
 !"#"$%&'%() *+,-./ 0-%1234

(/% 5-6!'"$-/7./

8%&/$,$) &'9 *+,-./ 0-%1234

:-9; </$"6-'=); > ?'@19; A@B";

814%(C D+'&CE%" <"#6'+B4+."

?B"#) F#+('-"#C$,4 D9B/4%(34 (/% D9B/4%(34  !"#"$%&'34

?B"#) FDD 8D< G H II



J%/%-+'C'9'/

K-%&2C;

L%/  , ! ∈ Z 1/ #M2+ C'% " N O%/%-+. '"4 !PQ &62E"#%(@  | !Q /4
6!@-B+% " ∈ Z 'M'"%" 3&'+ ! = " R

*/ #M2+ C'% "  O+4 O%/%-+. '"4 !Q &62E"#%(@  ∤ !Q /4 ∀" ∈ ZQ ! 6= " R

SO%C'9'+;

L%/ (@1+  , !, " ∈ Z T

GR  |  Q 1 |  Q  | 0 R

UR 0 |  ⇔  = 0 R

VR  | ! ∧ ! | "⇒  | " R

IR  | ! ∧ ! |  ⇒  = ±! R

WR  | !⇒  | !" R

XR  | ! ∧  | "⇒  | (#!+ $")∀#, $ ∈ Z R

YR  | !⇒ | | ≤ |!| (/%  | ! ∧ ! ≥ 0⇒  ≤ ! R

?B"#) FDD 8D< U H II



J%/%-+'C'9'/

Z O%/%-+'C'9'/ +.4/% 2%/ &BM&9 2+-%(); O%@'/[9; &'" NR

K-"#"$./

◮  $4)&%"; O%/%-M'9; '"6 !T  | ! (/% 0 <  < |!|R

◮  29 '+'-%22M4"; O%/%-M'9; '"6 !T  | ! (/% 1 <  < |!|R

◮ % > 1 !-3'"; /-%12C;T 2"4/O%(". O%/%-M'+; '"6 " 1 (/% " %R

◮ %, & &B+'%(@ !-3'"% \]^_`abcdT 2"4/O%(C; ("%4C; O%/%-M'9; " 1R

?B"#) FDD 8D< V H II



0(M-/%/ O%/.-+&9

*+3-92/ \0(M-/%/; J%/.-+&9;d

'() *+,-  , ! ∈ Z .- ! > 0 /0+123/4 .34)5(*+ & 6&789:;<9= 0>?@*3A= B

6B;C :<D;B= /0E?3(03A 6&, B ∈ ZA FGF3() HIF-J

 = &!+ B *)( 0 ≤ B < !

0!CO+%[9

e&', '" &f4"#" K = { − #! | # ∈ Z,  − #! ≥ 0}R

◮ K 6= ∅ \!RBR  − (−| |!) ∈ Kd &64+!3; MB+% +#@B%&'" &'"%B+."

B < ! \$%/'.gdR  !@-B+% +!"2M4,; & ∈ Z 'M'"%" 3&'+

 − &! = B⇒  = &!+ B, 0 ≤ B < !.

?B"#) FDD 8D< I H II



0(M-/%/ O%/.-+&9

*+3-92/ \0(M-/%/; J%/.-+&9;d

'() *+,-  , ! ∈ Z .- ! > 0 /0+123/4 .34)5(*+ & 6&789:;<9= 0>?@*3A= B

6B;C :<D;B= /0E?3(03A 6&, B ∈ ZA FGF3() HIF-J

 = &!+ B *)( 0 ≤ B < !

0!CO+%[9

e&', '" &f4"#" K = { − #! | # ∈ Z,  − #! ≥ 0}R

◮ K 6= ∅ \!RBR  − (−| |!) ∈ Kd &64+!3; MB+% +#@B%&'" &'"%B+."

B < ! \$%/'.gdR  !@-B+% +!"2M4,; & ∈ Z 'M'"%" 3&'+

 − &! = B⇒  = &!+ B, 0 ≤ B < !.

◮ e&', &′, B′ ∈ Z 'M'"%/ 3&'+
 = &′!+ B′, 0 ≤ B′ < !Q +!"2M4,; 0 ≤ |B′ − B| < !R

◮ &!+ B = &′!+ B′ ⇒ (&− &′)! = (B′ − B)⇒ |&− &′|! = |B′ − B|R
04 & 6= &′ 'C'+ ! ≤ |B′ − B|Q @'"!"R ?64+!3; & = &′ (/% B = B′R

?B"#) FDD 8D< I H II



DM$%&'"; 5"%4C; J%/%-M'9; \h`cijckj l^bb^m naoak^`d

*+3-92/ \D5Jd

LIFM  , ! ∈ Z *)( D = bam {# + $! | #, $ ∈ Z, # + $! ≥ 0}N OEF-J
6:A D |  *)( D | !N
6::A D′ |  ∧ D′ | !⇒ D′ ≤ DN

?B"#) FDD 8D< W H II



DM$%&'"; 5"%4C; J%/%-M'9; \h`cijckj l^bb^m naoak^`d

*+3-92/ \D5Jd

LIFM  , ! ∈ Z *)( D = bam {# + $! | #, $ ∈ Z, # + $! ≥ 0}N OEF-J
6:A D |  *)( D | !N
6::A D′ |  ∧ D′ | !⇒ D′ ≤ DN

0!CO+%[9

◮ \ad e&', κ, λ ∈ Z 'R3R D = κ + λ!R *ROR"R D |  R

?B"#) FDD 8D< W H II



DM$%&'"; 5"%4C; J%/%-M'9; \h`cijckj l^bb^m naoak^`d

*+3-92/ \D5Jd

LIFM  , ! ∈ Z *)( D = bam {# + $! | #, $ ∈ Z, # + $! ≥ 0}N OEF-J
6:A D |  *)( D | !N
6::A D′ |  ∧ D′ | !⇒ D′ ≤ DN

0!CO+%[9

◮ \ad e&', κ, λ ∈ Z 'R3R D = κ + λ!R *ROR"R D |  R
e&', D ∤  R pC'+ 6!@-B"64 &, B ∈ Z 'M'"%/ 3&'+

 = &D+ B, 0 < B < D,

⇒ B =  − &D =  − &(κ + λ!) = (1− &κ) + (−λ&)!
"!C'+ B ∈ {# + $! | #, $ ∈ Z, # + $! ≥ 0} (/% B < DQ @'"!"R

?B"#) FDD 8D< W H II



DM$%&'"; 5"%4C; J%/%-M'9; \h`cijckj l^bb^m naoak^`d

*+3-92/ \D5Jd

LIFM  , ! ∈ Z *)( D = bam {# + $! | #, $ ∈ Z, # + $! ≥ 0}N OEF-J
6:A D |  *)( D | !N
6::A D′ |  ∧ D′ | !⇒ D′ ≤ DN

0!CO+%[9

◮ \ad e&', κ, λ ∈ Z 'R3R D = κ + λ!R *ROR"R D |  R
e&', D ∤  R pC'+ 6!@-B"64 &, B ∈ Z 'M'"%/ 3&'+

 = &D+ B, 0 < B < D,

⇒ B =  − &D =  − &(κ + λ!) = (1− &κ) + (−λ&)!
"!C'+ B ∈ {# + $! | #, $ ∈ Z, # + $! ≥ 0} (/% B < DQ @'"!"R

q2"%/ O+.B4"62+ D | !R

?B"#) FDD 8D< W H II



DM$%&'"; 5"%4C; J%/%-M'9; \h`cijckj l^bb^m naoak^`d

*+3-92/ \D5Jd

LIFM  , ! ∈ Z *)( D = bam {# + $! | #, $ ∈ Z, # + $! ≥ 0}N OEF-J
6:A D |  *)( D | !N
6::A D′ |  ∧ D′ | !⇒ D′ ≤ DN

0!CO+%[9

◮ \ad e&', κ, λ ∈ Z 'R3R D = κ + λ!R *ROR"R D |  R
e&', D ∤  R pC'+ 6!@-B"64 &, B ∈ Z 'M'"%/ 3&'+

 = &D+ B, 0 < B < D,

⇒ B =  − &D =  − &(κ + λ!) = (1− &κ) + (−λ&)!
"!C'+ B ∈ {# + $! | #, $ ∈ Z, # + $! ≥ 0} (/% B < DQ @'"!"R

q2"%/ O+.B4"62+ D | !R

◮ \aad e&', D′ 'M'"%" 3&'+ D′ |  (/% D′ | !R pC'+
 = "1D

′, ! = "2D
′R 8!"2M4,;T

D = κ"1D
′ + λ"2D

′ ⇒ D′ | D⇒ D′ ≤ DR

?B"#) FDD 8D< W H II



D5JT B-)&%2+; %O%C'9'+;

?/4 !"-.&2/'/ '"6 !-"9$"f2+4"6 1+,-)2/'"; !-"(f!'"64 '/

!/-/(@',T

◮ " /#$C-%12"; '"6 86(#+.O9 E-.&(+% '"4 D5J Of" /(+-/.,4

/-%1234 \E#R !/-/(@',dR

◮ r]s( , !) = 1⇒ ∃κ, λ ∈ Z, κ + λ! = 1

\B-)&9 &+ +f-+&9 )4F(IF1EP3/ C8D7Q8 !T κ b^s ! = 1dR

?B"#) FDD 8D< X H II



D5JT B-)&%2+; %O%C'9'+;

?/4 !"-.&2/'/ '"6 !-"9$"f2+4"6 1+,-)2/'"; !-"(f!'"64 '/

!/-/(@',T

◮ " /#$C-%12"; '"6 86(#+.O9 E-.&(+% '"4 D5J Of" /(+-/.,4

/-%1234 \E#R !/-/(@',dR

◮ r]s( , !) = 1⇒ ∃κ, λ ∈ Z, κ + λ! = 1

\B-)&9 &+ +f-+&9 )4F(IF1EP3/ C8D7Q8 !T κ b^s ! = 1dR

◮ 04 " |  ! ∧ r]s( , ") = 1 'C'+ " | !T

r]s( , ") = 1⇒ ∃κ, λ ∈ Z : κ"+ λ = 1⇒ κ"!+ λ ! = !⇒
" | !R

?B"#) FDD 8D< X H II



D5JT B-)&%2+; %O%C'9'+;

?/4 !"-.&2/'/ '"6 !-"9$"f2+4"6 1+,-)2/'"; !-"(f!'"64 '/

!/-/(@',T

◮ " /#$C-%12"; '"6 86(#+.O9 E-.&(+% '"4 D5J Of" /(+-/.,4

/-%1234 \E#R !/-/(@',dR

◮ r]s( , !) = 1⇒ ∃κ, λ ∈ Z, κ + λ! = 1

\B-)&9 &+ +f-+&9 )4F(IF1EP3/ C8D7Q8 !T κ b^s ! = 1dR

◮ 04 " |  ! ∧ r]s( , ") = 1 'C'+ " | !T

r]s( , ") = 1⇒ ∃κ, λ ∈ Z : κ"+ λ = 1⇒ κ"!+ λ ! = !⇒
" | !R

◮ 04 % !-3'"; ∧ % |  ! 'C'+ % |  ∨ % | !T

04 R"D(%,  ) = % 'C'+ % |  R 04 R"D(%,  ) = 1Q /7"f % |  ! 1/
!-M!+% % | !R

?B"#) FDD 8D< X H II



*+2+#%3O+; *+3-92/ 0-%129'%();

S+,- )*G1)(3T )1(,.ET < > 1 .031-@ 4) U1)PF-@ .- .34)5(*E F1E03

MT 0-0-1)I.G43 U(4E.-43 01HFM4 )1(,.H4N

◮ 0!CO+%[9 f!/-[9;T 2+ '9 2M1"O" '9; +!/$,$);R

◮ 0!CO+%[9 2"4/O%(C'9'/;T &'9-.=+'/% &'94 %O%C'9'/ N/4 %

!-3'"; ∧ % |  ! 'C'+ % |  ∨ % | !P &+ &64O6/&2C 2+ B-)&9
+!/$,$);R

 !"#!#T &62!#9-3&'+ '%; #+!'"2M-+%+;R

?B"#) FDD 8D< Y H II



<-3'"% /-%12".

</-/O+.$2/'/

◮ 2, 3, 5, . . . , 1997, . . . , 6469, . . .

◮ (333 + 10793)10791 + 1 \2+ GWtW u97./Q !/#.4O-"2"; E-M19(+ '"
GvtY /!C '"4 FR nwxmc`d

◮ 21257787 − 1 \2+ VYtXVU u97./ E-M19(+ '" GvvXd

◮ 213466917 − 1 \2+ IyWVvIX u97./ E-M19(+ '" UyyGd

◮ 243112609 − 1 \2+ GUvYtGtv u97./ E-M19(+ '" Uyytd

◮ 257885161 − 1 \2+ GYIUWGYy u97./ E-M19(+ '" UyGVd

◮ 274207281 − 1 \2+ UUVVtXGt u97./ E-M19(+ '" UyGXd

*+3-92/ \86(#+.O9d

V( 01HF3( )1(,.3@ -@4)( +0-(13( I- 0?W,3TN

0!CO+%[9R 8&', C'% "% !-3'"% +.4/% !+!+-/&2M4"% &+ !#)1";Q

&6$(+(-%2M4/ %1, %2, . . . , %<R pC'+ " /-%12C; %1%2 . . . %< + 1 O+
O%/%-+.'/% /!C (/4M4/ !-3'" !/-@ 2C4" /!C '" G (/% '"4 +/6'C '"6Q

@-/ +.4/% !-3'";Q (@'% !"6 +.4/% @'"!"R?B"#) FDD 8D< t H II



0#$C-%12"; 86(#+.O9

$%&'()*& r]s\iQxT amjcrc`dg

)$ ! = 0 (+,& r]s←  ,-., r]s← r]s(!,  b^s !, )

?B"#) FDD 8D< v H II



0#$C-%12"; 86(#+.O9

$%&'()*& r]s\iQxT amjcrc`dg

)$ ! = 0 (+,& r]s←  ,-., r]s← r]s(!,  b^s !, )

*+3-92/ \"-1C'9'/ 86(#+.O+%"6 /#$"-.12"6d

3 )?UE1(,.3T F3/ X/*?-@5> Y1@I*-( F34 ZS[ 5\3 )*-1)@M4 )1(,.H4N

0!CO+%[9

◮ z-.&(+% O%/%-M'9T /4  , ! > 0 ∈ Z 'C'+

r]s( , !) = r]s(!,  b^s !)R

◮ K O%/%-M'9; !"6 E-.&(+% 2!"-+. 4/ $-/7'+. &/4 $-/22%(C;

&64O6/&2C; ',4  , ! \$%/'.gdR

◮ 8!"2M4,; +.4/% " D5JR

?B"#) FDD 8D< v H II



0#$C-%12"; 86(#+.O9

1742 = 3 · 494 + 260 132 = 3 · 35 + 27
494 = 1 · 260 + 234 35 = 1 · 27 + 8
260 = 1 · 234 + 26 27 = 3 · 8 + 3
234 = 9 · 26 + 0 8 = 2 · 3 + 2

3 = 1 · 2 + 1
2 = 2 · 1 + 0

r]s(1742, 494) = 26, r]s(132, 35) = 1.

?B"#) FDD 8D< Gy H II



0#$C-%12"; 86(#+.O9

1742 = 3 · 494 + 260 132 = 3 · 35 + 27
494 = 1 · 260 + 234 35 = 1 · 27 + 8
260 = 1 · 234 + 26 27 = 3 · 8 + 3
234 = 9 · 26 + 0 8 = 2 · 3 + 2

3 = 1 · 2 + 1
2 = 2 · 1 + 0

r]s(1742, 494) = 26, r]s(132, 35) = 1.

◮ {-C4"; +('M#+&9;T ](|^r  ) O%/%-M&+%;Q ](|^r3  ) xaj ^_c`ija^mk
\6!"1M'"4'/;  ≥ !dR

?B"#) FDD 8D< Gy H II



0#$C-%12"; 86(#+.O9

1742 = 3 · 494 + 260 132 = 3 · 35 + 27
494 = 1 · 260 + 234 35 = 1 · 27 + 8
260 = 1 · 234 + 26 27 = 3 · 8 + 3
234 = 9 · 26 + 0 8 = 2 · 3 + 2

3 = 1 · 2 + 1
2 = 2 · 1 + 0

r]s(1742, 494) = 26, r]s(132, 35) = 1.

◮ {-C4"; +('M#+&9;T ](|^r  ) O%/%-M&+%;Q ](|^r3  ) xaj ^_c`ija^mk
\6!"1M'"4'/;  ≥ !dR

◮ p/ κ, λ 'R3R D = κ + λ! 2!"-"f4 4/ 6!"#"$%&'"f4 &'"4 .O%"

B-C4"T +!+('/'+2M4"; /#$C-%12"; 86(#+.O9R

◮ {-)&+%;T 6!"#"$%&2C; /4'%&'-C7,4 b^sw|^ <Q +!.#6&9

$-/22%(34 %&"'%2%34Q (-6!'"$-/7./ O92"&."6 (#+%O%"f \}~�Q

�| hibi|Q (R@RdR

?B"#) FDD 8D< Gy H II



?64@-'9&9 φ '"6 �w|c`

K-%&2C;

φ(<) +.4/% '" !#)1"; ',4 /-%1234 /!C '" 1 2MB-% (/% < !"6 +.4/%
&B+'%(@ !-3'"% 2+ '"4 <R

^0-4,\.(I>T C, < &B+'%(@ !-3'"% \]^_`abcdT 2"4/O%(C; ("%4C;

O%/%-M'9; " 1R

SO%C'9'+;

◮ φ(%) = %− 1 $%/ % !-3'"R

◮ φ(% ) = % (1− 1
%
) $%/ % !-3'"R

◮ φ(C<) = φ(C)φ(<) $%/ C, < &B+'%(@ !-3'"6;R
 !"#!#T /!"O+.['+ '"R

_)1)FW1>I>J $%/ &f41+'" <Q φ(<) = <
∏

%|<(1−
1
%
)R

?B"#) FDD 8D< GG H II



0-%129'%() b^sw|^Q " O/('f#%"; ZC

?BM&9 %&"'%2./; \]^mr`wcm]cd

◮ F !-@[9 b^s CQ C ∈ Z,C > 0Q /!+%("4.=+% '" Z &'"
ZC = {0, . . . ,C− 1}R

◮ Jf" /-%12".  , ! #M$"4'/% (IEF(.3( C8D7Q8 CQ &62E"#%(@  ≡ !

(b^s C)Q /4 MB"64 '94 .O%/ /!+%(C4%&9 2+ '94 !-@[9 b^s CT

 ≡ ! (b^s C)
sc�
⇔  b^s C = ! b^s C⇔ C | ( − !)

◮ :##"% &62E"#%&2".T  = ! (b^s C) ) (/%  ≡ ! (C)R

◮ 8.4/% &BM&9 %&"O64/2./;R 5@1+ (#@&9 `a, 0 ≤ a ≤ C− 1,
!+-%MB+% '"6; /(+-/."6; !"6 /7)4"64 6!C#"%!" a /4 O%/%-+1"f4

2+ '" CR

◮ ZC = {`0,`1,`2, . . . ,`C−1}R <%" /!#@T ZC = {0, . . . ,C− 1}R

?B"#) FDD 8D< GU H II



<-@[+%; &'" ZC

◮ <-C&1+&9T `a + `b = `(a+b) b^s CR

◮ <"##/!#/&%/&2C;T `a · `b = `ab b^s CR

◮ F /!+%(C4%&9 ( b^s C) : Z 7→ ZC +.4/% "2"2"-7%&2C;

\/(-%EM&'+-/T -0(.31P(I.ETdR

◮ <%" /!#@T

( + !) b^s C = ( b^s C+ ! b^s C) b^s C ,

( · !) b^s C = (( b^s C) · (! b^s C)) b^s C .

◮ _1)*F(*W I>.)I@)T /4'. 4/ (@4"62+ '%; !-@[+%; &'" Z (/% &'"
'M#"; 4/ E-.&("62+ '" 6!C#"%!" '9; O%/.-+&9; 2+ CQ 2!"-"f2+

4/ (@4"62+ '%; !-@[+%; (/'+61+./4 &'" ZCT &92/4'%() 2+.,&9

B-C4"6 +('M#+&9; &+ !"##M; !+-%!'3&+%;R

?B"#) FDD 8D< GV H II



�u,&9 &+ Of4/29 b^sw|^ C

8!/4/#/2E/4C2+4"; p+'-/$,4%&2C; \}c_cijcs ~�wi`amrd

8.&"O";T  , <,C ∈ Z+

e["O";T  < b^s C

#←  b^s C; $← 1;
/+)-, < > 0 0*
)$ < b^s 2 6= 0 (+,& $← $ · # b^s Cg
#← #2 b^s C

<← <÷ 2
,&0 /+)-,

*%(1%( $

{-C4"; +('M#+&9;T ](|^r <) +!/4/#)u+%;Q ](|^r < |^r2C) xaj
^_c`ija^mkR

?B"#) FDD 8D< GI H II



*+,-./ "2@O,4

◮ K2@O/ \r`^w_dT =+f$"; (c, ∗) 'M'"%" 3&'+T

◮ ∀ , ! ∈ c :  ∗ ! ∈ c
◮ ∀ , !, " ∈ c :  ∗ (! ∗ ") = ( ∗ !) ∗ "
◮ ∃; ∈ c, ∀ ∈ c :  ∗ ; =  \'" ; +.4/% 2"4/O%(Cd
◮ ∀ ∈ c : ∃ −1 ∈ c :  ∗  −1 = ;

04'%2+'/1+'%() \0E+#%/4)d "2@O/T +!%!#M"4  ∗ ! = ! ∗  R

?B"#) FDD 8D< GW H II



*+,-./ "2@O,4

◮ K2@O/ \r`^w_dT =+f$"; (c, ∗) 'M'"%" 3&'+T

◮ ∀ , ! ∈ c :  ∗ ! ∈ c
◮ ∀ , !, " ∈ c :  ∗ (! ∗ ") = ( ∗ !) ∗ "
◮ ∃; ∈ c, ∀ ∈ c :  ∗ ; =  \'" ; +.4/% 2"4/O%(Cd
◮ ∀ ∈ c : ∃ −1 ∈ c :  ∗  −1 = ;

04'%2+'/1+'%() \0E+#%/4)d "2@O/T +!%!#M"4  ∗ ! = ! ∗  R
p" =+f$"; (ZC,+) +.4/% /4'%2+'/1+'%() "2@O/R

?B"#) FDD 8D< GW H II



*+,-./ "2@O,4

◮ K2@O/ \r`^w_dT =+f$"; (c, ∗) 'M'"%" 3&'+T

◮ ∀ , ! ∈ c :  ∗ ! ∈ c
◮ ∀ , !, " ∈ c :  ∗ (! ∗ ") = ( ∗ !) ∗ "
◮ ∃; ∈ c, ∀ ∈ c :  ∗ ; =  \'" ; +.4/% 2"4/O%(Cd
◮ ∀ ∈ c : ∃ −1 ∈ c :  ∗  −1 = ;

04'%2+'/1+'%() \0E+#%/4)d "2@O/T +!%!#M"4  ∗ ! = ! ∗  R
p" =+f$"; (ZC,+) +.4/% /4'%2+'/1+'%() "2@O/R

◮ p@[9 \^`sc`d !+!+-/&2M49; "2@O/;T 9 !#91%(C'9'@ '9;R

?B"#) FDD 8D< GW H II



*+,-./ "2@O,4

◮ K2@O/ \r`^w_dT =+f$"; (c, ∗) 'M'"%" 3&'+T

◮ ∀ , ! ∈ c :  ∗ ! ∈ c
◮ ∀ , !, " ∈ c :  ∗ (! ∗ ") = ( ∗ !) ∗ "
◮ ∃; ∈ c, ∀ ∈ c :  ∗ ; =  \'" ; +.4/% 2"4/O%(Cd
◮ ∀ ∈ c : ∃ −1 ∈ c :  ∗  −1 = ;

04'%2+'/1+'%() \0E+#%/4)d "2@O/T +!%!#M"4  ∗ ! = ! ∗  R
p" =+f$"; (ZC,+) +.4/% /4'%2+'/1+'%() "2@O/R

◮ p@[9 \^`sc`d !+!+-/&2M49; "2@O/;T 9 !#91%(C'9'@ '9;R

◮  !""2@O/ \kwxr`^w_dT

(K, ∗) 6!""2@O/ '9; (c, ∗)
sc�
⇔ K ⊆ c ∧ (K, ∗) "2@O/

?B"#) FDD 8D< GW H II



*+,-./ "2@O,4

◮ K2@O/ \r`^w_dT =+f$"; (c, ∗) 'M'"%" 3&'+T

◮ ∀ , ! ∈ c :  ∗ ! ∈ c
◮ ∀ , !, " ∈ c :  ∗ (! ∗ ") = ( ∗ !) ∗ "
◮ ∃; ∈ c, ∀ ∈ c :  ∗ ; =  \'" ; +.4/% 2"4/O%(Cd
◮ ∀ ∈ c : ∃ −1 ∈ c :  ∗  −1 = ;

04'%2+'/1+'%() \0E+#%/4)d "2@O/T +!%!#M"4  ∗ ! = ! ∗  R
p" =+f$"; (ZC,+) +.4/% /4'%2+'/1+'%() "2@O/R

◮ p@[9 \^`sc`d !+!+-/&2M49; "2@O/;T 9 !#91%(C'9'@ '9;R

◮  !""2@O/ \kwxr`^w_dT

(K, ∗) 6!""2@O/ '9; (c, ∗)
sc�
⇔ K ⊆ c ∧ (K, ∗) "2@O/

◮ 23456!#7 (K, ∗) +.4/% 6!""2@O/ '9; (c, ∗) /44 K ⊆ c (/% K

(#+%&'C ,; !-"; ∗R

?B"#) FDD 8D< GW H II



F !"##/!#/&%/&'%() "2@O/ (d(ZC), ·)

<-C'/&9R r]s( ,C) = 1 )4 *)( .E43 )4 ∃" ∈ ZC FGF3(3 HIF-

 · " ≡ 1 (b^s C)N

?B"#) FDD 8D< GX H II



F !"##/!#/&%/&'%() "2@O/ (d(ZC), ·)

<-C'/&9R r]s( ,C) = 1 )4 *)( .E43 )4 ∃" ∈ ZC FGF3(3 HIF-

 · " ≡ 1 (b^s C)N

0!CO+%[9R \ad 861fT 2+ B-)&9 *+,-R D5JR

\aad 04'.&'-"7"T ∃# ∈ Z,  # ≡ 1 (b^s C)⇒ C | ( #− 1)R
04 r]s( ,C) = D > 1 'C'+ D | C | ( #− 1)⇒ D | 1Q @'"!"R

?B"#) FDD 8D< GX H II



F !"##/!#/&%/&'%() "2@O/ (d(ZC), ·)

<-C'/&9R r]s( ,C) = 1 )4 *)( .E43 )4 ∃" ∈ ZC FGF3(3 HIF-

 · " ≡ 1 (b^s C)N

0!CO+%[9R \ad 861fT 2+ B-)&9 *+,-R D5JR

\aad 04'.&'-"7"T ∃# ∈ Z,  # ≡ 1 (b^s C)⇒ C | ( #− 1)R
04 r]s( ,C) = D > 1 'C'+ D | C | ( #− 1)⇒ D | 1Q @'"!"R

K-%&2C;

d(ZC) = { ∈ ZC : r]s( ,C) = 1} +.4/% '" &f4"#" ',4 &B+'%(@
!-3',4 2+ '"4 CQ !"6 #M$"4'/% (/% wmajk '"6 ZCR <+-%MB+% /(-%E3;

'/ &'"%B+./ '"6 ZC !"6 MB"64 /4'.&'-"7" b^sw|^ CR

?B"#) FDD 8D< GX H II



F !"##/!#/&%/&'%() "2@O/ (d(ZC), ·)

<-C'/&9R r]s( ,C) = 1 )4 *)( .E43 )4 ∃" ∈ ZC FGF3(3 HIF-

 · " ≡ 1 (b^s C)N

0!CO+%[9R \ad 861fT 2+ B-)&9 *+,-R D5JR

\aad 04'.&'-"7"T ∃# ∈ Z,  # ≡ 1 (b^s C)⇒ C | ( #− 1)R
04 r]s( ,C) = D > 1 'C'+ D | C | ( #− 1)⇒ D | 1Q @'"!"R

K-%&2C;

d(ZC) = { ∈ ZC : r]s( ,C) = 1} +.4/% '" &f4"#" ',4 &B+'%(@
!-3',4 2+ '"4 CQ !"6 #M$"4'/% (/% wmajk '"6 ZCR <+-%MB+% /(-%E3;

'/ &'"%B+./ '"6 ZC !"6 MB"64 /4'.&'-"7" b^sw|^ CR

p" (d(ZC), ·) +.4/% /4'%2+'/1+'%() "2@O/ 2+ !#91@-%12" φ(C)R

L%/ % !-3'"T d(Z%) = Z% \ {0} = Z∗%R

?B"#) FDD 8D< GX H II



*+,-./ "2@O,4

◮ p@[9 \^`sc`d &'"%B+."6

'@[9  
sc�
= C:<{$ ∈ N :  $ = ;}

◮ 56(#%() "2@O/ \]�]|a] r`^w_dT

(c, ∗) (6(#%()
sc�
⇔ ∃R ∈ (c, ∗) : ∀# ∈ c : ∃$ ∈ N : # = R$

◮ L+44)'"-/; \rcmc`ij^`d

 $+44)'"-/; '9; c
sc�
⇔ '@[9  = |c|

<-C'/&9T 2%/ "2@O/ MB+% $+44)'"-/ /44 +.4/% (6(#%()R F '@[9

'9; "2@O/; %&"f'/% 2+ '94 '@[9 '"6 $+44)'"-/R \ !"#!#T

/!"O+.['+Rd

?B"#) FDD 8D< GY H II



:##+; /#$+E-%(M; O"2M;T O/('f#%"%Q &32/'/

J/('f#%"; \`amrd

(e,+, ·) O/('f#%";
sc�
⇔

(e,+) /4'%2+'/1+'%() "2@O/

(e, ·) 2"4"+%OM; \!-"&+'/%-%&'%()Q "6OM'+-"d

∀  , !, " ∈ e :

 · (!+ ") = ( · !+  · ")

(!+ ") ·  = ! ·  + " ·  \+!%2+-%&'%()d

p" (ZC,+, ·) +.4/% /4'%2+'/1+'%(C; O/('f#%"; \]^bbwjijaoc `amrdT 9
!-@[9 · MB+% +!%!#M"4 '94 /4'%2+'/1+'%() %O%C'9'/R

?B"#) FDD 8D< Gt H II



:##+; /#$+E-%(M; O"2M;T O/('f#%"%Q &32/'/

?32/ \�ac|sd

(f,+, ·) &32/
sc�
⇔

(f,+, ·) /4'%2+'/1+'%(C; O/('f#%";

(f \ {;+}, ·) /4'%2+'/1+'%() "2@O/

p" (Z%,+, ·)Q % !-3'";Q +.4/% &32/ \(/% &62E"#.=+'/% (/% cf(%) )
F%dR

<-C'/&9R S+,- IH.) F+g>T % -@4)( (I3.31P(*E .- F3 F%N

?B"#) FDD 8D< Gv H II



D%(-C *+3-92/ �c`bij

*+3-92/ \2%(-C �c`bijd

∀_`abc %, ∀ ∈ Z, % ∤  :  %−1 ≡ 1 (b^s %)

0!CO+%[9R

L%/  ∈ Z 2+ % 6 |  Q '/ &'"%B+./
 · 1,  · 2, . . . ,  · (%− 1)

+.4/% O%/7"-+'%(@ /4@ Of" &'" Z∗%T
: ·  ≡ b ·  (b^s %)⇒ % |  (:− b)⇒ % | (:− b)⇒ : ≡ b (b^s %)
8!"2M4,;  %−1(%− 1)! ≡ (%− 1)!⇒  %−1 ≡ 1 (b^s %).

?B"#) FDD 8D< Uy H II



D%(-C *+3-92/ �c`bij

*+3-92/ \2%(-C �c`bijd

∀_`abc %, ∀ ∈ Z, % ∤  :  %−1 ≡ 1 (b^s %)

0!CO+%[9R

L%/  ∈ Z 2+ % 6 |  Q '/ &'"%B+./
 · 1,  · 2, . . . ,  · (%− 1)

+.4/% O%/7"-+'%(@ /4@ Of" &'" Z∗%T
: ·  ≡ b ·  (b^s %)⇒ % |  (:− b)⇒ % | (:− b)⇒ : ≡ b (b^s %)
8!"2M4,;  %−1(%− 1)! ≡ (%− 1)!⇒  %−1 ≡ 1 (b^s %).

</-C2"%/ /!"O+%(4f+'/% '" !%" $+4%(CT

*+3-92/ \�w|c`d

∀ ∈ Z, r]s( ,C) = 1⇒  φ(C) ≡ 1 (b^s C)N

?B"#) FDD 8D< Uy H II



?f2!#"(/Q "2@O/ !9#.("

◮ ?f2!#"(" \]^kcjdT '" &f4"#" h ∗  = {i ∗  : i ∈ h,  ∈ c}
#M$+'/%

O+[. &f2!#"(" \]^kcjd '9; h &'9 c $%/ 6!"^2@O/ h '9; (c, ∗).

?B"#) FDD 8D< UG H II



?f2!#"(/Q "2@O/ !9#.("

◮ ?f2!#"(" \]^kcjdT '" &f4"#" h ∗  = {i ∗  : i ∈ h,  ∈ c}
#M$+'/%

O+[. &f2!#"(" \]^kcjd '9; h &'9 c $%/ 6!"^2@O/ h '9; (c, ∗).

◮ K2@O/ !9#.(" \�w^jacmj r`^w_d c/hT '" &f4"#" ',4
&62!#C(,4 '9; h &'94 c

�^ (c/h,⊛) +.4/% "2@O/ 2+ !-@[9
(h ∗  )⊛ (h ∗ !) = h ∗ ( ∗ !).

?B"#) FDD 8D< UG H II



*+3-92/ �ir`imrc

j4 h -@4)( /033.+5) F>T 0-0-1)I.G4>T 3.+5)T c FEF-

|c| = |c/h| · |h|

j0E5-(g>N ?'9-.=+'/% &'" $+$"4C; C'% Of" &f2!#"(/ '/6'.="4'/% )

+.4/% [M4/ 2+'/[f '"6;R

?B"#) FDD 8D< UU H II



*+3-92/ �ir`imrc

j4 h -@4)( /033.+5) F>T 0-0-1)I.G4>T 3.+5)T c FEF-

|c| = |c/h| · |h|

j0E5-(g>N ?'9-.=+'/% &'" $+$"4C; C'% Of" &f2!#"(/ '/6'.="4'/% )

+.4/% [M4/ 2+'/[f '"6;R

2438!96 \&92/4'%(C�dT 9 '@[9 +4C; &'"%B+."6 2%/; !+!+-/&2M49;

"2@O/; O%/%-+. '94 '@[9 '9; "2@O/;T

∀ ∈ c :  |c| = ;

?B"#) FDD 8D< UU H II



*+3-92/ �ir`imrc

j4 h -@4)( /033.+5) F>T 0-0-1)I.G4>T 3.+5)T c FEF-

|c| = |c/h| · |h|

j0E5-(g>N ?'9-.=+'/% &'" $+$"4C; C'% Of" &f2!#"(/ '/6'.="4'/% )

+.4/% [M4/ 2+'/[f '"6;R

2438!96 \&92/4'%(C�dT 9 '@[9 +4C; &'"%B+."6 2%/; !+!+-/&2M49;

"2@O/; O%/%-+. '94 '@[9 '9; "2@O/;T

∀ ∈ c :  |c| = ;

<+-/%'M-, !"-.&2/'/T 2%(-C *+3-92/ �c`bij \"2@O/ (Z∗%, ·)dQ
*+3-92/ �w|c` \"2@O/ (d(ZC), ·)dR K% /!"O+.[+%; '"6; B,-.; B-)&9
*R �ir`imrc !-"�!)-B/4R

?B"#) FDD 8D< UU H II



*+3-92/ �ir`imrc

j4 h -@4)( /033.+5) F>T 0-0-1)I.G4>T 3.+5)T c FEF-

|c| = |c/h| · |h|

j0E5-(g>N ?'9-.=+'/% &'" $+$"4C; C'% Of" &f2!#"(/ '/6'.="4'/% )

+.4/% [M4/ 2+'/[f '"6;R

2438!96 \&92/4'%(C�dT 9 '@[9 +4C; &'"%B+."6 2%/; !+!+-/&2M49;

"2@O/; O%/%-+. '94 '@[9 '9; "2@O/;T

∀ ∈ c :  |c| = ;

<+-/%'M-, !"-.&2/'/T 2%(-C *+3-92/ �c`bij \"2@O/ (Z∗%, ·)dQ
*+3-92/ �w|c` \"2@O/ (d(ZC), ·)dR K% /!"O+.[+%; '"6; B,-.; B-)&9
*R �ir`imrc !-"�!)-B/4R

<C-%&2/T (@1+ "2@O/ 2+ '@[9 !-3'" /-%12C +.4/% (6(#%() \$%/'.g

Y1-@F- G4)4 U-44WF31)dR

?B"#) FDD 8D< UU H II



DM$+1"; $4)&%/; 6!""2@O/;

<C-%&2/ '"6 *R �ir`imrc

j4 (K, ∗) /033.+5) F>T 60-0-1)I.G4>TA 3.+5)T (c, ∗) *)( K 6= c

FEF-J

|K| ≤ |c|/2

?B"#) FDD 8D< UV H II



�c`bij \_`abi|aj�d jckj

e#+$B"; !-3',4 /-%1234 �c`bij

L%/ 4/ O"f2+ /4 M4/; O"&2M4"; /(M-/%"; < +.4/% !-3'";T

8!%#M$"62+ '6B/./  ∈ Z<T /4  <−1 6≡ 1 (b^s <) 'C'+ < &f41+'";
\2+ E+E/%C'9'/dQ /##%3; #M2+ C'% '" < 0-14+-( F3 9;k9 \.&,; +.4/%

!-3'";dR

?'94 O+f'+-9 !+-.!',&9 +!/4/#/2E@4"62+R

?B"#) FDD 8D< UI H II



�c`bij \_`abi|aj�d jckj

e#+$B"; !-3',4 /-%1234 �c`bij

L%/ 4/ O"f2+ /4 M4/; O"&2M4"; /(M-/%"; < +.4/% !-3'";T

8!%#M$"62+ '6B/./  ∈ Z<T /4  <−1 6≡ 1 (b^s <) 'C'+ < &f41+'";
\2+ E+E/%C'9'/dQ /##%3; #M2+ C'% '" < 0-14+-( F3 9;k9 \.&,; +.4/%

!-3'";dR

?'94 O+f'+-9 !+-.!',&9 +!/4/#/2E@4"62+R

<-C'/&9R

j4 U() I\4,-F3 < /0+12-( G4)T .+1F/1)T 6"8C%8k:9;<;kk l:9<;kkA= 5>?N

∃ ∈ Z<,  
<−1 6≡ 1 (b^s <)= FEF- /0+123/4 F3/?+2(IF34 </2

.+1F/1-TN

j0E5-(g>N {-)&9 *R �ir`imrc &+ "2@O/ 29 2/-'f-,4 '"6 d(Z<)R

?B"#) FDD 8D< UI H II



�c`bij \_`abi|aj�d jckj

e#+$B"; !-3',4 /-%1234 �c`bij

L%/ 4/ O"f2+ /4 M4/; O"&2M4"; /(M-/%"; < +.4/% !-3'";T

8!%#M$"62+ '6B/./  ∈ Z<T /4  <−1 6≡ 1 (b^s <) 'C'+ < &f41+'";
\2+ E+E/%C'9'/dQ /##%3; #M2+ C'% '" < 0-14+-( F3 9;k9 \.&,; +.4/%

!-3'";dR

?'94 O+f'+-9 !+-.!',&9 +!/4/#/2E@4"62+R

<-C'/&9R

j4 U() I\4,-F3 < /0+12-( G4)T .+1F/1)T 6"8C%8k:9;<;kk l:9<;kkA= 5>?N

∃ ∈ Z<,  
<−1 6≡ 1 (b^s <)= FEF- /0+123/4 F3/?+2(IF34 </2

.+1F/1-TN

j0E5-(g>N {-)&9 *R �ir`imrc &+ "2@O/ 29 2/-'f-,4 '"6 d(Z<)R

e#+$B"; �c`bij "-1C; \li%d $%/ &B+OC4 C#"6; '"6; /-%12"f;R

?B"#) FDD 8D< UI H II



�c`bij \_`abi|aj�d jckj

e#+$B"; !-3',4 /-%1234 �c`bij

L%/ 4/ O"f2+ /4 M4/; O"&2M4"; /(M-/%"; < +.4/% !-3'";T

8!%#M$"62+ '6B/./  ∈ Z<T /4  <−1 6≡ 1 (b^s <) 'C'+ < &f41+'";
\2+ E+E/%C'9'/dQ /##%3; #M2+ C'% '" < 0-14+-( F3 9;k9 \.&,; +.4/%

!-3'";dR

?'94 O+f'+-9 !+-.!',&9 +!/4/#/2E@4"62+R

<-C'/&9R

j4 U() I\4,-F3 < /0+12-( G4)T .+1F/1)T 6"8C%8k:9;<;kk l:9<;kkA= 5>?N

∃ ∈ Z<,  
<−1 6≡ 1 (b^s <)= FEF- /0+123/4 F3/?+2(IF34 </2

.+1F/1-TN

j0E5-(g>N {-)&9 *R �ir`imrc &+ "2@O/ 29 2/-'f-,4 '"6 d(Z<)R

e#+$B"; �c`bij "-1C; \li%d $%/ &B+OC4 C#"6; '"6; /-%12"f;R

8[/.-+&9T /-%12". li`ba]�ic| > &f41+'"% B,-.; 2@-'6-/ �c`bijR

?B"#) FDD 8D< UI H II



�c`bij \_`abi|aj�d jckj

e#+$B"; !-3',4 /-%1234 �c`bij

L%/ 4/ O"f2+ /4 M4/; O"&2M4"; /(M-/%"; < +.4/% !-3'";T

8!%#M$"62+ '6B/./  ∈ Z<T /4  <−1 6≡ 1 (b^s <) 'C'+ < &f41+'";
\2+ E+E/%C'9'/dQ /##%3; #M2+ C'% '" < 0-14+-( F3 9;k9 \.&,; +.4/%

!-3'";dR

?'94 O+f'+-9 !+-.!',&9 +!/4/#/2E@4"62+R

<-C'/&9R

j4 U() I\4,-F3 < /0+12-( G4)T .+1F/1)T 6"8C%8k:9;<;kk l:9<;kkA= 5>?N

∃ ∈ Z<,  
<−1 6≡ 1 (b^s <)= FEF- /0+123/4 F3/?+2(IF34 </2

.+1F/1-TN

j0E5-(g>N {-)&9 *R �ir`imrc &+ "2@O/ 29 2/-'f-,4 '"6 d(Z<)R

e#+$B"; �c`bij "-1C; \li%d $%/ &B+OC4 C#"6; '"6; /-%12"f;R

8[/.-+&9T /-%12". li`ba]�ic| > &f41+'"% B,-.; 2@-'6-/ �c`bijR

04'%2+'3!%&9T �a||c`�}ixam jckj \/-$C'+-/dR
?B"#) FDD 8D< UI H II



S&"'%2./ &+ ZC,Z< ⇔ %&"'%2./ &+ ZC<

<-C'/&9

'() *+,- C, < ∈ N FNMN r]s(C, <) = 1= U() *+,-  , ! ∈ ZJ

 ≡ ! (b^s C) ∧  ≡ ! (b^s <)⇔  ≡ ! (b^s C<).

?B"#) FDD 8D< UW H II



S&"'%2./ &+ ZC,Z< ⇔ %&"'%2./ &+ ZC<

<-C'/&9

'() *+,- C, < ∈ N FNMN r]s(C, <) = 1= U() *+,-  , ! ∈ ZJ

 ≡ ! (b^s C) ∧  ≡ ! (b^s <)⇔  ≡ ! (b^s C<).

0!CO+%[9R

\ad 861fT ∃#, $ ∈ Z :  − ! = #C = $<R 0!C *R D5JT

1 = κC+ λ<⇒ # = κ#C+ λ#< = κ$<+ λ#<

⇒ < | #⇒ <C | #C =  − !.

?B"#) FDD 8D< UW H II



S&"'%2./ &+ ZC,Z< ⇔ %&"'%2./ &+ ZC<

<-C'/&9

'() *+,- C, < ∈ N FNMN r]s(C, <) = 1= U() *+,-  , ! ∈ ZJ

 ≡ ! (b^s C) ∧  ≡ ! (b^s <)⇔  ≡ ! (b^s C<).

0!CO+%[9R

\ad 861fT ∃#, $ ∈ Z :  − ! = #C = $<R 0!C *R D5JT

1 = κC+ λ<⇒ # = κ#C+ λ#< = κ$<+ λ#<

⇒ < | #⇒ <C | #C =  − !.

\aad 04'.&'-"7"T  ≡ ! (b^s C<)⇒ C< | ( − !)⇒ C | ( − !),
C2"%/ $%/ <R

?B"#) FDD 8D< UW H II



J9#/O)Q %&"'%2./ &'" ZC (/% &'" Z< &64+!@$+'/% %&"'%2./ &'" ZC<

(/% /4'.&'-"7/R

8!%!#M"4Q 3( (IEF(.3(  C,  < -4ET )*-1)@3/  I- ZC,Z< )4F@IF3(2)

*),31@m3/4 .34)5(*+ F34 (IEF(.E F3/= GIFM  C< IF3 ZC<= *)(

)4F@IF13P)R

?B"#) FDD 8D< UX H II



J9#/O)Q %&"'%2./ &'" ZC (/% &'" Z< &64+!@$+'/% %&"'%2./ &'" ZC<

(/% /4'.&'-"7/R

8!%!#M"4Q 3( (IEF(.3(  C,  < -4ET )*-1)@3/  I- ZC,Z< )4F@IF3(2)

*),31@m3/4 .34)5(*+ F34 (IEF(.E F3/= GIFM  C< IF3 ZC<= *)(

)4F@IF13P)R

K  C< 6!@-B+% !@4'/ $%/ C, < &B+'%(@ !-3'"6; > /!"O+%(4f+'/% 2+

B-)&9 '"6 *R D5JT

∃κ, λ : 1 = κC+ λ<⇒ κC ≡ 1 (b^s <), λ< ≡ 1 (b^s C)

?B"#) FDD 8D< UX H II



J9#/O)Q %&"'%2./ &'" ZC (/% &'" Z< &64+!@$+'/% %&"'%2./ &'" ZC<

(/% /4'.&'-"7/R

8!%!#M"4Q 3( (IEF(.3(  C,  < -4ET )*-1)@3/  I- ZC,Z< )4F@IF3(2)

*),31@m3/4 .34)5(*+ F34 (IEF(.E F3/= GIFM  C< IF3 ZC<= *)(

)4F@IF13P)R

K  C< 6!@-B+% !@4'/ $%/ C, < &B+'%(@ !-3'"6; > /!"O+%(4f+'/% 2+

B-)&9 '"6 *R D5JT

∃κ, λ : 1 = κC+ λ<⇒ κC ≡ 1 (b^s <), λ< ≡ 1 (b^s C)

p% 2!"-"f2+ 4/ !"f2+ $%/ '94 %&"'%2./ (b^s <), (b^s C) ',4
/-%1234T κC <, λ< C

?B"#) FDD 8D< UX H II



J9#/O)Q %&"'%2./ &'" ZC (/% &'" Z< &64+!@$+'/% %&"'%2./ &'" ZC<

(/% /4'.&'-"7/R

8!%!#M"4Q 3( (IEF(.3(  C,  < -4ET )*-1)@3/  I- ZC,Z< )4F@IF3(2)

*),31@m3/4 .34)5(*+ F34 (IEF(.E F3/= GIFM  C< IF3 ZC<= *)(

)4F@IF13P)R

K  C< 6!@-B+% !@4'/ $%/ C, < &B+'%(@ !-3'"6; > /!"O+%(4f+'/% 2+

B-)&9 '"6 *R D5JT

∃κ, λ : 1 = κC+ λ<⇒ κC ≡ 1 (b^s <), λ< ≡ 1 (b^s C)
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