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Apyn Metagopag (ortevOdpion): Eotwo A C R,z € Ak f : A — R. Ta axdAovba eivan 1c0d0voLar:
(1) H f eivon coveyng oto .
(2) T kGO akoAoVOiA (X, ) pen+ Amd oToyEiot TOL A pe Ty WwTTA Ty, — T 16Y0eL f(2,) — f().

Acknon 1. Benpoovpe tn ovvgpnon f : R — R pe

Acgitte Ta e€Ng:
(1) H ovvéptnon f dev eivan coveyng oto onpeio 3.
(ii) T kdOe x #£ 3 n f eivan coveyng oTo0 2.
Avon.
(i) Epappodloope tnr Apyn Metagopac. INa va dei€ovpe ot 1 f dev givan cvveync oto 3 apkei va Bpodpe
1o akoAOVBIX (2, ) pen+ HE Ty, — 3 KO f(2) /A f(3).

1\2
EmiAéyoope x,, = 3+ 1/n, n > 1. Tote x,, > 3 xou &pa f(xy,) = (3 + > + 1y ke n > 1. Eyovope
n

1 2
<3+n> +1 — (3+0)%+1=10.

Azno v aAAn f(3) = —3. Emopévag f(zy,) /4 f(3).

(ii) Eotw = # 3. And tnv Apyn Metagopdag apkei va deifovpe 0Tt yior kKOs akohovdiar (X, )pen+ HE
T, — x wyoel f(zy) — f(x).

Oewpovpe apykd 6tL z > 3. BEoto (x,)nen+ TOYAI0 akoAovOia pe z, — . Apod x > 3 Ba éyovpe
Tpn > 3 oxedov yi 0o ta n € N, deite To Mo K&T® oYL

N

3 xr—€ Tn x

INa évoe apketd pikpd € gyoope x — e > 3 ko dpa
1O(VEL Ty, > & — € > 3 oxedov Y Oha Tae n € N.

Tote f(xn) = 22 + 1 oyedov yiw dha ta n € N kou enopévog f(z,) — 22 +1 — 22 + 1 = f(z).
H mepintoon 2 < 3 avtipetonileton opoing. ATAdG mapatnpovpe 6TL av x, — x B €xovpe =, < 3
oxedov yiox Ohx Tt . € N,




Aoxknon 2. Aciéte 6tin oovaptnon f : R\ {0} — R : z +— 1/x dev éyer coveyt enéktaon oto 0, Snhadi
Yo k6Oe covdptnon F: R — R pe F(z) = f(z) = 1/z yia x&Be = # 0, n F dev eivan coveyng oo 0.
Abon.
Oewpovpe wa covdptnon F: R — R pe F|(R \ {0}) = f. Iaiproope tnv akorovbia z, = 1/n, n > 1.
Tote x, — 0 kou F(zy,) = f(xy) =n — +00. Apod F(0) € R éyoope F(x,) 4 F(0).

Enopévmg omdpyet akorhooBio (2, )pen+ TPUyRatiKOY apOpdv pe z, — 0 ko F(x,) 4 F(0). Anod tnv
Apyn Metagopag n F' dev eivon ocoveyng oo 0.

Aoxknon 3.
(1) Oewpolye TN covdpTNOoN

h:R—R:h(z)=+/|sinz|.
Bpeite 800 covaptioes f : R — [0,00) ko g : [0,00) — R éto1dote h = go f.
(ii) Aeikte 6T1aw orovvaptioels f : X — Y ko g 1 Y — Z eivon coveyeic TOTE KL 1] 6LVEAPTHON
h = g o f elvou emiong coveyg, 6nov ta X, Y kou Z eivan pn kevd vrocdvora tov R.

AdYon.
(i) Maipvoope f : R — [0,00) : f(x) = |sinz| ko g : [0,00) = R : g(y) = /y. Tote yia k&b © € R
éyoope
(g0 f)(x) = g(f(2)) = g(|sinz]) = /| sinz| = h(z).
Apah=go f.

2y 0A10: Ot oyedialovjie TN YPAPIKT TRPACTACT HIXG COVEPTNONG TOTOOETOVE TNV AveERPTN T HETA-
BAnTH g oTov op1ldvTio GEova Tov dnAdretan cLVNONOG pe /T Kot YU auTO EYEL EMKPATIOEL KATH KATO10
TPOTO 1 }PFON TOL GOUPOAOL T Y1 VO INADGOLE TNV aveEApTnTn HeTafAnTh TNG. TNV TEPINTWOOT TNG TLO
Thvew g B propovoape vo GOpRPoAicovE TNV aveEdpTnTn HeTAPANTH TEAL pe x, aAAY givon To €DKOAO GTHY
KOTOVONGTN VO Y P1CILOTOGOVHE EVal GAAO GOPLPOAO, T.Y. TO Y. ATADG TPETEL VAL EILACTE TPOGEKTIKOL GTNY
nepintwon mov pog {ntndei va oyedidoovpe tn ypapikn mapdotaci tng. Tote To y, Onhadn n avedptnty
petTafinti, npénel va torobetnBei otov opilovTio dEova.

I'evikd dev vdpy el KATO10G POONHATIKOG AOYOS TOL VO UG ELPAAAEL TN Y PTIOT EVOS GLYKEKPIUEVOL GO~
BoAoL Y1 v SnAdcovpe pio petafinty, O propovoape T.y. v eiyope g(f) = i i kdOe f € [0, 00).
Doo1kd dev PmopolpEe Vo ypnOCIHOTOI|Govpe Vo GOPPOAO 6TO Omoio €xovpe 10N ATOOMCEL TO VONHA Kdt-
70100 dAA0v PABNPATIKOD AVTIKELEVOL TTOL £xovpe NN opicel, m.y. dev Ba propovoape va iyape to (), 0o
ot Béomn tov f.

(ii) Epappoloope Ty Apyf) Metagopds. Eotom x € X kot pio akorovbia (2, ), en+ omd ototyeio oo X
pe x, — x. [péner va Sei€oovpe 6t h(x,) — h(x).

E@oocov n f eivan coveyfig oto = ko x,, — x, €yovpe and tny Apyn Metagopds ot f(x,) — f(z). H
akoAoVOIX (Yp, )nen+ HE Yn = f(x,) Y1 kK&Oe n > 1, anoteheiton and oTolyeia TOL Y Kot IKXVOTOEL ¥y — Y
omov y = f(z) € Y. Apo0 n g givon coveyig oto y and tnv Apyfi Metagopds éxoope g(yn) — g(y). Apa

h(xn) = (g0 f)(@n) = g(f(zn)) = 9(yn) — 9(y) = g(f(z)) = (g0 f)(z) = h(z).

Aoknon 4. Eote z € R. Aciéte 6T1 vrdpyoov akorovbies (gn)nens Kot (Zn)nen+ Amd pnTodS Ko omd
appnTovg oplOHoVS aVTicTOLY ! £TGL DCTE @y, — T KU Ty, — .

Y7roderén. YrevBopiloope 6t yio K&Be a < b ordpyer pntodg g ko Gppnrogy pea < g < bxara <y < b.
Avon.
Oempovpe évav uotkd apdpd n > 1. Epappolovpe tny vnodei&n 6Toug Tpaypatikods aptbpodcx —1/n <
x + 1/n. Tote vrapyer évag pntog apOpos ¢, pe ¢ — 1/n < g, < = + 1/n xou évag Gppntog , pe
r—1/n<z, <z+1/n.

A@ob o n givan Toyaio £yovpe 50 akolovbies (¢, )nen Kot (T, )nen+ omd pnTods Kot &ppnTovs apidpovg
avtiotoyya. [popavac x + 1/n — x kou Gpa and to Kprrnpio Mapepforic éxovpe g, — = ko, — T .

2y 0A0: Zta cuvniopéva Topadeiypata pio covdptnon eivan coveyng “oxeddv ce dha Ta onpeia’” Tov
7ediov opiopon TNG. YTAPYOoLY OU®G CLVAPTNACELS e “TAPA TOAMAY” onpein ACVVEYELNG.
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Acknon 5 (Xvvaptnon Dirichlet). Oewpodpe tn covdptnon f : R — R pe

1, z€Q
-1
0, z=¢Q.

Acgilte 0T 1 f dev Exer kawéva onpeio coveyelng!
Y7ro6derén. Xpnoiponomote tnv Aoknon 4.
Tn ypagikf) napdotacn tng covdptnong Dirichlet propodpe vo tn oyedidcovpe povo Katd TPOcEYYIo.

Avon.
Ocwpovpe éva x € R. INa va dei€ovpe ot 1 f Sev eivan coveyng 6to x apkei va Ppodje po akolovBio
(Tn)nens pe Tn — zxa f(zn) /A f(2).

In mepintoon: x € Q. Tote f(x) = 1. Anod tnv Acknon 4 vrdpyel akoAovdia (z, )pen+ ATO APPNTOVS
aplOpovG pe Ty, — . AQo0 xy, & Q Ba éxovpe f(x,) = 0 yio k&Oe n > 1, enopévag f(x,) A 1 = f(x).

2n mepintoon: x ¢ Q. Tote f(x) = 0. And Ty Acknon 4 vrdpyer akolovdia (¢, )nen+ OrO pnTOLS
ap1Opovs pe g, — x. Apov g, € Q Ba éyovpe f(qn) = 1 Y k&Be n > 1, enopévag f(g,) A 0 = f(x).

Acknon 6. Acitte 6111 eEicwon cos(r?) = x éyer axpiPmg pio Aoon oto Srdotnpe (0, 7/2).

Abon.
@ewpodpe Ty covdptnon f : [0,7/2] — R : f(x) = cos(2?) — z. H f eivan cuveync g 6vvbect cuveydy
oovapticemv. Eyxyoope

f(0)=cos(0) —0=1>0 «xor f(\/7/2)=cos(n/2) —/7/2=—+/7/2<0.
Apa and To Oedpnpa Evdidpeong Tiphg vndpyet éva € € (0,7/2) pe f(€) = 0, dnhadh cos(£2) = &.
ZyeTiKd pe Tn povadikotnta yvwpilovpe 6T1 N cLVAPTNCT TOL GLYNUITOVOL givon YINGing PBivovca 6To

0,7/2]. Av éyovpe z1,x2 € [0,7/2] pe 1 < z2 TOTE T2 < 2 Kou &pot cos(z2) < cos(z?). Emopévm
YOV p 1 2 p 2 1 HEV®OG

f(x2) = cos(a3) — x3 < cos(x}) — 2 < cos(x]) — 21 = f(a1)

Kot &pan covdptnon f eivan yunoing bivovoa oo [0, /2]. Eidikotepan f eivon 1 — 1 oe avtd T0 didoTnpo.
Av éyovpe Aowdv cos(z?) = x y1 kdnoo x € [0,7/2], tote f(x) = 0 = (&) xou dpax z = £. Me ha
Aoy e€icmon cos(z?) = x éxel povadikn Aoon oto [0, 7/2].

Ty o6Mo: Mropei va amoderydei 61 ) 1 elicwon cos(z?) = x £yer povadiki Adon e 6Ao o R w¢ e&Ng.
Avz > /2 tote x > 1 xon dpa cos(z?) — z < cos(z?) —1 < 0. Ave < —7/2 tote & < —1 xou Gpa
cos(2?) —x > -1 — 2 > 0. Téhog av = € [—7/2,0) tote cos(z?) > 0 > . Te k&Oe mepintwon &xovpe
cos(2?) # x i kdBe x € (—o0,0) U (7/2, +00).




