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Jèma 1: (a)(1,5 m.) DÐnetai h sun�rthsh u(x, y) = −e−x sin y +
y2 − x2

2
, (x, y) ∈ R2.

Na breÐte olìmorfh sun�rthsh f : C→ C me u = Realf kai f(0) = −i.

(b)(0,5 m.)Na breÐte ta shmeÐa z ∈ C sta opoÐa h sun�rthsh Log

(
z − i
z + i

)
eÐnai diaforÐsimh.

Jèma 2:(1,5 m.)AnaptÔxte se seir� Laurent th sun�rthsh f(z) =
1

z
+

2

3− z
gÔrw apì

to 1, sto daktÔlio 1 < |z − 1| < 2.

Jèma 3:(1,5 m.) 'Estw a ∈ C, me |a| ≤ 1. Jètoume

P (z) =
a

2
+ (1 − |a|2)z − a

2
z2, z ∈ C.

Na deÐxete ìti

max
|z|≤1

|P (z)| = max
|z|=1

∣∣∣∣P (z)

z

∣∣∣∣ ≤ 1.

Jèma 4:(1 m.) Na deÐxete ìti∫ +∞

−∞

cosx

1 + x4
dx = πIm(aeia), ìpou a =

1 + i√
2
.

Jèma 5: (a)(0,5 m.) 'Estw g olìmorfh p�nw se mia perioq  tou 0 me g(0) 6= 0. Na
deÐxete ìti

Res

(
1

z3g(z)
, 0

)
=

2[g′(0)]2 − g′′(0)g(0)

2[g(0)]3
.

(b)(1 m.) Na upologÐsete to olokl rwma∫
γ

dz

z(ez − 1) sin z
, ìpou γ(t) = eit, t ∈ [0, 2π].

Jèma 6:(a) (1 m.) 'Estw ϕ : [a, b]→ C suneq c ( a, b ∈ R, a < b). Na deÐxete ìti∣∣∣∣∫ b

a
ϕ(t)dt

∣∣∣∣ ≤ ∫ b

a
|ϕ(t)|dt.

(b) (0,5 m.) Na deÐxete ìti lim
R→+∞

∫
σR

eiz
2
dz = 0, ìpou σR(t) = R+ it, t ∈ [0, R].

(g) (1 m.)Efarmìzontac kat�llhla to je¸rhma Cauchy, na deÐxete ìti∫ +∞

0
cos(x2)dx =

∫ +∞

0
sin(x2)dx =

∫ +∞

0
e−2x2dx.
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LUSEIS
Jèma 1: (a) 'Estw f = u + iv h zhtoÔmenh sun�rthsh. Oi sunj kec Cauchy-Riemann

dÐnoun

vy = ux = e−x sin y − x (1)

kai

vx = −uy = e−x cos y − y. (2)

Oloklhr¸nontac thn (1) wc proc y paÐrnoume

v = −e−x cos y − xy + c(x). (3)

ParagwgÐzontac thn (3) wc proc x paÐrnoume

vx = e−x cos y − y + c′(x),

opìte, lìgw thc (2), c′(x) = 0, dhl. c(x) = c.
H (3) t¸ra gr�fetai

v = −e−x cos y − xy + c.

'Eqoume −i = f(0) = u(0, 0) + iv(0, 0) = i(c− 1) ⇒ c = 0.
'Ara, h zhtoÔmenh akèraia sun�rthsh eÐnai h

f(x+ iy) = −e−x sin y +
y2 − x2

2
+ i( −e−x cos y − xy ).

(b) H sun�rthsh den eÐnai diaforÐsimh sta shmeÐa z ∈ C me

Re

(
z − i
z + i

)
≤ 0, Im

(
z − i
z + i

)
= 0.

'Eqoume

z − i
z + i

=
(z − i)(z − i)
|z + i|2

=
(|z|2 − 1)− 2iRe(z)

|z + i|2
.

'Ara, h sun�rthsh eÐnai diaforÐsimh sto

C \ {z ∈ C : |z| ≤ 1, Re(z) = 0} = C \ {iy : y ∈ [−1, 1]}.
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Jèma 2: Gia |z − 1| < 2, jètoume

w =
z − 1

2
⇒ z = 1 + 2w, |w| < 1,

opìte

1

3− z
=

1

2

1

1− w
=

1

2

∞∑
n=0

wn =

∞∑
n=0

(z − 1)n

2n+1
.

Gia |z − 1| > 1, jètoume

w =
1

z − 1
⇒ z = 1 +

1

w
, |w| < 1,

opìte

1

z
=

w

1 + w
=
∞∑
n=0

(−1)nwn+1 =
∞∑
n=0

(−1)n

(z − 1)n+1
.

'Ara, gia 1 < |z − 1| < 2,

f(z) =
1

z
+

2

3− z
=
∞∑
n=0

(−1)n

(z − 1)n+1
+
∞∑
n=0

(z − 1)n

2n
.

Jèma 3: Gia |z| = 1 èqoume 1/z = z kai

P (z)

z
=

a

2z
+ 1 − |a|2 − a

2
z = (1− |a|2) +

1

2
(az − az)

= (1− |a|2) +
1

2
(az − az ) = (1− |a|2) + iIm(az)

⇒
∣∣∣∣P (z)

z

∣∣∣∣2 = (1− |a|2)2 + |Im(az)|2 ≤ (1− |a|2)2 + |az|2

= 1 + |a|4 − 2|a|2 + |a|2 = 1 + |a|2(|a|2 − 1) ≤ 1.

Sunep¸c,

max
|z|=1

∣∣∣∣P (z)

z

∣∣∣∣ ≤ 1.

Apì thn Arq  tou MegÐstou t¸ra paÐrnoume
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max
|z|≤1

|P (z)| = max
|z|=1

|P (z)| = max
|z|=1

∣∣∣∣P (z)

z

∣∣∣∣ ≤ 1.

Jèma 4: Oi arijmoÐ
a, −a, a, −a,

eÐnai oi rÐzec thc exÐswshc z4 + 1 = 0. Apì autèc, mìno oi

a =
1 + i√

2
, b = −a =

−1 + i√
2

èqoun jetikì fantastikì mèroc. Epomènwc,∫ +∞

−∞

eix

1 + x4
dx = 2πi[ Res(f, a) + Res(f, b) ], ìpou f(z) =

eiz

z4 + 1
.

Gia k�je ρ ∈ {a, b}, èqoume

Res(f, ρ) =
eiρ

4ρ3
=
ρeiρ

4ρ4
= −ρe

iρ

4
,

opìte ∫ +∞

−∞

eix

1 + x4
dx = −2πi

4
(aeia + beib) = −πi

2
(aeia − aeia) = πIm(aeia).

Exis¸nontac sthn parap�nw ta pragmatik� mèrh ki epeid  eix = cosx+ i sinx, paÐrnoume thn
apodeiktèa.

Jèma 5: (a) Epeid  g(0) 6= 0, up�rqei perioq  U tou 0 ¸ste 1/g ∈ H(U).
Jètoume

f(z) =
1

z3g(z)
, z ∈ U.

'Eqoume

lim
z→0

[ z3 · f(z) ] = lim
z→0

1

g(z)
=

1

g(0)
6= 0 ⇒ 0 = pìloc t�xhc 3 thc f.

'Ara

Res(f, 0) =
1

2!
lim
z→0

[
1

g(z)

]′′
= . . . =

2[g′(0)]2 − g′′(0)g(0)

2[g(0)]3
.
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(b) ∀z ∈ C,

z(ez − 1) sin z = z

(
z +

z2

2!
+
z3

3!
+ . . .

)(
z − z3

3!
+
z5

5!
− . . .

)
= z3g(z),

ìpou

g(z) =

(
1 +

z

2!
+
z2

3!
+ . . .

)
·
(

1− z2

3!
+
z4

5!
− . . .

)
= 1 +

1

2!
z + 0z2 + . . . , z ∈ C.

H g eÐnai olìmorfh sto C kai

g(0) = 1,
g′(0)

1!
=

1

2!
⇒ g′(0) =

1

2
,

g′′(0)

2!
= 0 ⇒ g′′(0) = 0.

Ta an¸mala shmeÐa thc
1

z(ez − 1) sin z
=

1

z3g(z)
= f(z)

eÐnai: 0, 2kπi, kπ, k ∈ Z. Apì aut�, mìno to 0 perièqetai sto eswterikì thc γ∗.
'Ara, ∫

γ
f(z)dz = 2πiRes(f, 0).

Apì to er¸thma (a) prokÔptei ìti

Res(f, 0) =
2[g′(0)]2 − g′′(0)g(0)

2[g(0)]3
= 1/4 ,

opìte ∫
γ
f(z)dz = 2πi/4 = πi/2 .

Jèma 6: (a) Jètoume z =

∫ b

a
ϕ(t)dt.

�E�n z = 0, h apodeiktèa profan¸c isqÔei.

�'Estw ìti z 6= 0. E�n θ = Arg(z), tìte

|z| = ze−iθ =

∫ b

a
e−iθϕ(t)dt = Re

(∫ b

a
e−iθϕ(t)dt

)

=

∫ b

a
Re
(
e−iθϕ(t)

)
dt ≤

∫ b

a
|e−iθϕ(t)|dt =

∫ b

a
|e−iθ| · |ϕ(t)|dt =

∫ b

a
|ϕ(t)|dt,
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pou eÐnai kai h apodeiktèa.

(b) Gia z = σR(t) = R+ it èqoume

z2 = R2 − t2 + 2iRt, eiz
2

= e−2Rt · ei(R2−t2),

opìte

∣∣∣∣∫
σR

eiz
2
dz

∣∣∣∣ =

∣∣∣∣i∫ R

0
e−2Rt · ei(R2−t2)dt

∣∣∣∣ ≤ ∫ R

0
|e−2Rt · ei(R2−t2)|dt

=

∫ R

0
e−2Rtdt =

1

2R

(
1 − e−2R2

)
R→+∞−→ 0.

(g) Gia R > 0, jewroÔme thn kleist  tm. leÐa kampÔlh

ΓR = [0, R] + σR − γR, γR(t) = t+ it, t ∈ [0, R]

( dhl. to jetik� prosanatolismèno sÔnoro tou trig¸nou me korufèc ta shmeÐa (0, 0), (R, 0), (R,R).)
Apì to je¸rhma Cauchy èqoume

0 =

∫
ΓR

eiz
2
dz =

∫ R

0
eit

2
dt +

∫
σR

eiz
2
dz −

∫
γR

eiz
2
dz

  ∫ R

0
eit

2
dt +

∫
σR

eiz
2
dz =

∫
γR

eiz
2
dz.

Gia z = γR(t) = t+ it, t ∈ [0, R], isqÔei

iz2 = it2(1 + i)2 = −2t2,

opìte ∫ R

0
eit

2
dt +

∫
σR

eiz
2
dz = (1 + i)

∫ R

0
e−2t2dt.

Gia R→ +∞ kai lìgw tou erwt. (b) prokÔptei ìti∫ +∞

0
eit

2
dt = (1 + i)

∫ +∞

0
e−2t2dt.

Exis¸nontac pragmatik� kai fantastik� mèrh ki epeid  eit
2

= cos(t2) + i sin(t2), ∀t ∈ R,
prokÔptei h apodeiktèa.


