, \TOAOYIGOVHE 5T GLVEYELD TOV TTivaxa B,
and  oxéon B =P-D - P71,
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AXKHZXH 2

1 1,00001 1
1,00001 1 1,00001
1 1,00001 1

o mivakag IT £yel pia BeTikn Ko pio apvn Tk 1O10TI.

. No oei&ete 011

Atveton o 3 X 3 terpaymvikog mivakog I =

Avon
®¢tovpe 0=1,00001 . To yapaxtnpiotikd morlvdvopo tov IT eivat:
1-4 a 1 —A 0 A
a 1-41 a a 1-21 a
1 a 1-4 1 a 1-41
—A 0 0
a 1—-1 2a
1 a 2—A
=-A1-[A-D-QC-ANDN—a-2a]l=—-21-Q2—-21-21+12-2a%) =
=-1-(1*-31+2-2a?

xnp(A) =det(ll —1-15) =

>nueioon:
1) O mpdéeic mov Eyvav yio tov vroroyioud g opilovoog sivar ot eéng I'l - I'l —

r3,23-2x3+21.
2) T tov voAoyioud TG Srakpivovsag Tov TPImvOpov A2 — 34 + 2 — 2 a? éyovue 4 =
(-3)2—4-1-(2—-2a*)=9—-8+8a%?=1+8a? > 0.

Enopévmg pio drotiun givar 1o 0 kot éotm A kat A, ot dAAeg dVo 1010TIEG Tov I1. Apa:
xpD) =det(ll —A-I)=—2-(A—=2)- A—2,)= —2-[22=QA;+1,) - 1+ 4"
Al
Mapotnpodpe 0tt Ay * A, =2 —2a?2 =2+ (1 —a?) < 0,apob a=1,00001>1 .
Ao 10 YvopEVO TV pLL®dV TOL TPLOVOUOL A4 * A, glval apvnTiKd, GLUTEPOIVOVLE TMG
VAPYOVY V0 AMVGELS ETEPOSNNES, i BT KO pio apvnTIKY.
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AXKHZXH 3

Av 10 didvoopo U = [—2‘ elval éva 1010014vuG L TOV TTivako

a b c

M = l4 1 2] ,a,b,c,d,e, f € R, 16t eivar ko 181081évocpa Tov wivako M3 ;
d e f

Av vat, vo SIKoloAoy\GETE TV AMAVINGY GOG KOl Vo VITOAOYIGETE TG 110TIéG Tv M ko M3

TOV AVTIGTOL(OVV GTO U .

Avon

Agov U = [—2‘ elvat éva 101001dvuopa Tov Tivakoe M tote Ba 1oy vetL:

a—2b+c A
wamron [y &S [3] [o][2 0] -]
d d—2e+f A
a—2b+ A
S 4 = [—2)1].
d—2e+f] A
A6 OTOL GLUTEPAIVOLLLE TG TPETEL VAL IoYVEL 4 = —21 , emopévmg A = —2.

Av A otipf tov U , tote M U = A - uU. Tore:
M3-T=(M2-M)-Z=M>-(M-T)=M2-(A-T0) = A~ (M2 -0) =
=12 M-M-WD]=2M-AD]=2A MM -WD]=21[1-1-W] =2

&l

Emopévoe M3 -1 = 23 - U, dnhadn| 1o U sivar rod1évoopa tov M3 pe oty 43 = —8..
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AYXKHXH 4

2 1 1 1
Atveton o mivaxoag A = 8 g ’,Df % . ' oo Ty Tov x 0 A daywvomieita;
0 0 0 1
Avon
A VTOAOYICOVLE TO YOPOUKTNPIOTIKO TOAVMVULLO TOV TivoKa A :
2—A1 1 1 1
_ e 3—4 x 1 —
X4(A) =det(A—21-1,) = 0 0 31 1| =
0 0 0 1-4

=2-HB-1HB-A1HA-1) =
=2-1DB-121-21).
Koatd ocvvénela, ot 1dtotipéc tov A ivon :
A = 2 (moAdamdotnta 1),
Ay = 3 (moAdamAdtnta 2) kat A3 = 1 (moddamAdtnta 1)

Ia va dwyovomoteitar o A Ba wpémetl 1 drdlotacn Tov 1WOY®Pov Vi mov aviictoryel oty
ot 3 va etvan ion pe 2.

Ag Bpovpe ta 1010010vOGLLOTO TTOL AVTIGTOLYOVV GTNV W0TIN A, = 3, ADVOVTOG TO GUGTNLLOL

2—3 1 1 1 X 0 -1 1 1 171X 0
_ 2. . 0 3—3 X 1 y|i_10 0 0 x 1]lyl_1lo0
0 0 0 1-31lw 0 0 0 0 —-2iw 0
-1 1 1 1 1 -1 -1 -1 1 -1 -1 0
0O 0 «x 1 0 O x 0 0 O x 0]_
0 0 0 1 |Ls~La+2L3(0 O 0 1 |L,-L,+L5]0 O 0o 11| C.
0 0 0 —=2d1L-L-Lz3 L O 0 0 0 0O 0 0
Li—(=1)Lq

[Ma va €yet 0 1010xwpog V3 drdotaon 2 Ba tpéner x = 0 61611 TO GVoTNA B Exel dVO eAeVBEPES
HETOPANTES, 0OV omd TNV KMUAK®OTH LOPOT cvpumepaivovpe 0t rankC = 2.
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AXKHXH 5§

2 00

() T'o woreg Twpég Tov a, b € R o mivakag B = |0 2 a] givar H10y VOO 610G
3 0 b

Avon

(i) Yroloyilovpe 10 YopaKTNPIoTIKO TOAVMDVULLLO TOV Tivake, B:

2—1 0 0
xg(A) =det(B—A)=| 0 2—A a |=Q2-1D-2-1)-(b-21)
3 0 b—-21
=Q2-1D%-(b-2).

Alokpivoope Tig akOAovOeg TEPTTOGELS:
1) Av b = 2, 16te 0 mivakog B £xet wotun A=2 pe moAromddotnta 3. o va givar o B
daywvomomotpog Oa mpémet 1 d1d.6TOGT TOL 101OXWPOL UE W0TIUN 2 va givor ion pe 3,

onAadn dimV, = 3. Ag dovuE TO OHOYEVEG GUOTN L
2—2 0 0 X 0 0 0 0] x 0
(B—2-I)-17=0=>[ 0 2—2 a ]'ly]=[0]®[0 0 a-[y]=[0].
3 0 2—21 1tz 0 3 0 0f tz 0

Ag peletinoovpe to fabud Tov mivaka Tov GLGTHUATOG:

0 0 O 2ava %0 ) dimV,=3-2=1#3,ava #0
rankg 8 0 :{1,ava=0' Emopgvag dimV,=3—-1=2#3,ava=0

Apayw b = 2 xora € R, dev drywvomoegitar o B .

2) Av b # 2, 161¢ 0 mivaxog B €yetl 1oty A=2 pe molhamhdtra 2 kot Wty A = b
ue moAhamAotnta 1. X avtni v mepinTmon yio vo givat 0 TivaKag d10y®VOTOI GG

0 0 O 0 X
0|<|(0 O a -H=
0 3 0 b—-21 1z

Oa mpémer dimV, = 2. Ag dovuE TO OUOYEVES GUOTNLLOL:

2—2 0 0 X
(B-2D-i=0s| 0 2-2 a ]-H=
3 0 b—21 Lz

0
0].
0

Ag peremoovpe 1o Babpod Tov wivoka Tov GLGTHHATOG:

kg 8 0 _{Z,avaiﬂ E , {dimV2:3—2:1¢2,ava¢0
ran 3 0 bEZ T W,ava=0" TOHEVOG dimV,=3—-1=2,ava =0
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1 0 0
3 O b—2 0 0 O

Apaywwa = 0 kat ko b # 2, o mivaxag B dwaywvomogitan.

(i) T'e a = 0 ko Yo b = 1, va Ppeite Tov dwoyovio wivaxke D mov givor opotog pe tov B
K0O®OG kot Tov ivake P Tov Tov o10ymvomolei.

2 0 0

Avon (il Towa=0«xorya b =1 éovpe B=(0 2 0] Ot dotipég tov (omd 10 TpAOTO
3 0 1

oKEAOG TNG dloknong) ivor A=2 pe moAomAotnta 2 kot oty A = b = 1 pe moAlamAdtnto
2 0 0

1. Apa o dpotog wivakog pe tov B givaro D = |0 2 O].
0 0 1

e T va Bpodue Ta 1010310vOGHOTO LE WO10TIUR A=2 AVVOLUE TO COGTNLA:

2—2
(B—Z-I)-u=0(:>[ 0 2—2
3 0 1-2
"Exovue oniaon v e€icoon: 3x —z =0 x = g . Apa T0 6GUVOLO ADGEMY TOV GLGTHLUTOG
X 1., 0 1
glvar S = [y]= 3y =y-|1l|+z- (3) ,V,ZER .
VA P 0 1

e T va Bpodue 10 101001dvuoua e W10TIUR A=1 ADVoLuE TO CUCTN LA

2—1 0 1 0 0] x 0
(B—1-I)-u=0<:>[ 0 2—1 ] [] [0 1 0]-H=[0].
3 0 1—-11 Lz 3 0 01 tz 0

x=0 x=0
To cVomua Exettn popen:{ y =0 ©{y =0 .
3x=0 ZE€ER

X 0 0
Apa 10 6OVOAO ADGEMV TOV GLOTNIATOC Eival: S = {[y] = O] =2z [O ,Z € R}.

z | Z 1
0 1/3 0
Kot o wivakag P mwov dwaywvomotei tov B eivonoeEnc: P =11 0 0.
0 1 1
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AXKHXH 6
b—-6 0 2—b

6 -1 -6 ] givan
b—-2 0 -b-2

(1) T moweg Tpég Ttov bER o mivokag I' =

010y VOO GLNO0G;
Avon
(i)  Ymohoyilovpe 10 ¥apaKTNPLOTIKO TOAVOVOLO TOL TTivako I
b—6-21 0 2—b
xr(A) =det(I' — AlI) = 6 -1-1 —6 =
b—2 0 —-b—-—2-1

SCSE N AP

=(-1-)-[(b-6-1)-(-b—2-D) -2 -b)(b—2)] =
=—A+1)(=b?>—-2b—bA+6b+ 12+ 61+ bA+ 21+ A% + b? + 4 — 4b)
=—(A+1)(A%2+81+16) = —(A+ 1)1+ 4)2

Koatd cvvéneta, ot wdiotipég tov I' givoun :
Ay = —1 (moAddamAdotnta 1) kat A, = A3 = —4 (MoAdamAoTyta 2)

[Ma va dovpe av dtymvomoeitar 1y 0L o wivaxkag I' umopovpe va to eEAEyEovE e 600 TPOTOVG:

1°9) Me 1t Ye®@UETPIKN TOALOTAO TN TA, ONANON 1) SIAGTAUCT] TOV 31O M®PODV TOL OVTIGTOLYEL GTNV
WoTn pe adyeppikn moArlamAotnta 2, va givor ko oot 2 [dimV_,=n — rank(l’ — Al) ]

['a va dwaywvomoteiton o I' Ba wpémel  ddotacn tov W ympov V_, mov avrtictoryel otnv
wotun -4 va gival ion pe 2.

b 2 O 2 — b b=2)x—(b-2)z=0
][] [] 6x+3y—6z2=0 ()
(b—2)x—(b—-2)z=0

b202b

e Avb # 210tE

X =2Z
(2)<:>{y=0,zeR.
X =2Z

Apa

B e
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Anhodn av b # 2 &yovpe éva wdodiavocpa , dimV_, = 1 koo I' dev daywvomoteita.
o Avb =216te

0=0
(2)=>{6x+3y 6z=0=2x+y—2z2=0y=-2x+2z,x,yER

el e e

Anhadn av b = 2 €ovue dimV_, = 2 xar o I' Storywvomoteital.

1
-2
0

+z-

2°) O T eivon 010y®VOTOMGILOG 0V KOl LOVOV OV TO EAG(IOTO TOAVMDOVLHO £ivol YIvOUEVO
TPOTOPAOLL®V Op®V.

Avmp(A) = —(A+ 1)1+ 4). Oa eréyéovue av o I' to undevilet.

Kavovrtog mpdéeic:

b2—7b+10 0 3b—6
=03@b=2

(1—'+I3)(1—'+4I3)=03®...@|: 0 O 0
—3b+6 0 3b—-6

(i) T 11§ TWéG OV VTOAoYicaTE VO Ppeite pa daymvomoinon tov wivaka I'.
e Avon (ii) o b =2 érovpe v v w0ty A, = 43 = —4 (moddamiotnta 2)
1
&yovpe Ta 1d10diaviopata U, = [—2] KOl Uz = [2]

Oa vVToAoYicoVUE TO 1010010VLG O Yia TNV 00Ty 44 = —1 (moddarmAdotyTta 1):

e [ va Bpodue To 101001dvVcHa e 1010TIUN A1 = —1 Advoupe To GVOTNUOL
r+1-ND-u;=0

—4+1 0
F-(-1)'L]l'u=0¢& 6 -1+1 —6 [] []
0 0 —-4+1

0 —3x=0
O|i6x+0y—62z=0

-3 0 0 X
6 0 -6 [)’] =
0 0 -3 1z 0 —3z=0
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- e

0
Kot Bpickovue o 181081dvoopa u; = [1]
0

Emopévag pia dtaywvomoinon tov I etvo n e€ng:

-1 0 0
r=prP-D-Pl=[wnuwl-l0o -4 o] W]
0 0 —4
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AXKHXH 7/

No omodeifete 0TL yoo k60 vxv avriotpéyipo mivaka A, woydel |adjA| = |A|V™1 ko
adj(adjA) = |A|""2 - A.

Avon
(o) ' ororovoNTOTE VXV TIVOKA A, LGYDEL

1
A1 cadjAsA-A1=4-

= JotA radjAe 1 =A-adjA-

=4

detA detA

A-adjA=detA- 1= A-adjA = |A|-1

A-adjA=|A|-1=|A-adjA| = ||A| -I| = |A| - |adjA| = |A|Y (ep1Bués eni opilovoa
TOV Uovaolaiov)

A@ov 0 A givor avriotpéyipog kot [A| #= 0 apokdmTEl
1
ladjA| = IAI"'W=> ladjA| = |A]"
Apa
ladjA| = |A]"7 (1)

(B) ' To devTEPO OKELOG, EYOoVNE

A-adjA=|A|-1=>adjA=|A|-A 1> (adjA) 1 =|A|1-(A D) 1>

. . 1 o 1 . . 1
-adj(adjA) = |A|7"' A= ———=-adj(adjA) = |A| A=

ladjAl A1

adj(adjA) = |A]""1-|A|"1-A>

adj(adjA) = |A|""%- A
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AXKHXH 8

‘Eoto 0vo tetpaymvikoi mivakeg A kot B tétolor wote 0 A givon avtiotpéyipoc, AB = BA ko
Ao o amdy oty tov B pe avtictoyo 1dodidvucua X. Na amodeiete 0T1 t0 X, eival
1010014vVG O Kot ToL A.

Avon
—_ -
A6 TOV 0pIoUO TOV WO10TIU®VY KoL 101010VUGUAT®V, EXOVUE Xy # 0 Kot

B:Xg=A Xg=2A B Xg=A2%=>B (A'X)=2" (A %)

Yuvendc, t0 Svvopa A-x, (to omoio eivor un pndevikd S1dt o mivokag A eivon

4 wund e 7 /4 e /4 U4
avTIOTPEYIIOG Kol X, # 0) elval emiong 1d10dtdvocua Tov B mov avtiotolyel oty 1010TIuN 4.

Ene1d1 opw¢ avth 1 8ot eivar omhy, et molamidmra 1 kot wpénet Ta Stovdopata Xg
Kot A - Xy va gtvatl cuyypopKa.

7, 7 r /4 /4 —_—> g and r r

Apa vrapyet apOuos 1y t€to10G MoTE A * X = Ug * Xo Kol TO X €ivon 101001dvocua tov A
OV OVTIGTOUYEL OTNV OL0TIUN Ky TOVL A .
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