Epyaotriplo Zuotnuatwy Texvntng Nonuoouvng kol M&Bnong
Topgag Texvoloylag MAnpodoptkAg Kot YTTOAOYLOTWY

Yx0oAr HAekTPOoAOYWY MNXavikwy Kat MNXavikwy YTToAOYLoOTWY

MHXANIKH MAOGHZzH

Dimensionality Reduction

TCoUReAn MNapaokeun
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Dimensionality Reduction Techniques

|

'

Feature Selection

Dimension Reduction

Filter Methods

Wrapper Methods

Embedded Methods

!

[ Linear Methods ]
|

-

Principal Component Analysis (PCA)

Independent Component Analysis (ICA)

Linear Discriminant Analysis (LDA)

Singular Value Decomposition (SVD)

}

Non-Linear Methods

Kernel PCA

-

Isometric Mapping

t-distributed Stochastic Neighbor Embedding(t-SNE)

Uniform Manifold Approximation and Projection
(UMAP)

Autoencoder




Dimensionality Reduction

Taking a picture

Dimensionality Reduction Dimensionality Reduction

/’/,"'// Mola eival n 16avik ypouun vyia TPOROAR Twv

dedouévwy, OTToU autd Ba cival 600 TTIo dIoKPITA

yiveral;

10.6 Key Steps of PCA in Practice pg 336. MATHEMATICS FOR MACHINE LEARNING
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Principal Component Analysis (PCA)

216X0G: EUpeon TTpooAwyv Twv onueiwv 0edouévwy x - GTTou:

e JIATNPOUV TN LEYIOTN OUOIOTNTA LE TA APXIKA OEDOUEVA KAl EAAXIOTOTTOIOUV TO OQAAUA AVAKATAOKEUNG
e TTETUXAiIVOUV XauNASTEPN dIACTAONG, LEIWVOVTAG TNV TTOAUTTAOKOTATA KAl dIATNPWVTAG TN OOuN) TwV
OedopEVWV.

T1.X. Housing Dataset Meiwaon dlooTaoewy

Aldvuopa 5 XapakTnPIoTIKWV AlGvuopa 2 XapakTnPIoTIKWV
Size
Size Number of rooms »Size feature
Number of
bathrooms

Schools around
Crime rate

Schools around
Crime rate

»|_ocation feature



Principal Component Analysis (PCA)
MpoBoAr aTTd TOV XWEO TWV 2 XAPAKTNPICTIKWY (2D) 0T0 1D

Housing Data

300

Size

200

Schools around

Location feature

Idavikr ypapur TpoBoAfg 2\
(1110 BIOKPITA) -
~
Il ,
2 To peyaAuTepo
OTIITI €XEI
TTEPIOOOTEPA
A OwudTia
1 2 3 4 » ’

Number of Rooms

Crime rate
projection n—
300 )'\/ =2 :
2 &
g =k
Pwl AT 20 1)
=)
)../

1 2 3 4 5

Number of Rooms

Size feature



Principal Component Analysis (PCA): petpikéc

onueio
1I00ppoTTiag
Mean
1 2 3 4 5 6
2 E 8 2
i 1+2+4+6 _
3

‘1610 mean value, —
Oev gival BoAIkA
UETPIKA

2 _ Di (i — z)’
N

g

where:
z; = Each value in the data set

Z = Mean of all values in the data set

Va rl ance N = Number of values in the data set
1 0 1
o—i—0
2 2 2
Variance = % =2/3
5 0 5
Ot i@
2 2 2
Variance = S-FOT% =50/3
YT1roAoyiouog:
TTaipvw TNV
ammoéoTacn Kabe
2 3 4 5 6 onueiou atro 1o
- e KEVTPO.
2 A 3
r——
1
. 2%+ 1%43°
Variance = ———— =14/3

3



Principal Component Analysis (PCA): petpikég

ECETACOULE T DlaKGUAVaN OTO X(Wpo var[f] = E (f(2) ~ E[f(@)))°] = Elf(2)’] - E[f@)]”
— €geTAlOUUE KAl TIG OUO OIOOTACEIG
, ' ?
Variance? Variance*
2 2 2 2
[ . [ [ il
o 0
; R I o 11 o 11
y-variance & ] 2] [ =]
e, 0 °* ' ' —_
H— 200 4 e e 9 Dl D D
SvaRpGe x-variance = 2102 _g/3
Var(X) = E[(X — p)?] 2,02, 42
. y-variance = TR0 =2/3

where:
e X:Random variable.
e u = E[X]: Mean (expected value) of X.

o [E: Expectation operator.

Alternatively, it can be expressed as:

Var(X) = E[X] - (E[X])”



Principal Component Analysis (PCA): HeTPIKEG

Av, 6pwg, €Xw dUO dIOPOPETIKA GUVOAA UTTOPET Va £XOUV TNV idla SlakUuavon oTIg TIPOBOAEG x, Kal x, — un Slaxwpioipa

Apa xpeialeTal AAAN LETPIKNA VIO VA TTEPIYPAWOUUE TNV METALU TOUG OXEON.

uncorrelated correlated




Principal Component Analysis (PCA): HeTPIKEG

covlz,y] = Eoy[{z —Ef2]} {y —E[y[}]
2 2 2 2 = Egyloy] — Elz]E[y]
e 11 ® 11
* a 11 2 . 11 COV[Xa y] EX,Y [{X - ]E[X]}{yT - E[yT]}]
—_— —_— - EX,Y[XyT] - E[X]E[yT]
Covariance Covariance
Cet2A )\\ ERY
\ i | Awcdop;
‘\\\_\ ‘(0\0)\
~_ T W -
\,_\;\\ \\\




Principal Component Analysis (PCA): petpikég

—— Covariance

of
2.1 (-2.1) 2.1)
Coordinates @ ® I [}
-2 2 (0,0} (0,0) 1
0 (2:] [-2‘1) 0
(0,0) - 2
*

@21 ) (-2) + 0 + (-2) _ 2+0+2
-2 covariance = T =-4/3 covariance = T =4/3

Cov(X,Y) =E[(X — ux)(Y — uy)]
: Xi—X)(Y;—-Y
where: Cov (X, Y) = Z( 1 )( J )
o ux = E[X]:Mean of X. !

e py =E[Y]:Meanof Y.

N

o [E: Expectation operator.

Alternatively, it can be expressed as:

Cov(X,Y) = E[XY] — E[X|E[Y]

If X and Y are independent, then Cov(X,Y) = 0.



Principal Component Analysis (PCA): petpikéc

Ag UTTOAOYiCOUE TO covariance TWV ONUEIWV:

Eivai 0 kal auté @aivetal Aoyiké a@ou dev gaiveTal va UuTTdpxel KATTola BETIKA 1} apvNnTIKI ouvAIoKUpavVOon

Covariance

(0.1) (2,1)

(-2,1) (0.1) 2.1) 21 o
s P o L 0 L P (-2,1) 0.1) (2,1)
@ ) ]
(-2,0) (0,0} 2,0) (-2,0) .(0.0,1 (2,0)
° ™ o ® o 0 ® o0 (-2,0) (0,0) (2,0)
. (-2,-1) 0.-1) ( . . o
ol2 1 g0 gl e, &%) Bl
2 (2:1) 0,-1) (2.-1)
@ e @'

covariance = '2+0+2+0+g+0+2+0+'2 =0




Principal Component Analysis (PCA): petpikéc

Covariance
* e aQ €] e @&
o
L) e e, & @
ee® ”o:o" e
. @
negative covariance zero posi_tive
covariance (or very small) covariance

Av 10 x augaveral,
TOTE TO y HEIWVETAI To x avegdpTnTO TOU Y Ta x kal y auopelwvovTal padi



Principal Component Analysis (PCA): Covariance Matrix

Mwg Ba Bpouue TNV TéAgIa TTPOROAN; Oa opicouue cUOTAUA ALOVWY — Ba Bpoupe To onueio é1Tou Ta dedouéva
I00PPOTTOUV

Covariance matrix

Y1revBuuion: o Covariance matrix €ival BETIKA NUIOPICUEVOG
(EAEYXOG: OUMUETPIKOG: C=C", IBI0TILEG A20 Kal yia KABE pun

Z Var(X) Cov(X,Y) uUNOEVIKO diavuopa x ER™M, x'Cx 20)
| . Cov(X.Y) ‘Var(Y) —> ££00QANIlEl OTI TO SESOPEVA UTTOPOUV Va avaAUBOUY
& ® . o€ évav UTToXWPo Ke BAaon Tn un apvnTikr dIaKUuUavon
% [ TOUG.
®
° 9 4

Mapatnpouue 611 TTapouaiadel ueydAn diakuuavaon oTo x AEova
4 3 o€ avTiBeon pe Tov y dgova

‘Eotw Z=



Principal Component Analysis (PCA): Linear Transformation

(x,y)—* (;*‘@
9 4 .
4 3

(X, y¥) = (9x+4y, 4x+3y)
(0.0) (0,0)
(1,0) (9,4)




Principal Component Analysis (PCA): Linear Transformation

9 4 rotation 9 4
43 Al \4 3 1
—P D &1/

Eigenvectors

(X, y) = (9x+4y, 4x+3y) (direction) 4
(0.0) (0.0) ' Elgenv'tall(;es stretching
(1,0) (9,4) 2 -1 (magnitude)
(0,1) (4.3) 1 2 11 1
(-1,0) (-9,-4)
(0,-1) (-4,-3)
Eigenvalues Eigenvectors
(magnitude) (direction)

x-9 -4
-4  x-3

= (x-9)(x-3) - (-4)(-4) = Xx-12x + 11 (9 4)(u) _ 11(u) (9 4>(u) -4 (u)
4 3)\v] " Y 4 3/\v/] " Vv
0c11)0c-1)



Principal Component Analysis (PCA)

9 @)

(3

>
2\ [-1) _
<1) 3 s

11 1 Eigenvalues
(magnitude)

-2 5)

2
°* . . (? ) Eigenvectors

(direction)

1 Eigenvalues
(magnitude)




Principal Component Analysis (PCA): 5D features — 2D features

PC A Covariance matrix Eigenstuff
* * K * * Vs > t Big
Large Table . ey # /
* * * B ® | cccces -> ’
‘Xx'XP'X:l.X-l.XS * * * * :
.......... R S B Vs As Small
4
.......... “ l'.
. : - . ;-‘ . .
.......... ®
..... . .
..... 5]




Principal Component Analysis (PCA): 5D features — 2D features

PC A Covariance matrix Eigenstuff
* K * * * Vs b t Blg
Large Table ERxEE Y /
_ * k& * * & | cecen. >
|X1|X2| X3 X4 X5 * * Kk ok
.......... * * * * % ",.' Small

rororo

----

.....

......
ooooo
......
ooooo

.....

-----

5D Plot



Principal Component Analysis (PCA) 5D features — 2D features

PC A Covariance matrix Eigenstuff
b, 3
* * * * & Vs At Bng
Large Table W X 8 Va A
T T * * * * * | crcens >
X1 xzmlxntf»T * kK * % ]
- - LA R Small J

2 el
v 4
LA |
s
P
g |
]
T
-
=
e
iR
—
Tv';]
i

.

(o] =]

HED

5D Plot 2D Plot



E@apuoyec PCA : 2uuTtrieon €1IKOVOC

PCA example — 90% compressed

PCA example — original PCA examp|e — PCA basis

Implementing a Principal Component Analysis (PCA)



https://sebastianraschka.com/Articles/2014_pca_step_by_step.html#sections

Principal Component Analysis (PCA) : Projection onto a subspace

MpoBAnua: xwpnTiIKOTNTH dEdOopéEVWV

AUon: Zuptrieong SEdOREVWYV pE TPOTTO TTOU OTTAITET AIyOTEPN VAN, GAAG XWPIG va XAVEI
TTOAU O€ akpiBeia.

2TOX0G: AVATTAPACTACH O€ UIKPOTEPES DIACTACEIC, XWPIG VA XAVOUUE TTOAU O€ akpifela

Set-up: given a dataset D = {x(l), e ,x(N)} c RP
Set p to the mean of the data, u = % vazl x(1)

Goal: find a K-dimensional subspace & ¢ RP such that x(") — p is
“well-represented” by its projection onto S

Recall: The projection of a point x onto & is the point in S closest to
X



Principal Component Analysis (PCA) : Projection onto a subspace

Let {u,}X_| be an orthonormal basis of the subspace S

Approximate each data point x as:

X = p + Projs(x — p)

K
= Q-+ Z Zj Uy
k=1

From linear algebra: zx = u/ (x — p)

Let U be a matrix with columns {ux}X_, then z=UT(x — )
Also: x = u + Uz



Principal Component Analysis (PCA) :Projection onto a Subspace

— x=Uz+p=2ziu; +20u; + p
c
\:\
‘\;;_\\. X T
z=U (x—p)
uz .\

o el "
—

~——
~——

In machine learning, X is also called the reconstruction of x.

z is its representation, or code.



Principal Component Analysis (PCA) : Learning a Subspace

How to choose a good subspace S7?
o Need to choose D x K matrix U with orthonormal columns.

Two criteria:
e Minimize the reconstruction error

1 N
min Z [x() — %(D)2
i=1
e Maximize the variance of the code vectors
maxZVar (z) oy ZZ ) _ 22
- LS 0 g

= % Z ||z(")||2 Exercise: show Z =0

o Note: here, Z denotes the mean, not a derivative.



Principal Component Analysis (PCA) : Learning a Subspace

These two criteria are equivalent! l.e., we'll show
1 & 1
5 2 Ix? = 2O = const — = 3 120
i=1 i

Observation: by unitarity,
1K) — pe]| = U2 = |27

By the Pythagorean Theorem,

%(%)

T ol oo LB :
N D IRD — pl?+ N D - lIx? — =02
=1 =

s S

B o W
projected variance reconstruction error

/.b-.__‘ 1 N
T ; — () _ ;4112
<@ =52 X" =l
s < i=1 3
con;ant




Principal Component Analysis (PCA)

Choosing a subspace to maximize the projected variance, or minimize the
reconstruction error, is called principal component analysis (PCA).

Recall:

@ Spectral Decomposition: a symmetric matrix A has a full set of
eigenvectors, which can be chosen to be orthogonal. This gives a
decomposition

A=QAQT,

where Q is orthogonal and A is diagonal. The columns of Q are
eigenvectors, and the diagonal entries \; of A are the corresponding
eigenvalues.

@ l.e., symmetric matrices are diagonal in some basis.

@ A symmetric matrix A is positive semidefinite iff each A; > 0.



Principal Component Analysis (PCA)

Consider the empirical covariance matrix:

N
1 i i T
XZN;(X”—M)(X”—M)

Recall: Covariance matrices are symmetric and positive semidefinite.

The optimal PCA subspace is spanned
by the top K eigenvectors of . _—
e More precisely, choose the first K of .

any orthonormal eigenbasis for X. -y
o The general case is tricky, but we'll Y4
show this for K = 1.

X

These eigenvectors are called principal
components, analogous to the principal
axes of an ellipse.

X)



Principal Component Analysis (PCA)

For K =1, we are fitting a unit vector u, and the code is a scalar
z=u'(x—p).

3 20T = 5 ST - )y

I

—u' Xu
=u' QAQ"u Spectral Decomposition
—a'Aa for a = QTu



Principal Component Analysis (PCA)

Maximize a' Aa = ZJ 1 /\Jaj fora=Q'u.
e This is a change-of-basis to the eigenbasis of X.

Assume the \; are in sorted order. For simplicity, assume they are all
distinct.

Observation: since u is a unit vector, then by unitarity, a is also a unit
vector. |l.e. Eja = 1.

By inspection, set a; = £1 and a; = 0 for j # 1.

Hence, u = Qa = q; (the top eigenvector).

A similar argument shows that the kth principal component is the kth
eigenvector of X. If you're interested, look up the Courant-Fischer
Theorem.



Principal Component Analysis (PCA)

Interesting fact: the dimensions of z are decorrelated. For now, let
Cov denote the empirical covariance.

Cov(z) = Cov(U'" (x — p))
= U Cov(x)U
=U'xU
=U'QAQ'U
= (1 0)A ((I)) by orthogonality
= top left K x K block of A

If the covariance matrix is diagonal, this means the features are
uncorrelated.

This is why PCA was originally invented (in 1901!).



AvaAuon oe [01alouaec TIWES (Singular Value Decomposition)

MeTaoXNUATIOUOI: LOVO WG TTPOG OPICOVTIA KAl KABETA KATEUBUVON, OXI UTTO GAAN Ywvia
?
Puzzle (easy)

‘/\//

Stretch
horizontally

.——’>

Compress in vertical direction

Rotate clockwise

4.5 SingularValueDecomposition pg 119
MATHEMATICS FOR MACHINE LEARNING



https://mml-book.github.io/book/mml-book.pdf
https://mml-book.github.io/book/mml-book.pdf

AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

Puzzle (hard)

® e

Stretch
horizontally

.—_—'-

Compress in vertical direction

# color
=shape

/Rotote clockwise



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

Puzzle (hard)

Auon

Me TtepLotpodn,
KALMGKWON KO
TepLoTPOdN
JTTopOoUE VA
MLpNBoUue kK&Oe
YPOHMLKO
METAOXNMOATIOMO

/

Rotate in the right

orientation

—_—
. Compress in

Stretch horizontally vertical direction

Rotate clockwise

scale



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

[ PAUUIKOG LETAOXNUATIOUOG

w o N

l

|

|

-7-6-5-4-3-2-10123 4567

B

-7-6-5-4-3-2-10123 4567



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

[ PAUUIKOG LETAOXNUATIOUOG

4 5

A = 30]

7 7
5 (P.c)  (@p+0q,4p+5Q) 5 | /\+
3 (1,0) (3, 4) 3

0.1) ©, 5)

1:::{t}:::: - W 1:::,‘/::/::
_3 L . i _— _3 I S N — /—. S I —

-5 -5 \ /
-7 - 2 l -1 | l | |
-7-6-5-4-3-2-101234567 -7-6-5-4-3-2-101234567
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AvaAuon og 101alouaec TinEG (Singular Value Decomposition)

[Mivakag TTEPICTPOPNAS

sin(@) cos(0)

AR =N r

-7-6-5-4-3-2-10123 4567 -7-6-5-4-3-2-10123 4567

[cos(()) —sin(())]

VV

L e |
N L A 4w oo~

[

cos(d) —sin(6)
sin(d) cos(60)




AvaAuon og 101alouaec TinEG (Singular Value Decomposition)

[MTivakag KAIpAKwaong

o, 0
0)

" O
° T [0
3 i e .

—i

i _ |2 14 | _ _ _
W
v "
< >

el

[ LT |

L1
§

/
|

-7-6-5-4-3-2-10123 456 7



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

A=[¢]

| | | 7 ‘
| | g
| ; |
cos(f) sin(0) | /
| —sin(6) cos(6) 3 | /
| ( : ) 1 | /
‘ ‘ I |
‘ i =3 [[.)]
| | -3 ; //
| 0 [ cos(¢p) sin((/))] 5 J
| [ —sin(¢) cos(¢) - | .

-7-6-5-4-3-2-1012 34567 -7-6-5-4-3-2-10123 4567



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

¥ WolframAlpha

singular value decomposition [[3,0],14,5]]

ffo Extended Keyboard £ upload

A=UZV"

siglar wioe decomposin | () 3 0] — [ cos(d) sin(6) o, 0 cos(¢p) sin(¢)
Result 4 5 —sin((}) COS(H) 0 () _Sin(¢) COS((/))

M=UxlV'
v (30 from numpy.linalg import svd
las A = np.array([[3,0],[4,5]])
% By % svd(A)
U= \‘.l| \llO
Vio Vvio (array([[-0.31622777, -0.9486833 ],
_(3VE o [-0.9486833 , 0.316227771]1),
- o Vs array([6.70820393, 2.23606798]),
1 array([[-0.70710678, -0.70710678],
Vi f 12 [-0.70710678, 0.707106781]1))




AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

3 0 = 0316 —-0.949 6.708 0 0.7071 0.7071
4 5 0.949 0.316 0 2:236 -0.7071 0.7071

[1/\ 10 —z/\ﬁ][ ][ 1/y/2 1/y/2 ]
3//10  1/4/10 Vs —1/y/2 1/4/2

7
-5 3 Rotation of § = — % = —45°
2 I I 1 L1

i
W

-7-6-5-4-3-2-101234567 .1 [

/

i 1
-7-6-5-4-3-2-10123 4567

[ | '
~ (&)} w
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AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

‘
[l [TTTT]

-7-6-5-4-3-2-10123 4567

/M
\/

-7-6-5-4-3-2-10123 4567

A=UzV'

() 7()8 0.7071
2 2?() -0.7071

ERRRRER 30| 0316 -0949
4 5 0.949 0316

7

[”w 10 —3/4/10
3/4/10  1/4/10

ol

3y/5

0

Horizontal scaling by 3\/5

vl W

0.7071
0.7071

1/1/2
1//2

]



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

N h b A 4w oo N

AL

AVAR

T

-7-6-5-4-3-2-101234567

el= 1

N
TN

-7-6-5-4-3-2-10123 4567

[

0.316
0.949

1/4/10

3/4/10

—0.949
0.316

~3//10
1/y/10

6.708
0
][ 2\ S

0 0.7071 0.7071
2.236 —-0.7071 0.7071

0 ][ 1/ \5 Ji \,//5]
V5 HL=1/1/2 1/1/2

Vertical scaling by \B



AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

30 " 0.316 —0949 () 7()8 } 0.7071 0.7071
4 5 | 0.949 ).316 _% JL-0.7071 0.7071

" 1/4/10 —2/\f] " 112 1142
L 3/1/10  1/4/10 .—1/\/5 1/y/2

4 & b L 4w oo~

7

7-6-5-4-3-2101234567 | | /\
SRal

/

/

—)

/ Rotation of @ = arctan(3) = 71.72¢

~ o, w
N

L] AL |
-7-6-5-4-3-2-10123 4567




AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

4 [mﬁ —3/\/%] 3\/5 0 ][ 11V/2 1/\/5]
[”\TO —3/\/%][ 3\/5 0 V2 12 174} 0 A=UZVT U 3/y/10  1/4/10 o 5 dl-1nv2 1n2

o
N

3/\/10  1/4/10 0 5 M-1n/2 112 v

m
P
™M

—\.\ Rotation of @ = arctan(3) = 71.72¢

Rotation of § = —g = —45°

11/2 14/2 17
—12 1/\/2 J

[1/\ﬁ ~3] 10][
3//10  1/4/10

Horizontal scaling by 3\/§
Vertical scaling by \/5



AvaAuon og 101alouaec TinEG (Singular Value Decomposition)

B /
/

[ oom] [ VT A=UZVT

Meiwon dlaoTdocwv

N
5P
| |
o

0.316 —-0.949
0.949 0.316

b
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AvaAuon oe I01alouaec TiueG (Singular Value Decomposition)

[gmem] |yt A=vUsvt U -]
Z [ 6(.)71 @] ‘
o 1O

6.71

1:5 1:5
4.5 4.5

v

N
0. am

.
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AvaAuon og 101alouaec TinEG (Singular Value Decomposition)

0 /

J—
‘ [ i3]

1.8 1.2
44 4.6

Rank 2 Rank 1



AvaAuon o€ 101alouaecg TIUEC (Singular Value Decomposition)

[Mivakag pe rank=1




AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

[Mivakag pe rank>1 : TTpOCEYYION OTTWG AEITOUPYEI yIa rank=1

o0 o w
N | WO -
oo N |
W | o O -




AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

Ny

C AEE

T R

II_+I v |-Eel w |-Eel v |

Rank 1 Rank 1 Rank 1 Rank 1



AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)




AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

Large m;]m

II_+I [w ]

Rank 1 Rank 1



AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

-

l
II-

© N | &

N W O |-
W | | -

) -

251 | 237 222 | 197 | | 315 1.41 | 3.79 | 0.56 31 | 096|393 | 099 3 | 1| a1
607 | 572 537 477 | 487|753 244|743 |503 899|198 6 5| 0| 2| e
563 531 499 | 443|528 | 585 412 | 522 | 498 | 3.01 | 5.01 s | 3|6 | 8
788 | 743 698 619 | 885 | 596 9.36 403 | 8.96 | 7.02 | 9.03 9| 7|9 | s




AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

251 | 237 | 222 197 3.15 | 141 | 3.79 | 0.56
6.07 | 5,72  5.37  4.77 487 | 753 | 244 | 743
563 531 499 443 5.28 | 5.85 | 412 | 5.22
7.88 | 743 698 6.19 8.85 | 5.96 | 9.36 | 4.03




AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

Mn TETPAYWVIKOG TTiVAKAG;

o|jlo|]Oo|O




AvaAuon ot [01alouoeg TIUEG (Singular Value Decomposition)

AvdAuon d1avuoudTwy Tavw o€ opBoywvioug déoveg

e Av €vag TTivakag dgv gival TETPAYWVIKOG, N avaAuon 1010TInwY dev opileTal.

e AvT auTOU, XPNOILOTTOIOUUE TNV avaAuon o€ 1I01alO0UCEC TIUEG

KaBe trivakag A (mxn) putropei va ypageiwg 4 — U] VT

ZNUAVTIKA EQappoyn: MMopoUE va YEVIKEDOGOUE, €V HEPEL, TNV AVTLOTPOPN

€VOC YN TETPAYWVLKOU Tlivaka



AvaAuon ot [01alouoeg TIUEG (Singular Value Decomposition)

A=UxVv7T
Otr0oU U: OpBoywviog TTivaKag mxm — lNeploTpo@r) (Rotation)

2: Alaywviog TTivakag diactaocng mxn — ‘EKTaaon (Stretch)

(OX1 aTTOPAITATA TETPAYWVIKOG)

V: OpBoywvIog TTivaKAG nxn — [epioTpoen (Rotation)

Left singular vector singular values Right singular vector

wikipedia:SV


https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Singular_value_decomposition

AvaAuon ot [01alouoeg TIUEG (Singular Value Decomposition)

TieivaiTa U, Z VT

—1
10106 TTivakag A=VAV

el e

AlagpopeTikoi lMivakeg A=UVT

—
—_—



AvaAuon o€ 101aouaec TIUEC (Singular Value Decomposition)

A=UxVT

ATA = (VETUT)USVT =
AAT = UusvT(veTuT) =

M=U  V

mxn mxm mxn nNxn

A, yior ATA

/ %, yLok A
v uto)sv? = v(sTn)vT
vs(VIv)sTuT =uzsh)uT



https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Singular_value_decomposition
http://stefansavev.com/blog/singular-value-decomposition-all-posts/

Brjua mrpog Brua ue python

Deep Learning Book Series - 2.8 Sinqular Value Decomposition

A : TTiVOKQAG TTOU UTTOPOUME VA TOV “O0UUE” WG YPAUUIKO LETACXNUATIOUO TTOU UTTOPEI VA
avaAuBei o€ 3 UTTO- HETAOXNUATIOUOUG (AVTIOTOIXOUV O€ 3 TTIVOKEG) :

1. MNepioTpoon,
2. EkTaon,

3. [epioTpo®n).


https://hadrienj.github.io/posts/Deep-Learning-Book-Series-2.8-Singular-Value-Decomposition/

AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

0

GitHub

www.github.comAuisguiserrana/singular value
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

0
GitHub

www.github.com/Aulsguiserrana/singular value decomposition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

Y,

GitHub

www.github.com/uisguiserrana/singular value
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

GitHub

www.github.com/Auisguiserrana/singular value decomposition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

,

GitHub

www.github.com/uisguiserrana/singular value decompaosition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

,

GitHub

www.github.com/ulsguiserrana/singular value decomposition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

,

GitHub

www.github.comAuisguiserrana/singular value decomposition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)

GitHub

www.github.com/Auisguiserrana/singular value decomposition
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AvaAuon ot [01alouceg TIUEG (Singular Value Decomposition)
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PCA vs LDA (Linear Discriminant Analysis)

To PCA €0TIACElI KUPIWG OTN peyaAuTePN ATTOKAION LETAGU OAWV TWV LETABANTWV.
— To LDA pag evoIa@EPEl VA LEYIOTOTTOINOOUKE TN DIOXWPICTIKOTNTA LETAEU OAWV TWV YVWOTWV KATNYOPIWV.

— To LDA TTpoAAAEl Ta dEdOPEVA PE TPOTTO TTOU LEYIOTOTTOIEI TOV SIaXWPIOUO OUO KATNYOPIWV.

¢CA: component axes that maximize the variance LDA: maximizing the component axes for class—separation
LD2
7
4 [}
X Al
X X
x x ...........
X
A%
Y @000 (N Eesesssesens
RoxR X
X X
X
LD1

UNSUPERVISED SUPERVISED



LDA (Linear Discriminant Analysis)

Avo kpiThpIa:

- MeyioToTroIROTE TV ATTOOTAON METAEU TWV HECWV
TWV KATNYOPIWV
- EAaxioTotroijote Tn dlacTropd o€ KABE KaTnyopia

Brua 1: Yriohoyidetal o pE0OG OPOC Kal N TUTILKNA
amoKALon KABE XapaKTnNPLOTLKOL EVTOC TNG KAAONG

Brua 2: Yriohoyidovtat ot mivakeg dtaomopdg evtog Kat
HETAEL TWV KAGOEWV Kal XpNOLUOTIOLoLVTAL yLa TOV
UTIOAOYLOUO TWV 18LOSLAVLOPATWY KAl TWV LOLOTLHWV.

Briua 3 Kataokeuddetal Xwpog XaunAOTEPWY dIA0TACEWV
TTOU LEYIOTOTTOIEI TN dlAKUpAvVOoN LETAEU KAACEWV KAl
eAaxIOTOTTOIEI TN OIAKUPAVOT EVTOG KAAONG

LDA: maximizing the component axes for class—separation

LD1

The new axis is created according to two
criteria (considered simultaneously)

1) Maximize the distance between
means

f_%

u H
.

-

SZ

2) Minimize the variation (which LDA calls
“scatter” and is represented by s? ) within
each category.

Let's call (u - u)
, d for distance

d?
_
s’ + §?

/

Ideally large

Ideally small



Independent Component Analysis (ICA)

music original signals

recorded
S é?; . X1
1 a >
oy &> '
voice q<
52 ’ 21 .IIH[I i X2
Py wn o @ iy §

T—{ cocktail party problem }—l

Original signals Measurements

ICA reconstruction

X (t) =da, s, T4a,s,

x,(1) = a,s, +a,s,

Assume s_,s,: statistically independent

5y



ICA: 2TATIOTIKN) TTAPOUCIAQN  Joint distributions,

OewproTe OTI BUO AveLAPTNTA OTOIXEID
(TTNYEQ) TTEPIYPA®OVTAI OTTO TIG
OUOIOUOPPES KATAVOUEG:

I

p(Si): Q—\/§ J S\/§

0 otherwise

S,

1

AUTA N opoIGUOP@N KATAVOUH £XEI LNOEVIKO
HECO OPO Kal N dlakupavon ival ion pe 1

Ol x uITOPOUV VA UTTOAOYIOTOUV

Ag uttoB£00UpE OTI AUTEG OI BUO PEPOVWUEVEG XPNOILOTIOIVTAC TO MOVTENO ICA: x=As
TTNYEG QVAuElYVUOVTAl AaTTd TOV akOAouBo
TTiVaKa: :
2 3 x| {2 35 X, = 2s, +3s,
#| Y2 1)s, X, =28, +1s,

o N ! )



ICA: 2TATIOTIKN TTOpOoUCiaon

Joint distribution of mixture X, X,

2NUEIWOTE OTI Ol TUXAiEG HETABANTEG X, X,
Oev gival TTAEOV aveLapTNTEG.

e 'Evag eUKOAOG TPOTTOGC yIa va TO OEITE
QUTO €ival va eCETAOETE, €AV €ival

duvaTov va TTPORAEPOE N TIur TTX.
TNG X, OTTO TNV TIUA TNG X,

e [laparnproTe Tov Trivaka A

(2 3
g



ICA: 2TATIOTIKN TTOpOoUCiaon

Ot akpeg Tou MaparAnAoypappou gival oL KATEVBUVOELG TWY OTNAWY TOL A,

X4

AuTé onuaivel 611 Ba uTTopoUCaE, KAT' APXHV, VA EKTIUNOOUME TO LOVTEAO ICA utToAOYiloVTaG TTPWTA TNV ATTO
KoIvoU kaTavour (joint distribution) Twv x, x,, KAl OTN CUVEXEID VO EVTOTTIOOUE TIG OKHEG.

Apa, To TTPOBANua @aivetal va €xel AUon.



ICA - Blind Source Separation (BSS)

210X0G: [NpooTraboupe va e¢ayoupue Ta aveCAPTNTA CUCTATIKA ATTO TA AVAUEUEIYUEVA DEOOUEVQ,
XWPIC VA YVWPICOUUE EK TWV TTPOTEPWV TO TTWG EYIVE N AVAUEIEN TWV ONUATWV.

ZApna TTNYAG: To auBevTIKG, aveCdpTNTO CHUA (TT.X. LA QUVK)

Avapguerypéva onua: H ouviotauévn 6Uo i TTEPIOCTOTEPWY TTNYWV TTOU £XOUV OVAUEIXOEI.

Avapeign ZnpdTtwy - ICA Ytro0éoeig

Ortav avapiyvuovTal dUo 1) TTEPICOOTEPA CANATA (TT.X. PWVEG), TTapATNPOUVTAI TPIA BOCIKA ATTOTEAEOUATA:
1. Aveaptnoia: Ta ofjparta nNyAg €ival oTaTioTIKA aveCapTnTd, GAAG TO AVAREUEIYUEVA OpaTa OEV

gival, 01611 KABe avapeign TTePIEXEI Kl Ta dUO OruaTa.

2.  Kavovikérnra: Ta ofuarta mnyng £Xouv Katavouég rou dev gival Mkaouoiaveg, evw Ta

QAVAUEUEIYUEVA ONUATA TEIVOUV va £€X0UV [ KOOUOIAVES KOTAVOUEG.

3. MoAutrAokéTnTa: H TTOAUTTAOKOTNTA TWV QVAUEUEIYUEVWY ONUATWY €ival peyaAUuTePN 1) ion pe TNV

TTOAUTTAOKOTNTA TWV TTIO ATTAWYV oNUATWYV TTNYAC (0 AyVWOTOC TTiVAKAC avApEIENS Eival TETPAYWVOC).



Independent Component Analysis (ICA)

[a va avaKTAOOUUE TIG APXIKES TTNYEG ATTO TA AVAUEUEIYUEVA OARATA, XPNOILOTTOIOUUE TIG TTAPOKATW TPEIG

OTPATNYIKEG:

, . . . . . . . plx,y) = px)p(y)
1.  Avedaptnoia: E@doov Ta ouata Tnyrg Eival avegaptnTa, EVW TA AVOUEUEIVUEVA OEV VA, 1L VU tqUyLUME

aveeapTNTA CNUATA OTTO TA AVOUEUEIYUEVA CAUATA LAG ETTITPETTEI VO QVOKTIOOUUE TIG TTNYEG.
— AUTO TO KAvEl TO ICA péow TNG LEYIOTOTTOINONG TNG OTATIOTIKAG AVECAPTNOIOG TWV ECAYOUEVWY ONUATWV.

2.  Kavovikérnra: EQv Ta ofjuata TNyng €Xouv pn-I'kaouoiaveg KATAVOUEG KAl TA avay X OAUATA £XOUV

[KaouolavEG KATAVOUEG, TOTE N £€aywy ONUATWY HE uN-IKaouoIaveéS KATAVOUEG

QTTO TO AVOUEUEIYUEVA ONUATA LOG ETTITPETTEI VO AVOKTAOOUUE TIG TTNYEG.

3. MNoAutrAokoTtnTta: Edv Ta ouata Tnyng gival mo atrAd (pe xapunAni TTOAUTTAOKOTNTA) O€ OXE0N UE TA
QVOUEUEIYUEVA ONUATA, TOTE N €CAYWYH TWV TTIO ATTAWY CUCTATIKWY B pag dWaoel Ta apxIKG orjuata.

H oTtpatnyikn ival va avadnticoupe TV IDIOTATA (avecapTnoia, un-Ikaouolavég Katavouég, 1 atrAoTNTa) TTou

— y Yy y - — y y y —



Independent Component Analysis (ICA): [TapadoxEg

Ap18pdg MNMnywv: MNpETTel TOUAAXIOTOV O APIOUOC AVAUEUEIYUEVWY ONUATWY VA €ival i00C LE TOV
aApPIBUO TWV TTNYWV.

Avapegpeiypéva ZAaupara: Av o apiBudc Twy TTRywV gival peyaAuTepog atrd Tov aplifud Twv
QAVOUEUEIYHEVWY ONUATWY, OEV UTTOPEI EUKOAQ va avakTnOei OAOG 0 apIBudS TwV TTNYWV.

2U0yKpIion ZTPATNYIKWYV YIA TO BSS

® YTmdapyouv dIdpopeg uEBodoI yia TNV eQapuoyn Tou BSS, N KABE pia pe TI¢ OIKES TNG TTAPADOXEC
(minimization of mutual information, non-Gaussianity maximization)
e H uEBodocg 1Tou emAEyETal ECAPTATAI ATTO TNV QUON TWV OEOOUEVWV KAl TIG UTTOBETEIC TTOU

KAVOULE YIa Ta orjuaTta Kal Trn d1adIkaoia avapeigne.



ICA - Minimization of mutual information
- Baoiletal otn Bswpia TNG TTANPOPOPIAC.
- Eival pétpo TnG oTaTIOTIKAG £€APTNONG LETALU CUVIOTWOWY VOGS TUXAiIOU OIaVUCUATOG

Ailag@opikn Evrportria (H): H diagopikr) evipotria H evog TuXaiou diavuopaTtog y e TTUKVOTNTA TTIBAvVOTNTAG p(y)
opifeTal WG:

H(y) = - / p(y)log p(y)
ApvnTikA EvTpoTtria (Negentropy - J): Mia KavOVIKOTTOINUEVN €KOOOT TNG EVTPOTTIAC, OPICETAI WG APVNTIKA

evrpoTria J: \ :
.](';l/) = H(!/_qaus.s‘) - H(U)

OTTOU TO Y gauss gival éva ['kaouaiavo Tuxaio diavuopa pe Tov idIo TTivaka CUaXETION OTTWG TO y.
H apvnTikn evTpoTria gival TTavTa B€TIKA, Kal und&v uovo yia Gaussian random vectors

Apoifaia NMAnpogopia (1): H auoiBaia TTAN0O®OOIA LETALY 72 TUYAIWV LETABANTWY y , 6TTOU 7=1,...,m OiveTal

ato: m | |
I(y1, y2, o ym) = Y H(yi) — H(y)

1=1 A Tutorial on Data Reduction Independent Component Analysis (ICA)



https://www.sci.utah.edu/~shireen/pdfs/tutorials/Elhabian_ICA09.pdf

ICA - Minimization of mutual information

XPNOILOTTOIWVTAC TNV £vvola TNG dIaPOPIKNS EVIPOTTIAC, N auolfaia TTAnpogopia (mutual information) 1
METACU m TUXAiWV HETARANTWYV diveTal ATTO:

m

Imwaw=ZH&%HW)

e H apoiBaia TAnpogopia gival To QUOIKO PETPO TNG £CAPTNONG METAEU TUXAIWV LETABANTWV.
e Hmiur TnG ival TTAvTa un apvnTiK Kol unOEVIKRA €AV Kal pOVo €AV Ol LETABANTES ECAPTWVTAI OTATIOTIKA.

Ortav 10 apyIko Tuxaio dIAvUopa x UPIOTATAI EVAV AVTIOTPEWIUO YPOUMUIKO LETAOXNUATIONO y = Wx (x=As), N
apolfaia TTAnPO@oOPIa yIa TO y WG TTPOC TO X Eival :

[(yl,...,ym ZH y, )—10g|detW|



ICA - Minimization of mutual information

Y1o0€0Te OTI TO y, TrEPIOPICETAI VA €ival ACUOXETIOTO KAl LE povadiaia dlakupavan, T0Te Ba IoXUEL:
E{yy'} = WE{xx"}WT =1
H epapuoyn NG opiloucag o€ OAEG TIG TTAEUPES TNG £CIOWONG EXOUUE:

1(D1senyy) ZH () )—log|detW| — detl=1:det(WE{xxT }WT )=(detW)(detE{xxT }XdetWT )

- Todet W TipéTTel va eival oTaBepd a@oU Todet vy’ | BEV €§apTaTaN ATTO TO W.
- Nay, povadiaiag diakupavaong, N EVIPOTTIA Kal N apvnTIKA vVTPOTTia dlagépouv povo Kata oTabepd Kal
TTPOCNUO.

EtTopévwg, n BepeAilndng oxéon avaueoa oTnV EVTPOTTIA KAl TNV APVNTIK EVTPOTTIA €ival:
[($)-9,)=C=2 J (¥
i
o1ToU C €ival pia otaBepd TTou dev e¢apTdTal attd To W.

= BpiokovTag €101 €vav avTIOTPEWIUO HETACXNUATIOUNO W TTOU EAAXICTOTTOIEI TNV apolfaia TTAnpo@opia cival
TTEPITTOU I00OUVAUO UE TNV EUPECH KATEUBUVOEWYV OTIC OTTOIEC N APVNTIKI EVTPOTTIA (HIa £vVoIa TTOU OXETICETAl
O€ Un YKOOUOIavr KATavour) LEYIOTOTTOIEITAL.



Maximum Likelihood Estimation

Me Tn xprion Tng TTUKVOTNTAG TTOAVOTNTAG EVOG YPAUUIKOU HETAOXNUATIONOU UTTOAOYIZETAI N TTUKVOTNTA p,
TOU OVAUEUEIYHEVOU BEDOUEVOU X = As OTTOU W = A, Kail f SNAWVOUV TIG TTUKVOTNTEG TWV aveEapTNTWY

OUCTATIKWV S.-
)=|de )=|det W]H Fils:

H TTukvoTnNTa p_pTTOPEI ETTIONG VO €KL : a1 ToU W = (w1, w2 ... wn)", dnAadn,

= ‘det W‘Hf, (wfx)
i=1

YT1ro0£TovTag Ot uttdpyouv T dedouéva Tou x, TTou cupBoAidovTal pe x(1), x(2), ..., X(T), Kal LETA ATTO PEPIKES
Trpagelg r] TS)\lKn €§I0'w0r] Y e 7—' 1. l [ R A

L= Zz log 1, (w,.fx(r))+ T log|det 77|

t=l.. 7i=1

MpoBAnua: O1 cuvapTROEIC TTUKVOTNTAG fi TTPETTEI va EKTIMNOOUV CWOTA, SIAPOPETIKA N Maximum
Likelihood Estimation Ba dwoel AdBo¢ atTroTéEAeoa.



Independent Component Analysis(ICA) vs PCA

OpoioTnTEG:

e ECaywyn XapakTnpIoTIKWV

e Meciwon dlacTaoewv.

2UyKpIon:

e To PCA BpioKel KOTEUBUVOEIG LEYIOTNG

dlakupavong.

e To ICA BpiOKel KOTEUBUVOEIG LEYIOTNG

avecapTnoiag.



