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Acknon 1 (Arppa 2.25). Asgigte 6t R <. P(Q). Zvustepdvete 61t R =, P(N).

Yatéderen: Kdade srpayuatikdg aprdudg kadopicetar agtd 1o GUVOAO OA®MV ToV ENT®OV aQuiuwv
TTOV elval UkEATEQOL TOL.
Advon.
Ooplgovue tn guvdptnon 7 : R — P(Q) ue

m(x)={q¢€Q|q<a}.

AT6 Ty TTURVOTRTA TV ENTOV aEUu®VY €rovue OTL yia RAde =z < y vTtdexel ¢ € Q ue = < ¢ < y.
ESwkdtepa ¢ € m(y) ko g € w(x). Emouévag m(x) # 7(y) ya kdde = < y kow dea n cuvdetnon m
etvan 1-1.

Aot Q =. N €yovue amd yvootn doknon 6t P(Q) =, P(N). Zuvemag

R <. P(Q) —c P(N) <R,

o0TToU TNy TeEdevtala avigotnta xenowotomcaue 0t P(N) =, A =. C = 10 guvoio Cantor. ATto
To Oezwpnua Schroder-Bernstein mpokvmtel R =, P(N).

Aoknon 2 (Xel. 16 kar Anupa 2.24). Aelete 6TL n guvdtnon
f:P(N) = Az f(A) = xa
etvaw 1 — 1 kaw eml, 6ITOV A €lval To GUVOAO AWV TV SLASIKOV AKOAOVILWY. XUUTTEQAVETE OTL
P(N) = A vaw P(N) <. R.
Avon.
Aglyvouue agyikd 6t n f elvan 1 — 1. Ywwod€tovue ot f(A) = f(B). Tote yia kdde n € N,
neA < xan) =1

— f(A)n) =1
> [f(B)(n) =1
<~ XB(n):l
< neb.

Apa A =B rarn f elvon 1 — 1. Aelyvouue Tt OTL elvan kot €Tti. Av o € A opltouue
A={neN|an)=1}CN
ko Selyvovue 6t f(A) = a. "Exovue
f(A)(n) =1 < xa(n)=1 <= neA < an)=1

yia kdde n € N. Ezteldn ov akolovdieg f(A) ko a Taigvouv Twég uovo 0 i 1 JTeokvTTTEL ATt
v JT0 ITAve eoduvauia ot f(A) = a.

ITpokvmter 611 P(N) =. A. Eivaw yvwoto 61t A =, C' = 10 givolo Cantor, kow eTLITAEOV glva
ca@ég 0L C' <. R apot C C R. Odte €xouvue

P(N) =, A=.C<.R.




Acknon 3 (ITpofAripata x2.1 kaw x2.2). Aivovton Trpayuatikol aguiuol a < b.
(i) Optote uia 1-1 kou exl cuvdptnon f : (0,1) —> (a,b).
(il) Oplote wa 1-1 ko 7l guvdetnon g : (0,1) —»R.
(iii) Aetgre ot (a,b) =. (a,b] = R.

Advon.

(1) Ogplcovue tn cuvdptnon f(z) =a+ (b—a)-z, 6Tov z € (0,1). IIpopavas n f eivar 1-1. EVkola
urtopel va e kavels ot f(z) € (a,b) yi kdde = € (0,1) ko TS yo ke y € (a,b) vIdexel
x € (0,1), cuykerQuéva 10 x = (y —a)/(b — a), ue f(z) =y.

- , ‘ P . ™ , , ;
(it) I'vopitovue OTL N GUVAETNGN TNG EQATITOUEVNG tan : ( —) — R etvan 1-1 ko eti. Ao
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70 (i) n cuvdgtnon

s mT
e -Z+mae(-2,7)
x € (0,1) 5 +7m-x 55
etvan 1-1 kan e7tl. ETtou€Vviog uitopovye va stdpovue th guvdeon twv dVo guvopticewy g : (0,1) — R

g(z) = tan (fg +- 1:)
TT0V glvon UGIKkA 1-1 ko eTtl.
(iii) popavag (a,b) <. (a,b] <. R. Amd ta (i) kot (i) €govue R =, (0,1) =, (a,b), emwouévwg
(a,b) <c (a,b] <c R = (a,b)
KoL ue yonon tov Oewenuotog Schroder-Bernstein €xouvue To tntovuevo.

Xx6Mo otn AMdon tovu (iil): Me Alyn TteQuocdtepn dovAetd umopel kavels va oploel KaTev-
Yelav GnAadn ywelc tn yerion touv Oewenuotog Schroder-Bernstein) aviigtotyles UeTAg) TwV
NTOVUEVWV GUVOAMV.

Acknon 4.
(i) Oplote wa 1-1 kar €7l Guvdptnon f: RY x RN 3 RN,
(i) Aeltte 6T kKADe Temepacuévo yvouevo RY x RN x ... x RN gfvou icomAndwkd ue to R.

Avon.

(1) Av €xovue §V0 akoAoVIIES (ap)nen KA (by)neN TTEAYULOTIKOV AUV ogltovue tnv akolovdia
(Cn)neN g SE]”LQ:
ar, ovn=2%k
Cp =

b, avn=2%k+1.

H f: RV x RY = RY avtictoyel 610 tevyos ((an)nen, (bn)nen) € RY x RN Tnv srponyotuevn
akoAovda (¢p,)nen-
Elvar evkolo va ewaindevoel kavelg oTL n f etvan 1-1 kow eTti.

(il) Avtd astodewvieTan pe eTTAY®YN GTO TTAMYOC n TV TTaayoviwv. Ia n = 2 €ovue aTod
10 (i) 61t RN x RN =, RN, A7t6 ta ;wponyovueva yvwpitovpe 6t RY =, R emwopévwog RY x RN =, R.

Ymo9étovue 611 TO ywduevo n magayéviov RY eivar icommAndikd ue to R. Etvar edkolo va
dovue 6T av Ay =, As kaw By =, By 101 A1 X By =, Ay X Bo.

Oewpovue Tea to ywvouevo RY x RN x ... x RN x RN grov amoteleliton amé n + 1 mapdyovtec.
Tote

RYXRY oo x RN x RN =, R x RN (emaywywki vitédeon)

=. R (uéow g (a, (zn)nen) = (a, 20, 21,22, ..))
— R.




Acoknon 5 (Acknon 2.23 plus). Av A; <. As kow av By <. B delgte o1
(A1 = By) <. (A3 — By)
Me yorion tov uupolouod (A — B) = B4 10 Tapamdve yodpeton wg eERg:
BM <. B3~
Yuuepdvete To ¢ntovuevo tng Acknong 2.23 tovu BifAiov:

Av Ay =, Ay kraw av By =, By 101¢ (A1 — B1) =¢ (A2 — B2) i aAMwg th = Bg‘?.

Yatéderen: INa to wpwto ¢ntovuevo dewprate wa 1-1 guvdptnon 7 : A — Az ko (UE e@aQuoyn
YVOGTAG AGKNoNG) (o guvdetnon 7 : Ay — Aj ue m(7(a1)) = a1 yua kAde a1 € A;.
Advon.

YOupava pe v védelen dewpovue cuvatioels 7 : Ay — Ay ko m: Ay — Ay ue w(7(a1)) = a1
yla kdde a1 € A;. Oewpovue ertiong yio cuvdetnon p : By — Bs.

Olovue va opicovue wa 1-1 cuvdptnon H Tov va aviigtolel wo tuxaio cuvoptnon f €
(A; — Bp) og wa cuvoption H(f) =g € (Ay — Bs). Aocuévng f € (A1 — Bjp) opicovue

H(f) : AQ — BQ : H(f)(ag) = (pO fow)(aQ).

T
T
A — As
T

f VH(f)
¥
By 0 By

Aetyvouvue 6TL n cuvdetnon H : (A; — By) — (As — Bs) : f — H(f) eivaw 1-1. Oewpovue
f,f € (A1 — By) ue H(f) = H(f') vau delyvovue oL f = f’.

"Ectw a1 € Ay, meémel va Selgovue o1l f(aq) = f'(aq). Halpvovue 10 ay = 7(a1) € Az. E@dcov
oL ouvaptnoels H(f) kaw H(f') etvar {oeg, Yo maipvouv kat tnv (Sta T 6to ag. Emouévemg

H(f)(az) = H(f")(az2)
1GodUVvauLoL
(pofom)(az)=(po f om)(as).
IMapatneovue 0Tl 7w(ag) = w(7(ay1)) = a1 aTwd TNV WOTNTA TS T, ETTOUEVEOS N TTLO TTAVK LGOTRTO
yiveton
(po f)ar) = (po f)(a1) BnAadh p(f(ar)) = p(f'(ar)).

E@ocov n p elvan 1-1 wpokvmtel f(a1) = f/(a1) ko €govue TO gnTovuevo.

To cvurtépacua tng Acknong 2.23 tov BAOV TTEOKVITTEL AITO AVTO WOU UOMG agtodelEaue
KoL Ue T yenon touv Oswoenuatog Schroder-Bernstein.

Mgropel kaveig va AMaer tnv ‘Acknon 2.23 ko katevdelov. H uédodog elvar (o pe 110 TTAV®D
KOL WAAMGTO TTLO QITAR: av €xovue avTiaToryles 7 : Ay —> As kKoL p : By —» By TOTE WItopovue va
mdpovue ™ = 7~ 1. H cuvdptnon H éTtwg o mdvw eivar téte 1-1 kow (uiropel kavelg va deltel
eOKROAO OTL €lval KoL) €Tl

Acknon 6 ([IpdPAnua x2.7). Aglgte 0L
(AxB—C)=.(A— (B—0)).

Me tov dAAO GuuBoALGUO:
CAXB =, (CB)A.

Avon.




O¢Aovue va opicovue wa avtigtoryio ™ amd to Guvolo (A x B — C) gto gUvoro (A — (B — ().
I'a kdBe p € (A x B — C) to w(p) elvan wa cuvdotnon amd 1o A 6to guvoro (B — C) €161
waoTe Yo kdde a € A:

m(p)(a) : B = C :w(p)(a)(b) = p(a,b).
Agtyvouue 1L n guvdetnon p — m(p) elvan 1-1 ko edel.

"Ectw 7(p) = 7(p’), meémer va delovue 6Tl p = p'. Beweovue (a,b) € A x B. Tote w(p)(a)(b) =
7(p")(a)(b) dnhadn p(a,b) = p'(a,b). Emouévag p = p’ kaw n 7 etvan 1-1.

['a to “eml” dewpovue h € (A — (B — C)) kaw opicovue p : A x B — C ue p(a,b) = h(a)(d),
dnAadn to p(a,b) etvaw n T tng cuvdptnong h(a) : B — C ato b. Aglyvouue 61t m(p) = h. ‘Ecto
a € A, mpémel va delgovue OTL ol guvaeTnaels m(p)(a) kaw h(a) amd to B oto C eivan {oeg. Ta
kdde b € B €youue

m(p)(a)(b) = p(a,b) = h(a)(d)
emtouévmg m(p)(a) = h(a).

Acknon 7 ([TpofAripata x2.5 ko x2.6). Aelgte ot
PN) <. NV <. RN <. R.
Yuumepdvete dTL OO Ta 0 TTAVE elvor ledTnTeS Kartd Cantor.
Advon.
E@dcov {0,1} <. N <. R €yovue amd yvootn doknon ot
{0, 1}V <. NV <. RN,
EmumtAdov Seftaue 6t P(N) = {0, 1} = A kou ewouévog
@ P(N) <. NY <. RN,
Emeldn R =, {0, 1}V, éxouue
R = ((0.0%) = 0,1 = 0,1)" =. &,
émov Mo Tdvw yencworomcoue 6Tt N x N =, N. Apa RY <. R kow agtd tnv (??) mweoriITel

P(N) <. NV <, RY <. R.

Téhog, apov R =, {0, 1}N =, P(N) amrd 1o Ocwpenuo Schroder-Bernstein mQokUITOUY 0L IGOTNTES
rkatd Cantor.

Acknon 8. Boelte ye oo agto ta R, P(R) eivan igomtAndikd ta arkdéAovda givola:
R" (n>1), NxR, RE [0,1]% RO
Advon.
popavag wyver R <. R™ <. RY uécw twv cuvapticeny
= (2,0,...,0) ra (x1,...,2,) = (T1,...,2,0,0,...).
Egpécov RY =, R grpokvmrtel amd to Oswpnua Schroder-Bernstein 61t R™ =, R.
[a to emtouevo guvodo N x R €yxovue TTEOPAVHOG
R<.NxR<,RxR=,R,
doa N x R =, R.
Ta to RF yonoworowovue 6t R =, {0, 1}V

RR —, ({o, 1}N)R = {0, 1}F —_ 10,1}k =, P(R).

Ytnv grpoteAgvTaia aIrd TS o TAve wootnteg katd Cantor yonowottomcaue 0tt N x R =, R.
H televtalo meokvmtel ue tov (Blo tedéTwo mov deltoue 6t {0, 1} =, P(N) - yevikd woyvel
{0,1}4 =. P(A) ywo kéde cOvoro A.




[a ta teAevtaia dVo guvola vrtevduuicovue ot [0, 1] =, R emmouévag
[07 1]R = RR =. R[O,l]

Ko doa
0,1]% =. RO =, P(R).

Aocknon 9 (IIpoprnua x2.9). Aelete ét to guvoro C([0,1]) SA®WV TOV GUVEXMDV TTEOYUATIK®V
cuvatioewv ato [0, 1] elvan womAndikd e to R.

Yatéderen. Mo guveyric guvdptnon f : [0, 1] — R kadoplteton aIrd Tic TWeES ThG GTOUS ENTOUG
apuuovg tov [0, 1].

Avon.

Eivaw yvootd 61l av €xovue Vo cuvexels cuvaptiaels f, g : [0, 1] — R ue tnv wdtnta f(q) = g(q)
yia kdde ¢ € QN [0,1] téte f = g¢. (Avtd cvuPalver ywatl kdde =z € [0,1] elvaw T0 QL0 WaL
akoAovIas ENTOV (gn)nen GTO [0, 1], emouévag Adyw cuvéxelag €xovue f(z) = limy, oo fgn) =
My, 00 9(¢n) = g(2).)

Ozweovue wo arrapiduncn tTwv eniwv aeuuwnv cto [0, 1],

Qnlo,1] ={ry | n e N}
KoL oQltouue Tn GuvdeTnon

w1 O([0,1]) = RY < f = (f(rn))nen -

Me dAAa Adylo n 7 QITELKOVICEL TN GUVEYN GuvdeTnon f Gtny akolovdlo Tov TWWV TNG GTOUg
entovg apwuovg tov [0, 1].

Aetyvovue 6t n 7w eivan 1-1. ‘Ecto «(f) = 7(g), t0te f(ry) = g(rn) yia kdde n € N ko emedn
n (rp)nen €lvar astapidunon tov QN 0, 1] €xovue f(q) = g(g) yia kdde ¢ € QN [0, 1]. ZVupwva ue
TOL TILO TV €xouue f = g.

Emtedri n 7 elvar 1-1 mporvmter 6t C([0,1]) <. RY =, R, n tedevtalo wétnta katd Cantor
elvol YWOGTA OTTO TOL TTEONYOUVUEVAL.

Eivanw evkoAo va Sovue 61Tt R <. C([0, 1]): oe kdde x € R avnigtoryovue T ctadepn cuvdoTnon
¢y 1 10,1] = R: y — z n omola etvaw @uokd cuveyng. Eivaw cagég étL n cuvdptnon (z € R — ¢,)
etvan 1-1.

Me yprion touv Oewenuatog Schroder-Bernstein €xovue To ¢ntovuevo.

Acknon 10. Asiste 611 R <. ([0,1] = R) = R = 10 6Ovolo dAwv Twv cuvapticewy f : [0,1] —
R.

Avon.

AT6 éva fempnua tov Cantor éxovue R <. P(R). Emouévog aprel va elgovue 6t P(R) <, RO,
Apywd dewpovipe wa 1-1 guvdetnon 7 : R — (0, 1) - yvweigovue OTL VITAQXEL TETOLA KOl WAAGTO
UITOQEl KAVEIS VO TRV 0QIGEL e €vOv GYETIKA OTTAG TUITO.
Ye kdde vrogivodo A C R avtigToyovue tn guvdetnon f4 : [0,1] — R Ttov oplgetanl w¢ Eng:

1, ovzerT[4]

0, avaz¢r[A]

(H Wéa elvaw n cuvdptnon f4 va Swatngel 6An tnv stingogogio yia to givodo A. O Adyog
TOV YEnowotolovue v 7 elvon etedn Jéhovue n cuvdeinon fa va opicetow gto [0,1]. Av
Ol GUVAQTNGELS opltoviav Ge OAo To R YJa wiropovcaue va Jtdoovue QITAA TN YOQOKTNELGTIKA
guvdptnon tou A.)




Etvor cagés 6t f4 € RO yio kdde A C R. Asiyvouue 611 n agtekévion (A — f4) eivar 1-1. Av
éxovue f4 = fp 6mov A, B C R to1e €xouvue yia kdde z € R,

z€ A < 71(2) € 7[A] (yenowomolovue oL n 7 eivan 1-1)
— falr(2)) =1
— fp(t(2)) =1
<~ 7(2) € 7[B]
<— z € B.

Apa A = B kar n amekévion (A € P(R) — fa € RO etvan 1-1. Emopévag P(R) <, RO,




