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é\tem?e 15 tlet H bea 3_epmqb"lc Hilhert space. ts LIH) separable ¢

Explonn

Proof: €very sepavable Hilherd space 15 wemorphic to Lot)

S0 We may oasume that H=zLMo,U . Let
{%:/X(o!{—) be (0,1)
Led P ed(H) he defined 8Y
AN ﬂu, N/ ue H=13o,1)
Then 1f o¢sebet ) we have
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Jo, there 13 an uncountable set of operators Such

thet the dutance between any fwo of them 15 1. 50, £(H)

s nob separable. GEp
e S i




Remark? B./(P"):Bt""’ open Btnt;@ f L#s. E
)
0!0%1!*'3 of i(fH).To see 1S

This 1mplies the nensepar

SUpposE that L(H) 15 bep"amble. Then we can ftnd "Mni ¢ L(H)
nemN

" dense. For each ke(o,1) Bkm“‘n}' #¢ Choose mg e ad
ne

A, el
r”ﬂen the mof. l-—ﬂ\t \5 mjtchvc, bhe couu se

Y\'t:ns ==p An),:" }\;n‘s € Btﬁ BJ:,.‘-@ =>£.——5.

= (1) 15 countoble, wonhradickon

Execase 22 | g R be a Banadhspace Acd(x), !)AHJ ¢t

Shew that I-A s invechble and (1-A)': \cZ;OAk

Proof: Note thad 2| ALH § Z_JHA“\‘ .
1329 F NP £ b -TAl, )
=> 2___ Alk s absolutely convuﬁerﬂ n d(X)

£%0
Alse we hove

(1-4) 2. AC < (T-A)s (A-AY) 4. F 1

k%0
Srimlarly
(5, A¥) (1-A)= 1
£»0
Therefore We conclude thal I-A 15 inverhble
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Evercise 32 Ler X be o Banach space and Ucd(X) the set of |3

inverhible operators 1s open.

Proef:  From Exerase 2 ) We hove thod

\ I—Al\i Cl = A s inverhble and A7 = Z_.(I-A)k‘ Wence
k2o |
. |
WAL ¢ 2o LAk
4 o 1 |- 1 2-Aky

3‘uppqﬁe thot /—\oc’:i(x) 15 inverhible , Then
T-AA = (A -AVAE \Aedth)

and 0 f

A
A~ Al 4 s
AV S

= | 1-AA "J, L

Hente l{ i AO_A“( A }-Hqgn A s m\lfrhbic

e‘{. HA;'"L
(since AAL s ) Alse

- -1 -t
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Remark ; /-‘\“-'-"*‘?A'l 15 o hummmorphlsm of W onte b
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Cxercise b: [lex % bt o Banoch spuce ond A Ted(X such
that AT=TA. 5how thot
AT 15 invertible &> A and T hoth inverhble

Procfe &= We know thai (AT) *- A
=> First we show 4hat hoth Aand T are m]cd\vc
i for x$0 , we hove Tx)=Q ,then (AT)(x) =0 ond

so (AT)(+) 13 not !njcc.hvc_
lf gﬁf X+0f We hd\fﬁ’ A(\():o’-}hen smnce A“[-:TA)

as obove we infer that (AD)= (TA) (o) 13 not mjedwc.

i{ ACK)# X ) 1hen (AT)(:) 15 not .';!Jf\)ﬁdl\le
)F_ T(X)‘f% ,H’wcn (TA)(.):(AT)(-) 15 not suyje.

chive.
Thetefore hoth AL gnd T¢) gre -1, onto, thus
m\:er’r_'tblc.
GED

é‘lfftl_ﬁﬂ 5 Let X be gn mmfravte dimenstonal Banach spoce . Show

that X, 15 not metrizable

W
QB, .‘{ Yy 9 mrhtiub\c)%hrn

Proof: We know thot 61:
led dio)0) he dhe metnc %fntrq_ima Yhe weak -}opo\ocag, Jince
— W
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we an fmd U, e N (nB) such that L
d(Un,O)k "!ﬁ)
= U, 0,
=) ‘Sun}f ¢ X s hounded =& -

Cxercise ©: [Let X be a Barach space CeX (ompact an ol

i“nT ¢ ( such that unﬁﬁ’au. Show that u,—> W
newN

. : 0 subsequence 4Yp T 5.4
Proog; We wan find ] 1 SN

Vg, —3 0 X
k

= 0=

. o further
Hence every subseaquence o {Unxnen«l ho o fu

mbaequmw which mn\;erat‘fﬁ in narm to A ‘ﬁ‘j the thngmhr‘u

: © virgingl stQuence We have
(ritenon, for the o ¢ 9

Uy —> U N X .

Exeraide 2 |ler X heo Banach spocc CeX urxf-rc\c;:;mfJ ¢ K w-com

pad ohow thout CrK cX 5 w-closed

. C\We have
Uy y L

Proofy Lol -{unr ¢ (1K ond assume that
| | nen

Un:.Ln+'lCn CnE:C.{l‘n&K.

8\5 the Ehﬂ‘\fm— SmU“Uh "'-‘fht"t?!'t’m, WE Mmady assumne




T
thax L6
L‘n Wo,he K

Thth Un- Lh: Cn -»)"MMEr u—l( m X cmd stace C.i'-'W--fEO.“afd

czu-keC
= u=cthke CrK,

= C+ K 15 w-closed
QED
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CExercioe B: |1 a X be o Bonach space such thai \7/ CeX dosed

Convy ex
-~
Oltx,(,) = mf k!}chllt ceC]

15 tealized . Show thatr X s reflexive

’Proof: AY(d\l\ng h\j innhudnda@mj Suppose that X 13 nod reflexwe

56;\Ne n fmd x*e) B: such thas
Xt )y U= { \/”54
Theretore
(x‘)bl ( i) 0 El = ¢ )
= Hxif»>! \/ac'e (x*]"(&)/

<> do, V(1) =
U
(losed,conve X , a conhodichion
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éxerase 91 [Legr X he a reflexive Danach spoce L CeX closed,

convex  we XA Ghow that there exists ¢ e C st

I -Gl =d ey, C)

Proaf: Let '{Cn}‘ ¢ ( such thor

neiN

Nu-cpll ¥ dtu, €)

Then *{Cn]r CC s hounded %\j reflerivity  Wemay

he N

osgume thot

-

Ln—yw» Co € C, (smte Lo ch,«ﬂo.srd))

:> Hu-¢oh & hmm+ i~ Cq ‘Sdiu{ C)
N -»0
=> iu-g N =d, C)
REV

crmr————

Exerase 100 [l qu, cPn) Gepem)  up > u gnd
‘ nem ) {

Livsup iy il & Wutly

5hew that Uy —r u in LF()

Proof: Since Uy Youw on () we have

nully ¢ Liminf wun by, |
N-» QO

=7 N Uh”n‘“’"‘“” i U”P'

But WP s umi{ormly convex. S0, by the Kade.

operty , we hove . —> y P
Klee property, h n PO oeo
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txercise 12 .
‘ Lek \/QP,- be a fosed,infinite dimenstonal subspac

Show that V7 15 not separable

Poof: We proceed by cenrradicion.
20, suppose that V¥ s sepovable. Then
(B, w) 15 metmzable
Also we know {hat
0cQb,

¢ QB, such that

30,We can fmd "Iunir
‘ ne M

o
U, —* 0 V0 \/J
{

" A ( Schur pfopcrig)

i \neN
QEY

= u,— 0
o tonhodichion stnce IRV

E‘{.erme 22 1letr 95 ﬂg--;- ﬁn he definrd by

5 (u,,u,,...) z (Of U“"'fun.'"’)

v )}Un}” ¢ €4

nem

(rught or forward shift)

Show that 0 13 not compadt

Proot: ““T standard 'o.n hasns of 22 Then
heN

le =1 YneN ,1!5(e,,)~$(em3|i—-\i'£ n#m




V4 {S(enw hds Mo (QﬂVC(Bfn-} Nhs,qu 9
nem L.._

= 54 £c(ea)‘ |

gD
M% Lt XY be Bandch spuces Ae;ﬁc(x,\{) and RIAYEY
s losed. Show that A G'L{()(,\ﬂ and f 0 addihov

shoWw thatr X s finnie dimensionad

dim ket A L o0 [

Les V=R(AlL Y Then \J s a Ponadh space. The opera

Proofs

foe At X—N 1 aufjtdwc‘f)o,hL) the Open Mepping Thm

—:' dJro st
s6Y ¢ aB))

A&ch (%, V) -7Aé.‘£c()<,'\/) and S0

Kut since

A(Bf) ¢ Vs (ompdci)

= dimV <O,

> A c--i;_ (%, ¥)

Lot £ he the Jmnoleﬂlcou complement of N{A)ckerA
Y= NA® E
Vet 73\\::1\\ Then ﬁ 15 Py echive -(rcm 7 onto V
L

Hente

7 and V t&ommph\c

> dimV dim £ Lo
- d‘mx'{oo. _@
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Exercse “-bf let+ X be o Bonadh space /\{9)( q:;ubquge,
and P! X—Y ¢ proJechQn, Show +hot Y 19 desed

Proof:  Ler wn ¢ Y and assume thad § —>y n Y Then
neN

Ply,) — Py
Siace Py 1=y, Vnzl we aiso have
y, — P1q),
= 3=P19)}

QED

[ i

Exerase 450 | 14 (X}H _-_”X) / (Y’ n.llY) be two Ronoch spoces

with X reflexive ond Aéf;(X,V). Led by be anothec

norm on X weaker than l\cHX. Show that Y evo

we on find ¢ y0 such that

& Enull 4 ¢ lul e X
“Am,)llv g iy \/

Proots Arraumta wdirectly | suppose we con find €70 ond

a{un\In N such thod
&
LU = VAU Y & + mitugl )
]Un\x & n) I\{ 1 n)(

e

Since (x, HellX) 13 Ye{lexwe z Blzw'compur}

and 50 b\j the €bevlein- Smulian Yhegrem we ray gssume ihaf




Ny
u vooin (X/"’”x) 1t

n

Since MX 15 weaker thon !!nIIX,We have 1het

m:ixﬂw&)wﬂ(XHJQ

15 mnhnuous_.} linear ) hmce W~£Oh‘|’anQU5,.H’\H€f€)fﬁ’

W
by Moy (X )

4]

Alse since A€ ‘{c( X,\”/ we hove
Atuy) — At Y

Then fmm (k) we infer That
el —2 O
X ")

> u=0 9nd 30 Awu)=0
On the other hand from (A

Aty e NV neN,

= | Alw) ll}& ,d conhraoliction

m

GED

\l

L= Hilhert space ovey @, ond A:H—H Lineat

Iz

Ngmffl((l) Rﬁnqe QFA ) '}he sek

W (A)= i (A, u) - nuu=1}'

When 1his s5ei 15 hounded )'W\m

w_
A



W (A) = sup i | (Atu),u) | nun:l}' L2

15 the numevical radius.
Remorks 1f Acd(H) ,-ann

| (Aw),u) | ¢ NAR \ rai =1

Hence WI(AY & & s hounded and

w (A) ¢ IIAII‘;Z
Aso A=0 1 and only ' \N(A):{U}'

This ts not
brue for W oreal Hilhert space. Consider (R* o, )
(o -l
Az ( L0 )
For any us= ( ‘21)

h
(A'(U),U): (*23,"£l) ( L B-:-O hut A£0.
T

and ?\ﬁW(A)

W e hdve

Crerase 162 Lk H bhe @ Hilhert 5po¢ce/z‘\ei[H).

4 A-AT s oan \SOmorph\sm

show tho

Proofr  We hove Ctd(o\,m)) 70

—————————

For ur:H,uuu =, We have

LA T ) Ty (AN ) u) | = | CAu) =Ry ey

= Jaan@ sy cral Y oue i
= R(A-AT) ¢ H cdlosed




Suppose that R(A-AL) w o proper subspoce of H. o |3
We (an fmd weH phall= | s.+

UL R(A-AD)
5 ((aa1)@y,@)=0

which conhadicks (%)
Th evefore R(A"?\I): H and so A")\l 1 dn \sormorphism
* gED

e EEr———

Execase V¥ | Led H oo Hilherd space ond Aed(H) unttary,
Show that XY ded | Ial#L A-2T = somorphism

Proof: Qmee Acunn‘w\j ,\i 19 dn 1samehy ond s0

| A!li‘:ul
Juppose Ne-©C , [A]>L Then T/\e@(z‘ﬂ ond 20
}'—\"?KI s !Sﬂmerphlsm

Now suppo3€ 'l’M< L We l(now A*:ummuj oo

A'- —-'—,)-‘-I - 1somorphism

But we %me
¢ LI
A_q]:-}\(A--ﬁI)A)

=> A-%I ,wmerphtsm
GED




M’ Lt W be a Hilbert space ond £,§ or\"hoaonou L4
pro;)edwons.Show that
P(D:oﬂ'hoaonctl projfchon ¢ PQ=0FR

Moreover R(PQ)=R(P)NR(Q).

jea‘non 15 sa o0

Proof: =y Since PQ 1S 01"%030“01 pro

(PQuu) v = (4, PQ(v)
- (Pw), Q)
= (@P(U),V) \/ui\IGH

é’— We have PQz QP . Then
(po\R=PQ PG=P*Q = P®

Also.
(PQ(u\,v): (@(u),PN))-
= (v, @P(v))
= (v, NIED) \ w,veH
= PO wora

T}'\t”(ﬁf()‘((’ P(ﬁ) (s an 0Y+h080ﬂﬁ1 p’roi)c«:‘h@n‘

Led pe RIPYNR(Q) Then
a:P@ , u= Q.

= u=z P



> R(PINR(Q) ¢ R(PY) \t5
Now leb ue R(PE) .Then |
u= PR = P(Qw) and 20 UE R(R)
Bul alse ue R(@PJ ond 50 ucel R (®). Hence
ue RO RQ),

= _ R(P)NR Q).
> R(PQ) = R(P) ot

—_—

Let H be o Hilhert space lAei(H], and Ve H fosed

Cxercise 192

—

subspoce . Show tha
V s A-invanioet ff vi s A invarant

- L
Proofs 3 Vv A-mvaviant and 50 AN) e Then i 5(:\/ we

have

(Aw),y)=0 Vue\/)
= (u, A"(y) =0 VueV
= Afyle Vl)

5 A(vl) eVt

& This 13 pfmled snm\]quxj.
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Exercise 20¢ [1et M=£€® ond consrder the operator

A({ﬁn}nem) - { @r,ﬂn \(ne I8
with §, =2 0. Show that Ac .fc(fz),

Proof  For each ne N wnstder the fintte rank operoter

| Pl 1 2n | Ve (84, -, o}...o,..J

nem

U.e(}rl\j f’“m s linegr conhnuous

j!htt’ Sn—“—"! 0 ; %l‘df’n &?O ,Wf (Gn 'f']nd HOE“\I 5.'}

[ dnl ¢ e Vm,no

We have for u:.»{f/\n}» N and m> N,

né
| _ oo t/
HA-F) (Il = (2o 3;?\,:)5 3 QL Ay
ks mH % m
< e Ullyq
> NAFal, ¢e Vmno
= Aed (7).
eED

Execcise Qo | Let Jua,u '} C1P() 1<pi® @and assume that
———— hem

i —_—
Un, 25w

Show dhat Uy~ U PO




Proof:  €vidently ajunr ‘ﬁ,Lp(ﬂ) s hounded. Jince [P(82) 1 l'—:’-
Ne

reflexive , we can find @ 5.\1.baec1uence {l'lnk}«k N5_+
[

Unk'*-w*~»~->{l\ n Lp(fu)

= (g dx— | G \/Acfl measurable
A : N

Also '{XAU“?’ c L) s uniformly m%cgmbm and

50' hlj \/H’u\l?s '\'htorem
| dx = ’ U d'?(——-)-{',\f)( wdy= udx
3AUn X \Sn/xﬂ n \jﬂ A jﬁ

=> 5 'ﬁ.dx:S udx A&t measurable,
A VA
= =u
Jo unk—‘f——aru o P
It Up, Ilp—* Hulp.
\Q/ Kadec- Klee

Up,—r U 10 L"’(“ﬂ)}

o> Uy —— U N LP(SL)
(bg Yhe Urqso\nn cvdmon),

QEP

An alternative proof thot covers also +he cgse p=i
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Brens-hieh Lemmuat

- 1&p %Un ¢ \P(51) bounded and
] _ )

nen
_“\en Lum [“Un “PP - uhmu,uPP] ;IlLH(F',0
nam

| A
Crevctde @R |l X be a fosed infinite dimensional subspace of L

Show that X* 15 monsepardble

Pmbf We know Thot m%f X e acpar'dbis,”’lfn

( 6:(’, W) = merizable

SQF\N? con fmd {Un}" ¢ Q)BT R

ne N
Un--“!—-ao n )()
!
=y, ¥a0 un b
=> Up—> Q 10 ¢! (bq Schur propfr%\j)

V] conhudlcho n.
GQED

T ———

Exertise ad: | Show that o separable Bonach space X with o

nenseparghle dued 35 nob reflexive

Proof: Suppose that X s reflexive Then dhe cgnont cod

o *
?be@idm% Los X"""""?x 15 on ’-5’C>mf""f‘f ljmm‘@rphl:}m‘ Htﬂ(C‘




XM 2 sepurdb\c) m

—‘-‘~> )(‘-:Scpmrtnb\e/ a tontradichon.
QED

m———
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Cxevcise b | Ler XN be nhinite dimensional Banach spaces
—_—
Acd(XY) and AWz cuult \ue X with <o
s A Lompc;dfz. Cxplaim
'5)760“ NO Lo V=A(X) . We mow V&Y 15 dosed and

At ¥X—=N 15 @ b]jt:chan )

> Acd(XN) s an 1somorphism
(Banach 'Thm))

P

> AT(ABN)= B = compact

=> X = fmn‘c dzmemmnm} a tontradictton.

HED -

e



