> TOIXEIA
KatnyopnuaTikng AoyIKNG

AidackovTtec: A. DwTaKnG, A. ZoUAIoU
EnipeAeia diapaveiwv: A. D@OWTAKNG

> xoAn HAekTpoAoywv Mnxavikwyv
Kal Mnxavikwv YNoAoyioTwV

EBvikO MeTooB1o MoAuTexveio




KatnyopnuaTtikn AOYIKN

O [lpoTaoiakn Aoyikn: nAaiolo d1aTunwong Kal HEAETNC
ENIXEIPNHATWYV YIA NENEPACHEVO MANBOC «AOYIKWV AVTIKEINEVWOV>.
B «/AoYIKO aVvTIKEIJEVO»: naipvel TIMEC aAnBeiac, A N W.
B AIQQOPETIKA, «UNn AOYIKO QVTIKEIJEVO>», O.X. ApIBUoi, CUVOAQ, ...

O KatnyopnuaTtikn (N NpwToBaduia) Aoyikn: nAaiocio diatunwaong
Kal HEAETNC ENIXEIPNMATWY YiA:

«Mn Aoyika avTikeipeva» (apibuouc, ouvoAa, ypagnuaTa).

Mpa&eic (cuvapTNoeic) Kal OXEOCEIC (KaTnyopnuaTa) HeTa&u Touc.

Aneipo NANBOC AVTIKEIHEVWV: NMOCOOEIKTEC.

«KaBe puolkoG aplBuoc ival iTe APTIOC EITE NEPITTOC.

«Ynapyel cUVOAO NoU €ival UNoguvoAo KaBe cuvoAou»,

Tunot KA gival «A\oyika avTIKEIJeVa» nNou JNopei va
agopouv / avapepovTal O «Un AOYIKA aVTIKEIJEVA».
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> UVTAKTIKO
NMpwToBaBuiac FAwooac

O <«Aoyika ZUPBOAa»: EXOUV OUYKEKPIMEVN EPUNVEIQ,
AEITOUPYOUV NAvVTa PE TOV i0I0 TPOMO:

B Aoyikoi OUVOEOUOL: —, A, V, =, &

B [looodsikTec: V kal 3

O VWV (yia kabe): ouleu&n yia OAa oToixeia dounc (duvaper aneipn).

O 3 (unapxel): di1aleu€n yia oAa oToixeia dopnc (duvauel aneipn).
B >nueia oTiénc kal napevOeoelC.
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> UVTAKTIKO
NMpwToBaBuiac FAwooac

O «Mn Aoyika ZUpBoAa»: epunveia kabopilel AeiToupyia Touc.
B Oplopgoc YAwoodc Kal eAeyxoc aAnbeiac anaitouv punveia Touc
(noAuonuia, ekppaoTikoTnTal).
B MeTaBAnTeCc X, Y, Z, ...
O Epunveia kaBopilel nedio opiohgou PeETABANTWV: cupnav.
O EAeuBepec: Tiyn Touc kabopileTal ye anoTignon.
O Aeopeupevec: NooodeikTeC Kabopilouv «CUPNEPIPOPA» TOUC.
B >upBoAa arabepwv C, €y, Co ...
O AvanapioTouVv cUUBOAIKA CUYKEKPIUEVEC TIMEC CUPNAVTOC.
O Epunveia kaBopilel Tiun kGbe cuuBoAou oTabepdac.
O T[MpokeiTal yia 0-8€01a cuvapTnolaka cuuBoAad.
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> UVTAKTIKO
NMpwToBaBuiac FAwooac

O «Mn Aoyika ZUupuBoAa»: epunveia kabopilel AeiIToupyia Touc.
B >uvapTnolaka cupBoAa f, g, h, ..., y€ avTioToIXo NANBoC opICHATWV.
O [.x. f €ival 2-6€010 guvapTnolakd cupBoAo.
O Exk@palouv «npa&eic» YeTa&u OTOIXEIWV OUNNAVTOC.
O Eppunveia kaBopilel nedio oplopou, nedio TIHWV, Kal AEiIToupyia.
B KaTtnyopnuaTtika cupBoAa P, Q, R, ..., y€ avTioToiXo NANBOC OpIoCUATWY.
O [.x. Q €ival 2-pyeAec kaTnyopnuaTiko cupBolo.
Ek@palouv «OXECEIC» UETAEU OTOIXEIWV OUNNAVTOC.
Epunveia kaBopilel nedio opiopou kal Aeiroupyia.
IooTnTa = : €AgyXEl TAUTION (ASITOUPYEI WC KATNyopnua),
aAAa €xel 0edopEVN EpPNVEia.
B KaTtnyopnuaTika cUhBoAa uAonolouv «ueTapaon» ano
&N AOYIKO» O0€ «AOYIKO» KOOLUO.

O Q(x, y) dexeral duo oToixeia oupnavToc (N.X. apiBpouUc), «EAEYXEI» av
OoXeTICOVTAl JE OUYKEKPIMEVO TPOMO, Kal «anavta» A n V.

O 0O O
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Aopun Tunwv
NMpwToBabuiac NAwooac: 'Opol

0 'Opol naipvouv TIUEC OTO cUPNAV.
B MetaBAnTec x, Y, z, ...
B >T1a6epecc, ¢4, Gy, ..
B OTiIdNnoTe npokunTel anod (owoTn) epappoyn cuvapTnolakou
OUMBOAOU o€ NON OXNUATIOHMEVOUC OPOUC.

O T.x. f(x, y), f(g(x), c), g(f(x, g(y)),

O Aev epapuolovTal Aoyikoi ouvdeopol o€ opouc!
[.x., To c® f(x, y) €ival AGBoc ouvTaKTIKA.

O Aoun avanapiorartal Ye devopodiaypappa,
1010TNTEC anodeikvuovTal JE dOHIKN Enaywyn.

0 'Opol dev pynopouv va guvdeovTal PHe Aoyikouc guvdeapouc!
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Aopun Tunwv
NMpwToBabuiac FAwooac: Tunol

O ATtopuikoi Tunol npokunTouv epapuolovrac
100TNTA N KATNyopnuaTiko cUUBOAO G OpoucC.
B [Lx. x =¢ f(x, y) = g(c), Q(x, y), R(f(x, ¥)), -

B <«<Aoyikec» Tigec A N W, Baoika («Aoyika») dOMIKA OTOIXEIQ TUNWV.

O Tunoc:
B ATOMIKOC TUMNOC (Baon enaywyikou opiguou).
B E@appoyn Aoyikwv cuvOEOUWY OE TUNMOUC P, Y:
P, PpVvyY, oAy, P>y, P Y.
B E@appoyn NocodEIKTWY O TUNO (: IXP, VXOP.
0 Aopn avanapioraTtal ye dsvopodiaypappa,
1010TNTEC anodeikvuovTal UE padnuaTikn enaywyn.

O Tunoi: 1ign A N W, 'Opol: TIHEC OTO oUUNAv.
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Aopun Tunwv
NpwTtoBabuiac NAwooac

EQUPROYTN TTOGOOELKTOV,
AOYIK®V GUVOEGUMYV GE

TUTTOL ATOULKOVS TUTTOVG

OTOMIKOL EQUPUOYTN 16OTNTAS,

«Aoyiko» MéEpog

TUTTOL KOTNYOPNUATOV 6E€ 0POVS

EQUPUOYT] GUVAPTICEOY

opot petaPintéc, ota0epéc

«Mn Aoywko» Mépog
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Napadeiyua

0 [oia and Ta napakdatw €ival opol N Tunol (N ouvTakTIkKo AaBoc);

B Q(f(c, vy), P(x)) g(Q(c, y), P(y))

B Q(f(c, y), P(x)) g(Q(c, y), P(y))

B vx P(g(x)) vx g(P(x))

B vx P(g(x)) (7) vx g(P(x))

B X=YyvCcC x = f(y, c)

B X=VyvVvC x = f(y, c) (aT)

B VX P(P(x)) Ix Q(x, ¢;)

B vx P(P(x)) Ix Q(x, ¢;) (7)

B Ix (P(x) v =Vx P(Xx, X)) Ix(x =y A Q(x, y))

B 3x (P(x) v —vx P(x, X)) IxX(x =y A Q(x, y)) (7)
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Napadeiyua

0 [oia and Ta napakdatw €ival opol N Tunol (N ouvTakTIkKo AaBoc);

B P(x) vg(x) vy 3x (Q(X, g(y)) v P(g(x)))

B P(x) vg(x) vy 3x (Q(X, g(y)) v P(g(x))) ()

B 3x Q(x, ©) vax Q(x, y)

B Ix Q(x, c) (1) vax Q(x, y)

B X+y=X=xYy (3+1)+ 10

B Xx+y=x=xy(amn) (3+1)+ 10 (op)

B vx3dy(X+y=x*y) vx 3y (P(x) v (Q(X, y) > =P(x)))

B uxdy (x+y=x*y)(T) vx 3y (P(x) v (Q(X, y) = =P(x))) (T)
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EAcuBepec kal
Aeopeupevec MeTaBANTEC

O

O

Asopeupevn egpavion PeETaBAnNTNC: EUNINTEl OE

nedio EQPAPHOYNC NOCOOEIKTN.

B [looodeikTng Kabopilel Nwc anoTigaTtal n JeETapAnTh.

BV (3): ouleu&n (01aleuén) via OAeC TIJeC oupnavToc.

B A£OUEUPEVEC EYPAVIOEIC HETABANTNC X MOU EUNINTOUV OTOV i010
No0000EIKTN: «idla» OEOUEUNEVN HETABANTN.

B A&sOUEUPEVEC EPPAVIOEIC HETABANTAC X NOU EUNIANTOUV O€
O1aPOPETIKO NOCOJEIKTN: «OIAPOPETIKEC» DECHEUNEVEC HETABANTEC.

EAcuBepn epavion PeTaBANTNC: O€V euninTel o€ Nedio

£pAPUOYNC KANOIOU NMOoo0dEIKTN.

B Mnopei va £xel onoladnnoTe TIUN, N onoia kabopileTal ano anoTiynon.

B 'OAec ol eAeUBepec eppavioeic HeTaBANTAC X: «idia» PETABANTN.

Ix(P(x) A Q(X, ¥)) A P(y) ka1 3xP(x) A IxQ(X, y) » P(y)
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EAcuBepec kal
Aeopeupevec MeTaBANTEC

0 EAeuBepn petaBAnTn av eppavidetal eAeuBepn (TOuA. pia gopa),
O1aPOPETIKA OECUEUPEVN.

O [poTaon: TUNOC Xwpic eEAeUBepec peTaBANTEC.
Tiun aAnBeiac npoTaon dOsv €€apTaTal ano anoTipynon.
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EAcuBepec kal
Aeopeupevec MeTaBANTEC

O [Molec eyavioeic peTtaBAnTwy €ival eAeubepec Kal
noleC OEOUEUPEVEC;

B Vy3Ix(P(x, f(y)) vQ(x)) vx3y(Q(x) v P(x, y)) —> =Q(x)

B Vy3ax(P(x, f(y)) v Q(x)) vx3y(Q(x) v P(x, y)) - —Q(x)

B vxP(x, y) » vzP(z, x) Q(z) —» —vxVYyP(Xx, y)

B VvxP(x,y) > VvzP(z, x) Q(z) » —VxVYyP(x, y)

B vXxXQ(x) > VYyP(X, y) UXVYVZ(X >y A Y > Z) - Iw(X > w)
B vxQ(x) > VyP(Xx, y) UXVYVZ(X >y A Y > 2Z) > Fw(Xx > w)
B y+X=X+Y y(X + X =X *Yy)

B y+X=X+Yy Jy(x + X = X *y)

O Metovouaaoia oAwv eppavicewyv TnC «idiac» YeraBAntnc diaTnpei
anapaAAaKTo TOoV TUNO: aA@aBnTikn napaAAayn.
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EAcuBepec kal
Aeopeupevec MeTaBANTEC

0 EAeuBepn petaBAnTn av eppavidetal eAeuBepn (TOuA. pia gopa),
O1aPOPETIKA OECUEUPEVN.

O [poTaon: TUNOC Xwpic eEAeUBepec peTaBANTEC.
Tiun aAnBeiac npoTaon dOsv €€apTaTal ano anoTipynon.

0 EAeuBepec peTaBAnTec xpeialovTal «apyikonoinon.
B 'OAec ol eAeUBepeC eppavioeic plac HETaBANTAC «apxikonoiouvTar»

otnyv idia Tiun (autn nou kaBopileTal and anoTipynon).

0 AeOpeUpEVEC eppavioelc heTaBANTwy dev XpelalovTal
«apyikonoinon».
B [looodsikTnG nou TIC deopeuel kaBopilel anoTiynon.

B MeTtaBAnTec nou decpevovTal ano dIaPOPETIKOUC NOCODEIKTEC €ival
«OIaPOPETIKEC» (KON Kal av xouv To idlo ovoua).
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Eppnveia (N Aopn)

O Opiopoc MNpwTtoBaduiac FAwooac analtel epunveia
«UN AOYIKWV>» CUUBOAWV.
O Eppnveia (i dopn) A kaBopiler:
B >upnav |A|: nedio opiopyou oTaBepwyv, HETABANTWY, OCUVAPTACEWY,
KAl KAaTNYOpPNUATWV.
O |A] eival To OUVOAO QVTIKEIHEVWY OTA OMNoia avapePOUATTE.
B OpiopyocC ouvapTnoliakwy CUPBOAWV: «npa&n» nou avTioTOIXOUV.
O T «enioTpePel» KABe ouvapTnolako cuuBoAo.
B OpIoPOC KATNYOPNHATIKWV CUMBOAWYV: «OXECON>» MOU AVTIOTOIXOUV.
O MoTe kKaTnyopnuaTikKO CUHBOAO «enioTpepel» A kal noTe W,
B Opiopoc TIMNG Yia kaBe cupuBoAo oTabepdc.
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NapadeiypaTa Epunveiac

O T[Awooa Oswpiac AplBuwV:
B >upnav N (puaikoi apiBpuoi)
B >T1abepa O (anot. oto 0), cuvapTnolaka @ (npocbeon),
® (noAAanAaociaopoc), kal " (ENOPEVOC PUTIKOC),
B KkaTnyopnuaTtiko < (avT. O oxeon X < y).
O T[Awooa Oswpiac ZuvoAwv:
B >upunav duvapgoouvoAo cuvoAou U () ouvoAo PE OTOIXEId OUVOAQ)
B >71aBepa K (anoT. oTO J),
B KATNyopnuaTiko c (avT. O oxeon X C Y).
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EvaAAayn MocodeikTwy

P(x, y): o x Baupalel Tov y P(X, y): X<y
oAol Baupadlouv Kanoiov KGOe apIBPOC exEl KAMolov
VxEIyP(a:, y) (0x1 avaykaia oAol Tov idio, HEYAAUTEPO N i00 TOU.

MNOpPEI TOV €EQUTO TOUC).

oAol BaupalovTal ano KAanoiov KGOe apIBUOC £XEl KAMoOIoV
‘v’xElyP(y, a:‘) (OxI avaykaia oAol ano Tov HIKPOTEPO N i00 TOU.

i010, unopei ano eauTo TOUuc).

VeVyP(z : : : yia Kaoe CEUYdE)I apleu'd)'v, 0
v VyP( 4)  dho aupagouv TouG NAVTEG £vac sival PIkpOTEPOC R i00C
oYy P(y,z) (kai Tov €auTd TOUG). 10U AANOU.

UnNAapxel Kanoloc NouU ToUuC uUnapxel apiBuoc HIKPOTEPOC
Elx\v’yp(x, y) Baupadel oAouc (kal €auTo ToU) 1 i00C OAWV (KATW ppayua).
EleyP(y, x) UI'I(':Ip)'(EI KC'II'I'OIOC nou Tov unapxel apiBpoc PHeyaAuTepPOC

Baupalouv OAol (kal EauTOGC TOU) 1 iococ OAwV (Gvw ppayua)
ﬂxﬂyp(x7 y) unapyel Ceuyapl (0x1 avaykaia undapxouv apiBpoi Nnou o £vac

OIAPOPETIKWYV) MOU 0O £VAC gival JIKpOTEPOC N iI00C TOU
EI:I:EIyP(y, x) Baupalel Tov aAAo. aAAou.
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Nopol Apvnonc MNocodeikTwV:
—Jdrp(x) = Vr—p(x)
—Vrp(zr) = dz—p(x)

NMapadeiypaTa

O Aedopevnc epunveiac (n.x. pualkoi apiBuoi, cuvoAa, ypapnuaTa),
d1aTUNWON NPOTACEWY — IDIOTATWV O NpwTOoRABUIa YAwoaoa.
m 'Ohlol o1 avBpwnol Baupalouv  Vady(xz £ y A Pz, y))
k&nolov aAAo. —JxVy(z £y — =Pz, y))

B Yndpyel Kanolog nou Ogv =
xYy(x — P
Baupadlsl kavevav aAlo. ylo £y — (z,9))

B Ynapyel kanoloc nou Baupadlel T2 (P(z, z) AVy(P(z,y) = = = y))
TOV €QUTO TOU Kdl JOVOV auToV.
B 'OAoi BaupalovTal and kanoiov dAro.  Vady(x # y A Py, x))

B Yndapxel kanolo¢ nou Baupadlel = p
6A0UG TOUG GAAOUC. wVy(z #y — Plz,y))

B Yndpxel kanoiog nou dev Baupalel kavévav., TJxVy—P(x,y)
B Asv undpxel kavévac avBpwnoc nou  —dxVy(z # y — Py, z))
va Tov Baupalouv 6Aol o1 GAAol. Vady(x # y A =Py, x))
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NapadeiypaTta

O AnAEC YAWOOIKEC OOPEC cUVNOWC ENapKouV.
O KaBe avTikeiyevo pe 1diotnta P Va(P(z) — Q(z))
exel 1010TNTA Q.
B O enopevog kabe nepiTTou apiBuou eivar aptiog. Va(odd(z) — even(z'))
even(z) = Jy(x =2 R y) 6ou 1 = 0 wan 2 = (0
odd(z) =dylz=2y) H 1) = =(0)
B Kd&6e noAAanAdaio Tou 4 givail dpriog. Va(dy(z =4 ® y) — even(x))
O Ynapxel avTikeigevo Pe 161otnta P
kai 1010TnTa Q = e

B Acv €ival oAol ol apTiol

noAAanAdoia Tou 4. Jz(even(z) A ~Jy(z = 4®y))
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NapadeiypaTta

O

O

Yndapxel Hovadiko avTIKEINEVO

ue 1816TnTa P. Ja(P(z) AVy(Ply) = y = 7))
Ynapyel peyloto (eAaxioTo) dz(P(z) AYy(Ply) = y < z))
oToixeio pe 1d10TnTa P. Jx(P(x) AVy(Ply) — = < y))

B Ynapxel JovadikoC pUOIKOC Nou

(
gival YikpOTEPOC ToU 1. Jr(r <1AVY(y <1 =z =y))
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NapadeiypaTa: ApiBuoi

O

O

To aBpoioua dUo NEPITTWV
gival aprioc.

O x diaipei akpiBwgTovy: D(z,y)=T2(y=2® 2)

O x €ival PIKpPOTEPOG N icoGTOU ¥V: = <y = dz(y =2 D 2)

O x €ival npwToG apiBuoc:

prime(z) = (z £ 0)A(x £ DAYYz(x = yRz — (y = xVz = x))

VaVy(odd(z) A odd(y) — even(z & y))
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[NapadeiypaTta: ApiBuoi

[AGETOAGE SCEIAME
0 Orioz MéTpo:

O Kabe apTtioc peyaAUTEPOC TOU 4 ypapeTal wC aBpoiopa [ O

tou Deddamyomi

OUO NEPITTWV NPpWTWV ApPIBUWYV (sikaoia Tou Goldbach).
Vrz((even(z) Ad < x) —
— Jydz(prime(y) A odd(y) A prime(z) Aodd(z) Ax =y & 2))
O Ta kaBe puaoiko aplbuod (€otw n), undapxel aAAoc (eoTw m) nou
gival 0 HEYIOTOC METAEU eKEiVWV NMOU To OINAACIO TOUC Oev &enepva
Tov apyxiko (dnA. To n).

Vnadm2@m < n AVEQ®Ek<n— k < m))

N wodvvapo Vnim(P(m,n) AVk(P(k,n) — k <m))
omov P(m,n) =2 m <n
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Napadeiypara: ZuvoAd

0 Epunveia pe oupynav duvapooUuvoAOo NENEPATUEVOU CUVOAOU S,
2-UEAEC KaTNyopnHaTikO cuuBoAo Q pe gpunveia Q(x, y) = xc vy,
Kal oTaBepa € NOU EPPNVEUETAl WC TO KEVO GUVOAO ().

B Yndpxel oUvoAo nou nepiéxel (wg unooUvoAa) kaBe ouvoAo. dxVyQ(y, )
= L . L
nooivoRe, Tov saur ou,  Q(e:0) AVe(@(a0) 5z =0
B [ia kaBe Ceuyapl oUVOAWYV UNAPXEl KOIVO UNOCUVOAO Mou €ival To
HeEyYaAuTepo duvaTo (ToOUn OUVOAWYV).
VaVy3z|Q(z, ) A Q(z, y) AVw(Q(w, z) A Qw, y) = Q(w, 2))]
B [ia kaBe (euyapl CUVOAWV UNAPXEl KOIVO UNEPGUVOAO MNoOU €ival To
eAAX10TO dUVATO (EVWON OUVOAWYV).

\V/ZC\V/?/E'Z[Q(ZU, Z) A Q(y, Z) A Vw(Q(x, w) A Q(ya w) = Q(Za w))}
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C'S(x) o z IANEOPOQIHOS
M(z) o x poBnuotroc
OS(zx) 1o x Aert. oo

napaasiY”GTa U(x,y) 0 x XONOLUOTOLEL TO Y
(

y)
L(x,y) o & ovumabel Tov y

O Aigtunwon o€ npwtoBaduia yAwooa:

B Yndapxel nAnpo@opIkoc nou dev cupnabei kaveva pabnuaTiko.
Jz|CS(z) AVy(M(y) = —L(z,y))]

B Kavevacg padnuaTikoc dev cuunabei dUo ) NEPICOOTEPOUC
NANPOPOPIKOUC.
—JxIAyTz(M(x) ACS(y) ACS(z) AL(z,y) A L(z,z2) Ay # 2)

B Av €vac pabnuaTikoc cupunabei dUo NANPOPOPIKOUC, TOTE
TOUAQYXIOTOV £€vac ano auTouc €ival padnuaTikoc.

VaVyVz(M(x) A CS(y) ACS(2) A L(x,y) AN L(z,2) ANy # 2 — M(y) vV M(z))

B Av eva ASITOUpPYIKO oUCTNHA XpNolJonolEiTal ano TouAdaxioTov dUo

NANPOPOPIKOUC, TOTE KANOIOC HaBNUaTIKOC OV TO XPNOILONOIEL.

Ve OS(z) A Jydz(CS(y) ACS(2) AUy, x) AU(z,2) ANy # z) —
3y(M(y) A =Uly, z))
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NMapadeiypaTa

O Ti ekppalouv o€ puUOIKN YAwOOQ:
CS(z) AVy(OS(y) — Ulz,y)))

==

C'S(x) o z IANEOPOQIHOS
M(z) o x paBnpoTinog
OS(zx) 1o x Aert. oo

O T YONOLUOTOLEL TO Y

Ulz,y)
L(x,y) o & ovumabel Tov y

Ynapxel n1ANpo@opIKOC Nou Xpnoidonolei KABe AsiToupylko guoTnud.

Yy

0S(y) — Jz(CS(z) A Uz, y))]
—JylOS(y) AVx(CS(x) = Ulx,y))]

Kaveva AeiToupyiko dgv XpnoIMOMOIEiTAl and OAOUC TOUC

NANPOPOpPIKOUC.

Vz[(CS(z) A M(z)) — Fy(OS(y) AU(z,y))]

'OAoI 000! €ival JadnuaTikoi kal NANPOYPOpPIKOI TAUTOXpova
XPNOIUONOIoOUV KAMOIO AEITOUPYIKO cUOTNUA.

Vavy[(CS(z) AM(y) A L(z,y)) = F2(0S(y) AU(z,2) AU(y, 2))]
‘'OnoTe KAnoloC NANPOPOPIKOC ocuunabei kanoiov HabnuaTikd, auToi
XPNOILUONOIoOUV €va KOIVO AEITOUPYIKO cuoTnUd.
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EpwTnon

O Ti dnAwvouv ol NapakaTw NPOTACEIC;
B AAnBeUouv Oc NENEPACHPEVO CUUNAY;
B AAnBeuouv ot ansipo oupnav;

VeR(x, x)A

Vavy(R(z,y) A Ry, x) = z = y)A =
VavVyVz(R(x,y) A R(y, z) — R(x, 2)))

daVy(y £z — =Ry, x))A
Jxvyly # & — =R(z,y))

VeR(x,x)A

Vavy(R(x,y) A R(y,x) — x = y)A = AaVyR(z, y)A
VaVyVz(R(z,y) A R(y, z) — Rz, 2))A ~ JaVyR(y, x)
Vavy(R(z, y) vV R(y, z))
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>nuacioAoyikn Mpooegyyion

O A |= @[v]: ornv epunveia A, n anoTignon v enaAnBeuel
(N Ikavonolei) Tov .
B AnoTignon v kabopilel TIHEC EAEUBEPWV PETABANTWY TOU P Kal HOVO.
O A |= ¢ : o ¢ ikavonol&iTal ano kabe anoTtigynon oTnVv eppnveia A.
B O ¢ aAnbnc otnv A N n epunveia A anoTteAei HOVTEAO yia ToV .
O |= ¢ : o ¢ IkavonolgiTal ge KABe gpunveia.
B O ¢ cival (Aoyika) EyKUpoG (avTioToIXo TauToAoyiac).

B TauTtoAoyiec «divouv» AOYyIKG EYKUPOUC TUMOUC JE OUVTAKTIKN
avTikataoTaaon.

O EykupoTnTa / IkavonoinoiuotnTa / aAnbeia ¢ eAEyXeTAl PE
gpapuoyn Tou opliopou aAnBelac Tou Tarski.
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Opioyoc Tarski

0 Eppnveusl AoyikoUuc cuvOECONOUC KAl NOCOOEIKTEC.
O Opilel 0TI evac Tunoc ¢ aAnBeuel (o€ yia epunveia A, yia uia
anoTignon v) avv 1o vonua Tou ek@ppadlel yia aAneia otnv A.
O Hevvoia A |= @[v] opileTal avadpopika wc €ENC:
B A= (x=y)lv]avv ( v(x) = v(y) ).
A |= Q(Xy, ..y Xp)IVI avv ( (V(Xy), ..., V(X,)) € Q1).
A |= -y[v] avv ( dev 1oxuel OTI A |= w[Vv] ).
Al=(pax)v]lavw (A |=y[v] kal A |= x[Vv] ).
Al=(pvx)lvlavw (A |= ywlvlnA |=x[v]).
Al=(p - Y)[v] avv ( oTav A |= w[v], ToTe A |= X[V] ).
Al=(w o x)vlavw (A [=uy[v] avw A |= x[v] ).
A |= vxyw[v] avv ( yia kabe a € |A], A |= wlv(x]a)] ).
A |=3Ixyw[v] avv ( unapxel a € |A| TeTol0 woTe A |= wlv(x]|a)] ).
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NapadeiypaTta

O Aegv akoAoubBoupe Tov PpOopPAAIOPO Tou oplopou Tarski,
aAAd Tnv ouaia Tou.
O EAeyxoupe av npoTtaon aAnbeuel 0 CUYKEKPIMEVN pUNVEia.
B AnAd «anokwdikonoloUupe» TNV NpoTaon (0TNV CUYKEKPIMEVN
EpUNVEIa) Kal EENYOUHE NEIOTIKA av aAnBeuel N oxl.

0 AAnBeguouv ol NapakaTw NPOTACEIC OTN OOUN TWV PUOIKWV
via c = 0 kal P(x, y) = x <y; ZTnV OONN TWV AKEPAiWV;
(o) VaVy(P(z,c) A Ple,y) = Plz,y))
(p) Ve (P(z,c) = x = ¢)

B (a) aAnBeusl og PUOIKOUC Kal akepalouc, (B) HOvo o€ puUOIKOUC.

AlakpiTa MabnuaTika (AvoiEn 2024) >Toixeia KatnyopnuaTikng Aoyiknc 29




[lpoTaocic kal KatnyopnuaTa

O Tunoc @(x) ue eAsuBepn peTaBAnTn X opilel cUVOAO

A, = {a e |A]: @(a) aknBevel oTnv A }
Pp(x): 1610TNTA OTOIXEIWV TNC douNC (ONwWC KaTnyopnuaTa).
MNpoTaon w: 1810TNTa TNC id1ac TNC dopnC.

OO0 Na opioete €101 Ta {0} ka1 {1} (xwpic otabepa 0, cuvapTnon ’).

X €ival OUOETEPO OTOIXEIO TNG NPOCBEONG: Py(X) = Vy(X+y = y).

H doun €xel oUGETEPO GTOIXEIO YIa TNV NPocBeon: IXVY(X+Yy = y).
X €ival OUOETEPO OTOIXEIO TOU NOA/HOU: @(X) = Vy(Xxy = V).

H doun €xel oUDETEPO OTOIXEIO YyIA TOV MOA/HO: IXVY(XxYy = y).
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Novikn EykupoTnTa

O Na €€&sTa0eTe av 01 NApAKATW NPOTACEIC €ival AOYIKA EYKUPEC:
(i) JzP(z) V JyQ(y) = Jz(P(z) A Q(z))
(ii) Vo (P(z) A Q(z)) = Va(P(z) V Q(z))
O 'Ot pia npoTaon Osv €ival AOYIKA EyKUPN AMOOEIKVUETAl JE
«avTinapadelypa» (epunveia nou d&gv TNV IKAVOMOIE():
B [ia tnv (i), puaikoi apiBuoi, P(x) dnAwvel 0TI X APTIOC,
Q(x) dnAwvel OTI X NEPITTOC.
OO0 Aoyikn eykupoTnTa anodeikVUETAl HE epappoyn opiopou Tarski.
B [ia auBaipetn gpunveia A, npotaon (ii) OnAwvel OTI:
av yla kabe otoixeio a € |A]l, A |= P(a) kal A |= Q(a),
TOTE yIa kabe oToixeio a € |A|, A |=P(a) n A |= Q(a).
B AuTO aAnBeuel yia kabe doun A.
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Novikn EykupoTnTa

0 NOo |= IxVyP(X, y) > VyIxP(x, y)
B 'Eotw auBaipetn dopn A. A |= IxVyP(X, y) = VyaxP(x, y) ...
B avv oTav (i) unapxel ae|A| T.w. yia kabe Be|Al, A |= P(a, B),
ToTE (ii) yia kaBe ye |A|, unapxel o€ |A] T.w. A |= P(9, v).
B Ioyxuel, agou yia kabe ye |A], A |= P(a, y) Aoyw unoBeonc.
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Novikn EykupoTnTa

0 NOo |= Ix(P(x) » Q(x)) — (¥YXP(x) — IxQ(x))

B Ocswpoupe auBaipetn dopn A. MNpenel voo:
O Av (i) unapxel aelAl: A |= P(a) = Q(a),

ToTE (ii) av via kabe Be |Al, A |= P(B),

ToTE (iii) unapxel ye |Al: A |= Q(y).

Apkei vOo av toxuouv Ta (i) kai (ii), ToTE 10)UEl Kal To (iii).
Noyw (i): unapxel ae|Al: A |= P(a) - Q(a).
Aoyw (ii): A |= P(a).
Apa A |= Q(a).
JUVENWC, av loxuouy Ta (i) kai (ii), unapxel oToiXEio
Tou |A| yia To onoio aAnBeuel To Q oTnVv eppnveia A.
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Novikn EykupoTnTa

O Na dlepeuVNOETE AV 0 NAPAKATW TUNOC €ival AOYIKA EYKUPOC:
VaP(x,z) AVaVy(P(xz,y) A Ply,x) —» x = y)| —» ~JaVyP(x,y)
B Av oxeon P €ival avakAaoTIKn Kal avTICUPPETPIKN
TOTE oxean P dev €xel «EAAXIOTO OTOIXEIO».
B Aev eival Aoyika eyKUpo, N.X. PpuUOIKOi PNE P(X, y) = x <.
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AOYIKN Zuvenaywyn

O ‘'Eotw o1 Tunol (1) vx(f(x) = x & Q(x)), Kal
(2) vX(f(x) = x) & ¥xQ(X).
(a) Na Bpeite noloc TUNOC OUVENAYETAl AOYIKA TOV GAAO, Kal
(B) vdo o1 Tunoil dev €ival Aoyika icoduvapol.
B 000 (1) |= (2) (aAAa 6x1 To avTioTpo®po).
B 'Eotw auBaipetn epunveia A. Ano opiopo Tarksi, apkei vdo:
O Av (i) viakaBsace |[Al, A|=f(a) =aavv A |=Q(a),
ToTe (ii.1) yia kaBe B € |A], A |=f(B) = B avv
(ii.2) yia kaBe y € |A], A |= Q(y).
B AIGKpPiVOUME 2 NEPINTWOEIC:
O Ioyxuel (ii.2), dnA. via kaBe y €|Al, A |= Q(y) avy,
Aovw (i), yia kaBe B |A|, A |= f(B) = B, avv ioxuel (ii.1).
O Aev ioyxvel (ii.2), 6nA. unapxel 80 €|A], A |= =Q(d), avy,
Aovw (i), unapxel O €|A], A |= f(d) = 0, avv dev I1oxuel (ii.2).
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AOYIKN Zuvenaywyn

O ‘'Eotw o1 Tunol (1) vx(f(x) = x & Q(x)), Kal
(2) vX(f(x) = x) & ¥xQ(X).

(a) Na Bpeite noloc TUNOC OUVENAYETAl AOYIKA TOV GAAO, Kal
(B) vdo o1 Tunoil dev €ival Aoyika icoduvapol.
B FEpunveia A nou enaAnBeuel Tov (2) aAAa oxi Tov (1).
B |A| = {a, B}, f(a) =a, f(B) = g, ka1 Q(a) ¥, Q(B) A.
B A povTeAo yia Tov (2):

O A |=-¥x(f(x) = x) kal A |= =vxQ(x)
B A Oxl HovTeAO yia Tov (1):

O Ynapxel oToixeio Tou |A|, To @, yia To onoio

f(a) = a aAAa Q(a) dev aAnBeuel.
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AOYIKN Zuvenaywyn

O AivovTal TpeIC NPOTACEIC:
(o) VaVyVz Pz, y) A P(y,z) = P(z,2)]
B H oxeon P eival geraBaTikn.
(B) VzVy[P(z,y) A Py, z) = = = y]
B H oxeon P €ival avTICUPHETPIKN.
(v) VeyP(z,y) — FyvVzP(z,y)
B Av kKaOe oroixeio P-oxeTifeTal JUE KANOIO OTOIXEIO,
unapyel oToixeio pe 1o onoio P-oxerifovral 6Aa Ta oToixEia.

O {(a), (B} I=(v)

B Oy, n.X. puUOIKOi HE P(X, y) =x <.
O <{(a), (y)+|=(B)

B 'Oy, n.x. av P(x, y) aAnBeuel navra.

O {(B), (v) } [=(a);
B Oy, n.x. oupnav = {0, 1, 2} kal P(x, y) aAnBeusl via {(0,1), (1,2)}.
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Kavovikn MNocodeikTikn Mop®pn

O Tla kabe Tuno ¢, UNOPOUNE va Bpoupe Aoyika
I00dUVapo TUNO ©* = Qx1Qsxs ... Qnr, @' (1, .., 1p)
onou Q. NOCOJEIKTEG Kal P’(X;, ..., X,) AVOIKTOG TUNOC.
B " anoteAei Kavovikn MooodeikTikA Mopen (KIMM) .

O Ta unoAoyiopo KMNM, xpnoOIJONOIOUUE:

B NOpouc PJeETAKivNoNG
NOCOJEIKTWV (HOVO
av x Ogv su@avileTal
eAeuBepn aTov Q):

B Nopouc apvnaong
NOCOOEIKTWV :

B NOPOUC KaTavounc
NOCOJEIKTWV :

Vezy(z) = ¢ = Jz((z) = ¢
Jzy(z) = o =Va(v(z) — ¢
o — Vrp(z) = V(o — P(z)
p — Jzp(z) = Jx(p — P(z)
—Jzp(z) = Ve—p(z)
—Vap(z) = Jr—p(z)
Va(p(r) Ap(z)) = Vee(z) A Vey(x)
Jz(p(z) V ¢¥(z)) = Jzp(z) V Jz9p(x)

)
)
)
)
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Kavovikn MNocodeikTikn Mop®pn

0 Na Bpeite yia KIMNM Tou TUunou
Vo(P(z,y) = =32Q(z, 2)) = (VaR(z) A VyS(y))
)

=Ve(P(x,y) —» ~32Q(x, 2)) — Yw(R(w) A S(w)

= YwVe(P(z,y) = =32Q(z, 2)) = (R{w) A S(w))]
= YwVe(P(z,y) = V2=Q(z, 2)) = (R(w) A S(w))
= Vwdz|(P(x,y) = V2—Q(z, 2)) — (R(w) A S(w))
= YwIxVz(P(z,y) = =Q(z, z)) = (R(w) A S(w))
= Vwdz3z[(P(z,y) — ~Q(z, 2)) — (R(w) A S(w))
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