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2 € OUTIV TNV EVOTNTA LEAETAME TLG LOLOTLEG KOL T LOLOSLAVUO AT EVOG TETPAYWVLKOU

Tivaka. Oa dovpe OnNAadn Mwg eVIOTI{OVE PN PNOEVIKA SLAVUOOTO TO OTIOLO OTOV

TIOAACGTIAQGLOOTOUV PE EVAV TETPAYWVLKO TIVOKO TIPOKUTITOUV SLAVUO AT TIPAAANAQ

TIPOG AVTA. To SLVUGHOTO UTE Bt TOL OVOUAGOUE LELOSLOVUGHOTA TOU THVOKX A .

N\

SMUEIWO): OTO OYHMO UE UTTAE Y PWHA aTtetkovi{eTal €va 18LoSLEVUOA T TOV Ttivaka A Tou

—

avTioToLyei otnv tdotipny A (A < 0), eV e KOKKLVO YpWHa amelkovi{etol to Stavuopa A - v =41-7.



* To StAvuopa X = E] OTOV TIOAAXTIAQCLOOTEL E TOV TIiVOKA A = [(33 0 ],

@S- °L-0-: -

¢ AépETIWGTO X = E] glvat Eva 1810810VUO A TOV Ttivaka A = [g _01] Emtedn

TIPOKUTITEL

ot MOAAATTAXCLAJETOL OTIO OPLOTEPA LE TOV THiVAKO A, AEE
TIWG EXYEL LOLOTLUY
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Av 0 A eival €vog TETPAYWVIKOC TIVOKOG SLAOTOONG 1 X N, TOTE €V

‘ Mn MNOEVIKO &écvuop.oc‘?c’: (X1, X2, ..., Xp) # 0 TOUL Ywpouv R" Ba

ovopadetal odidvuopo (eigenvector) tou A av to ywvopevo A - X

eivat TtoAAamtAdoLo Tov X, dnAad

ov uTtdpyeL A € R tétolo wote: A- X =A1-X,ywx A € R.

Kol 0 aplOpog A ovopadetal avriotolyn WOLotipn (eigenvalue) tou A. A€pe

6tL O X ival éva 161081avuopa Tou A Ttou avTLoToLYEl oTnVv Wotiu A.
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* N v BPOUME TIG LOLOTIMEG TOU N1 X N TIVOKOX A KAVOULE TO £&1{G:
c AX =Ax &

s AX = AL xS
J(a-ar)x =0 Mote utapyEL LOLOTIUN 4;

* Mo va €ivat To A pia LotoTipr tov 4, aro tov oplopd BEAovpe x = 0. Apa:

* To A giva pia tdrotipr] Tou 4 av kot pévov av to cvotnua (A — AL)X = 0 €yeL ki

AAAEG AVOELG EKTOG TNG PNOEVIKTG AUONG (TETPLPPEVNG Auong). Na €xeL SnAadn

ATIELPEG AVOELG, TO OTIOIO0 CUMPALVEL AV KOL HOVOV OV

det(A— AI,) =0
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« O vumoAoylopdg g opiCouoag det(A — Al,) = 0 Sivel éva moAvwvupo Babuov n wg mpog A, To otoio
OVOUACETAL YO PAKTNPLOTIKO TIOAUWVUHO Tou Tiivaka A kat cupoAiletal wg X, (A) . AnAaodn:

X, (1) = det(A — AL).

 H eE(owcle 4,1 =0 |ovopdCeral XOPOKTNPLOTLIKN €&(0wom Tou A Kat 1) eTiAucoT] TNG poag OLVEL TLG
LOLOTLMEG TOU TIVOKO A.

SUVOTITLKA:

« O A sivat pia tdlotiur} tou A av Kat pévo av to cvotnua (A — AL,)x = 0 EXEL UM UNOEVLKEG AVCELG

e O Aeival pia tdtotipr tou A av kat pévo av det(A — Al,) = 0

Napatinpnon:

 Huuntouv X,(0) sivat ion pe tnv opilouoa tou A4, S1otL aviikabiotwvtog 6mou A = 0, TPOoKUTTEL:
X4(0) =det(A—0-1,) = detA

Kallia Pavlopoulou 2023-24 )




Na BpeBouv ot 1dloTIpEG TOL TIivaKka A = [_31 g] :

AUon:
. , _[3 27 _, 1 01_[3—-42 2
1) Anpuovpyovpe tov ivoakae A — Al, = [_1 O] A [0 1= [ 1 _/1]
2) YtoAoyiCoupe tnv opifovca tov det(A — Al,). Apa TO YOUPOAKTNPLOTIKO TIOAVWVU O
tov A eivoau X, (A) = det(A— Al,) = 2> — 31+ 2

X,(2) = det(A— Aly) = det( 3-1 —2,1]

) )=@-D(-2)-2(-1) =22 -31+2

3) Ko n yapoktnplotikn tou e§iocwon gival
A22—-31+2=0

4) Ko ot Aoelg autrig tn¢ e€icwong ival ’
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O 1 O
_ No BpeBoulv oL 1élotipég to mivaka A = [0 O 1‘
4 -17 8

Adon:
-4 1 0
1) AnpovpyovVpetovmivoka A —Al3 =10 —A4 1

4 -—-17 8-4

2) YroAoyiloupe tnyv opifovoa tou det(A — Al3). Apa TO YOLPOKTNPLOTIKO TTOAUWVULMO ToL A gival
det(A—AI3) = —23+ 82> —171+ 4

3) H yapaktnplotikr] tou e€icwon eivan  —13 + 842 —174+4 =0

4) EmiAduon g yapaktnpiotikrig e€icwong: —A3 + 812 — 174+ 4 =013 -82°+171-4=0

* Alopeteg Tou otaBepov dpov -4, apa +1, +£2, +4.

* MopatnpoVpe 61N A=4 eivar pua aképata Aoon. Apa: 43 — 842 + 174 —4 = (1 —4)(A2 - 44 +1)
e Kot ot AUVOVTOG TO TPLIVUMO EXOULE A=4 ] A=2+V3 1] A=2-1/3

+ Enopévig ouBionpés tou 4 eiven o B S A S 2ENEA S 25VE T
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1 0 O
Na BpeBouv ot 1dloTIpEG TOL povadiaiov tivaka A = [0 1 O] :
0 0 1

Avon:

* Eivartpodaveg Ot 0 Tiivakag A £YEL TO 1 YO LOLOTIMY] , EVW KAOE pn pndeviko

Stdvuopa U # 0 sivou éva 1dLodtavuopa yia tnv tdtotipn 1. Eivar pavepo oti o
HovaoLaiog TIiVaKoG OEV EXEL a)\)\n t6t0tt|.u1

Au=lu=u=@d,_, o
* ANwwg, av urtoAoyicovpe tovTiivakae A —Al3; =] 0 1-2 0

0 0 1—-4
TO YO POKTINPLOTIKO TTOAVUWVURLO TOU A €ival

X,(A) = det(A — Al3) = (1 — A)3

H entiAuomn tng xapaktnpilotikig e€icwon¢ divet (1 —1)? =0 -
n omoia gival n tdtotiun tov I3 -
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* ‘'OAa T LOLOOLOVUOHOTA TOU A TIOU QVTLOTOLYOUV OE L0 CUYKEKPLLEVT)
LOLOTLUN A pali LE TO UNOEVIKO OLAVUOQ, OTIOTEAOUV TOV LOLOYWPO TOU A WG

Tpo¢ TNV LOLoTIPN A kot cupBoAiletal pe V3 (A).



1) AnuioupyoUe Tou Tivaka [A — Al ], o ottolog TpokUTTEL av aTtd TNV KUPLA SLoyWVLOo

T0U A apaLpECOVE TNV TTIUPAUETPO A.
2) Yrtohoylopog g opiCovoag de t(A — AL,) = X4 (A).

3) EmtiAuon ¢ e€lcwonc de t(A — Al,,) = 0. Ot piCeg auToU TOU TOAUWVUOU Elval OL

LOLOTLUEG TOU A.

4) Mo kABe 181oTIur) AUvoupue to opoyeveég cuotnua (A — AL)X = 0 Ka Bpilokoupe pia

Bdon Tou cuvoAlou AVCEWV TOU CUCTHHATOC (UL Bdon Tou W6LdYwpou V3 (4) ).
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Na BpeBouv oL bloTipEC Kat Ta Wblodlavuopata tov nivaka A = E g .

Avon:
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Na BpeBouv oL bloTipEC Kat Ta Wblodlavuopata tov nivaka A = E g .

Avon:
1)A— Al = [111
2)det(A—2A,) =X,(A)=1-2)B—-2)—-8=2>—-41-5

1.1:—1
Az=5

"
3—4
3)det(A—Al,) =X,(A) =021 -41-5=0& { glvat ot LdLoTLpEC Tou A.
4A) Na tnv Wotpn 44, = —1 éxoupe:

N L I (W (MR
1 ‘o o

Y17571 X
2z gy —==o )
4 4 0 0 0 1l e 9 — )
X Baolkog dvaotoc‘ eAevBepn petaBAntn
(pivot) (n-rankA=2-1=1)

13
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Napadetypa 5 — AVon (CUVEYELX)

'H cAALWG TTEPVWVTAG ATIO TN OoPPT] TOU CUCTIHATOG, OL AVCELG EvVaL TNG LopPNg:

(x =

x+y=0 ;yER(:lO=O ,YER

a-ni-teuni-t=f) [ [={r a0

ETtopévwg:

* O 8oywpogV_;(A) éxel draviopata tng popdri: [;] = [_yy] =y [_11] ,Y €R.

e Kot pa Baon B_; tou Wdloywpov V_;(A4) eivoun B_4 = {[_11]}

AnAadn ta Wodavucpoata tov A mou avtiotolyouv otnv drotiun -1 givat

OAa T un HNdevikd moAAartAdioLa Tou [_11] :
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Napadetypa 5 — AVon (CUVEYELX)

'H cAALWG TTEPVWVTAG ATIO TN OoPPT] TOU CUCTIHATOG, OL AVCELG EvVaL TNG LopPNg:

(x =

x+y=0 ;yER(:lO=O ,YER

a-ni-teuni-t=f) [ [={r a0

ETtopévwg:
« Staviopata TG popdc: [;] = ryy] =y [_11] ,Y € R.
« Kou pua féon {[_11]}

AnAadn ta Wodavucpoata tov A mou avtiotolyouv otnv drotiun -1 givat

OAa T un HNdevikd moAAartAdioLa Tou [_11] :
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Noapadetypa 5 — AVon (CUVEYELXR) 4B) Ma tnv Wot 4, = 5 éxoupe:

==ty % 2 0= (0] [ 5] ]
Y1—>_i4}’1 1 _1
017v2-r2+71 -= 0|l_y _E
4 _2 0 E? 02 0 2 0

2 4
) O —
X BaOlKOG AYVWOTOG 1

(pivot)

Apa oL AUGELG TOU GUOTIATOG Eival OAX T SLAVUCG AT [

Avaywyn tou
eMaVENUEVOL OE

OVTYMEVO KALMOKWTO

geAevBepn petafAntn
(n-rankA=2-1=1)

x
y

]tEtOla WOoTE [y] = [2] = [ ] Y € R kat o 18loxwpog V5 (A4) €xel
1
Staviopata g pop¢ﬁg:[§] = LZ,] = L] y € R. M Baon Bs tou 18toywpov Vs (A) eivoun Bs = { [i }

AnAadn ta wlodtavuopata tov A mou avtiotolyoUv otnv WdLotiun 5 eivat OAa ta pn

HUN&evikd moAAanmAdcLa Tou [E] :

Kallia Pavlopoulou 2023-24 16



1 -2 1 2 0 O
Na BpeBouv oL LdotipégTwv nivakwv A =0 —3 4 |k B =0 1 O]
n: O 0 -3 0O 0 -5
1-1 -2 |
1)A—113= 0 -3—-A 4 ]
0 0 —-3—-4

2)det(A—2AI3) =X,A)=A-4)(-3—-24)(—3—-41)
e a - ) = X400 = 0 SR

2—A 0 0
nB—Ahzw 0 1-1 0 ]
0 0 -5-2
2)de t(B — Al3) = Xg(A) = (2 — )(1 — (=5 — 2)

OL LOLOTLHEG EVOG SLOYWVLOU 1] TPLYWVLIKOU TIVOKO E(VOL TO OTOLYEL TNG KUPLAG Slaywviou
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‘Eotw €vag TeETpaywVvIiKOG TiivakaG A € R, HE LOLOTIMEG A1, 45, ..., 4,

1) A+ 4, + ...+ 4, =tr(A), SnA. 1o aBpoilopa Twv LOLOTIHWYV €ival ioo HE TO

aOpolopa TWV OTOLYELWV TNG KUPIaG SlaywVviov Tou Tiivaka A.

2) A1 Ay - ..o A, = detA, SnA. TO YIVOMEVO TWV LOLOTLHWV ELVOL LOO E TNV

opiovoa tou A.
3) detA = 0 av Kol LOVO av TOLVAAYLOTOV JLa LdLtoTipn eival ion pe O.

4) OLLOLOTLMEG EVOG SLAYWVIOU 1] TPLYWVIKOU TIIVOKO E(VOIL TO GTOLYELX TN

KUpPLOG OLAywViov.

5) OLSI0TIMEG A1, Ay, ..., A, Elvan ko 18LOTIHEG TOL AT

Kallia Pavlopoulou 2023-24
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1 1 1

6) Av 0 A eivat avtiotpEPipog, Tote ot 1Stotipég Tou A1 eivar ot T e KO
1 42 n

Vi (A‘l) =V,,(4),V4;. (dnhadn av U éva 181081avucpa Tou A TIOU AVTIOTOLYEL oTNV
1

Slotipn 4, téte Ba givan kot 1S1oSdvucpa tou A1 mou avtictolyei otV 1SloTiY

N

7) O A¥ pe k € N éyel tig 1810TIpEG Alk , Azk, N Ank . Emiong, av U éva 18todidvucpa tov
A mov avtioTolyei otV ISloTipn 4;, téte Ba givau kat 181oSidvuopa Tov A* mou avtioTouyei

otnv Lot Aik :

8)Av k € R, tote ot kA4, kA,, ..., kA, €ivon ot 18LoTipég Tou Ttivaka kA. Emiong, av U éva
1dL0d1avuopa Tou A IOV AVTIOTOLYEL OTNV LOLOTIUN A;, TOTE B €lval Kot LOLOSLAVUG A TOU

kA mou avtiotolyel otnv Ldlotiun k4;.
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pooorit

* Av A pua tétotipn tou A4, tote 1o svotnua (A — Al,) - x = 0 €xeL anelpeg AVGELG!
* ‘Etol, 0tav AUVETE Lo AOKNOY) KoL OV BPIOKETE ATIELPEG AVOELG YIX EVA CUCTN O

(A—Al,) - x =0 , mBaviv va €xete Bpel AdOOG LOLOTIUES,...

* 161081aVUOATA TIOU OVTLOTOLYOUV GE SLOPETIKEG LOLOTIMEG (4; # 4;) €ivau
YPOMHULIKWG AVEEAPTNTA.
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