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3. Topological vector spaces

L}

Definitions

Banach spaces, and more generally normed spaces, are endowed with two structures:
a linear structure and a notion of limits, i.e., a topology. Many useful spaces
are Banach spaces, and indeed, we saw many examples of those. In certain cases,
however, one deals with vector spaces with a notion of convergence that is not
normable. Perhaps the best example is the space of Cj°(K) functions that are
compactly supported inside some open domain K (this space is the basis for the
theory of distributions). Another such example is the space of continuous functions
C(Q) defined on some open set Q c R”. In such cases, we need a more general
construct that embodies both the vector space structure and a topology, without
having a norm. In certain cases, the topology is not only not normable, but even not
metrizable (there are situations in which it is metrizable but not normable).

We start by recalling basic definition in topological spaces:

Definition 3.1 — Topological space. A topological space ("3>1®1 2191) is
a set S with a collection 7 of subsets (called the open sets) that contains both §
and @, and is closed under arbitrary union and finite intersections.

A topological space is the most basic concept of a set endowed with a notion of
neighborhood.

Definition 3.2 — Open neighborhood. In a topological space (S, 7), a neigh-
borhood (712°20) of a point x is an open set that contains x. We will denote the
collection of all the neighborhoods of x by

N={Uet|xeU}.
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Topological spaces are classified according to certain additional properties that
they may satisfy. A property satisfied by many topological spaces concerns the
separation between points:

Definition 3.3 — Hausdorff space. A topological space is a Hausdorff space
if distinct points have distinct neighborhoods, i.e., Vx # y there are U, € .#; and
U, € A; such that

UnUy =@.

The Hausdorff property is required, for example, for limits to be unique.

Definition 3.4 — Base. In a topological space (S, T), a collection 7’ c 7 of open
sets is a base for T (0°02) if every open set is a union of members of 7’.

Bases are useful because many properties of topologies can be reduced to statements
about a base generating that topology, and because many topologies are most easily
defined in terms of a base that generates them.

= Example 3.1 The open balls
B(x,a) ={yeS|d(yx)<a}

form a base for a topology in a metric space. A set is open if and only if it is the
union of open balls. .

Definition 3.5 — Local base. Let (S, 7) be a topological space and let x € S. A
collection Y, c /4 is called a local base at x ("™pn ©°02) if every neighborhood
of x contains an element of v,.

It is easy to see that the union of all local bases is a base for the topology. Indeed, let
Ae1. LetxeA. Since A is a neighborhood of x, then by the definition of the local
base, there exists a Uy € ¥, such that U, c A. Clearly,

A=U;,
x€A

which proves that U,cs7, is a base for 7.

Definition 3.6 — Closure. Let (S, 7) be a topological space and let E c S. The
closure of E, denoted E, is the set of all points all of whose neighborhoods
intersect E:

E={xeS|YUe N, UNE+g}.
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I Definition 3.7 — Induced topology. Let (S, 7) be a topological space and let
E cS. Then TN E is called the induced topology on E.

A key concept in topological spaces is that of the convergence of sequences:

Definition 3.8 — Limit. A sequence (x,) in a Hausdorff space (S, 7) converges
to a limit x € S if every neighborhood of x contains all but finitely many points of
the sequence.

So we have two notions: that of a vector space and that of a topological space. We
now blend the two together.

Definition 3.9 — Topological vector space. Let ¥ be a vector space endowed
with a topology 7. The pair (¥, 7) is called a topological vector space if

@ For every point x € ¥, the singleton {x} is a closed set (namely, {x}¢ € 7).
@ The vector space operations are continuous with respect to 7.

Comment 3.1 The first condition is not required in all texts.

The second condition means that the mappings:

VxV >V (x,y) = x+y
FxV >V (o, x) — ax

are continuous. That is, for every x,y € 7,
(VV e My) (Ve M, Ve AN) (Ve +V, V),
and for every x€ ¥ and o € .F,

(VV e M) (Vi€ N Vg€ Ny): (Vg -VicV).

X+y

=e0
)

O

Having defined a topological vector space, we proceed to define notions concerning
subsets:
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Definition 3.10 — Bounded set. Let 2 be a topological vector space. A subset
E c Z is said to be bounded if

(VVeM)(TseR): (Vi>s)(EctV).

That is, every neighborhood of zero contains E after being blown up sufficiently.

As will be shown later, the topological notion of boundedness may not coincide with
the metric notion of boundedness.

Definition 3.11 — Balanced set. Let .2 be a topological vector space. A
subset £ c .2 is said to be balanced (j1&n) if

Vae Z, |a|<1 oECE.

We denote the set of balanced neighborhoods of zero by %bal.

The notion of being balanced is purely algebraic. When we talk about balanced
neighborhoods we connect the algebraic concept to the topological concept. Note
that in C the only balanced sets are discs and the whole of C.

Definition 3.12 — Symmetric set. Let 2" be a topological vector space. A
subset E c 2" is said to be symmetric if

xeE implies (—x) €E,

namely (-E) = E. We denote the set of symmetric neighborhoods of x by .#;>™.

Symmetry is also an algebraic concept. Every balanced set is symmetric; the
opposite is not true.

Definition 3.13 With every a € 2~ we associate a translation operator, 7, :
X - X, defined by
T.x=x+a,

and with every 0 + @ € % we associate a multiplication operator, M, : 2" — 2,
defined by
Myx = ax.

Proposition 3.1 Both T, and M, are homeomorphisms of 2~ onto 2.

Proof. Both T, and M, are bijections by the vector space axioms. Their inverses
are T_, and M, ;4. All are continuous by the very definition of a topological vector
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space. [ ]

Corollary 3.2 Every open set is translationally invariant: E c 2" is open if and
only if a+ E is open for every a € 2. In particular,

Ny =a+N.

Hence the topology is fully determined by the neighborhoods of the origin.

We conclude this section with a classification of various types of topological vector
spaces:

Definition 3.14 Let (.2, 7) be a topological vector space.

® Z is locally convex (n"™pn 9mp) if there exists a local base at 0 whose
members are convex.

Z is locally bounded if 0 has a bounded neighborhood.
Z is locally compact if 0 has a neighborhood whose closure is compact.

CHCNC)

2 is metrizable ("9 araan) if it is compatible with some metric d (i.e.,
7 is generated by the open balls B(x,a) ={ye 2 | d(y,x) <a}).

® 2 is an F-space if its topology is induced by a complete translationally
invariant metric. Every Banach space is an F-space. An F-space is a
Banach space if in addition d(ax,0) = |a|d(x,0).

Z is a Frechet space if it is a locally convex F-space.

Q ©

2 is normable (*5*2n7m) if it can be endowed with a norm whose induced
metric is compatible with 7.

Z has the Heine-Borel property if every closed and bounded set is
compact.

As we will see, local convexity is important because local convexity amount to
the topology being generated by a family of seminorms. Local convexity is also
the minimum requirement for the validity of geometric Hahn-Banach properties.
Weak topologies, which we will investigate later are always locally convex. We
will prove that the only topological vector spaces that are locally compact are finite
dimensional. We will prove that a topological vector space is metrizable if it has a
countable local base at the origin, which in turn, is guaranteed if the space is locally
bounded. We will prove that a topological vector space is normable if and only if it
is both locally convex and locally bounded.
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Exercise 3.1 Consider the vector space R endowed with the topology T gener-
ated by the base
% ={[a,b) | a<b}.

Show that (R, 7) is not a topological vector space. .

Separation theorems

A topological vector space can be quite abstract. All we know is that there is a
vector space structure and a topology that is compatible with it. We have to start
make our way from these very elementary concepts.

Lemma 3.3 Let £ be a topological vector space.

VWe A U e suchthat U+UcW.

Proof. Since 0+0 =0 and addition is continuous, there exist neighborhoods Vi,V €
A such that
V] + Vz cW.

Set
U=Vin (—Vl)ﬂVQO (—Vz).

U is symmetric; it is an intersection of four open sets that contain zero, hence it is a
non-empty neighborhood of zero. Since U c V| and U c V; it follows that

U+UcW.

w
\%3

A
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Lemma 3.4 Let 2" be a topological vector space.

VWe sy IVes™ suchthat V+V+V+VcW.

Proof. Apply the previous lemma with U in place of W. ]

Theorem 3.5 Let 2" be a topological vector space. Let K,C c 2 satisfy:
K is compact, Cisclosed and KnC=g.
Then there exists a V € 4 such that
(K+V)n(C+V)=a.

In other words, there exist disjoint open sets that contain K and C.

Comment 3.2 Thus, a topological vector space is regular (a topological space is
regular if separates points from closed sets that do not include that point).

Proof. Letx € K. Since C° is an open neighborhood of x, it follows from the above
lemma that there exists a V, € %Sym such that
x+Ve+Vi+ Ve eC,

1.e.,
(x+Ve+Ve+ V) NnC=@.
Since V; is symmetric,
(x+Ve+Vo)n(C+Vy) = 2.

For every x € K corresponds such a V. Since K is compact, there exists a finite
collection of (x;,Vy, )L, such that

n
KclJxi+Vy,).
i=1
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Define
V=V, n--nV,.

Then, for every i,
(x+Vy, +Vy,) does notintersect (C+Vy,),
and a forteriori,
(x+Vy,+V) does not intersect (C+V).

Taking the union over i:

n
K+Vc|J(xi+Vy,+V) does not intersect (C+V).
i=1

Comment 3.3 Since K+V and C+V are both open and mutually disjoint, it follows
that also
K+V does not intersect C+V.

Indeed, if x € C+V then there exists U € .#; such that
UcC+V.

But since x € K +V, every neighborhood of x, and U in particular, intersects K +V/,
i.e., where exists a y € U satisfying

ye(K+V)n(C+V),

which is a contradiction.

Corollary 3.6 Let £ be a local base at zero for a topological vector space 2 .
Then every member in % contains the closure of some other member in Z. That
is,

VUeB IWePB suchthat WcU.

Proof. Let U € . Let K = {0} (compact) and C = U¢ (closed). By Theorem 3.5
there exists a V € ,/%Sym, such that

Vn(U+V)=g2.

It follows that
Vc(U+V)cU.

By the definition of a local base there exists a neighborhood W € 4 such that

WcVc(U+V)cU.
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Since (U +V)“ is closed,
Wc(US+V)cU.

Corollary 3.7 Every topological vector space 2" is Hausdorff.

Proof. Let x,ye 2, x +y. Both sets {x} and {y} are closed (by definition) and
compact, hence 2" is Hausdorff by Theorem 3.5. ]

The following proposition establishes relations between sets, their closure, and their
interior.

Proposition 3.8 Let 2 be a topological vector space.

® ForAc 2,
A= () (A+V).
Ve
That is, the closure of a set is the intersection of all the open neighborhoods
of that set.
A+BcA+B.

If % c 2 is a linear subspace, then so is %'

If C is convex so is C.

If C is convex so is C°.

For every B c 2: if B is balanced so is B.

For every B c Z": if B is balanced and 0 € B° then B° is balanced.
If E c 2 is bounded then so is E.

Q@ & e 6

®

Proof.

@ Let x€A. By definition, for every V € .4(, x+V intersects A, of xe A-V.
Thus,
xe (1 (A=-V)= () (A+V).
Vet Vet
Conversely, suppose that x ¢ A. Then, there exists a V € .4 such that x+V
does not intersect A, i.e., x ¢ A—V, hence

x¢ () (A+V).

Vet
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@ LetacA and b € B. By the continuity of vector addition, for every U € A,

there exist V € 4, and W € .4}, such that

V+WcU.

By the definition of A every neighborhood of a intersects A and by the defini-
tion of B every neighborhood of b intersects W: that is, there exist xe V nA
and y e WnB. Then,

xeA and yeB implies x+yeA+B,

and
xeV and yeW implies x+yeV+WcU.

In other words, every neighborhood of a+ b € A + B intersects A + B, which
implies that a+ b € A + B, and therefore

A+BcA+B.

Let ¢ be a linear subspace of 2", which means that,
Y+% W and Vae F, a¥ c¥.

By the previous item,

Y+ W cH+H .
Since scalar multiplication is a homeomorphism it maps the closure of a set
into the closure of its image, namely, for every a € .%,

a@ C @
Convexity is a purely algebraic property, but closures and interiors are topo-
logical concepts. The convexity of C implies that for all z € [0, 1]:
tC+(1-1)CcC.
Letz€[0,1], then
t(C=tC and  (1-1)C=(1-1)C.

By the second item:

tC+(1-t)C=tC+(1-t)CctC+(1-1)CcC,

which proves that C is convex.
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® Suppose once again that C is convex. Let x,y € C°. This means that there exist
neighborhoods U,V € 45, such that

x+UcC and y+VcC.
Since C is convex:
t(x+U)+(1-1)(y+V)=(tx+(1-t)y)+U+(1-t)V cC,

which proves that tx+ (1 —¢)y € C°, namely C° is convex.
® Since multiplication by a (non-zero) scalar is a homeomorphism,

aB=oB.
If B is balanced, then for |of| < 1,
aB=aBcB,

hence B is balanced.
@ Again, for every 0 < |a|< 1,

oB°=(aB)° cB°.

Since for oo =0, aB® = {0}, we must require that 0 € B° for the latter to be
balanced.

Let V be a neighborhood of zero. By Corollary 3.6 there exists a neighborhood
W of zero such that W c V. Since E is bounded, E c tW c tW c tV for
sufficiently large ¢. It follows that for large enough ¢,

EctW ctV,

which proves that E is bounded.

Exercise 3.2 Let
A={(z21,22) €C* | Jz1] € za| } € C*.

Show that A is balanced by A° is not. n

Theorem 3.9 Let 2 be a topological vector space.

@ Every neighborhood of zero contains a balanced neighborhood of zero:

VU e N IWe ™ suchthat WcU.

@ Every convex neighborhood of zero contains a balanced convex neighbor-
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hood of zero:

YU € 4™ 3A €A™ suchthat AcU.

Proof.

® Let U € 4. Since scalar multiplication is continuous, and 0-0 = 0, there exists
aV e A and adisc
D={aeC||a<0d},

such that
DV cU.

It is easy to see that DV is balanced (thus, the existence of a balanced sub-
neighborhood in .Z" follows from the existence of a balanced sub-neighborhood
in the field of scalars).
@ Let U € A" and set
A=) aU.
lo=1
Since A is the intersection of convex sets it is convex. It is balanced because
for every |B| <1,

pA= (N (Ba)U = (IBle)U =|BlA,

|al=1 |al=1

and by convexity,
IBIA =[BlA+(1-|B[){0} cA.

Since A contains the origin, A° is balanced; it is also convex.

Corollary 3.10 Every topological vector space has a local base whose elements
are balanced (a balanced local base).

Corollary 3.11 Every locally convex topological vector space has a local base
whose elements are convex and balanced (a balanced convex local base).

Theorem 3.12 Let V € 4 in a topological vector space 2 . Then:



3.2 Separation theorems

193

@ For every sequence r,, — 0o,

UnV=2.

n=1

@ Every compact set is bounded.
® IfV is bounded (which requires 2~ to be locally bounded) and &, — 0, then

{8,V | neN}

is a local base for 2.

Proof.

@ Letxe 2 and consider the sequence x/r,. This sequence converge to zero by
the continuity of the scalar multiplication .% x 2~ — £ . Thus, for sufficiently

large n,
x[r,eV ie. xer,V.

Let K ¢ 2" be compact. We need to prove that it is bounded, namely, that for

every V € 45,
K ctV for sufficiently large ¢.

Let V e 4 be given. By Theorem 3.9 there exists a W € Jl{)bal suchthat W cV.

By the previous item
Kc | Jmw).
n=1

Since K is compact,

K K
KclJmW)=nkJ (—W) cngW,
k=1 k=1 \"K

where in the last step we used the fact that W is balanced. Thus,
ng
Vit >ng KcnKW:t(TW)CtW,CtWCtV,

which proves that K is bounded.
Let U € 4. Since V is bounded,

V ctU for sufficiently large ¢,

or,
tT'vcu. for sufficiently large ¢.

Thus, 6,V c U for sufficiently large n.
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Exercise 3.3 Let (27, ) be a topological vector space. Show that a set E ¢ 2
is bounded if and only if every countable subset of E is bounded. .

Exercise 3.4 Let (£, 1) be a topological vector space. Show that:

@ If & is locally bounded then the convex hull of a convex set is bounded.
@ If A, B are bounded so is A + B.

® If A,B are compact so is A + B.

@ if A is compact and B is closed then A + B is closed.

® Give an example where A, B are closed by A + B is not closed.

3.3 Linear maps

We already know what are linear maps between vector spaces. The following
theorem is an obvious consequence of the translational invariance of the space:

Theorem 3.13 Let 2" and % be topological vector spaces and let T : 2~ — %
be linear. If T is continuous at zero then it is continuous everywhere.

The following Lemma will be needed below:

Lemma 3.14 Linear maps between topological vector spaces map balanced sets
into balanced sets.

Proof. LetT : 2" — % be linear, and let V c X be balanced. For every |ot| < 1,

o{T(x):xeV}={aT(x):xeV}={T(ax):xeV}={T(y):yeaV}c{T(y):yeV}.

In Banach spaces continuous and bounded linear maps are the same. We need a
notion of bounded map to obtain a generalization for topological vector spaces.

I Definition 3.15 A linear map T : 2" — ¢ is bounded if it maps bounded sets
into bounded sets.
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The following theorem concerns only scalar-valued linear maps, i.e., linear function-
als. Please note that since .# is a topological vector space, there is a well-defined
notion of continuity for functionals. In particular, we may define:

Definition 3.16 Let (27, 7) be a topological vector space. Its dual X* is the
space of continuous linear functionals over 2.

As of now, 2" is not endowed with any topology, as it was in Banach spaces. We
will see how to topologize 2 * later when we study weak topologies.

The following theorem establishes the equivalence between continuity and bounded-
ness for linear functionals:

Theorem 3.15 Let 0 # f: 2" — .# be a linear functional. Then the following
assertions are equivalent:

@ f is continuous.

@ ker f is closed.

® ker f is not dense in 2.

@ f maps some V € .4 into a bounded set in .7 .

Proof.

® Suppose that f is continuous, then since {0} €.7 is closed then f~1(0) = ker f
is closed.

@ Suppose that ker f is closed. Since we assume that f # 0, it must be that
ker f + 2, hence ker f can’t be dense in 2.

® Suppose that ker f is not dense in .2". That is, its complement has a non-empty
interior. There exists an x € 2 and a V € 4, such that

(x+V)nkerf = 2. 3.1)

This means that

Fx+V) $0,
- VyeV  f() £ -f().

By Theorem 3.9 (every neighborhood contains a balanced neighborhood) we
may assume that V is balanced; by Lemma 3.14, f(V) is balanced as well.

Balanced set in C are either bounded, in which case we are done, of equal to
the whole of C, which contradicts the requirement that f(y) # —f(x) for all
yevV.
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@ Suppose that (V) is bounded for some V € 4, i.e., there exists an M such
that
VxeV If(x)| <M.

Let € >0 be given. Set W = (¢/M)V. Then for all y e W
£
7)< suplf ()] <e.
xeV
which proves that f is continuous at zero (and hence everywhere).

Comment 3.4 If f maps some V € .4j into a bounded set then f is bounded. Let
W c 2 be bounded. Then for large enough ¢:

WctV,

hence
sup|f(W)[<sup|f(tV)[ =1 sup|f (V)] < 0.

Finite dimensional spaces

As for Banach spaces, finite-dimensional topological vector spaces are simpler than
infinite-dimensional ones.

Lemma 3.16 Let 2" be a topological vector space. Any linear function 7' : #" —
Z is continuous.

Proof. Denote by {e;} the standard basis in .#" and set
uj=T(ej) j=1,...,n.

By linearity, for any z = (z1,...,2x),
n
T(z) =) zju;.
=

The map z - z; (which is a map .#" — %) is continuous and so are addition and
scalar multiplication in 2. [ ]

The following proposition shows, in particular, that all finite-dimensional subspaces
of a topological vector space are closed.
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Proposition 3.17 Let % be an n-dimensional subspace of a topological vector
space 2 . Then:

@ Every isomorphism .#" — % (equivalence in the category of vector spaces)
is a homeomorphism (equivalence in the category of topological spaces).

@ % is closed in Z .

Proof.

® Let T:.#" & % be an isomorphism (i.e., linear and bijective). We need
to show that both 7 and 7~! are continuous. By the previous lemma T is
continuous, so only remains 7!,

K=T7(S)

let S = d*B z» be the unit sphere in #", and let K = T(S). By Lemma 3.16
since T is linear it is also continuous, and since continuous functions map
compact sets into compact sets, K is compact.

Since 0 ¢ S and f is injective, it follows that 0 ¢ K, and therefore
Ve s  suchthat VnK=g.

Note that V is a neighborhood of 0 in 2", but VN % is a neighborhood of
zero in % (in the induced topology). By injectivity,

E=T'(Vn%)

is disjoint from S.

By Lemma 3.14, E which is the linear image of a balanced set is also balanced,
hence it is connected. It follows that 7~! maps VN % into B z.. T~ is an
n-tuple of linear functionals on %/. Since it maps a bounded neighborhood of
zero in ¢ into a bounded set in .%, it is continuous by Theorem 3.15, hence
T is a homeomorphism.
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@ Let {u;} be a basis for #, and let T : .#" — % be a linear map defined by
T (e;) = uj. It is an isomorphism, hence by the preceding item it is a homeo-
morphism. Let as above K = T'(S) and let V be a balanced neighborhood of 0
(in Z7) that does not intersect K.

Let x € #. By Theorem 3.12, there exists a ¢ > 0 for which
xetV,
and therefore it is in the closure of the set!
VX ctT(Bgn) cT(tB 7).
The latter being compact, it is closed. Since x is in the closure of a closed set,

X € T(t%yn) C @

Corollary 3.18 There is exists a unique topology on .#" (viewed as a topological
vector space), and all n-dimensional topological vector spaces are homeomorphic.

Proposition 3.19 Every locally compact topological vector space has finite di-
mension.

Proof. Let 2 be alocally compact topological vector space: it has some neighbor-
hood V whose closure V is compact. By Theorem 3.12 V is bounded and hence also
V. Moreover,

B={V[2":neN}

is a local base for 2.

Let y € V. By definition y — %V intersects V, i.e., yeV + %V, from which we infer
that
14 CV+%V = U(x+%V).
xeV

Since V is compact, it can be covered by a finite union:

Ve (xi+3V)nn(x,+3V).

Let % =Span{xy,...,x,}. Itis a finite-dimensional subspace of 2, hence closed by
Proposition 3.17. Since V c % + %V, and since o = % for every a # 0, it follows
that

1 1 Iy, _ 1

EVC E@-ﬁ-zV—@-FzV,

tis easy to show that x € V and x € % implies that xe V N %/
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and hence
Ve +VeH+W +iV =% +1V.

We may continue similarly to show that V c & + %V, and so on, namely
Ve (@ +5V).
n=1

Since 4 is a local base at zero, it follows that V is a subset of every neighborhood
of %, that is>

Ve =%,
On the other hand, still by Theorem 3.12,
X =UnvVc#,
n=1
which implies 2" =%/, i.e., 2 is finite-dimensional. [ ]

Corollary 3.20 Every locally bounded topological vector space that has the
Heine-Borel property has finite dimension.

Proof. 1If 2 is locally bounded then it has a bounded neighborhood V. It follows
that V is also bounded. Since 2" satisfies the Heine-Borel property V is compact,
i.e., Z islocally compact, and therefore has finite dimension. [

Metrization

What does it take for a topological vector space to be metrizable? Suppose there is
a metric d compatible with the topology 7. Thus, all open sets are unions of open
balls, and in particular, the countable collection of balls *B(0, 1/n) forms a local
base at the origin. It turns out that the existence of a countable local base is also
sufficient for metrizability.

Theorem 3.21 Let 2 be topological vector space that has a countable local base.
Then there is a metric d on 2" such that:

@ d is compatible with 7 (every T-open set is a union of d-open balls).
@ The open balls B(0,a) are balanced.
® disinvariant: d(x+z,y+z) =d(x,y).

%Indeed, let x € V, then for every n,
xe¥ + ZLV

Let U € 4. Then x+U intersects % which proves that x € %,
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@ 1If, in addition, 2" is locally convex, then d can be chosen such that all open
balls are convex. (Please note: we are used that open balls are convex; this
is true in a normed space but not in general metric spaces.)

Proof. Let %' be a countable local base. By Theorem 3.9 and Lemma 3.3 there
exists a countable local base % = {V, } whose members are all balanced, and further-
more,

Vn+l +Vn+l +Vn+l +Vn+] c Vn-

(If & is locally convex, the local base can be chosen to include convex sets.) This
implies that for all n and k:

Vir1 + Vo + Vs +-+ Vi c Vi
Let D be the set of dyadic rational numbers:

D:{Z% | cn€{0,1}, andcn:Oforn>N,NeN}.

n=1

D is dense in [0, 1]. Define the function ¢ : DU {r>1} -2

X r>1
o(r) =
ci(r)Vi+c(r)Va+... reD.

The sum in this definition is always finite. For example, ¢(1.2) = 2" and ¢(0.75) =
Vi + V5. By the property of the base {V,},

Mo A
ol > | = > Vo V-t

n=N
Then define the functional f: 2™ — R:

f(x)=inf{r:xe@(r)},

and define

d(x,y) = f(y-x).

We will show that d is indeed a metric on 2~ that satisfies all required properties.
This will rely on the following fact:

Lemma 3.22 For r,s € D

o(r)+o(s) co(r+s).
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Proof. If r+s > 1 then this is obvious as ¢(r+s) = Z .

Suppose then that r,s € D and r+s € D. The first possibility is that ¢, (r) +c,(s) =
¢y (r+s) for all n. This happens if ¢,(r) and ¢, () are never both equal to one. Then,

o(r+s) = ch<r+s>vn - icn<r>vn+ icn<s)vn = 0(r)+9(s).

Otherwise, there exists an n for which
cn(r)+cn(s) £ep(r+s).
Let N be the smallest n where this happens: then
en(r)=cn(s)=0 and en(r+s)=1.
It follows that
o(r)cei(rVi+...cn-1(£)Vn-1 +Vys1 + Vo + ...
cer(r)\Vi+...en—1(6)Vn-1 + Vn+1 + Ve,
o(s)cer(s)Vi+...en-1(8)Vy-1 + Vi1 + Vs,
and
o(r)+o(s)cei(r+s)Vi+...cy-1(r+s)Vy-1 + Vi1 + Vel + Vet + Viven

cer(r+s)Vi+...on-1(r+s)Vu_1+ Vv c @(r+s).

Lemma 3.23 Forall re DU[1,00):

0eo(r).

Proof. For every r, ¢(r) is non-empty and it contains a neighborhood of zero. =

Lemma 3.24 The set
{o(r):reD}

is totally ordered:

r<t implies @(r)c@(r).

Proof. By the first lemma, for r < ¢:

p(r)co(r)+o(t-r)co(t).
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Lemma 3.25 For all x,ye Z":

fx+y) < f(x)+f().

Proof. Letx,ye 2 be given. Note that the range of f is [0, 1], hence we can limit
ourselves to the case where the right hand side is less than 1. Fix € > 0. There are
r,s € D such that

fx)<r fO)<s and r+s<f(x)+f(y)+e.
Because {¢(r)} is fully ordered, this implies that x € (r), y € @(s), hence

x+ye@(r)+o(s)co(r+s).
Thus,
fx+y) <res<f(x)+f(y)+e,
which holds for every € > 0. [

Lemma 3.26 The function f satisfies the additional properties:

D f(x) = f(=x).
@ f(0)=0.
® f(x)>0forx+0.

Proof. Since the ¢(r) are unions of balanced sets they are balanced, from which
follows that f(x) = f(—x). f(0) =0 because 0 € @(r) for all r € D. Finally, if x # 0, it
does no belong to some V,, (by separation) i.e., to some @(s), and since the {¢(r)}
form an ordered set, it does not belong to @(r) for all r < s, from which follows that

f(x)>0. ]

Back to the main proof. The properties of f imply that d(x,y) = f(x—y) is a metric
on 2. It is symmetric, vanishes if and only if x =y, it is translationally invariant,
and

d(x,y)=f(x-y)=f(x-z-(y-2))
<Sfx-2)+f(y-2)
=d(x,z)+d(z,y).

We next want to show that this metric is compatible with the topology. Consider the
d-open balls,

B(0,6) = {x:d(x,0) <8} ={x: f(x) <8} = U o(r).

r<d
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(We used the fact that f(x) <7 implies that x € ¢(¢).) In particular, if 6 < 1/2", then
B(0,8) cV,, which proves that the open balls, B(0,1/2"), form a local base.

The open balls are balanced because each ¢(r) is balanced and the union of balanced
set is balanced. If the V,, are convex then ¢(r) are convex.

Cauchy sequences

Cauchy sequences in metric spaces
We know from second year undergrad: a sequence (x,) in a metric space (2°,d) is

called a Cauchy sequence if

Ve>0 3INeN suchthat Vmn>N d(Xpm,x,) <E.

Cauchy sequences in topological vector spaces
In a topological vector space we can define a Cauchy sequence independently of a
metric. Take a local base Z. A sequence (x,) is a Cauchy sequence if

YWe# INeN suchthat Vm,n>N Xpm—Xp€V.

This definition is independent of the local base since if this is true for one local base
it is true for any other local base.

Cauchy sequences in topological vector spaces with compatible metric

Is a d-Cauchy sequence the same as a T-Cauchy sequence? Yes. In a topological
vector space with a compatible metric the open metric balls are a local base.

The following proposition refers to a distance increasing map between two metric
spaces:

Proposition 3.27 Let (27,d;) and (#,d») be metric spaces, where (.27,d}) is
complete. Let E c 27 be a closed set and suppose that

fE->%
is continuous and satisfies
do(f(x),f(x")) > di(x,x").

Then f(E) is closed in &'
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Proof. Take ye f(E). Then there exists a sequence f(x,) € f(E) such that f(x,) —>y
in % . It follows that (x;,) is a Cauchy sequence, and since E is closed, the limit x is
in E. By the continuity of f,

y=lim f(x,) = f(x) € f(E).
]
We found that finite-dimensional subspaces of topological vector spaces are closed.

The following proposition provides a criterion for an infinite-dimensional subspace
of a topological vector space to be closed.

Proposition 3.28 Let .2 be a topological vector space and let % c 2 be a linear
subspace endowed with the induced topology. If % is an F-space then it is closed
in Z .

Proof. Recall that being an F-space means that the topology on %/ is consistent with
a complete translationally invariant metric.

Let d be such an invariant metric, and set
Bl/n = {yE g’)/:d(yao) < 1/”}7
which are open balls in %/,

Let U, € 4 be neighborhoods of zero in 2" such that U,n%" = By, (such neigh-
borhoods exist because the open sets in % are intersections of open sets in 2~ with
%), Let then V,, € ,/I{)Sym such that V,,,; cV, and V,, +V, c U,.

Let x € % (the closure of % in 2). Define
E,=(x+V,)n%

(this intersection is not empty because every neighborhood of x intersects %).
Suppose that y;,y, € E,, then

yl—yge@ and yl—y2€Vn+VnCUn — yl—yzeBl/n.

We now use the fact that % is an F-space: The sets E, are non-empty and their
diameter tends to zero. Since % is complete, the intersection of the % -closure of
the sets E, contains exactly one point, which we denote by yq. Specifically, yy is the
only point, such that for every U’ € 4 in % and every n,

Go+U)N[(x+Va)nZ] £ 2.

Since open neighborhoods in ¢ are intersections of open neighborhoods in 2~ with
%, it follows that for every U € .4( in 2" and every n

o+U)N(x+V)NY =@,



3.6 Cauchy sequences 205

Take now any neighborhood W € .4 in 2" and define
EV =(x+WnV,)n%.
By the exact same same argument the intersection of the % closure of the sets F,"
contains exactly one point. But since F)’ c E,,, this point has to be yo. Thus, there
exists a unique point yg, such that for every U,W € 45 in 2" and every n,
o +U)N(x+WnV,)n¥ = @.
Since x+WnV, cx+W, it follows that for every U,W € 4

(yo+U)N(x+W) % 2.

Since the space is Hausdorff, x =y € %/, i.e., A=A, ]

The following lemma will turn to be useful:

Lemma 3.29

@ Let d be a translation invariant metric on a vector space .2, then
d(nx,0) <nd(x,0).

@ If x, — 0 in a metrizable topological vector space, then there exist positive
scalars ¢, — oo, such that o;,x,, — 0.

Proof. The first part is obvious by successive applications of the triangle inequality,

d(nx,0) < id(kx,(k— 1)x) <nd(x,0).
k=1

For the second, we note that since d(x,,0) — 0, there exists a diverging sequence of
positive integers n;, such that

1
d('xkuo) < BOR
My

from which we get that

1
d(nkxk,O) < nkd(xk,O) <—-=0.
ny
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Boundedness and continuity

We defined bounded sets in topological vector spaces. When the space is metrizable,
one could also define a set to be bounded if its diameter is finite. The two definitions
are not equivalent. For example, the metric that was defined in Theorem 3.21
satisfies d(x,y) < 1, so that even 2" is a bounded set. We will always refer to the
topological notion of boundedness.

We already know that compact sets are bounded (Theorem 3.12), and that the closure
of a bounded set is bounded (Proposition 3.8).

Here is a simple exercise:

Proposition 3.30 A Cauchy sequence (and in particular a converging sequence)
in a topological vector space is bounded.

Proof. Let (x,) be a Cauchy sequence. Let W € 4%, and let V e 4;* satisfy
V+VcW.

By the definition of a Cauchy sequence, there exists an N such that for all m,n > N,
Xp—Xm €V,

and in particular,
Vn>N X, exy+V.

Set s > 1 such that xy € sV (we know that such an S exists), then for all n > N,
X, €sV+VcsV+sV csW.

Since for balanced sets sW c tW for s < ¢, and since every neighborhood of zero
contains a balanced neighborhood, this proves that the sequence is indeed bounded.
]

Proposition 3.31 For every x # 0 the set E = {nx:n € N} is not bounded.

Proof. By separation, there exists a neighborhood V € .4 that does not contain x,
hence nx ¢ nV, i.e., for every n,
E ¢ nV.
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Corollary 3.32 The only bounded subspace of a topological vector space is {0}.

Proposition 3.33 Let 2" be a topological vector space and let E c .2". Then, E
is bounded if and only if for every sequence x, € E and every sequence of scalars
o, —> 0, a,x, — 0.

Proof. Suppose that E is bounded. Let o, > 0. Let V € Jl{)bal. Then, E c ¢V for
some ¢, and for sufficiently large n, ot < 1, in which case

onE c (out)V V.

Thus, for every sequence x, € E, t,x, is eventually in any neighborhood of zero.

Suppose that for every sequence x, € £ and every o, — 0, o,x, = 0. Suppose, by
contradiction, that E were not bounded. Then there exists a V € .4j and a sequence
r, = o0, such that no r,V contains E. Take then a sequence x, € E such that x,, ¢ r,V.
Thus,

r, 1xn ¢ V,

which implies that , Lx, 0, which is a contradiction. ]
We are now in measure to establish the relations between continuous and bounded

linear transformations. As we shall see, the relation is more involved than in normed
spaces, where the two notions coincide.

Theorem 3.34 Let T : 2" — % be alinear map between topological vector spaces.
Consider the following four properties:

@® T is continuous.

@ T is bounded.

® If x, - 0 then {T(x,) | n € N} is bounded.
@ If x, > 0 then T'(x,) — 0.

Then,
D= @ — 0.

If, moreover, £ is metrizable, then
@ = 60— @,

i.e., all four are equivalent.
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Proof. ®—-@. Suppose that T is continuous. Let V c 2" be bounded. Let W € .4;
in % Since T(0) =0,
We sy TU)eW.

Because V is bounded there exists an s such that for all ¢ > s,
VctU.
By linearity, for all > s,
T(V)cT(tU)=tT(U)ctW,

hence 7' (V') is bounded, which implies that 7' is bounded.

@-®. Suppose that T is bounded and let x,, — 0. Since convergent sequences are
bounded (Proposition 3.30), namely,

E={x,|neN}

is bounded, then
T(E)=A{T(xx) | neN}

is bounded.

®—®. Suppose now that 2" is metrizable and let d be a compatible and invariant
metric. Suppose that x,, - 0 and {7 (x,) | n € N} is bounded. By the second part of
Lemma 3.29 (and here we need metrizability), there exists a sequence @, — oo, such
that o,x, — 0. Then,
1
T(xp)= ” T(0pxn),

N ———
bounded

and by Proposition 3.33, T'(x,) — 0.
@—®. For any first countable topological space, sequential continuity implies conti-

nuity. Any metrizable topological vector space is first countable (has a countable
local base) because the open balls are bounded. [

3.8 Seminorms and local convexity

Definition 3.17 A seminorm (717271 "Md) on a vector space %2 is function
p: 2 - R, such that

p(x+y) < p(x) +p(x),
and
p(ox) =[o] p(x).
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Definition 3.18 Let & be a family of seminorms. It is called separating if to
each x # 0 corresponds a p € &, such that p(x) #0.

Comment 3.5 The only difference between a norm and a seminorm is that the
latter does not separate between points; knowing that p(y—x) = 0 does not guarantee
that x = y. While a single seminorm does not separate between points, a family of
seminorms might do so.

Recall the definition of absorbing sets (n¥512 1213p). In fact, we proved that
every neighborhood of zero is absorbing. For convex absorbing sets K (in a vector
space—no topology required) we defined the Minkowski functionals,

pr(x) =inf{r>0:x/t e K}.

We proved that the Minkowski functionals are sub-additive, and pg(ax) = o px(x)
for oe > 0. Also, px(x) <1 for xe K and pg(x) <1 for internal points (T MTPI)
of K.

There turns out to be a strong relation between Minkowski functionals and semi-
norms: every seminorm is a Minkowski functional of some balanced, convex,
absorbing set. This follows from the following propositions:

Proposition 3.35 Let p be a seminorm on a vector space 2~ (no topology). Then:

@ p is symmetric.

@ p(0)=0.
® |p(x)-p()| < p(x-y).
@ p(x)=>0.

® kerp is a linear subspace.
® The set B={x: p(x) < 1} is convex, balanced and absorbing.
@ p=ps.

Proof. By the properties of the seminorm:

® plx-y)=p(-(y=x)) =[-1p(y-x) = p(y-x).
@ p(0)=p(0-x) =0-p(x) =0.
® This follows from the inequalities

p(x)sp(y)+plx-y)  and  p(y)<p(x)+p(y-x)=p(x)+p(x-y).
@ By the previous item, for every x:

0<p(x) = p(0)| < p(x).
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® If x,yekerp:
p(ox+By) < p(ax)+p(By) =|a|p(x) +[B[p(y) =0.

® If p(x) < 1 then for every || < 1, p(ax) = |a|p(x) < 1, which proves that B is
balanced. If x,y € B then for every 0 <¢ < 1

p(tx+(1-1)y) <tp(x)+(1-1) p(y) <1,

hence B is convex. For every x € 2" and s > p(x), p(x/s) <1, i.e.,, xesB, so
that B is absorbing.

@ Finally, consider
pp(x)=inf{s>0:x/se B} =inf{s>0: p(x/s) <1} =inf{s>0: p(x) < s}.

If p(x) <r then pp(x) <r, ie., pp < p. If pp(x) <r, then there exists an
s < pg(x) such that p(x) =s, i.e., p < pp.

And now for the reverse direction, which we have already shown:

Proposition 3.36 Let K be a convex absorbing set in a vector space 2. Then

© pr(x+y) < pr(x) + px (¥)-
@ pk(tx) =t pg(x) forall ¢ > 0.
®@ If K is also balanced then pg(ox) = |o| px(x).

To conclude:

Corollary 3.37 In a vector space £ there is a one-to-one correspondence be-
tween the seminorms and Minkowski functionals on convex balanced absorbing
sets.

Up to now we were in the realm of vector space with no topology. We proceed to
see the importance of seminorms in the context of topological vector spaces. Recall
that in a topological vector space every open neighborhood of zero is absorbing and
contains a balanced neighborhood. What we need in addition is convexity.

Proposition 3.38 Let 4 be a convex and balanced local base in a (locally con-
vex!) topological vector space Z". Then,

@D VVeR V={x:py(x)<1}.
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‘ @ {py | V € #} is a separating family of continuous seminorms.

Comment 3.6 This is essentially what local convexity gives—the fact that the
Minkowski functional over that base are both continuous and separating.

Proof.

@

Let xe V. Since V is open, there is a ¢ < 1 such that x/¢ € V, which implies that
pv(x)=inf{s>0:x/seV}<1
1.€.,
Vec{x|pv(x)<l1}.
Conversely, if x ¢ V, then by convexity x/t € V only for 7 > 1, i.e., py (x) > 1.
We already know that the functions py are seminorms. We will first show that
this family of seminorms is separating. Let x # 0. Let V € & be such that x ¢ V
(separation). Then py (x) > 1 > 0. The continuity of the py’s follows from the
inequality
lpv (x) = pv (0)| < py ().
Recall that {V /n:n €N} is a local base. If x € V /n then

1 1
lpv (x) = pv(0)| < pv (x) = ;PV(”X) <
That is, for all € > 0 there exists a neighborhood U € .44 such that
pv(U) c[0,€).

And why do we care about separating families of seminorms? The answer is below:
a separating family of seminorms allows us to define a topology on a vector space.
In fact, very often a vector space is given without any topology, and the way to
topologize it by means of a separating family of seminorms.

Theorem 3.39 Let & be a separating family of seminorms on a vector space 2.
For each p € &2 and n € N define

Let # be the set of all finite intersections of V(p,n)’s. Then, # is a convex
balanced local base for a topology 7 on 2~ (that is, (.2, 7) is locally convex with

V(p,n)={x:p(x) <1/n}.
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respect to this topology). Moreover,
® Every p € & is continuous.

@ A set E c Z isbounded if and only if p is bounded on E for every p € .

Proof. We defined

%= m V(p,n) [Ic P xN, |l|<oo},
(p,n)el

where all the intersections are finite. Clearly, 43 is a collection of sets that contain
the origin and that are closed under finite intersections.

Set A ¢ 2 be be open if it is a union of translates of members of B. That is, A is
open if and only if it can be represented in the form

A= U (x+B(),

xeZ B(x)eB

where the union can be empty. We denote the collection of all such set by 7. 7 is a
translation-invariant topology on 2~ because:

O ger.
@ Z €1 (obvious as well).
® 7 is closed under arbitrary unions.
@ 7 is closed under finite intersection as
U +Bx)n U OG+BO))= U U (+Bx)u(y+B(y))
xel B(x)e%; yeJ,B(y)e%By xel B(x)e%B; yeJ ,B(y)eBy
=7777

We know that each V(p,n) is convex and balanced. An intersection of convex
balanced sets is convex and balanced, hence 4 constitutes a convex balanced local
base.

We need to show that the vector space 2~ with the topology 7 is a topological vector
space. Let 0 # x € Z". Since the family of seminorms is separating,

dpe P p(x)>0.
For n € N such that np(x) > 1,

np(x)

>

S [ =

p(x) =

ie,x¢V(p,n),or0¢x—V(p,n). This means that the complement of {0} is open,
i.e., {0} is closed. By translation-invariance, every {x} is closed.
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We next show that addition is continuous. Let U € 4. Then, by the property of the
local base, there exist

V(pi,m)n--nV(pg,n) cU.

Let
W=V (p1,2n1)n---nV(pr,2n;),

then since seminorms are subadditive,
V(p1,2n1)+V(p1,2m) = {x | p1(x) <1/2n} +{x | p1(x) < 1/2n}
={x+y [ pi1(x) <1/2n,p1(y) <1/2n}
c{x+y|pi(x+y) <1/n} =V(p1,m),

from which we conclude that
W+WclU.

This proves that addition is continuous! A similar argument shows that scalar
multiplication is continuous as well.

Z is a locally convex topological vector space. Every p € &2 is continuous at 0
because for every € >0 setn > 1/¢ and

p(V(p,n)) € B(0,¢).

It is continuous everywhere by
lp(x) = p(M)| < p(x-y).

Finally, suppose that E is bounded. Take p € 2. Then
V(p1)={xe 2 p(x) <1}
is a neighborhood of zero. Hence,
EcnV(p,1)
for some n (by definition of boundedness). Hence, for all x € E,
xe{nxe Z :p(x)<1}={nxe Z :p(nx) <n}={ye 2 : p(y) <n},
ie., p(x)<n.

Conversely, if p(E) is bounded for every p € &2. Then there are numbers M), such
that
supp(x) <M,.
xeE
Let U € 4. Again, there are
V(pi,ni) -0V (pg,me) < U.
For sufficiently large n,

Ecn(V(p1,m)n---nV(px,m)) cnU,

1.e., E is bounded. [ ]
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Comments 3.1

@ Let (X, 1) be alocally convex topological vector space, and let % be a convex
balanced local base. This local base defines a separating family of seminorms
on 2", which by the previous theorem induces a topology 7’ on 2. Is this
topology the same as 7? The answer is positive.

@ If & = (py) is countable separating family of seminorms, then the resulting
topology has a countable local base, and by Theorem 3.21 it is metrizable.
One can show that the following is a compatible metric:

d(x,y) — max Cnpn(x_y) 7
n 1+py(x=y)

where (c,) is any sequence of positive numbers that decays to zero (it is easy

to see that the maximum is indeed attained). Clearly, d(x,x) = 0. Also, since

the p,’s are separating d(x,y) > 0 for x # y. Symmetry, as well as translational

invariance are obvious. Finally, the triangle inequality follows form the fact

that every p, is subadditive, and that a < b+ ¢ implies that

a b c
< + .
l+a 1+b 1+c

It remains to show that this metric is compatible with the topology.

And finally:

Theorem 3.40 (27, 7) is normable if and only if there exists a convex bounded
neighborhood.

Proof. If 2" is normable then B 4 = {x: |x| < 1} is convex and bounded.

Suppose that there exists a convex and bounded V € .45. Then there exists, by
Theorem 3.9 a convex and balanced (and certainly bounded) neighborhood U c V.
Set

lxll = pu (x).
We will show that this is indeed a norm. Clearly, ||x| = 0 if and only if x = 0. Since
U is balanced then py(ax) = |ot| py(x). The triangle inequality follows from the

properties of py. It remains to show that this norm is compatible with the topology.
This follows from the fact that

B(0,r)={x:|x| <r}={x:pu(x) <r}={x:py(x/r)<1}crU,
which means that 5 (0, r) is bounded, hence
{B(0,r):r>0}

is a local base. []
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Examples

The space C(Q)

Let Q an open set in R". We consider the space C(Q2) of all continuous functions.
Note that the sup-norm does not work here. There exist unbounded continuous
functions on open sets.

Every open set Q in R” can be written as
Q=JK,,

where K, € K,,.1, where the K, are compact, and € stands for compactly embedded,
i.e., K, is a compact set in the interior of K,.;. We topologize C(Q) with the
separating family of seminormes,

Pa(f) =sup{|f(x)|:x € Ku} = | fx,-

(These are clearly seminorms, and they are separating because for every f # 0O there
exists an n such that flg, 0.)

Since the p,’s are monotonically increasing,

N kr'ﬁlwpk,m) -N kﬁl{f:pkm <Afm} =V (pa,M),

which means that the V (p,, M) form a convex local base for C(Q). In fact, V(p,,M)
contains a neighborhood obtained by taking n, M to be the greatest of the two, from
which follows that

Vo ={f:pa(f) <1/n}
is a convex local base for C(Q), and the p,’s are continuous in this topology.

We can thus endow this topological space with a compatible metric, for example,

_ 2_npn(f_g)
d(7.8) =max =)

We will now show that this space is complete. Recall that if a topological vector
space has a compatible metric with respect to which it is complete, then it is called
an F-space. If, moreover, the space is locally convex, then it is called a Fréchet
space. Thus, C(Q) is a Fréchet space.

Let then (f;,) be a Cauchy sequence. This means that for every € > 0 there exists an
N, such that for every m,n > N,

max Zikpk(fn ~ fm)
ko 1+ pe(fu=fin)

<E,
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and a fortiori,
2_kpk(fn_fm)
1 +pk(fn _fm)

which means that (f,) is a Cauchy sequence in each K} (endowed with the sup-
norm), and hence converges uniformly to a function f.

(VkeN) <E,

Given € let K be such 27X < €, then

max 2P =f) o
kK 1 +pk(fn —f)

and there exists an N, such that for every n > N,

aqu,
k<sk 1+ pr(fu—f)

which implies that f, — f, hence the space is indeed complete.

Remains the question whether C(Q) with this topology is normable. For this, the
origin must have a convex bounded neighborhood. Recall that a set E is bounded if
and only if {p,(f): f € E} is bounded for every n, i.e., if

{sup{lf ()| :xe Ky} : f e E}
is a bounded set for every n, or if
VneN sup{|f(x)|:x€K,,f€E} < oo.

Because the V,, form a base, every neighborhood of zero contains a set

Vie=A{f: pe(f) < 1/k},

hence,
sup{|f(x)|: x €Ky, f € E} > sup{||f]x, : | fl&, <1/k}.

The right hand side can be made as large as we please for n > k, i.e., no set is
bounded, and hence the space is not normable.

The space C*(R)
For simplicity, we consider in the section functions R — R.

Definition 3.19 A function f: R — R belongs to the space C*°(R) if for every
keN, f®ec.
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Definition 3.20 The support (7210) of a function f: R - R is

Supp f = {x: f(x) #0}.

Definition 3.21 Let K c R be compact. The space P is the subspace of C*°(R)-
functions whose support lies in K.

We endow C*°(IR) with a topology, turning it into a Fréchet space, such that for
every compact set K, P is a closed subspace. As above, let (K;) be an increasing
sequence of compact sets covering R. We define the seminorms:

pu(f) = max{|f® (x)|:x e K,k <n}.

These seminorms are a separating family, hence

Exercise 3.5 In undergraduate calculus, you learned to distinguish between
pointwise convergence and uniform convergence. In particular, you learned that
the latter is convergence in a metric space (in fact a normed space)—the space of
functions on a compact set endowed with the sup-norm. Pointwise convergence,
of the other hand, was not presented as a mode of convergence in any topological
space.

Consider then the space 2" of functions [0, 1] - R. We topologize it with the
separating family of seminorms:

P ={py:xe[0,1]} px(f) = f(x)]-

@ Show that this is indeed a separating family of seminorms, and describe
the induced topology 7.

@ Show that there exists a sequence f, — 0, such that for every sequence
04, —> 00, Q[ + 0.

® Conclude that (2", T) is not metrizable.

3.10 Completeness

This section is devoted to the notion of completeness. Most of the content of the
second chapter of Rudin coincides with material learned along this course. We will
only highlight differences that result from the more general context.
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3.10.1 The Banach-Steinhaus theorem

Recall the Banach-Steinhaus theorem, as we proved it for Banach spaces:

Theorem 3.41 Let 2" be a Banach space and let %" be a normed space. Let
{Tw : a0 € A} be a collection of bounded linear maps, such that

(Vxe Z) sup | Tx|| < oo.
(04

Then,
sup | Ty < oo.
o

We will now see how this generalizes for topological vector spaces. First, a defini-
tion:

Definition 3.22 Let .2, % be topological vector spaces. let {T,: @ €A} be a
collection of linear maps 2~ — %. This collection is equicontinuous (77937
TR 7TNR) if

(YU e 47)@3V e N7 ) : (Ve A) (Tu(V) cU).
Comment 3.7 Compare with the definition of equicontinuity in a metric space.

We have shown that continuity implies boundedness. We will now show that
equicontinuity implies uniform boundedness:

Proposition 3.42 Let 27, % be topological vector spaces. Let {7, : ¢ €A} be a
equicontinuous collection of linear maps 2~ — %'. Then to every bounded set
E c 2 corresponds a bounded set F c ¢/, such that

(VoeA) To(E) cF.

We say then that {7, : & € A} is uniformly bounded.

Proof. Let E ¢ Z be bounded, and set

F = Tu(E).

oeA
Obviously, T (E) c F for all a € A, so it only remains to prove that F is bounded.

LetU € %@. Because {7} is equicontinuous, there exists a V € J{)% such that

(VoeA) Tu(V)cU.



3.10 Completeness 219

Since E is bounded, there exists an s > 0 such that
(Vt>s) EctV.

Then,
(VoeA)(Vt>s) To(E)cTy(tV)=tTy(V)ctU,

hence F c tU, which proves that F' is bounded. [

This is the Banach-Steinhaus theorem in the context of topological vector spaces:

Theorem 3.43 Let 2" and % be topological vector spaces. Let {7y, : ¢ €A} be a
collection of continuous linear mappings 2 — #%. Define

B={xe 2 :{Ty(x):0t€A} is bounded}.

If B is of the second category (i.e., not a countable union of nowhere dense sets),
then B= 2" and the {T,} are equicontinuous.

Comment 3.8 OK, let’s remind ourselves what is this category stuff. A set is called
nowhere dense (5°57) if its closure has an empty interior. An example of a nowhere
dense set in R is the set

{1/n:neN}.

The complement of the closure of a nowhere dense set is dense.

A set is called of the first category if it is a countable union of nowhere dense sets.
An example of a set of the first category is the set of functions in C[0, 1] that are
differentiable at some point. A set that is not of the first category is of the second
category.

Baire’s theorem states that in a complete metric set, if the space can be covered by
a countable union of closed set, then one of them contains an open set. (Equivalently,
Baire’s theorem states that the intersection of every countable collection of dense
open sets is dense.)

Let E, be a countable collection of nowhere dense sets. Then, (E,)¢ is open and
dense, and by Baire’s theorem,

N(E,)" + 2.
n=1

Taking complements,
n=1

That is, a complete metric space is not a countable union of nowhere dense sets—it
is of the second category.
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Proof. Choose U,W € A" in %, such that
U+UcW,

and set
E=T;'(U)={xe 2 :VacA Ty(x)eU}.
eA

Since each of the T, is continuous, and E is an intersection of closed sets, it is
closed.

By definition, if x € B, then the set {T(x) : @ € A} is bounded in %'. Thus,
(IneN): {Ty(x):aecA} cnU.

Thus x e nE, namely.

Bc | JnE.

n=1

If B is of the second category, then at least one of the nE is of the second category?,
i.e., E itself is of the second category. A set of the second category has an interior
point, say x, hence E —x contains a neighborhood V of zero. Then for every ot € A,

To(V) cTo(x)-To(E) cU-UcW,

which proves that {7, } is equicontinuous.

It thus follows that {7}, } is uniformly bounded, i.e., for every x,
{To(x): A}

is bounded, i.e., B= Z . [ ]

Corollary 3.44 If {T,} is a collection of continuous linear maps from an F-space
Z into a topological vector space %/, and if the sets

{Tu(x):eA}

are bounded (in %) for every x € 2, then {Ty } is equicontinuous.

Proof. This is an immediate consequence of the previous theorem, because an
F-space is of the second category. [

3A countable union of sets of the first category is also of the first category.
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How does this last corollary translate in the case of a Banach space? If 2 is a
Banach space and ¢ is a normed space, then if

sup | Tex| < oo,
acA

then the {7y} are equicontinuous, which in turn implies that they are uniformly
bounded. That is, for every there exists an M such that the (bounded) unit ball in 2~
is mapped into a bounded set in %/,

(Vxe 2 :|x|| < 1) [To(x)] <M,

and hence,

sup | Ty || < o0,
aeA

which is our good old Banach-Steinhaus theorem.

The Hahn-Banach theorem

We felt with the Hahn-Banach theorem in Chapter 2, but recall that most of the
content had nothing to do with Banach spaces. Let us first refresh our memory.

The theorem that we called the Hahn-Banach theorem was the following:

Theorem 3.45 — Hahn-Banach. Let 7 be a real vector space and let p a
functional over ¥ that satisfies:

@ Sub-linearity: p(x+y) < p(x) + p(y).
@ Homogeneity: for every o >0, p(ox) = op(x).

Let % c ¥ be a linear subspace and let f: % — R be a linear functional satisfying:

(fi)<pla.

There there exists a linear functional F on ¥ such that F|s = f and (F,-) < p.

Note that the Hahn-Banach involves no topology. It is a theorem about a vector
space, a linear subspace, and linear and nonlinear functionals. Also, note that any
seminorm (a term that we did not used back then) satisfies the requirements on p.

Then came an extension theorem:

Theorem 3.46 — Extension theorem. Let .2 be a normed space and let % be
a linear subspace. Let f € . Then there exists an F € 2%, such that F|y = f
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~and |F[ =] f].

Obviously, this theorem does not apply to topological vector spaces.

Definition 3.23 Let 2" be a topological vector space. Its dual, 2", is the vector
space of continuous linear functionals on 2.

Comment 3.9 As for now, the dual space is only a vector space, but not a topologi-
cal vector space.

We also had a separation theorem:

Theorem 3.47 — Separation theorem. Let M and N be disjoint convex sets in
a vector space 7. If at least one of them, say M, has an internal point, then there
exists a non-zero linear functional that separates between M and N.

Note that this theorem refers to an internal point, which unlike an interior point is
not a topological concept; it is a vector space concept.

In contrast, the following corollary applies to normed spaces:

Corollary 3.48 Let 2 be a normed space and let K, K> be disjoint convex sets
that at least one of them has an interior point. Then there exists a bounded linear
functional f # 0 that separates K; and Kj.

Yes, this theorem does carry on to topological vector spaces.

A very important consequence of the Hahn-Banach theorem is the following:

Proposition 3.49 In a locally-convex topological vector space 2", 2 * separates
points of 2.

3.12 Weak topologies

3.12.1

General statements

Definition 3.24 Let S be a set and let 7; and 7, be topologies on S. 7 is said to
be weaker than 1, if
T CT.

This means that every T(-open set is a Tp-open set.
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Comment 3.10 A topology 7; is weaker than a topology 7 if for every 7j-open
set A, every point a € A has a 7»-neighborhood U, contained in A, as

A= U U,,
acA

i.e., A is also 1p-open.
Comment 3.11 If 1; is weaker than 7, then
Id: (Safl) - (SaTZ)

is an open mapping and
Id: (S,m) - (S,71)

18 continuous.

Proposition 3.50 Let 11,7, be topologies on a set S with 7; c 7. If (S,77) is
Hausdorff then so is (S,7,).

Proof. This is obvious by the inclusion of the topologies. [

Proposition 3.51 Let 7;, 7, be topologies on a set S with 7; c 7. If (S,7)) is
Hausdorff and (S, 1) is compact then 1) = 7.

Comment 3.12 This means that one cannot weaken a compact Hausdorff topology
without losing the Hausdorff property. This also means that one cannot strengthen a
compact Hausdorff space without losing compactness.

Proof. Let F be a Tp-closed set. Since (S, 1) is compact then F is T,-compact.
Since 7] c 7, it follows that F is T;-compact (any Tj-open cover of F is also a
Tr-open cover of F' and has a finite subcover). Since 7; is Hausdorff and F is
T1-compact then it is also 7j-closed, which completes the proof (we showed that
every Tp-closed set is a T;-closed set). [ |

Let S be a set and let .# be a family of mappings from S into topological spaces:
F ={fa:S—>Yy | ael}.
Let 7 be the topology generated by the subbase

{fZ' W) lael,Ver,}.

Then 7 is the weakest topology on S for which all the f,; are continuous maps (it
is the intersection of all topologies having this property). It is called the weak
topology induced by .%, or the .7 -topology of S.
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Proposition 3.52 Let .# be a family of mappings S — Y, where S is a set and
each Y, is a Hausdorff topological space. If .# separates points on S then the
Z -topology on S is Hausdorff.

Comment 3.13 Here separates between point means that x # y implies that f(x—
y) # £(0). In the linear case it reduces to f(x) # f ().

Proof. Letx+yeS. Since .# separates points, there exists an f € .%# such that

f(x=y) # f(0).

Because Y is Hausdorff there exists U € A} (,_,) and W € .4}y that are disjoint. By
definition f~!(U) and f~! (W), which are neighborhoods of x—y and 0, are .7 -open.
The sets

x+fN(U)  and  y+fT(W)

are disjoint and open. [

Proposition 3.53 Let (S, ) be a compact topological space. If there is a sequence
{fu | n e N} of continuous real-valued functions that separates points in S then S
is metrizable.

Proof. Since (S,7) is compact and the f, are continuous then they are bounded.
Thus, we can normalize them such that |f,| < 1. Define:

d(x,y) = io:l ’fn(x)z_nfn(y)‘

This series converges. In fact, it converges uniformly on S x S hence the limit is
continuous. Because the f, separate points d(x,y) =0 iff x = 0. d is also symmetric
and satisfies the triangle inequality.

Thus d is a metric and we denote by 7, the topology induced by this metric. We
need to show that 7; = 7. Consider the metric balls:

B(x,r)={yeS|d(xy)<r}.
Since d is T-continuous on S x § these balls are T-open and
TqCT.

By Proposition 3.51, since 7 is compact and 7, is Hausdorff (like any metric space)
then T = 7,. [ |
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Lemma 3.54 Let fi,..., f, and f be linear functionals on a vector space ¥ (no
topology). Let
N =ker fin---nker f,.

Then the following are equivalent:
® There are scalars such that
n
f=> ofi,
k=1

1.e.,

feSpan{fi | k=1,...,n}.

@ There exists a constant C > 0 such that for all xe 7:
£l < max ().

® Nckerf.

Proof. Suppose that @ holds. Then for all x

1< 3 lal )] < (nm e max| ()]

Suppose that @ holds:
/()] < Cmax] (),

then f vanishes on N.

Finally, suppose that ® holds. Define T: ¥ — .%",

T(x) = (f1(x),---s fu(x))-

If is a linear map. If T(x) =T (y) then y—x € N and f(x) = f(y). Define a map

o:T(V)->F
by
G(fl (X),. . 7fn(x)) = f(X)
o can be extended as a linear functional to all of %", i.e., there are scalars &, ..., 0,
such that

n
o(uy,...,uy) = Z Oy,
k=1
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and in particular

FO) = 01 (), ) = ]; o i (x).

Theorem 3.55 Let ¥ be a vector space (no topology) and let ¥ be a separating
vector space of linear functionals on #'. Denote by 7’ the #”’-topology on ¥'.
Then (¥,7") is a locally convex topological vector space whose dual space is ¥”'.

Comment 3.14 Local convexity is important because of the Hahn-Banach theo-
rem. An extension of the separation theorem states that If 2" is a locally convex
topological vector space, A is compact, and B closed, then there exists a continuous
linear map f: 2 — .% and s,t € R such that

Re f(a)<t<s<Ref(b) forallacA andbeB.

Proof. ¥ is a point-separating family of maps ¥ — .%. Since .% is a Hausdorff
space, it follows from Proposition 3.52 that the #”’-topology on ¥ is a Hausdorff
topology. The topology 7’ is translation invariant because the open sets in (¥, 7")
are generated by the base

{f 1(A)| fe¥', Aopenin.Z}.

and f is linear.

The topology 7’ is generated by the local subbase,

V(fr)={xeV [If(x)]<r}.

These sets are balanced and convex (by linearity) hence every finite intersection of
them (i.e. every element in the local base) is balanced and convex. If follows that
(7,7') is a locally convex topological space.

We next show that (7#,7") is a topological vector space. Note that

VU3V () = her W 1 P < 10N <) e VFr).

It follows that every U in the base satisfies such an inclusion as well, hence addition
is continuous. Scalar multiplication is continuous by a similar argument.

It remains to show that ¥ is the dual space of (¥/,7"). Every f € ¥ is 7’-continuous
as for all € >0

V(S eN=17Ex [ f(x)] <e}) < [0,€).
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Conversely, let f be a 7’-continuous functional on ¥’; we need to show that it

belongs to #’. Take € = 1, there exists a U in the local base such that

LF(U)[<[0,1).

In other words, there exists a U of the form

U={x] A <r .l fm()l<rm},

for which

sup|f(x)| < 1.
xeU

In particular,
ker f c ker fi n---nker f,.

It follows from that last lemma that f € Span{ fi,..., fin}-.

The weak topology of a topological vector space

Given a topology, we can determine whether a function is continuous. This argu-
ment can be reversed: given a space and functions on that space, we can define a
topology with respect these functions are continuous. For example, we can take
the discrete topology, which is not interesting (only sequence that are eventually
constant converge). In the previous section we have laid the foundations to endow
the space with the weakest topology that makes those function continuous. This is

the context of weak topologies over topological vector spaces.

Weak and original topologies

Definition 3.25 Let (.2, 7) be a topological vector space whose dual 2™ (the
vector space of continuous linear functionals) separates points. The 2 *-topology
on Z is called the weak topology (it is the weakest topology with respect every

T-continuous linear functional is continuous).

We denote the weak topology by 7, (the space itself is often denoted by Z,,).

Corollary 3.56 Z,, is locally convex and 2, = 2 ".

Proof. This is in fact what Theorem 3.55 states.

Another corollary is:
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Corollary 3.57 (Zy)w = Zw-

Note that since every f € 2" is T continuous and since 7, is the weakest topology
with this property, it follows that

Ty CT,
justifying the name of weak topology.

The next proposition shows that weak convergence is consistent with what we know:

Proposition 3.58 A sequence x, in a topological vector space (2, 1) weakly
converges to zero, x,, — 0, if and only if

Ve f(x,) = 0.

Proof. Weak convergence means that for every 7,,-neighborhood V of zero, the
sequence is eventually in V. Since every 7,,-neighborhood of zero contains a set of
the form

{X | |fj(x)|<rj7 j: 17"'7”}7
if follows that f(x,) — 0 for all f € 2" guarantees weak convergence.

Conversely, if x, — 0, then the sequence is eventually in every T,,-neighborhood of
zero, and in particular, for all f € 2 * and € > 0, the sequence is eventually in

V(f.&)={x[lf(x)]<e},

hence f(x,) — 0. u

Corollary 3.59 — Strong convergence implies weak convergence. Every
T-convergent sequence is T,, convergent.

Proof. If x, — 0 then f(x,) — 0 forall fe 2. ]

Weak and original boundedness

Proposition 3.60 Let (£7,7) be a topological vector space. A set E c 2 is
T,,-bounded (weakly bounded) if and only if

VfeZ* f is a bounded functional on E.
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Proof. E is weakly bounded iff (by definition) for all 7,,-neighborhoods V of zero
Ectv
for sufficiently large ¢. This means that for every set of the form
{xeZ [|fi()| <rjy j=1,....n},
and for sufficiently large ¢:
Ecf{txe 27 ||fj(0)<rj, j=1,...on} ={ye Z | |fi(y)|<trj, j=1,...,n},

which means that all those f; are bounded on E. [

Proposition 3.61 If (£, 7) is an infinite-dimensional topological vector space
then every 7,,-neighborhood of zero contains an infinite-dimensional subspace; in
particular (2", 7,,) is not locally bounded.

Comment 3.15 Recall that a topological vector space is metrizable if and only if it
has a countable local base. Local boundedness implies the existence of a countable
local base. Not being locally bounded does not imply a lack of metrizability.

Proof. Consider elements of the base
VZ{XE,%‘ | |fj(X)|<l"j, Jj= 17-"7’1}‘
Set as before
N =ker fin---nker f,.
The map
x> (fi(x), - fu(x))

isamap 2 — %" with null space N. Hence,
dim 2" <n+dimN,

i.e., dimN = oo. Since N c V it means that every element in the base contains an
infinite-dimensional subspace. [

Weak and original closedness

We next come to the concept of closure. If a set is 7,-closed then it is clearly
7-closed. Let E be a set in a topological vector space (.2, 7). Its 7-closure E is
the intersection of all 7-closed sets that contain it, whereas its T,,-closure E,, is the
intersection of all 7,,-closed sets that contain it. Since there are more tT-closed sets
than 7,,-closed sets,

EcE,,.
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Theorem 3.62 Let E be a convex subset of a locally convex topological vector
space (2, 7). Then,

E=E,.

Proof. The proof of this theorem relies on a version of the Hahn-Banach separation
theorem: if A, B are convex disjoint non-empty sets in a locally convex topological
vector space, A is compact and B is closed, then there exists an f € 2 * such that

sup{Ref(a) | acA} <inf{Re f(b) | beA}.

Let xo ¢ E. It follows from the Hahn-Banach separation theorem that there exists an
feZ ™ and a y € R such that

Re f(xp) < Y<Ref(E).

The set
{x| Ref(x) <7}

is a weak neighborhood of xg that does not intersect £, i.e.,
x¢E,,
namely E,, c E. [

Comment 3.16 This last theorem states that if £ is a convex set in a locally convex
topological vector space and there is a sequence x, € E that weakly converges to x
(which is not necessarily in E), then there is also a sequence y, € E that originally-
converges to x. We proved such a theorem for Hilbert spaces (using the Banach-Saks
theorem).

Corollary 3.63 For convex subsets of locally convex topological vector spaces:

@ 7-closed equals 7,,-closed.

@ t-dense equals T,,-dense.

Proof. 1t is always true that 7,,-closed implies 7-closed. If E is a T-closed convex
subset of a locally convex set then E,, = E = E, i.e., it is also 7,,-closed. The second
part is then obvious. ]
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The weak-* topology of the dual space

Let (27, 7) be a topological vector space. The dual space 2 * does not come with
an a priori topology. In Banach spaces, the dual space has a natural operator norm,
and we proved that the dual space endowed with that norm is also a Banach space
(in fact, we proved that the dual of a normed space is a Banach space). But for
general topological vector spaces, we don’t have as for now a topology.

Recall the natural inclusion from 2 to linear functionals on 2 ¥,
1:x—F,,

where for fe 27*:

F, x(f ) =f (x)
The family of functionals {1(x) | x€ 2"} (which we can’t call continuous because
there is no topology on 2 ) separates points on .2 * as if

1) () =1(x)(8)

for all x € Z then
VxeZW  f(x)=g(x),

ie., f=g.

If follows from Theorem 3.55 that the 1(.2")-topology of 2™ turns it into a locally
convex topological vector space whose dual space is 1(.Z"). The 1(.Z")-topology of
Z* is called the weak-* topology. Every linear functional on 2™ that is weak-*
continuous is of the form 1(x) for some x € 2. The open sets in the weak star
topology (2", 1.) are generated by the subbase:

Vinr) ={fe2” [If(x)]<r}.
Weak-* convergence of a sequence (f,) c 2 * to f € Z™* means that
Vxe & lim f,(x) = f(x).

= Example 3.2 Recall that ¢; = /1 and /] = /... Weak convergence of a sequence
(xn)x € £ to zero (with ¢} viewed as a topological vector space) means that

Vyr € oo nlggo > ()i = 0.
k=1

Weak-* convergence of a sequence (x, ) € ¢; to zero (with ¢; viewed as the dual
space of the topological vector space cy) means that

Vyx € co Jim > (xn)iyx = 0.
k=1

Clearly, weak convergence implies weak-* convergence (but not the opposite). In
reflexive spaces the two notions of convergence are identical. .
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The following central theorem states a compactness property of the weak-* topology.
It was proved in 1932 by Banach for separable spaces and in 1940 by Alaoglu in the
general case. (Leonidas Alaoglu (1914-1981) was a Greek mathematician.)

Theorem 3.64 — Banach-Alaoglu. Let (.2, T) be a topological vector space.
Let A3V c 2 and let

K={feZ"||f(x)|<1 forallxeV}.

Then K is weak-*-compact. (The set of functionals K is call the polar (7312p7
nrapiT) of the set of vectors V.)

Proof. Since V is absorbing (like any neighborhood of zero), every x € 2 has a
¥(x) > 0 such that
xey(x)V.

Hence, forxe 2 and f € K:

F (=Y (/7)) < v(x),

where we used the definition of K.
Let
Dy={aeZ ||o|<y(x)},

and let

P=]]D:

xeZ

with the product topology 7p (the weakest topology with respect to which the
projections 7, : P — D, are continuous). Each D, is compact, and by Tychonoff’s
theorem (which relies on the axiom of choice), P is compact. Every element in P
can be identified with a function f: 2" — .%# (not necessarily linear) satisfying

[f ()] < 7(x).
If follows that every f € K belongs to P, namely,

KcZ*nP.

The set K can therefore be assigned two topologies: the weak-* topology 7. induced
from 2" and the product topology 7p induced from P.

Lemma 3.65 71, and Tp coincide on K.
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Proof. Fix fyeK. Take x1,...,x, € 2. Take § > 0. Set

Wi={fe27 [1f(xj) - folxj)| <8, j=1,....n},

and
Wr={feP||f(x;)-folx)|<8,j=1,....,n}.

Sets of the form W; and W, are local bases for 7, and Tp. Since
WinK=W,nK

the two topologies coincide on K. [

Lemma 3.66 K is a tp-closed subset of P.

Proof. Let fj belong to the 7p closure of K. We need to show that it belongs to K.
Choose x,y € £, scalars o, B and € > 0. Consider the Tp neighborhood of f,

{fePllf(x)-fox)l<e, |f()-fo(y) <& |f(ax+By) - fo(ax+By)| < e}.

By definition of the closure there is an element f € K that belongs to this set, i.e., it
is a linear functional satisfying

f)-fo)l<e [f()-fo()l<e and |af(x)+Bf(y)-folax+By) <e.
It is easy to see that it follows that
fo(ox+By) - afo(x) = Bfo(y) < (1+]e] +|B])e,

and since this holds for all €, it follows that fj is linear.

Let x € V and consider the Tp-neighborhood of fj:

{feP|lf(x)-folx)|<e}.

This neighborhood intersects K, hence there exists an f € K such that

f)lst and  |f(x)-fo(x)[<e.

Since this holds for all € >0, we conclude that |fy(x)| < 1 forallxeV,ie., foeK. =

Back to the main theorem: Since P is compact and K is Tp-closed, it is Tp compact.
Since both topologies coincide on K, then K is 7.-compact. [

The Banach-Alaoglu theorem holds in a very general setting. The following theorem
holds in the case where the space is separable:
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Theorem 3.67 Let 2 be a separable topological vector space. Let K ¢ 2" be
weak-* compact. Then K endowed with the weak-* topology is metrizable.

Comment 3.17 The claim is not that 2 * endowed with the weak-* topology is
metrizable. For example, this is not true in infinite-dimensional Banach spaces.

Proof. Take
{xy | neN}

a dense setin 2" and F;, = 1(x,). By definition of the weak-* topology on 2" *, the
functional F, are weak-* continuous. Also, if for every n,

F(f) = Fu(g):
ie.,
S (xn) = g(xn),
then f = g (continuous functionals that coincide on a dense set).

Thus, {F, | n € N} is a countable family of continuous functionals that separate
points in .2 *. It follows by Proposition 3.53 that K is metrizable. [ ]

Corollary 3.68 Let V € .4 in a separable topological vector space 2. Let
fu€ 2 satisfy
Ifu(x)| <1 VneN, xeV.

Then there exists an f € 2™ and a subsequence f;, such that

lim f,, (x) = /(x)

forall xe 2.

Proof. Compactness and sequential compactness are equivalent in metric spaces.
|

The Krein-Milman theorem

The Krein—Milman theorem is a proposition about convex sets in topological vector
spaces. A particular case of this theorem, which can be easily visualized, states that
given a convex polygon, one only needs the corners of the polygon to recover the
polygon shape (the polygon is the convex hull of its vertices).
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Definition 3.26 Let 7" be a vector space and E c #. The convex hull ("»p) of
E, denoted Conv(E), is the intersection of all the convex sets that contains E
(equivalently, it is the set of convex combinations of elements in E).

Definition 3.27 Let 7" be a vector space and E c #". The closed convex hull of
E, denoted Conv(E) is the closure of the convex hull of E.

Definition 3.28 Let 2 be a topological vector space. A set E c 2 is called
totally bounded (5°55 @1om) if to every V € .4 corresponds a finite set F, such
that

EcF+V.

(Compare with the parallel notion in a metric space.)

Theorem 3.69

® Let Ay,...,A, be compact convex sets in a topological vector space 2 .
Then
Conv(AjU---UA,)
is compact.

@ Let Z be a locally convex topological vector space. If E c 2 is totally
bounded then Conv(E) is totally bounded as well.

® If Z is a Frechet space (i.e., locally convex, metrizable and complete) and
K c Z is compact then Conv(K) is compact.

@ If K c R" is compact then Conv(K) is compact.

Proof.
@ Let S cR” be the simplex
AS':{(S17-.-7SI1)|sj207 S1+“'+s}’l:1}-

SetA=A|x---xA,, and define the function f:SxA - 2.
n
f(s,a) = say.
k=1

Consider the set K = f(S,A). It is the continuous image of compact sets and
it is therefore compact. Moreover,

K> Conv(AjU---UA,).
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It is easy to show that K is convex, and since it includes all the A;’s it must in
fact be equal to Conv(A|U---UA,).

Let U € 4. Because 2 is locally convex there exists a convex neighborhood
V such that

V+VcU.

Since E is totally bounded there exists a finite set F such that
EcF+VcConv(F)+V.

Since the right hand side is convex
Conv(E) c Conv(F)+V.

By the first item Conv(F) is compact, therefore there exists a finite set F’
such that

Conv(F)=F'+V,
1.e.,
Conv(E)cF'+V+VcF'+U,

which proves that Conv(E) is totally bounded.

In every metric space the closure of a totally bounded set is totally bounded,
and if the space is complete it is compact. Since K is compact, then it is
totally bounded. By the previous item Conv(K) is totally bounded and hence
its closure is compact.

Let S c R"*! be the convex simplex. One can show that Conv(K) is the image
of the continuous map § x K"*!:

n+l
(S,Xl, ce ,Xn) = Zskxka
k=1

whose domain is compact.

Definition 3.29 Let ¥ be a vector space and K c #'. A non-empty set S c K is
called an extreme set ('¥*p nNX¥13p) for K if no point of S is an internal point of
a segment whose endpoints are in K, except if both points are in S. Le.

x,yeK, te(0,1), tx+(1—-t)yeS implies x,yeS.

Extreme points (13°P MTp)) are extreme sets that consist of one point. The set
of all extreme points of K is denoted by Ext(K).
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Comment 3.18 Note that extreme sets and extreme points are a pure vector space
concept.

Comment 3.19 Every set is an extreme set of itself.

= Example 3.3 The extreme points of a convex polygon are its vertices. The
extreme points of a circle are the entire circle. .

Theorem 3.70 — Krein-Milman, 1940. Let 2" be a topological vector space in
which 2™ separates between points. If K c 2" is a nonempty compact convex
set, then

K = Conv(Ext(K)).

I..e, K is the closed convex hull of its extreme points.

Comment 3.20 David Milman (1912-1982) was a Soviet and then an Israeli
Mathematician. He is the father of Vitali Milman, a mathematician at Tel-Aviv
University, and grandfather of Emanuel Milman, a mathematician at the Technion.

Comment 3.21 Locally convex topological vector spaces have the property that
2 separates points.

Proof. Let
2 = {compact extreme subsets of K }.

This set is not empty because K € &.

2 is closed under non-empty intersections: For every &’ ¢ & and non-empty

S= A

Ae !
we have S € Z. This is because
tx+(1-t)yeS,

where x,y € K and 7 € (0, 1) implies that x,y € A for every A€ &', i.e., x,y€S. Le.,
every non-empty intersection of compact extreme sets of K is a compact extreme set
of K.

Let Se & and f e 2. Define

Sp={reS | Ref(x)=p},

where
u =maxRe f(x).
xeS

Since S is compact, Sy is non-empty; in fact, it is compact. Suppose

z=tx+(1-1)yeSy.
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Because Sy c S, and the latter is an extreme set, x,y € S. By linearity of f:

1=Ref(z)=1Ref(x)+(1-1)Ref(y) <.
It follows that Re f(x) =Re f(y) = i, i.e., x,y € Sy, which implies that Sy € Z.
Choose again S € . Let

95={A€<@|A§S}.

P is non-empty (it contains §) and it can be partially ordered by reverse set
inclusion. Take any maximal chain Q c &g, and let

M=) A.
AeQ

This intersection has the finite intersection property hence its it is not empty. We
know that M € 5. By the maximality of Q, there is no proper subspace of M that
belongs to .

Let fe Z™*. Since My c M and My is non-empty we conclude that M = My, i,e, Re f
is constant on M. Multiply by : and we conclude that f is constant on M. Since 2~
separates point, it follows that M is a singleton, i.e., an extreme point. Thus, for
every compact extreme set S of K,

SNnExt(K) + @.
Since K is convex

Conv(Ext(K)) cK.

Since it is also compact,
Conv(Ext(K)) cK.

We need to show that this is in fact an equality.

Suppose, by contradiction that
xekK and x ¢ Conv(Ext(K)).
Consider the disjoint, compact and convex sets:
{x} and Conv(Ext(K)).
By a version of the Hahn-Banach theorem there exists an f € 2 * such that

sup Re f(y) <Re f(x).
yeConv(Ext(K))

Consider Ky € &7. We have that
Conv(Ext(K))nKy =@,

which contradicts the fact that Ky must contain an extreme point. ]



