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Aoxknon 1. Tlowx and To TApakdT® cOVOAX TEPLEYOLY oyedor da tan € N; (Xwpig anodein)
A={5,6,7,...,99,100} U {n € N | n? > 400}
B={neN|(n-3)-(n—8) >0}
C={neN|(n-3)-(n—8) =0}

D = {n € N | on eivon dptiog}

Adon.
Ta ovvola Tov TepiEyovy oyedov dha tan € N eivan tar A ko B.

Aivoope kdroieg e€nynoeig (Sev eivan {ntovpevo tng doknong).

IMa to A: mapatnpodpe 6Tt av n > 20 tote n? > 400 ko enopévog n € A. Apa to A mepiéyet oyedov
ot n € N. To ovvoro {5,6,7,...,99,100} dev mailer kavéva poLo, 0OTE pag ennpedlel Tov TepEye
PLOIKOVS TOL TO TETPAYWOVO TOVG givat peyaldtepo-ico Too 400.

[Na to B mapatnpodpe 6ti yio ke n > 9 éyovope (n — 3) - (n — 8) > 0 xon dpa n € B.

To C' eivon tenepacpévo obvolo, cuykekpipéva C' = {3, 8}, enopévng dev propei va mepiéyet oyedov Gla
tan € N.

Io to D kotarafaivoope 0Tt “oprfiver extog” dnepa n € N (Tovg meprttong aptBpons) emopévng dev
pmopei va tepiéyetl oxedov Ol tan € N.

Aoxknon 2 (Katavonon coykhiong). Aiveton pio akorovdia (ay, )pen+ 00 cvykAivel otov apidpo 1. Tow
ond To TOPAKATO GOVOAX TEpLEYOLY GxedOV OAx T . € N Kot IOl GOVOAX EIVONL TETEPACPEVQX,;

A={neN"|0,9 <a, <1,01}

B ={neN"|a, <0,999}

C={neN*|a,>11}

D ={neN"]0,9999 < a,}
Awconoroyfiote Ty andvTnot coc.

Adon.
To ovvoro A nepieyer oxedov oha ta n € N. I'a va to dodpe maipvoope € = 0,01 > 0, epodcov a,, — 1
éxoope 0TL ay, € (1 —e,1 + €) oyedov yia 6ha T n € N. Anhadiy a,, € (0,99,1,01) oxedov yix OAx Tt
n € N.

To ovvoro B eivon menepacpévo. [a ¢ = 0,001 > 0 ondpyer ng €Tol OGTE Yo K&Oe n > ng 1oy deL
an € (1 —¢g,14¢) = (0,999,1,001). Eidikotepa éxoope a, > 0,999 yio kdOe n > ngy. Exopévog av
an < 0,999 tote n < ng. Anhadn B C {n € N* | n < ng}.

To ctvolo C eivon eniong nenepacpévo. Haipvoope ¢ = 0,1 > 0. Tote vrdpyer ng £Ttol hote Yo KdOe
n > ngwyoeta, € (1—e,1+¢) =(0,9,1,1). Eidikotepa égovpe a, < 1,1 yra kdbe n > ng. Enopévog av
an > 1,1toten < ng. Anhadn C C {n € N* | n <ngp}.

To obvoho D mepieyel oxeddv oha tan € N. INa e = 0,0001 > 0 vrdpyet ng £T61 ®OTE Yo K&Oe n > ng
woyveL ay, € (1 —e,1 + ¢). Eidikotepa éyoope a, > 1 — e = 0,9999 yio k&Oe n > ny.




Aoxnon 3 (EraliBevon pe Paon tov opiopod). Acgifte pe pdon tov opiopd 0t 1 akorovbia (ay,)nen+ HE

an = —, n > 1 ocokhivel oo 0.

Vn
Adon.

Aeiyvoope 0t1 Y1 k&Oe € > 0 vrdpyel ng > 1 €to1 doTe Yo k&Oe n > ng woyvet |a, — 0| < e.

Eotw ¢ > 0.
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Aoknon 4 (Oewpio Zoykiiong). Oewpodpe dbo akorovdies (an )nen+ and (by,)nen+ TPAYHATIKOV AplOpdV.
IToieg and T1g akodlovbeg mpothoels eivon alnbeic kKot moieg yevdeic; Av pa Tpdtoon givon aindig dwote
anodel€n, AAANOG dDoTE £V TAPAIELYHOX OOV 1) TPOTACT dEV 15 VEL.

1
(i) Avn (apn)nen+ eivon @paypévn tote a, - — — 0.
n

(il) Avn (ap)nen+ eivan @paypéun kon 1 (by, )nen+ €ivan cuykAiVOLGK TOTE 1 (ay - by )nen+ €ivon eniong
cuyKAMvovoo.

(iii) Av ot (ap)nen ko (by)nen+ €ivon arokAivovseg tote ko 1 (ay, + by )nen ivon anokAivovoa.

(iv) Av ot (an)nen+ Kot (apn + by)nen+ eivon cuykhivovoeg tote ko n (by,)nen+ €ivon cuykhivovoa.
Avon.

(i) H mpotaon givon adndfig. Epooov n (ay ) nen+ ivon paypévn vmapyert M > 0 €161 OoTe |ay| < M, dniadi
—-M < a, <My dbhatan > 1. Eropévog

M a M

n

<< —
n n
A@pov % — 0 xon —% — 0 a6 o Kprripro Hapepporic 1oy vet % — 0.

(ii) H npoétaon eivon yeodnc. Maipvoope a, = (—1)" and b, = 1, n > 1. Tote |ay| < 1 yra k&Be n > 1
Ko apa 1) akohovdiot (ay, )nen+ eivon @paypévn. Ipogavag n akorovbia (by, )nen+ oVYKAivel 6To 1. Ao Ty
GAMY @y, - by = ap = (—1)" Y1 k&0e n > 1 ko Onwg deifape avth dev eivan cuykhivovoa akolovdio.

(iii) H mpotaon eivan weodng. Maipvoope a, = (—1)" kou b, = (—=1)"*1, n > 1. Hapatnpodpe ot
b, = (1) (=1)" = (-1) - ay, = —ay, xou &pa a,, + b, = 0 y1x k&Oe n > 1. (AMDOG propodpe v TodpE
ot a, = 1 xou b, = —1 ywx n: dptiog, 6Onwg exions a,, = —1 ko b, = 1 Y n: weprrtog. Enopévng o k&be
TEPITTMON EYOVUE Ay + by = 0.)

A@od ay, + b, = 0 yia x&Be n > 1 givon caég 0t1 1 akohovdia (ay, + by )nen+ ovykAiver oto 0. Ad
Y GAAN 01 akohovBies (an )nen+ Kot (by)nen+ €ivon amokAivovoes. Avto to €yovpe deifel 6To paOnpa yro
™V (ap)nen. Me 0poto tpomo pnopei va deyBei 6t ko 1 (by, )nen+ eivon amokAivovoa. AMMGOG: av giyaype
b, — btote ko —b, — —b dhadf a, — —b (a@od a, + b, = 0), owdte ko 1 akorovdia (ay, )pen+ Oa fray
ovuykMvrovoa Tov gival &Tomo.

(iv) H mpotaon eivon alndig. Ipopavas b, = a, + by, + (—ay) 7o k@Be n > 1. And v vndOeon pog
G — a4 KO Gy + by — ¢ Y10 kdmowx a, ¢ € R. Eropévag

b, =a, +b, —a, —c—a.

Apa 1 akorovBia (b, )pen+ €ivon cuykAivovoa.




Acknon 5 (Opio pntov Tapactdoeny).

— 0. Xwpic Tn xpfHon Tov opiGHov.)

1
(1) ASiéTS otT1 m

3
-2 1
(i) YmoAoyicte TO Op1O nll}rrgo % .
(iii) (Tevikevon Tov TPoNyoLHEVOY) Alvorton SV0 TOAVOVLRX
p(x) = apz + - +ag ko q(x) =bpz™ + -+ by
He ag, by # 0, m > kxowm > 1.

Av k = m deikte 6T1
fim %) _ %
n—oo q(n) bm

kot o k < m deifte Ot
lim M =0.
n—oo q(n)

Yoderén: Awpécte KGBe Pop& TOLG APIOUNTH-TAPOVORACTH e TN HEYAADTEPT SOVAT TOL N.

Avon.
(i) Aropodpe aplOpNTH Kol TXPOVORAGTH JE TO N2 Kl £XOV}E
1
1 n2 0 0
= — = —- = 0.
2n?2 —1 9 1 2—-0 2
)
n
(i) Alopodpie apIBNTH Kol TAPOVOLAGTH e TO 13 Kot £)0vpE
2 1
nd—on+1 173tz 1-2.0+0 1
Syn2tl .. 1.1 " 51040 5
5n° +n®+1 B4~ 4 —
n o n

(iii) @ewmpodpe T morvdvopa p(z) = apz® +- - +ag ko g(x) = bypx™+- - -+ Pe ag, by # 0. Alarpodpe
ap1OuNTH Ko TOPOVOHAGTH Pe TO N/ KO £XOV|E

q(n) b 4+ 4 —
m n

Eivon copéc 611 0 tapovopactic cuykiivel 6tov apiBpo

by, + -+ by - 0 = by,.
Av k = m tOTE 6TOV APIOPNTH TOL TPONYOOHEVOL KAGGHXTOS £yovpe n™ * = 1 ko 6ot o1 GAhot exBéTeg
Tov n eivon BeTikoi. Emopévmg o aptBpntig Tov KAAGHATOS GUYKAIVEL GTOV aPlOpd

ap+---+ap-0=ay,

, n a
Apa p—( ) -k
q(n) bm
Avk < mtote nF > n ko dpa OLot o1 ekBETEC TOV N GTOV APIBUNTH TOL MO TAV® KAAGPATOC Eivan

Betikoi. [IpokvdmTel OTL 0 APOPNTHG GLYKAIVEL GTOV AP1BpO

ZOVENMG M — v =0.
q(n) b




Acknon 6 (Ymoloyiopods opiov). YmoAoyioTe Ta Op1o TOV WO KATH 0KOAOLODY:

i) an = (—;) +n, n>1

(i) by, = (_l)n, n>1.
n

(i) ¢, = vVn2 +2—vn2+1, n>1. Ymédei&n: Oewpiote T cL{LYA TAPAGTACT.
n? + (;)” +1

(v) dn = — 35— Uil n>1.

V) en= X2n, n>1. Ymédeién: Tioyéon éxein (€n)nen: He TV T, = VN, n > 1;

Vi) fo= X/m, n>1.

Avon.
. |7 . \" . o ,
(1) Agpo? 3 < 1 éyovpe ~3 — 0. Tvopilovpe eniong 6T1 ¥/n — 1. Zovenmg
7 n
(i) Mpogavag —1 < (—1)™ < 1 xon dpa
1 " 1
—*S( ) < —, Tek@Oe n > 1.
n n n

— 0.

(=D"

1 1
A@ob — — 0 kou —— — 0 éyoope and to Kpritipro [apepforig
n n

(iii) TToAamAaci&Covpe kat Sixpodpe pe Tn coloyh Tapdotacn vVn2 + 2 + v/n2 + 1 ko éyovpe
e = Vn2+2-—vn2+1

(Vn2+2—-vn2+1)- (Vn?2+2+vn2+1)
Vn? +2+vVn? +1
(n?2+2) — (n?+1)
(Vn?+2+4Vn?+1)
1
(Vn?+2+4vn?+1)
1
Vn? +v/n?
1

n-+mn
1

2n

Agod n? + 1 < n? + 2 éyovpe ¢, > 0 xon dpa

IN

(ywori n?<n?+1<n?®+ 2)

—_

Amo to Kpitipro Hapeppoirng éyoope ¢, — 0.

Yo kBe n > 1.

S|

(iv) Atoupodpe apiOpNTH-TAPOVOPAGTH pie TO N>

n?+ gn+1 1,1 gn+i
3 n n3 \3 n3 0+0-0+0 O
dy, = — T

= = —=0.
" nd— Yn+1 r 1
L=Vt o5

Ko £YOLpE

1-0-14+0 1

4



(v) @¢toope x, = /n,n > 1. Mapatnpodpe 6tie, = */2n = x9,. Fvopiloope 6t1 2, — 1 Ko enOPEVOS
Ton — 1. Apa ¥/2n — 1.
(vii) @¢tovpe Omog Ko Tpw x,, = Yn, n > 1. Mapatnpodpe 6T
1
Q{L/ﬁ = ni = (n%) 2
A@ov x,, — 1 éyoope /T, — 1, dnAady X/n — 1.

1
= (%) 2 = \/x,.
Aoknon 7 (Aepedunon odykhong). Oewpodpe Ty akolovbia (ay, ),en+ TOL opileTon og eEg:

B 1+ (—1)"n?
24 3n+n2

n

n > 1.
E&etaote Tig akohovdies (agn ) nen+s (a2n+1)nen* KO (ay )nen+ ©C TPOG TN 6OYKAoT. (AnAadi) eite Ppeite
70 Op1o gite deifte O6T1 dev ouYKAivOLV.)

Yoderén: ZoykAivoor pévo 500 amd TIg TPonyoLpeveg akoAovbieg.

Adon.
‘Exoope
1
141-(2n)? 4n? + 1 i+ 440
Q. = = = =
T 943 (2n)+ (2n)2 An2 +6n+2 4+ 8.2 44040
2
n
Emniéov
1—1-(2n+ 1)
Q. =
LT 943 2n+ 1)+ (2n+1)2
_ 1—4n® —4n—1
C246n+3+4n2 +4n+1
B —4n? —4n
~ 4n2+10n+6
4
4=
_ n
10 6
4+*+72
n n
o, A0 4
440+0 4

Télog deiyvoope 6t akorovdia (a, )pen+ eV cvyKAiveL. Av covékhve ToTe Ba giyape agp1 — agy, — 0
Ao TNV GAM] OP®G Gopt1 — A2, — —1 — 1 = —2, T0 onoio givan dtomo (LovadikdTnTH 0piov).

Aoknon 8 (Akolovbieg pe petafintod tinbog tpocbeténr). Oempodpe TNV akolovdia (T, )nen HE
1

Ty —

n+n’
AgiEte 6T1 Y1 k&Be n > 1 1oyvet:
(1) Tptl — Tp > 0,

(i) z, < 1.

Ti copnepaivete yio TNV akorovdia (z, )nen+; (Mnv emiyeipficete va vroloyicete Kamoo 6pio.)




Adon.
1) INa k&Be n > 1 1oy vet:

1 1 1
T I = T 1 a4z Tt )+t D)
1 1 1
_m_m_ _n+n
n+2 n+3 2n  2n+1  2n+42
1 1 1
_m_m ............... _%
1 1 1
- 7n+1+2n+1+2n+2
1 1 1 1
:2n—|—1_n+1+§.n+1
1 1 1
Tomtl 2 ntl
1 1

= - 0
Mm+1 2mt2

OOV GTNV TEAEVTAIN AVIGOTNTA Y PNOIHOTOINGHpE OTL 2n + 1 < 2n + 2.

1 1
(i1) Mapoatnpodpe 6T Yt k&Be k = 1, ..., n 10)del < EMOPEVWDG
n+k " n+1
1 1 1 1 1 1 1 n
+ +-F < + +---+ =n- = <1,
n+1l n+2 n+n - n+l n+l n+1 n+l n+1

Yo kéBe n > 1. (Xtov opiopd Tov T, £YOVLE N TPOCOETEODG.)

E@ocov ) akorovBia (2, )nen+ eivon yunoing adEovoa kot dum @paypévn Tpokdmtel 0Tt eivan Kot GOYKAi-
VOuo .

Zyo6Mo: Mropei vo anoderyBei ypnoiponoidrtag OMOKANpOHATE OTL ,, — In(2).

Acknon 9. Yroloyiote Ta Op1a TOV IO KAT® AKOAOVOIDV:

1 n
ap = <1+n+1> , n>1,

1 n
bn=<1+> , n>1.
2n

1 n
Ymoderén: Exppdote T1g o ndvm akolovbieg pe tn pondeia tng =, = (1 + ) , n>1.
n
Adon.
YroAoyiCovope
n 1 n+1 1 n+ 1
=(1 = = R
an <+n+1> <+n+1> X I Tn+1 nto
+
n+1
Kot

Yo kéBe n > 1.




E@oocov z,, — e 1oydel 41 — € ko1 T2, — €. Apa

n+1
n+2

bn = \/Topn — \/E

e-l=¢e

anp = Tn+1
Ko




