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AevTpa

AgvTpO: NpOTUNO IEPAPXIKNC OOUNC.

B Avanapdacrtaon (IEpapXikwVv) OXECEWV: NPpoyovou-anoyovou,
NPOIOTAMEVOU-UPIOTAUEVOU, OAOU-PEPOUC, ...

0 E@apuoyec:

B [evealoyika devTpa.

B  Opyavoypaupua enixeipnong, lepapxia dloiknonc.

B User interfaces, web sites, module hierarchy, devTpa

anogpaaong, ...

B Iepapxikn opyavwon: Etapeia
TaxuTepn npoofaacn o€ Ynoloylotdv
dedopeval
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AevTpa: Baaoikec Id10TNTEC

O [papnua akKUKAIKO K4l OUVEKTIKO.

O Ta napakdTw €ival icoduvapa
via KaBe anAo pn KaTteubBuvouEVo

ypapnua G(V, E):

G eival 0evTpo.

Kabe Ceuyapl kopupwyv Tou G
ouVvOEETAl JE HOVADIKO povonaTi.

G eAaXIOTIKG OUVEKTIKO.

G ouVvekTIKO Kal |E| = |V]-1.
G akukAIkO kal |E| = |V]-1.
G PEYIOTIKA AKUKAIKO.

0 ‘ABpoicpa Babpwv = 2(|V] - 1)
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AevTpa: Baaoikec Id10TNTEC

O Av G devTpo, TOTE KaBe Ceuyapl kopupwv Tou G cuvdeeTal
LuE Jovadiko pgovonarl.

B A@poU G OUVEKTIKO, kaBe Ceuyapl KoOpupwv CUVOEETAl UE
Jovonari.

B Av yia kanoio {euyapl KoOpupwv €ixape dUo eVAAAAKTIKA
Jovonaria, 6a eixauge KUKAO.
O Av kabBe (euyapl kopupwv Tou G ouvdeeTal PE PHovadiko
uovonarl, TOTE To G eAAXIOTIKA CUVEKTIKO.
B JUVEKTIKO YIATi OAEC OI KOPUPEC oUVOEOVTAl.
B EAaxi0TIKG CUVEKTIKO YIaTi Ta povonaTia €ival povadikd.
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AevTpa: Baaoikec Id10TNTEC

O Av G eival eAaxIoTIKa CUVEKTIKO, TOTE TO G €ival
OUVEKTIKO Kal €xel m=n-1.

Enaywyn yia To nAN6oc TwV aKHwV.

Baon n = 1, TeETpIgPEVN NepinTwon (HEHOVWUEVN Kopupn).

BAua: apaipeon akunc dnuioupyei OUO OUVEKTIKEC
OUVIOTWOEC PE k kKAl n—k KOpuPeEc.

Ol OUVIOTWOEC €ival EAAXIOTIKA OUVEKTIKEC: ANO ENAYWYIKN
unoBeon exouv k-1 kai n—-k-1 akpec.

Apa (k-1)+(n-k-1)+1 = n—-1 akpec ouvoAIka.
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AevTpa: Baaoikec Id10TNTEC

0 Av G €ival GUVEKTIKO Kal exel m=n-1, Tote T0 G €ival
AKUKAIKO Kal €xel m=n-1.
B Av G €XEl KUKAO, apaipoUle aKun Kal Napapevel OUVEKTIKO.
B ‘Atono, dev UNAPYXElI OUVEKTIKO ypaPpnua JE < n— 1 akuEc.
O Av G gival akukAIKO Kal €xel m=n-1, T0Te T0 G €ival
LEYIOTIKA AKUKAIKO.

B Apkei va dsi€oupe OTI To G €ival CUVEKTIKO (META N NpooBnkn
HIacC akpnc ONUIoOUpPYEI KUKAO JE govonaTl oTa akpa Tne).

B Av G Un OUVEKTIKO, KOBE OUVEKTIKN OUVIOTWOA €ival
aKUKAIKN, apa devTpo (Kai apa exel n,—1 aKpeG).

B  Av k OUVEKTIKEC OUVIOTWOEC, N — K aKPEC OUVOAIKA.

B Apa exoule k = 1 OUVEKTIKN ouVvIOTWOA.
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AevTpa: Baaoikec Id10TNTEC

O Av G €ival JeyIOTIKA aKUKAIKO, TOTE To G €ival
AKUKAIKO KAl OUVEKTIKO (devTpo).

B Av G Un OUVEKTIKO, NpooBbnkn akunC NETAEU OUVEKTIKWV
ouvioTWowV Ogv dNUIOUpPYEI KUKAO, avTigpaon!

O 'Eva ypapnua JE n KopuPec Kal < n— 1 akpec dev €ival
OUVEKTIKO.

OO ARAO ypdpnua PE N KOPUMPEC KAl TOUAAXIOTOV N AKUEC EXEI
TOUAAQYXIOTOV evav KUKAO.

O Mn OUVEKTIKO OKUKAIKO ypagnua sival daococ.
B JUVEKTIKEC OUVIOTWOEC £vOC dAoouc sival dEvTpa.

O ®UAAo: kopupn (devTpou) pe Babuo 1.
B KaBe devTpo €XElI TOUAAXIOTOV 2 (PUAAQ.
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AevTtpa (pe Pida): OpoAovyia

O Pila : KOuBoC xwpic Nnpoyovo.
B AgvTtpo ue pida : 1Epapyia

0 Mpoyovol u: Koupol aro (povadiko)
uovonarTi u npoc pida.

[0 Anoyovol u: Koupol og yovonaria
ano u Npoc PUAAQ.

0 YnodevTpo u : AEVTPO ANOTEAOUNEVO
ano u Kal anoyovouc Tou.

AlakpiTa MadnuaTika (Avoién 2024)
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AevTtpa (pe Pida): OpoAovyia

OO0 Eninedo u : Ynkoc pyovonartiou
ano u npoc pica.
O "Ywog : peyioTo €ninedo KouBou
((pUAAOU).
B MeyioTn anooracn gUAAou ano pida.
O Auadiko OEVTpO :
Kabe kopupn < 2 naidia
B ApioTepo Kai Oe€io.
O Kabe unodevrpo sival duadikod
dEVTPO.

AlakpiTa MadnuaTika (Avoién 2024)
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Auadika AevTpa

O #kopupwyv yia uyoc = h:
h+1 < #kopupwyv < 2h+1 — 1
B h+1 enineda, = 1 kop. / €nin.
B < 2/ kopu®ec oTo €ninedo i .
1+2+ ... +2h=20+1_1
O ‘Yyoc yia #kKopupwv = n:
log,(n+1) -1 <uwog<n-1
O Teparo (full):
B KaBe kopupn €iTe pUAAO €iTte 2 naidid.
O TMARpeg (complete) :
B 'OAa Ta enineda ocupnAnpwpeva (eKTOC iowC TEAEUTAIO).
O TeAeio (perfect) : n = 2h+1 - 1

AlakpiTa MadnuaTika (Avoién 2024)
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MANPEG

O 'OAa Ta enineda cupnAnpwueva
EKTOC IOWC ano TEAEUTAIO
nou yepilel ano apioTepd
npoc Ta O&ia.

O n(h): #kopupwv yia uyoc h:
2h <n(h)<2h+t -1
B TeEAeio(h) @ 2+l -1

B TeAeioh-1)+1:(2"-1)+1=2",

O h(n): UYocg yia N KOPUPEC:
log,(n+1) — 1 < h(n) <log,n

O ‘'Yyoc : h(n) = llog, n]

O #eUAMov =[n/2]

AlakpiTa MadnuaTika (Avoién 2024)
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Inorder

O Evdo-diateTaypevn (inorder) dieAeuon:
B Apiotepo - Pila - A€g.

B Koppoc eEstaleTal HeETa ano KOUPBOUC aploTEPOU UNOdEVTPOU
Kal nplv ano koppouc dOe€iou UNodeVTPOU.

AlakpiTd MabnuaTika (AvoiEn 2024) Aévtpa 12




Preorder

O [po-diateTaypevn (preorder) dieAeuon:
B Pila - ApioTepo — A€E.

B Koppoc eEsTaleTal npiv ano kKopuBouc apioTepou kai de&lou
unodOEVTPOU.
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Postorder

O MeTa-oilaTteTaypevn (preorder) dieAeuon:
B ApioTepo - Ae€i — Pila

B Koppoc eEsTaleTal peTa ano KoPPouc apioTtepou kai de&iou
unodOEVTPOU.
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>UVvOEeTIKO (EnikaAunTov) AgvTpo
(Spanning Tree)

O ‘'EoTtw ouvekTiko ypagpnua G(V, E):
B KaBe devrpo T(V, EY), ye E’ c E, nou «kaAunTel» OAEC TIC KOPUPEC
eival emikaAunTov (N ouvdoEeTIKO, spanning) d&vTpo Tou G.
B [papnua G CUVEKTIKO vV EXEl OUVOETIKO OEVTPO.
B YNoAoylopOC evoc ouvOEeTIKOU devTpou Pe AvalnTnon kata MAatoc i
AvalnTnon kata Baboc.

8%
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>UVvOEeTIKO (EnikaAunTov) AgvTpo
(Spanning Tree)

0 >uvekTikO G pynopei va €xel NnoAAa ouvOoeTikKa Oevopa.
B [1oTe G €X&l povadIiKO OUVOETIKO OEVTPO;
B Oewpnua Cayley (1889): K, exel n"2 guvdeTika devdpa

o
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>UVvOEeTIKO (EnikaAunTov) AgvTpo
(Spanning Tree)

O ‘'Eotw T kai T’ ouvdeTika devTpa G. lNa kabe akun e € T\ T/,
unapyxel akpn €’ € T'\ T, T.w. (T'+e) — e’ eival ouVvOEeTIKO DEVTPO.
B [1a kabe e ekTOC TOoU T/, TO T'+€ nepieExXEl Hovadiko KukAo C.
B Apaipoupue onoladnnoTe akun €’ Tou C nou dev avnkel orto T.

O Ynapxel TeTola akun e’ yiati kukAoc C dev oxnuaTtileTal oto T.
O H e’ eival diapopeTikn TNC € viaTi e € T.

B (T'+e) — e’ OUVOETIKO OEVTPO: CUVEKTIKO, AKUKAIKO OAEC TIC KOPUQPEC.

8%
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>UVvOEeTIKO (EnikaAunTov) AgvTpo
(Spanning Tree)

O ‘Eotw T kail T’ ouvdeTika devtpa G. lNa kaBe akpune € T\ T/,
unapyel akpn e’ € T'\ T, T.w. (T—e)+e’ eival cuvOeTIKO OEVTPO.
O Ano onolodnnoTe GUVOETIKO OEVTPO T HNOPOUNE va «UETABOUUE» OE

onolodnNnoTe aAAo T’ e O1adOXIKEC «aVTAAAAYEC» KUYV,

B Xpeialovtal akpipwc |T \ T’| «avTaAAayEc» akpwv.
Ano kaBe avtaAAayn NPOKUNTEI OUVOETIKO OEVTPO.
B (AlakpITO) oUvoAo ZA exel napopola dopun He (ouvexn) KUpTa cuvoAa!

o
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NapadeiypaTta

O NOo kaBe devTpo PHE N = 2 KOPUPEC EXEI TOUA. 2 KOPUPEC NOU
dev €ival gnueia konnc.
B Ta pUAAa dev €ival onueia Konngc.

O NOo kaBe OUVEKTIKO YpAPNUA HE N > 2 KOPUPEC EXEI TOUA. 2
KOpUQEC nou Ogv €ival onueia Konnc.
B Ta @UAAa Tou OUVOETIKOU OEVTPOU OeV €ival onueia Konng.

O Na d1aTunwoeTe aAyopiBuo yia TNV eUpPECH 2 KOPUPWV Mou

dev €ival onpeia konnc.
B Bpiokoupe QUAAa oto devTtpo TnG Aval. kaTta MNMAaToc (n Babog).
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EAGX10TO ZUVOETIKO AEVTPO (MST)

[0 >uvekTiKO un-karteuB. G(V, E, w) pe Bapn w : £ — IR
B Bapog unoypapnuatog T'(V, Er): w(T) =3 .cp, w(e)

0 ZnToUpevo: sAaxioTou BApOUC OUVEKTIKO unoypagnua
NOU KAAUNTElI OAEC TIC KOPUPEC.
B >uUvekTIKO (€&’ opiopouU) + aKUKAIKO (eAaxioTo) = AevTpo.
B Minimum Spanning Tree (MST, E2A).

0 MpoBAnua ocuvduaoT. BeATIOTONOINONG
UE MOAAEC KAl ONUAVTIKEC EQAPHOYEC.

B >xedlaoPOC OUVOETIKOU OIKTUOU
(001KOU, TNAEN/KOU, NAEKTPIKOU)
ME EAAXIOTO KOOTOC.
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Topecg, ZuvoAa Tounc
Kal ZUVOETIKA AevTpa

O Toun (S, V\S): diauepion Kopupwyv o€ 2 ouvoAa S, V \ S.
O >uvoho Tounc (S, V \ S): ouvoAo akuwVv PE £va akpo

oTO S kal To aAAo akpo oto V \ S.

B O(S, V\S): 0Aec ol akpec nou draoyiCouv Topun (S, V\ S).

>UvoAo E’ diaoyilel Toun (S, V\S): EENd(S,V\S) = I

papnua G(V, E) cuvekTikO avv
E diaoxilel kaBe Toun.

B [1a kabBe (un kevo) S c V, undapxel
aKun ME €va akpo oTo S kal aAAo
akpo oto V \ S.

B >UVOETIKO OEVTPO: EAAXIOTIKO OUVOAO
akpwv nou diaoxilel kaBe Toun.

i i
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Kavovec ZxnuaTioyou EZA

OO0 Akun e nou via kanoia Toun (S, V \ S), anoTeAei
eAaxioTou Bapouc akun nou oiaoyilel Toun (S, V\ S):
B e avnKel o€ kanoio EZA.
0 Akpn e nou yia kanoiov KUKAo C anoTeAE
LEYIOTOU BApouc akpn KukAou C:
B Av Bapoc e pyeyaAuTepo ano Bapoc aAAwv akpwyv Tou C,
e Oev AvnKel oc kaveva EZA.
B Av OAec ol akpec Tou C €xouyv id1o Bapoc,
e Oev aVvnAKel og kKanoio EZA.
B Evoow unapyel KUkKAoc C, anokAEIOHOG (Hiac)
BapuTepnc akung C.
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AnAnoToc AAyopiBuoc yia EZA

O 'Eotw A daooc (CUVOAO aKPNWV XWPIC KUKAOUC).
O Akun e ¢ A eival akgn enavénonc via A av:
B e diaoxiCel yia Toun (S, V\ S) nou dev diaoyilel To A, Kai
B e cival eAaxioTou Bapouc peTa&u akpwyv O(S, V\ S).
O Akpun enauvénonc yia dacoc A odnyei =
oc EZA enerra ano |V|-1 BnuaTta: k (2)
B Av A daooc kal e akhn enavénonc \si\ 23
via A, A u { e } daooc. 10
OO0 e dev dNUIOUPYEI KUKAO.

B Av A c EZA kail e akun
enavénonc A, A U { e } c EZA.
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AnAnoToc AAyopiBuoc yia EZA

MST(G(V, E, w))
A+—;
while [A| < |[V| —1do
YmoAoyioe o axpn ETavEnons e yio A;
A +— AU{e};
return(A);
O Apxika A = & daooc kal unoouvoAo kabe EZA.
O Enaywyika, e akun enavénonc yia A:
B Au{e}daocog kal unoouvoAo kanoiou EZA.
O '‘Otav |A|l = |V| = 1, A devTpo, apa kal EZA.
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OpboTnTa

O ‘'Eotw 6acoc A c E>A kal e = {u, vV} akun enavginong A.
Tote A U { e} c EZA.
B (S, V\S) Toun nou dev diaoxilel A kal diaoyilel N akun e.
B e s\axioTou Bapouc peta&u akpwyv Tou O(S, V \ S).
B Eotw T EZA T.0. A c T. YnoBeToupe o1t AU{e} €T
B 'EoTtw p povonaTi u — v gto T, Kal
e’ = {x, y} akun T nou diaoyilel (S, V\ S).
B A@pou w(e) < w(e’), kal To
T = (T U{e}) \ {e'} €ival EZA: S
w(T") = w(T) + w(e) —w(e) < w(T)

B 'Exoupe OTI A c T kai e’ ¢ A. e >
Apa A CT\{e'} =T"\ {e}

B ..kal Au{e}C T

VAS
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AAyopi0Buoc Kruskal

MST-Kruskal(G(V, E, w))
ToaEwounoe axuéc oe avEovoa oelpd Pagove, wier) < --- < wle,,).
A<+ 00« 1;
while |[A| < |V|—1and i < m do

if AU {e;} dev €yeL nwinho then
A+— AU{e};
14— 1+ 1;
0 OpBornTa: av e npoortebei TOTE:

B 'Oy KUKAOG, apa e, diacyilel pia Topn nou dgv diaocxilel 1o A.

B Auouoa osipd Bapoug: e, eAaxioTou Bapoug (NpwTn Nou

eAEYXETAl) ano 00eC akPec O1aaxi(ouVv OUYKEKPIUEVN TOMN.
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AAyopi0uoc Kruskal: Mapadeiyua
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AAyopi1Buoc Prim

MST-Prim(G(V, E, w), )
for all u € V do
clu] < oo; plu] < NULL;
cls] < 0; S 0; A+ 0;
while |S| < |V] do
u & S : clu] = min,gs{clv]};

O OpOornrta: S+ SU{u};
B Axun {v, p[v]}: for all v € AdjList[u] do
O Aiaoyilel Toun (S, V\ S). if v ¢ S and w(u,v) < c[v] then
O EAaxioTou Bapouc peta&u clv] « w(u,v);
akgwv Tou 6(S, V \ S). plv] <+ u;

if plu] # NULL then
A +— AU {u,plul};
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AAyopiBuoc Prim: Mapadsiyua

AlakpiTa MadnuaTika (Avoién 2024)
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AOKNOEIC

O ‘Eotw ypapnua G ue d1apopeTIKa Bapn OTIC AKHEC.
B NOo kabe EZA Tou G nepiexel TNV akun ehaxioTou Bapouc.
B Noo G exel povadiko EZA.
B AAnBeusl OTI N akun peyioTou Bapouc dev avnkel oto EZA;
O MetaBoAn (au&non n peiwon) Bapouc akunc PETA TOV
UNOAOYIOUO evoc EZA;
O 'Eotw ypapnua G pe kKukAo C.
B NOo n akun peyioTou Bapouc Tou C (av gival povadikn)
dev avnkel o€ kaveva EZA Tou G.
O 'Eotw T EZA yia ypapnua G(V, E, w).
B Na oci&ete o1 T napapevel EZA yia G(V, E, w/2).
B AAnOBeuvel oTi To T napapevel EZA yia G(V, E, w+k);
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AOKNOEIC

O YnoAoyiopoc EZA T uno neplioplopouc OTI KANOIEC AKHEC
npenel va (punv) avnkouv oto T;

O YnoAoyiopoc EXA T (av unapxel) otav 0edopevo oUVOAO
KopupwvV L npenel va eival uAAa Tou T;

0 YnoAoylopoc ZA pe peyioto Bapoc;
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