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I'. Mavovodkng

Aoknon 1 (Aiepevvnon giykong). Oeswpovue tnv aroAovdia (a,)nen+ TOU 0RICETAL WS EENGC:

1+ (=1)"n?
2+ 3n+n?

Egetdote Tig akoAovdies (agn)nen+s (a2n+1)nen KL (ap)pnens O TEOS TN GUYKAGN. (AnAadn
elte Poelte To OQLo elte SelEte OTL dev GUYKALVOLV.)

n > 1.

n

Yat6dergn: XuykAivouv uévo 6V0 aItd Tig TTEONYoVUEVES akoAoLDTEC.

Avon.
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TéNog Selyvouue 0Tt n arkoAovHa (a,)nen+ 0ev GuyRALvel. Av guvekAve TOTE Do elyaue agn+1 —
agy, — 0. ATtO TNV AAAMN OUWS ag, 1 — as, — —1 — 1 = —2, To oTrolo elvon dtoIro (LWovadikoTnta
oplov).

Aoknon 2 (Axkolovdieg ue uetafintd tindog mposdetéwv). Bemwpovue Tnv arkolovdia (z,),en

ue
1 1 1

Aetgte OTL yia kA¥e n > 1 woyveL:
) Tpt1 — T > 0,

Qi) 2, < 1.




T cuurtepaivete yia tnv akolovdia (x,)nen+; (Mnv emiyelpncete va VITOAOYIGETE KATTOLO OQLO.)

Avon.
(i) T kdde n > 1 woyveL
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OTTOV GTNV TEAELTOLO AVIGOTNTO XENGWOTIONGaUE OTL 2n + 1 < 2n + 2.

i) Iapatnpovue OTL yio kABe k =1, ..., n oyVeL < ITOUEV®
(V) Haatneovw y v MOQVEL Do S UEVWS
Loty ot ! "1
n+1l n+2 n+n " n+1 n+1 n+1 n+1 n+1 ’

yla kdde n > 1. (XT0v 0QLoud Tov x, £(ouue n TEOGIETEOVG.)

E@dcov n akoAovda (z,)nen+ €lval yvnolmg avgovca Kol dve @Eayuévin JTRoKVTTTEL OTL lval
KOl GUYKALVOUGOQL.

Tyxo6Mo: Matopel va astoderydel xonoyomolwvtag oAokAngouata 0t x, — ln(2).

Acknon 3. YwoAoyloTe Ta OQLOL TV TTLO KATO OKOAOLILWV:

1 n
= (1 >1
an, <+7’L—|—1> y =1

1 n
b, = <1+> , n>1.
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Yatoderen: Exkppdote Tig o Ttdve akolovdies ue tn fondeia tng z, = (1 + > , n>1.
n

Advon.
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yia kdde n > 1.
E@odcov z, — e 1oyVel x,11 — € Ko g, — €. Apal
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Acoknon 4 (H akolovdia tov apuiuov e - Atantntikn). Ocwpovye tnv akolovda x, = <1 + ) ,
n
n > 1.
(i) Aelete oL
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1)2] yio kdde n > 1.
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(i) Aefgte 6~

> 1. Yrtodergn: Xonowottoleiote To (i) ko tnv avigotnta Bernoulli.
n

Advon.
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Acknon 5 (Avadpowkd opiouévn axkoAovdio kar guykAion). Oplcovye Tnv akoAOVIA (ap )nen+
ue avadpoun mg €Eng:

ap =1, an+1:m n > 1.
Aelgte OTL
i) 0 <a, <2y kdde n > 1,
(il) an < apy1 YO kADE n > 1,
1+V5
5 -
Yat6deren. Xta (i) ko (i) xonowodtolelote tnv Agxn tng Emaywnyng.

Qi) an —

Avon.

(1) IMpopavwc woxvel 0 < a; < 2. Yrrod€tovue 0T yia kdgtoto n > 1 1oxvel 0 < a, < 2 ko Selyvouue
0Tl 0 < ant1 < 2. 'Exovue

apy1 = V1+ay
> V140 (asto Emayoyikn Yitodeon)
=1>0.

EmmtAéov
n1 = V1+ay
< V142 (oo Emayoykn Ymodeon)
=V3<Vi=2
Emouévmg 0 < ant1 < 2 ko agto v Agyn Emaywoyng €xovue to gntovuevo.
(i) T n = 1 woyveL
ar=1< V2 = as.

Ymodétovue OTL yioo KAITOWo 1 > 1 1GYVEL ay < apiq KOL OEQVOUUE OTL Gy y1 < anio. Exovue

anp < apy1 = 1+ap,<l4+ap41 = \/1—|—an<\/1—|—an+1 = ap+1 < Ap42.

ETouévmg a,+1 < apto Kol agtd tnvy Agyn Emaywyng stpokVITTel TO CnTOUUEVO.

(iii) E@dcov n akoAovdia (an)nen €lvor yvnolong agovca Kol dve @Eayuévn T0Te GUYKALVEL GE
kdgtolo auud a. (IIpoGoyn: Mnv £exvdte va TO OVAEPERETE AUVTO, YIATL OV OEV OULTLOAOYIGETE TNV
UTAEEN TOV 0plov TdTE Sev UITOEE(TE Vo TTARETE T OELOL GTIC dVO TTAEVEES TNG LGOTNTAS OTTOC
Kdvouue o KATW®.)

Aot a, — a €ovue emiong a,+1 — a. [Halgvovtag dpla ko GTIg SV0 TAEVEES TNG 1GOTNTAS
an+1 = V1 + a, TEOKVTTEL N €ElGOON

a=+vV1+a.

Avvouue
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a>=1+a <— a*>—a—-1=0 < a= 5

5 ’
< 0 agroQQt-

E@odcov a, > 0 yia kdde n > 1 €ovue a = lim a, > 0. Emtouévog n Adon
n—oo
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’ 1 , ,
TCTETAL KOL AQAL @ = — Eyovuue dniAadn a, — 5




Acknon 6 (Avadpowkd opiouévn axkoAovdia kar guykAion). Oplcovue tnv akoAovHa (ap)nen+
ue avadpoun mg Eng:
1+a,

ap=1, a =6-
! il 7+ an

n > 1.

Aetgte OTL
i) 1<a, <2y kdde n > 1.

Yatéderen. Xpnowotroeiote tnv Ay tng Emaywyng. Mitopelte va avadiotuitocete
TS ¢nTovueves ovigotntes 1 < a,11 < 2 G€ Mo AITAEG LIGOSVVAUES OWVIGOTNTEG.

i) ant1 > a, Yy kAOe n > 1.
(i) a, — 2.
Avon.

@) Tw n = 1 €pouvue a1 = 1 € [1,2]. Ywodétovue 1 yia kdmowo n > 1 €xovue 1 < a, < 2.
Aglyvouue 011 1 < an41 < 2. YTToAoyigouyue:
1+ap > 1

>1 < 6-
ap+1 =2 Tta, =

<=6+ 6a, >T7+a, (@apatnEncte 0Tl amd tTnv Emtaywykn Ymrodeon woxvel
7+ a, > 8 > 0, eTouévms n @oEd NG ovigoTnTag dev aAAATEL
OTav JToAMATIAOGLALoVUE UE 7 + ay,)

< ba, >1

1
e anZg

H televtalo avigotnto woxver yatt agtd tnv Emwoyoywkn Ymodeon €xouvue a, > 1. Amd g
TLEONYOVUEVES LGOBVVOUIES TTQOKVITTEL ap1q > 1. Aglyvovue duota OTL aptq < 2:
1+a
n <2
7+ ay

an+1§2 < 6-

<= 6+ 6a, < 14 + 2a, (@dAL astd tnv Etaywywkn Yieodeon 7 + a,, > 0)
<— 4a, <8
<~ a, <2

H tedevtalo avigdtnta woyvel amd tny Etaywykn Yitodeon, emtouévag a,+1 < 2. ATto tnv Agyn
Emaywyng €xouue To ¢ntovuevo.
(i) "Exovue
1+a,
7+ anp
1+ a,
9

ant1 = 6-

v
o

(a7t6 0 (i) AoV 7+a, <7+2<9)
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20,
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Q WINn Wi
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= Q.

n
+ gn (TAM amd To (i) apov €xovue 2 > ay)

(i) Agto ta (i) ko (i) n akoAovda (ay),en+ €lval AVEOLGA KAl AV® @EAYUEVN, ETTOUEV®OS
GUYKAMveL Ge KATOW0 a € R. Oa astodelgovue 6t a = 2. AQoV a,, — a TOTE an+1 — a. Ocwpovue

)



Tn gyéon

1+ay,
ant1 =6 7+ ap
KO TTalgvovue To 0QLo Kol GTIg Vo TtAsvpes. KataAnyovue
. 1+a
a=r T+a
Avvovtag tnv gglowan wItopovue vo VITOAOYIGOUUE TO a,
1+a

a=6 <~ Ta+a>=6+6a

T+a
— a*+a—-6=0
<— (a+3)(a—2)=0
<~ a=-3 N a=2.

Aot 1 < a, <2 ya kdde n > 1, 1dte kKA TO 6o a Ya kavoTolel 1 < a < 2. Emtouévag n Avon
a = —3 aIToQELITTETOL KOl TTQOKVTTTEL ¢ = 2.




