SHMMY
Modnpatixy Avdivon
90 PuANGDL0 Aoxfoewy (utodelielc)

Aoxrnon 1. EZetdote av ot napaxdte tpotdoels eivar ahndelc 1 Peudeic (awtiohoyrote mhipwe v andvtnot
oac).

() Avrn f: R — R eiva mopayoyiown oto zg = 0 xaw av f(0) = f/(0) =0, t61e li_>m nf(1/n) =0.
n o0

(B) Avn f:]0,2] — R eivon dVo popéc mapoywyiown oto [0,2] xau f(0) = f(1) = f(2) = 0, téte undpyet
zo € (0,2) dote f’(x) = 0.

(v) Avn f:(a,b) = R eivou ouveyhc oto g € (a,b), nopaywylown oe xédde x € (a,b) \ {zo} xou av uvndpyel
10 li_>m fl(x) =L eR, tote f'(x0) = L.
xr o

(3) Avn f: R — R elvou nopaywyiown oto 0, téte undpyel § > 0 wote 1 f va elvon cuveyhc oto (—6,0).
Yrdédan: (o) Zwotd. Agol f(0) = f/(0) = 0, éxoupe
@) - O f)

p— / p— 3
0= 0= lim TE T = Iy
And v apyh) e peTaopds Y To 6plo, av T, # 0 xou x, — 0, t6te lim fE:") = 0. Oewpwvtag TV
n—o00 n

o : . _ lim £/
axohovdia r, = ~ — 0, naipvouue n11_>H;o nf(1/n) 7}1_{20 i/n 0.

(B) Zwotd. Egappédlovrac to Yedpnuo Rolle yia tnv f ot [0, 1] xou [1, 2], Beioxovye y1 € (0,1) ye f'(y1) =0

xu yo € (1,2) pe f'(y2) = 0. Egapudlovtac ndh to dedpnua Rolle vty f' oto [y1,y2], Beloxouue

X0 € (yl,yg) UE f”(:Co) =0. Téhog, 0 < y1 <z < y2 < 2, OnhodN g € (0,2)

(v) Zwotd. Apxel vo delfoupe 6Tt lim %ﬁm’) =/{. Bow € > 0. Agob lim f'(z) =¢ € R, undpyet § >0
L T—To

T—T0o
Gote: av 0 < |y — x| < 6, tote |f'(y) — ¢| < e. Eotw x € (a,b) ye 9 < x < z¢ + 0. And Tic unodéoeic pog
éneton 6L f ebvan ouveyhc oto (2o, x] xou mapaywyiown oto (zg, ), ondte, epopudlovtos to Vedpnuo Léons
T oo [To, x], Beloxoupe Yy, € (2o, x) OoTE %ﬁwo) = f'(ys). Ouwc, 0 < |y — xo| < |x — 20| < 6, dpat
If (ye) — €] < e. Buvend,

f(@) = f(xo)

Xr — X

(%) — = (ye) = 1] <e.

Aqgol 1o € > 0 firav tuydy xou N (%) woylet Y xdde & € (20, zo + J), cuunepaivoupe 6T lim+ %ﬁﬁwo) = /.
CL‘*}EU

Me tov (Bio TpdTO Belyvouue ot To bplo amd aplotepd toobTon pe £, doo ) f elvon Tapaywylown 6To Lo, XL
(o) = 2.

(8) AdBog. Oewpolye tn owdptnon f R — Rpe f(r) =22 avz € Q xou f(x) = —22 av oz ¢ Q. H f
elvon aovveyhic ot xdde x # 0, dpo dev undpyel 6 > 0 dote 1 f va elvon cuveyhc oto (—4,6). Ouwe, 1 f eivan
napaywylown oto 0: €youue

‘f(x) —f(O)' _f@Il _ 2%

=-—=|z] =20 btvax —0,
@ ] ]

Gea f/(0) = 0. O

Aoxnon 2. Eow f: R — Ruyue f(z) = £+ a?cost av x # 0 xou f(0) = 0. Anodeilre 6m 7 f
elvon mopaywyiown oto 0 xou f/(0) > 0 ok dev undpyet & > 0 dote n f va givon yvnoiwe adovoa oto
(.’EQ — (5, o =+ 5)



Trédaén: H f ebvan maporyoyiown oto 0 xou f/(0) = £ > 0 (e€nyfote To e tov oplopd e mopaydyo). Ag
unodéoouvye 6Tt yior xdmowo & > 0, n f elvon adZousa oto (0,6). Téte, f/(x) > 0 yo xdde x € (0,0). Anhodi,
2+ 2wcost —sint > 0 vy xéde z € (0,0). Emhéyoupe n € N apxetd pueydho dote &, = m < 6§ non

nopatnpolpe 6t f(z,) = 1 + W cos(2mn + 7/2) — sin(2mn + 7/2) = —1 < 0, dromo. O

Aoxnon 3. Anodel&te 6Tl
(o) sin(2arcsinx) = 2zv1 — a2, v x&de x € [—1,1].

2

x
(B) arccos T 2arctanz, yio xéde x > 0.
x

(o) Eyovpe 6Tt

sin(2 arcsin ) = 2 sin(arcsin z) cos(arcsin z) = 221/1 — (sin(arcsinz))2 = 2zv/1 — 22,

v xdde x € [—1,1].

(B) H ouvdptnon arccos eivon mopaywyiown oto (—1,1) xou cuvende 1 cuvdptnon
1—2?

1+ 2?2

f(z) = arccos

elvon maparywylown yio xdde = # 0. ‘Eyoupe Aowndv yia xdde x > 0
1—22\’ —1 1—22\’
arccos =
1422 1 _ (=222 1422
( 1422 )
2

Rk (2arctanz)’.
T

Yuvenoe, undpyel otadepd ¢ TETol MOTe Yo xde T > 0 va €youpe 6TL

2

X
= 2arctanx + c.
1422

arccos

O¢tovtac x = 1 oty nopandve oyéon Beloxoupe 6t ¢ = 0. Téhog, N lWobdTTa TPOYAUVLS Loylel xot Yo £ = 0

O GUVETC
2

arccos bl 2arctanz, v xéde x > 0.
1+ 22
O
Aocxnon 4. (a) Eotw f : (1,+00) = R nopaywylown cuvdptnon pe v widtnte: | f/(z)] < L yia x8de

x> 1. Anodeite 4Tt lirf [f(z+x) — f(z)] = 0.
T—+00
(B) Eoto f: (0,400) = R napaywylown cuvdptnorn. Trodétovue 6u n f/ elvon gpaypévn. Anodeilte dtu yi
®&de o > 1,
f(x)

lim =0
r—+oo X

Yndébaén: (o) Eotww x > 1. Egoapuélovue to Yedpnua péone tudc oto ddotnua [z, + /z]: undpyet
Yz € (z,2 4+ /x) Oote
fl@+Vr) = f(@) = f'(Ya) Ve

Opwe y, > x> 1, doa | f/(yz)] < y% < % Anhody,

If(w+x/5)—f(x)l<%\/§=%.



‘Eneton 61t wgrfoo(f(x +vx) — f(z)) =0.

(B) Trdpyer M > 0 wote |f'(y)] < M vy xédde y > 0. Eotww x> 1. And 1o Jedpnua péone tunic, undpyet
Yz € (1,2) dote

[f (@) = W =" (ga) (& = 1)| < M(2 - 1).

Tote, yio xdde = > 1,

F@I 1@ = JW] e )
Av a > 1 éyoupe
m 2L g O
r—4oc0 ¢ r—4oc0 ¢
Suvende, limg 1 o0 % =0 (e&nyfote yiotl). O

1
Aoxnomn 5. () Anodeite 6t yia xdde £ > 0 woydet 1 — — <lnzx <z —1.
x
(B) Anodeigte 6u v xdde z € R oyder lim nln (1 + E) =z.
n— oo n

(v) Anodeilte 6T yio xdde © € R woyder lim (1 + E) =e”.
n

n—00
Trédein: (o) And v e*~! > x éreton 611
z—1=1In (e“’fl) >Inzx.

Eqapuéloviog auth Ty aviodTnTa yio Tov = > 0, modpvouye
1 1
—Inz=1In <) < --1,
x x

Onhady
1
1—-—<Inzx.
x

(B) Egapuolovtac tnv avicotna tou (o) yio tov Yetind aprdud 1+ £ nalpvouue

1+x(/;/n) <in(1+7) <

Yuvenne,

T
= Snln(lJrf)gx.
1+g n

To xpLtrplo TwV LloOCLYXAVOUGKY axohoLhdY Belyvel 6TL

lim nln (1 + E) =zx.
n

n— o0

n((1+2))

otav o n — oo. H y = e¥ elvan ouveyric ouvdptnon, ondte 1) apy’| TS PeTapopds delyvel 6Tt

(1 n 2)” — ((1+E)") oo

(v) Ao 1o (B) éyouvye

6ToY TO0 N — 00. O



Aocxnon 6. (o) Eotw f: R — R 800 gopéc nopaywyiown cuvdptnorn. YTrodétoupe 6t f(0) = f/(0) =0
o f7(x) + f(z) = 0 v xédde = € R. Anodeilte én f(z) = 0 vy xdde z € R. [Ynddaén: Oewpriote v
g=F*+ "]

(B) Eow f: R — R 800 gopéc napaywyiown ouvdptnon. Trodétoupe 6t f(0) =1, f/(0) = 0 xu f"(z) +
f(z) =0y xdde z € R. Anodeilte 6n f(z) = cosz yio xéde = € R.

Trédaén: (o) Ocwprote v g = f2 + (f)%. Tére,
g =2ff +2f " =2f(f+f") =0,
Sadi 1 g etvan otadepn. Agon g(0) = [£(0)] + [f/(0)]? = 0, cuunepaivouye bt
9(z) = [f(@)* +[f'(@)*=0

v x&de x € R. Enopévae, f(z) = f/(x) =0 vy xdde z € R.

(B) Hapotnprote 6t n ouvdptnon g(z) = f(z) — cosz wavonoel g g(0) =0, ¢'(0) = 0 xa ¢"(z) + g(z) =0
v x89e x € R. And 7o (o) éneton 61t f(x) — cosz = g(x) = 0 v xdde = € R. O

Aoxnon 7. Eotww f:]0,1] = R ovuveyric cuvdptnon pe f(0) = 0. Trodétoupe 61 1 f ebvon mopaywyiown
oto (0,1) xou 0 < f'(z) < 2f(x) yio xéde x € (0,1). Anodeilte bt n f eivon otadepr| xon {om ye 0 oo [0, 1].

Trédeitn: Oewphiote Tn ouvdptnon g : [0,1] — R e g(z) = e 2 f(z). Agol ¢'(x) = e 2*(f'(x) —2f(x)) <0,
N g ebvou pdivouoa. ‘Ouwe, g(0) = 0 xaw g > 0 (BéT f(0) = 0 xou f > 0 and uc unodéoeic). Avayxaotind,
g =0 xou éneton 611 f =0 o7o [0, 1]. O

Aocxnomn 8. (o) Anodeilte 6t 1) e€lowon tanx = x éxel axpPie wio ANoon oe xdde didotnua e popeic
Iy = (krn = 3, kn+ %).

(B) Eotw ai, nAoon e napondve e&lowone oto didotnua Iy, k € N. Bpeite, av undpyet, 0 ép1o limy_y o (ag 41—
ag) xou dOoTE YEWUETEIXY EpunvelaL.

Yrédaén. (o) Oewphote tn ouvdptnon fi : Iy — R ye fi(z) = tanz — z. Hoapatneriote ot

li =— li = .
g4 fr(z) = —00 xau zﬁ(kgri%ﬁfk(x) +00

Xpnowonoudvtog to Yedpnuo evdidueong tiwrc unopeite va deiete 6t undpyet ax € I, Hote fi(ag) = tanax —
ar = 0. H Mo ebvan povadxd vl 1 fi(xz) = tanz — z ebvon yvnolwe adfovoa oto I napatnpriote ot
fi(@) = == —1>0oava # kr xou = 0 o710 onuelo k.

™

(B) Eotw e > 0. Ané v lim arctanz = 3

éneton OtL undpyer M > 0 oote av 2 > M tote 0 <
r—+o0

T —arctanz < €.

2
Trdpyel kg € N dote vy xdde k > ko va woyber km — 5 > M. Téte, av Jewpricouue tn Aon ay tng
eglowone tanx = z oto I, éyovue ar > M o arctanay = ay — km. Apa,

O<g—(ak—k7r)<s.

‘Opola,
0< 2~ (a1 — (h+ D) <e.
‘Eneton 611
lar41 —ap — | <e.
To & > 0 frav Tuy 6y, dpa kli_)n()lo(ak;+1 —ay) = 7. 0



