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Texvikec Anodeiénc

O

E€avTANTIKN NEBODOC: Nenepacuevoc aplBPOC NEPINTWOEWV.

O

Anodei&n yia p — q:
B FEuBewc: aiTioAoyoupe OTI Cudnepacua q eneTal ano unobeon p.
B AvTiBeTOoavaoTpopn: aITIOAOYOUHE OTI N apvnon Tn¢ unoBeonc (—p)
EMNETAl ANO TNV APvNON ToOU cupnepacpaTtoc (—q).
O IdiotThtap >g=—-q9 > —p
O [.x. av n? nepITToC, TOTE N NEPITTOC.
B Anaywyn o€ atono: YNoBeToupde OTI —=(p > g) =p A —q
Kal aITIoOAOyoUpEe avTigaon.
O M.x. T0 /2 eival appnroc (MuBayodpac).
O MaBnuaTtikn Enaywyn

B ExkpetraAAeuopaote di1ata&én pe minimal oToixeia o€ €va oguvoAo,
Kal anod&IkVUOUNE I0I0TNTEC Yia TA OTOIXEIA TOU.
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Anodei&eic 'Ynapé&nc

O KaTtaokeuaoTikec anodeieic unapénc. .

B AAyOpiBuoc KaTaokeunc Tou {NTOUHEVOU. “ .
[0 Mn KaTaoOKeUAoTIKEC anodsifsic unapénc. - . " .

B ApXn NeEpIOTEPWVA.

O Av m pgndAec o€ n KOUTIa Kal m > n,
uUnapxel KOUTi EXEl NEPIOCOTEPEC ano 1 pndaAec.
B [liBavoTikn peBodoc.
O Av kaTi €xel BeTikn mBavoTnTa va eniAeyei ano
(kaTaAAnAo) delypaToxwpo, TOTE UNAPXEL.
B Enixeipnuara icoTipiac.
O Kabe akukAIkO KaTeuBbuvopevo ypapnua
exel = 1 «kataBoBpa» / minimal aToixeio.
O KaBe (un kateuBuvouevo) ypapnua Xl ApTIO
apiBuo Kopupwv nepITTou Babuou.
O e kateuBuvopevo ypagnua pe in-degree < 1 kai
out-degree < 1, av v pe in-degree(v) = 0O,
TOTE UNApPXEl KopuPn w pe out-degree(w) = 0.
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MaBnuaTikn Enaywyn

O Anodeikvuoupe 0TI «P(n) aAnBeuel yia KaBe QUOIKO N = Ny».

B Aopikn enaywyn: oAa Ta oToixeia (apiBunoipya) ansipou guvoAou
nou opileTal avadpopika exouv 1d10TnTa P.
Apxn MaObnpaniknc Enaywync
O ‘Eotw P(n) pia npotaon nou e€aptartal ano (puoiko apiduo n.
O Ta vdo P(n) aAnBeuel yia kabBe QUOIKO n = n,, apkei voo:
B Baon: 1o P(ny) aAnBeusl.
B Bnpa: yia kabe n = n,, av P(n) aAnBeuel, Tote P(n+1) aAnBeucl.
Apxn Ioxupng Ma@nupartikng Enaywyng
O Ta vdo P(n) aAnBeuel yia kabe n = n,, apkei vdo:
m Baon: to P(ny) aAnBeusl.

B Bnpa: yia kabe n = n,, av P(k) aAnBeuel yia kabe k € {ngy, ..., n},
TOTE P(n+1) aAnBeusl.
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'Opol MN'ewperpikne Mpoodou

0 Na Oci&ete OTI yia kGBen = 0, 1+2+...4+420 = 20+l — 1,
B [Ipotaon P(n) = «1+2+.. 42" = 20+l — 15,
B Baon: AAnBeveryian=0:2=1=2-1.
B FEnaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0,
aAnBeuvel P(n), dnA. OTI 1+2+...+2" = 2n+1 — 1,

B Enaywyiko Bnpa: ©do aAnbeuel P(n+1),
ONA. OTI 14+2+.. . +2n42n+1 = Jn+2 _ 1,

=2n+1_1
1424922, ponyontl _ontl 1 ontl
:2n—}—2_1
0 Noovyiakaber=1kan =0,
’I“n_H—l
l+r+ri+- 471" =
r—1
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Apuovikoi ApiBuoi

: D 1 1 1
O Appovikog apiBuog taéng k: H, =1+ 5 + = + -+ .
O Na dei€ete 6TIyiakaben 20,1+ 5 < Hon < 1+n

B Suvenwc 1+ %log2 k< H, <1+ ]log, k

B Avw ¢payua, npotaon P(n) =« Hon < 1 +n»
B Bdaon: AAnBeveiyian = 0: H; =1 = 1+0.
[l

Enaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0,
aAnBeusl P(n), dnA. o1t Hon <1 +n
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Apuovikoil ApiBuoi

O Enaywyiko Bnpa: ©do aAnbevel P(n+1),
OnA. o1t Hont1 < 1+ (n+1)

1 1

1
Honti=1+—+.. .+ —+ + ..

2 2n 2n 41

: on+1

AlakpiTa MabnuaTika (Avoién 2024)

MaénuaTikn Enaywyn

7




Apuovikoil ApiBuoi

O Enaywyiko Bnpa: ©do aAnbevel P(n+1),
OnA. o1t Hont1 < 1+ (n+1)

=Hon<l14n
H —1+1+ +1\+ Lo
oan+1 — 2 2TL 2n_|_1 2n+1
2™ GOl < 55
Clant—t4 4 L
2_|_1 2n+1
1
=1+ (n+1)
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AlaipeToTNTA

0 Na de€i&ete OTI via kKaBe n = 1, To n3+2n diaipeiTal ano 1o 3.
B Bdon: AAnBeusl yia n = 1: To 3 diaipsital ano To 3.
B Enaywyikn unobeon: 'EoTw OTI via (auBaipeTa eniAeypevo) n = 1,
To n3 + 2n diaipeital and To 3.
B Enaywyiko Bnua: ©do 1o (n+1)3 + 2(n+1) diaipeital ano To 3.
B [lpayuari,
(mn+r1P 2+ =0*+3n*+3n+1)+2(n+1)
=0’ +2n) +3(n°*+n+1),
Onou Kai ol duo Opol diaipouvTal anod 1o 3 (0 19 Aoyw TNC
£Naywylknc undébeonc).
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[MAnBapiBuoc AuvapocuvoAou

O NoOo yia kaBe (nenepaocpevo) cuvoAo A PE n OTOIXEIA, TO
dUVAPOCUVOAOD TOU A €XEI 2" OTOIXEIQ.

MabnuaTikn enaywyn oto n (NAnBiko apibud cuvolou A).

Baon: AAnBeusl yia n = 0: P(®) = {J} kai |P(&)]| = 20.

Enaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0,

aAnBeuel OTI yia kKGBe aguvoAo A pe |A] = n, |P(A)| = 2.

Enaywyiko Bnpa: ©do YouvoAo A pe |A| = n+1, |P(A)| = 27+,

O A (aubaipeTa eniAeypevo) ouvoAo Pe n+1 oToixeia.
Ocwpoupe x € Akar A, = A - {x} he |A,| = n.

O KaBe unoguvoAo Tou A €iTE NEPIEXEI TO X EITE OXl.

OO0 2& kaBe unoguvoAo S c A, avTIOTOIXOUV dUO UNOCUVOAQ Tou A:
To S kKar 170 S U {X}.

O Apa [P(A)] =2 - [P(A)] = 2 - 2n = 2n+1,
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ANaBoc Xpwpua!

O Na Bpeite To AaBoc¢ oTov NApakaTw £N0AYWYIKO CUAAOYIOUO.

0 ©Odo via kaBe n = 1, o kKABE ocUVOAO N AUTOKIVATWY,

OAQ Ta auToKivNTa £XOUV TO 010 XpwHa.

B Baon: Ioxteiyian =1,

B Enaywyikn unobeon: 'EoTtw OTI yia (auBaipeTa eniAeypevo) n = 1,
o€ KGBg oUVOAO N QUTOKIVATWY, OAQ EXOUV TO idI0 XpwHd.

B Enaywyiko Bnua: ©do oe kabe ouvoAo n+1 auToKIVATWY,
OAa €xouv To idI0 XpwHa.
O >uvoAo pe n+1 autokivnTa: A = {a;, 45, ..., Q,, Oy 1t

O And enay. undBeon, Ta h NPWTA AUTOKIVNTA £xOUV 010 Xpwuad,
Kal N TEAEUTAIaQ auTokivnTa €Xouv 010 XpwHa:

(OLo yowuo tOL0 YoWua,
{(Xl,()éz,...,()én,@n+1} {Q17a27°"7&n7an+1}

O A@OU GUVOAO N NPWTWV KAl CUVOAO N TEAEUTAIWV AUTOKIVATWV
EXOUV KOIVa OTOoIXEia, OAa Ta auTok. oTo A gxouv id10 xpwua!
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ANaBoc Xpwpua!

O Enaywyiko Bnpa: ©do o€ kabBe cuvoAo n+1 auToKIVATWY,
OAa €xouV TO idl0 Xpwia.
B >UvoAo pe n+1 autokivnta: A = {ay, a5, ..., 4., O .1}

B Ano enay. unoBeon, Ta N NPpWTA AUTOKIVNTA £xouV idl0 Xpwua, Kal
N TEAEUTAIa auToKivnTa £XouV idI0 Xpwua:
L0 Yoo 110 Yoo

{a17a27°"7C¥n:an—l—1} {a17a27---7C¥n704n+f}

B AQOoU CUVOAO N NPWTWV KAl GUVOAO N TEAEUTAIWV AUTOKIVATWYV
EXOUV KOIVA OTOIXEId, OAG Ta auToK. 0oTO A £xouV id10 xpwpua!

O Tan=1, Ta duo cuvoAa Oev £xouv Koilva oToixeia!
O Edw loxuel 0TI P(1) kai 611 P(n) —» P(n+1) yia kGbe n = 2.
B Aev ioxuel oTi P(1) —» P(2): autd kabioTa cupnepaoua apaaciuo!
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PoAoc Enaywyiknc YnoBeonc

O Kanote xpnoipgo va anodeiEoupe 1oxupoTepn npotaon P'(n).

B FEival duvaTto va pnv ioxuel ot P(n) = P(n+1), aAAa

va toxuel P’(n) - P'(n+1), yia ioxupoTepn npoTaon P'(n).
0 Noo. yiakaben = 1,
S :1+3+...+£<2
2 22 on —

B Enaywyikn unobeon S, < 2 dev ouvenayeral oTi S, ,; < 2.

O EukoAoTepo vO (enaywylka) OTI yia kabe n = 1,
1 2 no n + 2

s — 9 _
2+22+ +2” AL
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PoAoc Enaywyiknc YnoBeonc

O Kanote xpnoipgo va anodeiEoupe 1oxupoTepn npotaon P'(n).
B FEival duvaTto va pnv ioxuel ot P(n) = P(n+1), aAAa
va toxuel P’(n) - P'(n+1), yia ioxupoTepn npoTaon P'(n).
O ZkakiEpa Taénc n e Haupo OTO KEVTPO: TETPAYWVN OKAKIEPA HUE
2N x 2N TETPAYWVA, OAA ASEUKO EKTOC AMNO £va PAUPO OTO KEVTPO.
O N.d.o. yia Kabe n = 0, AsuKa TETPAYWVA OKAKIEPAC TAENC N ME
Haupo OTO KEVTPO KaAunTovTal anod nAakidla oxnuaToc L

(UN enikaAunTopeva).
n=>0
J . [Thaxioro
Eﬂ oynuotos L
n=1 n=2
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxUel (dev undpxouv Asukda TETpaywva).

O Enaywyiko Bnua:
B >kakiepa Taénc n+1 pe paupo OTO KEVTPO:
EVWOon 4 OKaKIEPWV TAENC N JE HAUPO OTO KEVTPO,
3 yaupa yivovTtal Asukd, 1 paupo PYETAKIVEITAI OTO KEVTPO.
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxUel (dev undpxouv Asukda TETpaywva).

O Enaywyiko Bnua:
m P(0) —> P(1), P(1) » P(2): 3 vea Aeuka kaAunTtovTal pe 1 nAakidio.

O P(2) - P(3);
B /\Aeukd OXI YEITOVIKA, JeETakIvnoelc ennpealouv diaTtaén nAakidiwv!
B Xpnon enaywylknc unobeonc oxi npopavnc!

O AuokoAia Aoyw nepiopiopou OTI JAUPO OTO KEVTPO!

5 n
:i | B
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PoAoc Enaywyiknc YnoBeonc

0 ZkakiEpa Ta&Nc n: TETPAYWVN OKAKIEPA PE 2N x 2" TETPAYWVA,
OAa AEUKQ EKTOC ano eva paupo (onoudnnoTe).

O N.d.o. via kKGbe n = 0, Aeukd TETpAYWVA OKAKIEPAC TAENC N

KaAunTovTal ano nAakidia oxnuatoc L (un enikaAuntopeva).

B [Ipotaon P/(n) ioxupoTepn ano apxikn P(n).

B Baon: P(0) ioxuel TETpIPEVA.

B Enaywyikn unoBeon: via (aubaipeta eniAeypevo) n = 0, aAnBeuel OTI
AEUKA TETPAYWVA oNnolaodNNOTE OKAKIEPAC TAENC n kaAunTovTal
ano nAakidia oxnuaToc L.
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PoAoc Enaywyiknc YnoBeonc

O

>Kakliepa Taénc n+1: 4 okakieEpeC TAENC n (TeTapTnuopia).

B 1 pye paupo TETPAYWVO O€ avTioToixn Beon.

B 3 uE paupa TETPAYWVA O AKPA, WOTE YEITOVIKA KEVTPIKA
TETPAYWVA O€ OKAKiEpa n+1.

Ano enaywyikn unobeon, Aeuka TETpAYwWVA OE TETAPTNHOPIA

KaAunTovTal ano nAakiodia L.

NEa Aeuka TeTpaywva oxnuaTtiCouv L: kaAuntovTtal ye nAakiodio.




Napadeiypa Ioxupnc Enaywync

O NOo kaBe Tunua TouA. 18 goitnTwy diapepileTal o€ oPNAdEC
41 7 @OITNTWV.
B [0 kaBe QuOIKO N = 18, unapxouVv QUOIKOI K, A,: N = 4K, + 7A, .
0 Baon: enaAnbeuonyian = 18
O Enaywyikn unoBeon: yia (auBaipeTa €niAeyd.) QUOIKO n = 18,
IOXUEI OTI YIa KABe puaiko m, 18 < m =< n:
B YNAapyxouv QUOIKOI K., Ap: M = 4K, + 7\, .
O Enaywyiko Bnpa: ©00 unapxouv QUOIKOI K., 1, A, ¢
n+1 =4k ., + 7A ..

B Enay.unoBeonyian -3, KAl K,y = K3+ 1 KAl A, = A5t

=n—3

Akps+ 1)+ Ths = (4kn_3+TA3) +d=n+1

O Apkei Baon yian = 18; MNati n = 21 ornv unoBeon;
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Kal AAAo AaBoc!

0 ©dJdo oAol ol pualkoi apiBuoi gival apTiol(;)!
B Baon: ioxuel 011 To 0 €ival apTioc.

B Enaywyikn unoBeon: yvia (aubaipeTa enIAeypevo) puUOIKO h = 0,
IoXUEI OTI yIa KGBe m, 0 < m < n, TO M €ival apTioc.

B Enaywyiko Bnua: ©do To n+1 €ival apTioc.
O Enaywyikn unoBeon: 1o n kKai 7o 1 €ivail apriol.
O Apa n+1 apTioc, wc abpoiopa duo apTiwv!
O Anodei&n Bnuatoc dev IoxUel yia n = 0!

B Xpnoigonolei 0TI To 1 €ival apTtioc xwpic anodei&n (oTn Baon) kai
XWPIC va ePninTel 0OTNV ENAywWYIKn unoBeon!
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