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Yatevdouon. Xe €vav kald diatetayuévo xweo (U, <) opltovue
Sy(z) =Sz = min{y € U | z <y}, epdcov vrtdeyelt y € U ue = < y
seg(z) ={y €U |y <z},
omov x € U.

INa 8Vo uepkd Sratetayuévoug xweovs (P, <p) ra (Q,<g) opltovue P =, @ av vTdeyel
7 P Q éva-1eog-éva kol Tl Tou €feton Tig SratdEelg, SnAadn yio kdde z,y € P 1oxvet
r<py < m(z) <q7(y)

Ye avtn tnv mepimttowon Adue 0Tl 0 P elvol 6uolog ue tov ) KoL n Iro TAVED 7 OVOUAIETOL
ouoloTnTA.
Acknon 1. 'Ecto (U, <) évag kaAd StateTayuévog xmeog. Astete ot yio kdde = € U €xovue
seg(Sz) = seg(x) U {x}.
Avon.
"Ectw x € U. Av y € seg(x) U {z}, dndadn av y < z, apov z < Sz da €ovue y < Sz. Aga
seg(x) U{x} C seg(Sx).

Avtictpopa, dewpovue y < Sz. Av elyoue = < y emedn Sz =min{z € U | z < z} Ya elyoue
Sz <y mov elvor dtotro. Apa x £ y dnAadn y < z.

Acknon 2. Agigte 0T kAPe kOAA SateTayuévog xneos (U, <) ue Ueylgto aTotyelo eivol eTtaym-
yikdg, dnAadn kdde aAvcida (lGoduvaua kdde VITOGUVOAO TOV) €xel supremum.

Advon.
‘Ectw S C U. (To S eivar @uokd aAlvcida yiotl o (U, <) elvar OMKA SLaTETAYUEVOS XWEOGS.)
Oewpovue T0 GUVOLO
UB={yecU| VzeS)z<y]}

TV dve @eayudtov (upper bounds) Tov guvodov S. To max U, swov vitdoyel amd tnv vddecn
wag, kovorrolel z < maxU ywo kdde z € S. Emouévog maxU € UB ko UB # ().

E@odcov o U elvar kKaAd Statetayuévos xmeos vrtdeyel to minUB, SnAadn to eAdylgto oo
Ta dve @edyuata Tov S. Autd cnualver sup S = minUB.

Ogwoudg: To ddpowsua P + Q 8Vo uepkd Satetayuévmv xoenv (P, <p) kal (Q,<g) elvar To

GUVoAO
P+Q=({0}xP)J{1} xQ)
wagt ue tn didtagn
() <(y) <= [i=j=0&az<pyl V]i=j=1&z<qy] V [[=0&j=]1]

oTov (i,x), (j,y) € P+ Q. Ioapatnenote 6t av i =0 t0te € P ko av i = 1 10te = € Q.

Me dAla Adyia dewpovue Vo gva avtiypapa tov P, Q (ta {0} x P kot {1} x @ avtictorya)
ko TogTodeTOVUE TO AVTIYEOPO TOV P “TTow” agtd To avilyea@o Tov @ (AUTd ITEOKVTTTEL ATTO TO
(0,2) < (L1,9)).




To dfpowopa Vo kald Statetayuévov xoenv U,V oxynuotikd:
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Acknon 3 (IIpopAuata x7.2-x7.6). Aelgte 1 amwavingte Ta akdéAovda dGov apopd to ddpoicua
500 KOAD SLATETAYUEVOV XWEWV.

Q) AvU =, U vaw V =, V' 1616 U +V =, U' + V' yio kdPe kald Satetayuévoug xmoeoug
UU,V,V'. (Adcte wévo Tov 0pioud Tng nTovuevng ouotoTnTag.)
i) U+ (V+W)=,(U+V)+W yioa k@ koAd Swatetayuévoug yweovg U, V,W. (Avcte
uévo Tov 0QLoUd TG TNTOVUEVIG OUOLOTNTAG.)
(iii) Av U etvan €vag KaAd SlateTayuévog xmeog motog eivar o x0eos U + {0} w¢ meog tn
GY€on oUoLOTNTOS =,; (XUVOITTIKA OITAVTNGN.)
@iv) Av U,V elvon kald Statetayuévol xoeol tote To ddpotcua U + V' elvan kadd diatetay-
UEVOG YWQEOG.
(v) Tt wyver {0} + N =, N kan N #, N + {0}; Xvumepdvete 6Tt n medcdeon kald
dratetayuévav xwewv dev elvon uetadetikn TTedEN.
Advon.
(i) 'Eotw 71 : U U’ ko mo : V —» V' opotdtnieg. Opicovue
7: ({0} xU) U{1} xV) — ({0} xU") u({1} x V')
we 7(0,z) = (0,71 (x)) kan 7(1,y) = (1,m2(y)), 07OV = € U keu y € V. Eivan e0koAo va Set kavels
OTL n 7 elval opoldTNTOL.
(ii) Amd Tov oQoud €xouvue
U+(V+W)= ({0} xU) U {1} x (V+W))=({0} xU) U ({1} x [({0} x V) U ({1} x W)])
= ({0} xU) U {1} x{0} x V) U ({1} x {1} x W).
‘Ouola Bplokouvue
U4+V)+W=({0}x{0}xU) U ({0} x {1} xV) U ({1} x W).
Omdte opicovue

7 U+ V+W)=>U+V)+W:n(0,2) =(0,0,2), =(1,0,y)=(0,1,9), =(1,1,2)=(1,2)
omov x e U,yeV kL z € W.

(i) O U+ {0} = ({0} x U) U ({1} x {0}) = ({0} x U) U {(1,0)} eivar Suotog we Tov £mmduevo
Suce(U) tov U, SnAadn Tov x0eo Tov TTeokVTttel av tomodetncgovue 1o atoxeto r(U) ¢ U “uetd”
ad 6Aa ta grotyela tov U. H ouotdtnta asd tov U + {0} atov Succ(U) agekovicel Ta aroyyeia
Tov guvorov ({0} x U)U{(1,0)} wc e&ng: (0,z) — = v (1,0) — r(U).

(iv) 'Eoto A éva pn kevé vitogivolo tov U +V = ({0} x U) + ({1} x V).

In Ieplmmtwon: AN ({0} x U) # (. Téte yua va feovue to eddyioto tou A da kottdgovue uéca
agtov U. Oewpovue 10 GUVOAO

B={xzeU|(0,z) € A}.
Ye auTh TNV TEPTTWon To B elval €va un Kevo VITOGUVOAO TOU U KOl GUVETTWS VITAQYXEL TO
min B € U. Aelyvouue 6Tt (0, min B) = min 4, 61ov 10 TMEodTo minimum Aaufdvetor UEGo GTov
U ev®d 10 devtepo uwéga atov U + V. Ta evkoAio gupPoricovue ue < tn Sidtagn otov U + V kou
ue < To AveTNES TGS UEEOG.

Eqewdn min B € B €xouvue (0,min B) € A. 'Ectw (i,z) € A, av i = 0 10t = € B, 01do1E Min B <
x ko (0,minB) < (0,2) = (i,2). Avi=1 (kow dea z € V) tdte (0,min B)<(1,z) = (i, z). e kdde
mepiTttoon €xovue (0,min B) < (4, z) yo kdde (i,z) € A. KataAryovue 6t (0, min B) = min A.
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2n Ieplmtwon: AN ({0} x U) = 0. Téote A C {1} x V ko emmouévmg ylo va Beovue to eAdyLGTO
Tov A Ya TreéTel va kottdgouvue uéca gtov V. @swpolue 10 GUVOAO

C={yeV |1y eA}

AoV ) £ A C {1} xV €youvue C # (). Emouévag vrtdeyel o min C' € V. Aglyvouue 61t (1, minC) =
min A. Emeldn minC € C €yovue (1,minC) € A. 'Ecto (i,z) € A. Av i = 0 161 = € U oTote
AN ({0} xU) # 0, wov eivon dromo yatl eluacte otn 2n Ieplmtoon. Aga i = 1 kar z € V. Aot
(1,z) = (i,z) € A €ovue x € C vl dpa minC < z. Eouévag (1,minC) < (1, z). Kataliyouvue
ot (1, minC) < (4,z) ywa kdde (i,x) € A kaw doa (1, minC') = min A.

(v) O xweos {0} + N = ({0} x {0}) U ({1} x N) ={(0,0)} U ({1} x N) etvau duorog ue tov N.
Ytnv ovala Ttpocdétouue €va GToyelo GTa aELeTepd Tov N, TOTE 0 KAOUQYLOS XWEOS £XEL TN
woQE:

| | | ° °
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Tnv (Sia wopoen €xel kaw o N. Avatned opicovue tnv asewkovion 7 : {(0,0)} J ({1} xN) - N:
7(0,0) = Oy ko m(1,n) = n +y 1y 6oL n € N. Téte n 7w elvaw n gntovuevn ouotdtnta.

A6 v dAAn o xoeos N+ {0} = ({0} x N) UJ ({1} x {0}) = ({0} x N) (J{(1,0)} €xer o (1,0)
WS 0QLOKG cnuelo:

. Y Y D
VT ~ (170)
{0} xN

Avotnpd: av (i,n) < (1,0) tote i = 0 kaw eTOUEVWS (0,n) < (0,7 4y 1y) < (1,0), dea To (1,0) Sev
ugtoQel va etvaw 0 eTOUEVOS TOL (i, n).
O 6Vo xweot N+ {0} ko {0} + N dev elvan duotor yratl adlws da elyoue

N+ {0} =, {0} + N=, N =, {0} x N,
onAadn o N + {0} da ntav duotog ue to yvicio ayiko tunua tov seg((1,0)) = {0} x N. Avuto

Ouws etvor dtoTro yratl €vag KaAd SlaTeTayuévos xmeos Sev umopsl va elvol OUOL0G (e KAITOL0
YVAGLO 0QXKO TURUO TOV (YWWwGTO Oepnua).

Acoknon 4 (ATTowTnTikin).

(i) 'Ectw V évag kaAd Slatetayuévos xweog Ttov elval dItelpo GUVOAO Kol TTou dev €xel
oplakd onueta. Opicovue tn guvdetnon f: N — V ue

Sy (f(n)), ovumwdoyery €V ue f(n) <vy

f(On) v ko f(n+In) {OV, OAM®G.

Aelgte 0TL n f elvon owoldTNTO KO €TTOUEVWS Loxvel V =, N.

Ymodergn. H 18éa elvan va astewovicovue 1o Oy 6to Oy, To 1y oto Sy (0y) k.ok. H
devtepn TeQlmTOoNn Gtn SlokAASwon Tou oQopol Tng f BnAadn to “aAM®C”) uraivel
yrati 8ev yvweitouue ek TV TTEOTEQWV OTL yia kdde n da vrtdeyel y € V ue f(n) <y y. To
“oAM®S” dev da cuupaivel duwg ToTE, SnAadn Yo elLacTe TAVTO GTRV TIEOTN TTEQITTTWON.

(i) Aelgte oLy kdde kadd Swatetayuévo yweo V' Ttov elvol AIteElpo GUVOAO €xouue
14V =9V, émov 1 = {0} kaw + elvaw n TEOGVEON UETALY KAAD SLATETAYUEVOV XWOE®V.

Adon.

1) Agxwd delyvovue ue emaywyn ato n € N o1l yio kdde k <y n €xovue f(k) <y f(n) kol Twg
yo kdbe y <y f(n) vdeyer m <y n ue f(m) = y.

[a n = Oy To cvuItépacua wyvel TeTouéva emedn f(Oy) = Oy Kol GUVETT®OS Sev VTTAQYOLVV
Tétowa k,v.




Yrod€tovue Ot yia kdgtolo n € N woyvel yia kdde k <y n, f(k) <y f(n) o kdVe y <y f(n)
vTdxelr m <y n ue f(m) =y.

‘Ectw k <y n+ ly. AT tnv emayoyikin vitodecn to govoro {y € V | y <y f(n)} elvar {co
we to {f(m) | m <y n} ko emouevwg elvon TemeQAGUEVO. E@dcoov to V' elvan dmrelpo GivoAo
VTdExeL y € V ekTdg awtol Tou GuVOAoL kot doa f(n) <y y. Emouévwe eluacte otnv medtn
TEQITTOON TOV 0QLGUOY, SnAadh f(n + ly) = Sy (f(n)). Emaiéov

f(k) <v f(n) <v Sv(f(n)) = f(n+1n),
OITOV GTNV TTEATN AVIGOTRTO Yenalottomaape thy Emtayoyikn Yrddeon ko ot k < n. KatoAn-
youue Ot f(k) <y f(n+ ly). ®eweovue twea éva y <y f(n + ly) = Sy (f(n)). Tote y <y f(n).
Av y <y f(n) amd tnv Emayoyikn Ymddeon vidoyxer m <y n ue y = f(m), eved av y = f(n)
Taigvovue m = n. AUTO OAOKANQ®OVEL TNV ETTOYMYA.

A6 avto Tov €xovue delEel TEOKVTTEL OTL N f GéPfeTan T Sratdgels (ko deoa eivor ko 1-1)
Kol Tws o gUvoAo fIN] etvaw axkd tunpa tov V.

Yrto9€touue meog dtomo ot n f Sev etvan extl. Tédte f[N] # V kou emmoudvmg vtdeyel y € V' ue
fIN] = segy (y). Ipopavag y # 0. AoV o V dev €xel oguakd onueio y = Sy (x) yo KAITOL0
z € V. Téte x € segy (y) = fIN] dpa z = f(n) yua kdstowo n € N. AAMG tote = = f(n) <y f(n+ 1y)
kol dpa y = Sy (z) < f(n + ly), dndadn f(n + 1y) € segy (y) = f[N], dtomo. Emtouévwg n f etvon
egtl KAl dEa etval Ko owoldTTA.

@il) Av o V 8ev €xer opuard onueio tote agtd 1o (i) V =, N. 'Exovue dei amd moonyovuevn
doknon T

1+N=N dpa 1+V =,V
Emouévmg vtodétovue 6t 0 V' €xel oprakd onueio. Oewpovue To EAAYLGTO 0QLOKO GNUELD wy TOU
V. Téte to dmelpo GUVOAo segy (wy) wocl pe tn Sidtagn tov V etvaw €vag kald StateTayuévog
X®EOGS TTov dev €xel oplard onuela. Ao ta TEonyovueva 1 + segy (wy) =, segy (wy ). EmatAéov
av décovue U = {y € V | wy <y} €ovue

V =, segy (wy) + U.
Apa
14V =, 1+ (segy(wy) +U) =, (1 +segy (wy)) + U =, segy (wy) + U =, V.




