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Aoxnon 1: Acvurrotizy Extipnon

Noa TaEIVOUNOETE TIS TAQARATW CUVOQTHOELS 08 aEovoa oelpd TdEng neyébovs. Boeite dnhadn dud-

t0EN g1, 92, 93, - . - €O Dote g1 = O(g2), g2 = O(g3), ®.0.x.
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No emonudvete axdun TS CUVAQTHOELS TOV EXOVV (dLaL TAEN neyEBoug.

Avon. H oelpd »otdtoéng eivor:
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I v ®2otdToEN Pwoovie Vo, XONOLWOTOWCOUE OTL:

Av lim () =Lpe0< L <ootdte f(n)=Qg(n)). Av0 < L < oo 16te f(n) = O(g(n)).

n—+0o00 g(n)
Axopo xoNoLues ivan oL axdiovBec ox€oels:

log(n!) = O(nlogn)

n n! n(n —1)(n —2)(n —3)
(4) T Un-4) 4l = 6(n")

n
n!l=0 ( 2mn, <ﬁ> ) (Stirling’s approximation)
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logn (1+e)logn

logn loglogn n 2 . . . logn loglogn
ogbgn = O(—logn)' Inuetdvovpe Gt yo »abe otabepd e > 0, <—10g 10gn>

%O CUVETNDG (

= w(n), Mhady av ToMarhaotdoovpe Tov ex0TN pe omoladiitote otabed neyahiteon e wovd-
dag, N TAEN pueyEBovg TS ouvaeTong aAACEL TS VITO-YQOUUWXIY] O VITEQ-YQOLUULAY. O

Aoznon 2: Exihvon Avadgopurdv yéoeav

(o) Na Moete mv moaxdtw avodoowry oxéon xwoig xonon tov Master Theorem. T'ia amhdmra,
va vtoBéaete OtL 1o 1 elvor dvvaun Tov 3.

T(n)=2T(n/3)+29n, T(1) =7

(B) H mohvmhordmra ToLadv okyoiBumv yio to {910 medBinuat diveton omd TS ToQorAT® OVOOQOULRES
OYE0ELC:

1. Ti(n) =5T1(n/5) +n/logsn, T1 (1) = O(1)
2. To(n) = 2To(n/4) + n%y/n, To(1) = O(1)
3. Ts3(n) =T35(n — 1) + 1/n, T5(1) = O(1)

Noa Mioete TG ovodQOMKES OYETELS RO VO TOELVOUOETE TOVG TOELS CAYOQIBUOVS WG TEOS TV amo-
dotdmrd toug. Ilool amd avtovs yonotwomrolovv T néBodo “diaipel-rar-faocileve” nou yiort;

Avon. (o) Egyoalopaote pe v nébodo tg emavainyng:

T(n)=2T(n/3) +29n
=2(2T(n/3%) +29n/3) + 29n
=2(2(2T(n/3%) + 29n/3%) + 291/3) +29n = ...

=241 T (n/3F1) 4 29n i(2/3)’~c
k=0
=217 (n/371) 4+ 87n(1 - (2/3)"1)

T i = loggn — 1, égovpe 6t n/37+ = 1, nou:

T(n) = 2'°8" T(1) + 87n(1 — n'°8a2/3)
= Tn/083% 4 87n(1 — n~'Flo8?)
= 7Tn'0832 4 87n — 87n!08s2
= 87n — 80n'°832 = O(n)

(B.1) Kat’ apyds va movue 6t dev umopouvpe va yonowwomomjoovpe 1o Master Theorem yioti m
n/logn givar aovpumTOTRA RQEGTEQN ™S N aAAd 6yt Holvevupurd! Oswovue Yo arhdmTa 3T T0
n glvow dvvaun tov 5, MA. 6t n = 5™ Yo *ATOLOV AXEQOLO 172, KOL EYOVUE:

5m

Ty (5™) = 5Ty (5™ !
1(5™) 1( )+m



Av Béoovpe T1(5™) = S(m), ue S(0) = O(1), xovpe ot

S(m):5S(m—1)+%

5m 5
m—1 m
m—1

=528(m —2) +

k=0
=5"0O(1) + 5" (Inm + (1))
=0(5" lnm)

Me avtiotpogn avuatdotaon, éxovue ot T1(n) = O(nloglogn).
(B-2) EpaoudCeton 1 toit mepintwon tov Master Theorem, xau éxovpe 6t To(n) = O(n/?).
(B-3) "Exoupe ot

T3(n) = T3(n - 1) + %

1 1
3(n )+n—1+n
n—2 1
=T3(1)+kzon_k

= O(logn)

Movo ot 3o TEMTES YENOLUOTOLOVV “dlaipet-®a-footheve” ool omdve To oo TEORANUa o
EMUEQOVS TTEOPAUOTO VIToTTOMOTAAGIOV peyEBovg. O

Aoxnon 3: Beeite o Kalmxro Nopwopa

"Exovpe 12 voulopata, 1o €va amd o omolo eivor xdAmxo. ‘Ol T yViioLo. VOUIOUATO. EXOVV TO
OLo axppwds Pdoog. To xdAmino vouLoua, dLaEQEL O T YVNOLOL UOVO MG TEOS T0 PAOg, aAAD
dev yvwpitovpne av eivor ehagpoitepo 1 Bopitepo. T Tov EVIOMONG TOU RAATIXOV VOUIOUATOG,
yonowomotoupe wo Luyapld oxoueiog mov eAEYYEL av €vo. GUVOAO VOLoUdTwV givo ehogpQUTeEQO,
dLov Bdgovg, 1 Pagitego amd €va dALO GUVOAO VOULoUAT®V (puotxd, To. dU0 GUVOA TTEETEL VaL Vol
Eéva neta&u Toug), adhd dev divel xopior AN TAnogopia yio To Bdog Twv vououdtwyv. O Luyioelg
WO TTQETEL VAL OPOQOUV UGVO VITOOUVOAQL TwV 12 vououdtwy mov €xovue ot didbeon nog (dni. dev
WToQel Vo CUPUETEXOVV OTIS Cuyioels voulopora eXTog Twv 12 apylrdv mov yvweitovpe ot gival
yviolo 1 ®dAmxa).

1. Noa deiEete 611 ue 3 Tuyloelg nmwogovpe vo avoroAIPYoUUE TO RAATLXO VOULOUO ®OL OV 0VTO elvall
ehlpEUTEQO 1 Parottepo amd ta yvholo. No deiete axdun otL xdtL 161010 dev elvol et ne 2
uovo Cuyloelg.

2. Av elyope ot dudBeon pog 2 uévo Cuyioelg, molog eival o LEYLOTOS 0ELOIGS VOULOUATWOV VAILETL
ota omoto B progovoane vo Eexmeicoue To RAATIXHO %o OV AVTS Eivol eAapEUTEQO M Paip¥TeQo
amd ta yviolo; [owog elvon o aviiotowog apbuds yia n = 4,5, ... uyioeig;



At Ayt Azt Agt
B~ By~ B3~ By

A+ Ayt By—

Tymnea 1. “Evog “olydouos” mov pe 3 Cuyioelg Polorel To #dATKo avaueoo og 12 vouiouoto ol oy outd €ivol eAopUTEQO
1 Papitepo. O “olySolBuos” xmeitel apyird. To. vouiopota ot 3 teTeddeg: TV 1etpddo A e to voploporo A1, As, As, Ay,
mv teTdda B ue to. vopiouota. By, Ba, B3, B, oL mv tetoddo C' ue to. vouiopora. C1, Ca, Cs, C4. H avomopdotaon tov

A1 Ay As As| B1 B, B3 By

Al— Ay Az Ay
B+ B,+ B3+ Bs+

Ci+ Cy+ Cyt+ Cyt
Ci— C— C3— Cy—

olySpBuov PaociCetar oe €va toLadnd d€vigo ovyrpioewv. Kdbe voupog (extdg amd ta ulha) dnhdvel St to vopiopato
oto. apLoteEd. Luyiltovion pe tar vopiouaro oto de€d (my. 1 olta dnhdver St o vopiouato g tetpddog A Luylloviow pe

owtd g teTpddag B). Av i Luyaoud yelper aplotepd (ovt. deEid), anolovBeiton o aptotepds (avt. deEudg) ®Addog, now av

1N Quyapld 1wopomjoeL, axohovBeltan 0 pecaiog ®¥hddog. e wdfe ®whddo onueidvovron Ta mbovd evieyduevo ue fdon mv

SroBgoiun mAnpopopia and tg Cuyioeis. H avogpopd ot €va vopuoue dnlaver ot ovtd progel vou elvol 1o ®AATIRO, Rou

10 + (avt. —) dnhdver Gt Bo lvon Bovtepo (ovt. eapEUTEQD) 0TS TOL ROVOVIRA (TL.X. TOL EVOEXOUEVA TOV OVTLOTOLXOUV

otov YNASTEQO 0ELOTEQRS ®AAJO glvou ®dmolo ard T voplouoto g teTeddog A va elvow ®dAmxo ®ol PauteQo amd To

ROVOVIXA 1] ®ATOLO OTtS ToL voplopoto. ™ Teteddog B va elval ®dAmino xow eAogpouteo amd ta. vavovird.). TTeglopiCovrag
Srodoyirnd. to. evieySueva og ®dBe ®Addo, ratohjyovue o povadivs amotéheopo o ®dbe UALO.

Avon. Kabe “ahydplbuog” mov yonowomolel h Cuyloelg yia vo eviomioel €va ®AATI®0 aVAIEDO O
n voplopoto umoQel vor avamopaotafel pe €va toladird dévigo Luyicewv tipous h to omoio ExEL
TovAdyLotov 2n UAAa, OV0 yia ®dBe VOLoUa ¢, TOV AVTLOTOLOUV OTOL EVOEYOUEVO TO VOULOUOL ¢ VoL
elval ®AATTXO RO EACLPQEUTEQO TG T ®OVOVIXA (OVUBOAICETOL e 4—) %o TO VOULOUOL 4 VoL glvol
®RAATTIHO %O PoQUTEQO aTd T ®ovovird (ovpBoliCeton pe i+). To dévroo elvar TELadLKS YTl A0
Coyion pmogel va €xel tolo amoteAéopara: 1 Cuyoold YEQVEL 0LOTEQC, LOOQQOTEL, 1 YEQVEL deELA.

Aot €va ToLodIS dEvT0o tpoug h €xel To mohd 3" pUila, 0 HEYLoTOC aEIBUGS N VOILOUATWY
OVAUETOL OTOL OO0 UTTOQOUUE VO EVIOTIOOUNE €VAL RAMTLRO VOWOUOL (RO 0V QUTO Elvall EAALPQUTEQO
1} Bapitego amd To xavovird) ue h Luyioeic etvaw ny < (3" — 1)/2. Svvende yio 12 vopiouoror
yoewatopaote tovhdytotov 3 Tuyioelg. O mo yvwotds “ohydoiBnog” yio 12 vouiopata pe 3 Cuyioelg
paivetar oto Zyfjucl = Biployoapia avagépovial xal aretol dhhot, Evag udMoto xabopilel Tig
Cuytoeig mov Bo xdvel €8 aymg, XwElg avTég va eE0QTWVTAL 0tG TOL ATTOTEAE GUOLTOL TV TTQOTYOUUEVDV

Cuyloewv, deite oty OLevBuvon:

http: //www. sciencedirect. com/science/article/pii/S0020019002004830

O uéyotog oGS VOULoUATWY N AVAUEDH. OTO OO0, UTOQOVUE VO. EVIOTICOVIE TO KAATTLXO
vouopa (row av outé eivor ehaputeQo 1 Paitego amd ta xavovird) ue 2 Quyloels eivon ny = 3.
O Moyog mov ny < 4 elval Tl av oty TR CUYLON CUUUETEXOVV GAal Ta. 4 VOUIoUaTO, €XOVUE
uévo dvo evdeydueva amoteléopata (1 Cuyoold dev NToEel Vo LooEQEOTNOoEL). AV otV TTE®KTY LiyLon
OURPETEXOVV UGVo o voulopoto xow 1 Suyoold 1ooQEomNoEeL, dev umogotue pe pio uévo Coyion va
Boovpe mold amd ta dhha dvo voutopato eivor rAATIRO ®ow OV OVTO elvor ehapEUTEQO 1 foiTeQO


http://www.sciencedirect.com/science/article/pii/S0020019002004830

oo To ®avovird. Mmopovue BERoua va eviomicovpe To ®dAm®O avdueoa og 4 vouionato pe 2 pévo
Quytoelg elte av yvweilovpe €va yvnolo vououo amrd to 4 eite av €xovue 3 eTTAEOV VOUIOUATO TTOV
yvwpiovpe 6t elvar yvijoro (deite m.y. Tov peoaio ¥Addo oto Zyrjuc: ).

IMopdpola amodewviovpe 6Tl HEYLOTOS OQLBNGS VOUOUAT®Y N3 (OVT. 14) OVAUEST OTOL OO0
UTTOQOVIE VO EVTOTICOVIE TO RAATIHO VOWOUOL (XoL av owtd elvol eAaputeQo N PaiteQo amd Ta
xavovixd) pe 3 (ovt. 4) Quyioelg elvan n3 = 12 (avt. ng = 39). I va evromioovpe To xAATIHO
voouo avdpeoa og 39 voutopara pe 4 Cuyioelg, xmoiCovue ayxd o vouiopato oe 3 ouddes Tmv
13 vouopdrwv xon Qyalonaote pe mv Aoywij Tov Zyrjuorog [0

Ievindtepa, amodelxvieTal 0Tl 0 NEYLOTOS 0ELOIGS VOULOUATWY 1), VAILESO OTO. OO0 LTTOQOVLE
VO EVTOTIOCOVUE TO RAATTLXO VOILOUOL (ROl OV ouTo elvol EAaQUTEQO 1] PALOUTEQO TG TOL ROLVOVLXAL)
ue h Cuyloeig eivar ny, = (3" — 3)/2. 0

Aoxnon 4: Mérgnon Avtioteogov

‘Eotw ay,asz,...,a, po axolovdio n dapoeTindv axepaimv. Q¢ HETQO TOV OO0 OTEYEL CUTH 1
axolovBio amd 1o va eivol ToEvounuévn oe avEovoa LA XONOLUOTOLOVUE TOV QQtOUd TV aVTIOTQO-
@dv. O 0QOUGS TWV OVTLOTQOPADV YL TNV axolovdia a1, asg, .. ., ay elvol To TIAMN00S Twv Cevyaoudy
OTOVXElWV a;, aj Ne &t < j xow a; > a;, ONA. 10 TAROog Twv Levyoouwv otoyelmv mov Polonovral exTog
ddraEng. T'o morpdderypat, 0 aQBUGE TwV aVTLOTQOQMV Yo TNV axorovBia 6, 5,4, 3,2, 1 elvou 15 (GAa
to Cevyn elvon extog didTaEng), o aQLBUoS TV aAvILOTROPMOV Yio. TV axohlovbia 5, 1,2,6,3,4 elvon
6 (ta Tevym (5,1), (5,2), (5,3), (5,4), (6,3), »aw (6,4)), 2oL 0 AQLOUGS TOV AVTLOTQOPHV YLOL TNV
taSvounuévn axorovdia 1,2,3,4,5,6 eivar 0.

Na drotvrdoete alyopLlBpo “diaipel-wot-pooileve” Tov VIOAOYILEL TOV 0QLOUS TV OVTLOTQOPHV
was axohovBiag 1 dLopoeeTvdV axepainy ot xodvo O(n logn). No arttohoynoete moooextind Ty
0000TNTAL RO TNV EOVLXY TOAMTAOXRGTNTO TOV OAYGQLOUOV.

Avon. H Wéa eivon dro pe avt) g Mergesort. "Eotm ot €xovpe pio axolovBion ue n otoyeio.
Enaywywrd vrtofgtoupe 6t to medPinua €xer Mbel yio v vraxolovbio A = (aq, as, . . . ,a%) UE TOL
otovyeia Twv n/2 modtwv BEoewv Tov TIvora (§0tw GTL EYOVUE UETONOEL 74 AVTIOTQOPOL Tevyn Yol
™V voxolovBict A) xow yio v voxolovbiocn B = (a%H, anio,... ,ap) WE TOL OTOLYEIOL TV 7/2
televtainv O€oemv Tov mivaxa (€otm 6TL €X0VNE UETENOEL g avTioTQOMa Cetyn Yot TV vmaxohovBio
B). Eniong voB€tovpe 6T 1o otoryeiat Twv vororovOdv A xal B eivon tagwvopnuéva. To minbog
TOV OVTIOTEOPMV CEVYWDV YL GAN ™V axolovdia elvol r = r4 + rp + rap, OOV 7 4B TO TAOOS TV
avtiotpopwv Cevydv (a;, a;) ne i < n/2, j > n/2, waw a; > a;.

T va wetoyovpe tohvmhoxdmra O(n log n) moénerto merging va yivel og xodvo O(n) (BupnBeite
10 Master Theorem »ow v Abon mg avadgowxis eEiowons T'(n) = 2T(n/2) + O(n).)

AxolovBoupe Ty dradixacio ovyydvevong s Mergesort. H povaduxr] duapod ivou ti dtav €val
otolyelo amd ™mv vraxolovbion B “ouvyywvevetal”, To 145 avEAveToL ®aTd TO TAMB0S TV OTOLYElWV
™ A mov dev Ex0ouv amdun “ovyxwvevtelr”’. AzolovBel 1 dLaTiTwon avTHS TS NS 8 PeVdoRDILHAL:



Merge&Count(A, B)
1 1; j1;, k<1, rap < 0;
while i < |A| and j < |B| do
if A[i] < B[j] then
Clkl| « Ali]; k< k+1;, i+i+1;
else
Clkl]« B[i]; k< k+1;, j<j+1, rap«rap+|A4 —i+1;
if i > |A| then
Avtéyoaye o voholmo ototyeia g B omyv C
else
Avtéypanpe ta vidhowma otowyeio g A omyv C
return(r 45, C);

Xonowomoirdvrag v govtiva Merge&Count, 0 Topordtm Pevdoxddirag Avel To meofinua og
xo6vo O(nlogn):

Sort&Count(ay, . . ., ap)
if n <1 then return(0);
A+ (al,...,a%); B+ (a%_,_l,...,an);
(ra,A) < Sort&Count(A)
(rp, B) < Sort&Count(B)
(rap,C) < Merge&Count
return(r4 +rp +rap,C);

2

&A,B);

Aoxnon 5: Polaouévae Araorijpara

Ailvovton tor pn #evd ®AELOTA SLOTHIOTOL PUOLRMY AELOUDY [s1,E1], [s2,t2], - - -, [Sn, tn]. YROBETOLNE
o 51 < 59 < -0 < sy, EVA RATOLOL QTG TOL S; RO f; UmoQel va eivar dua. Avo diaotipato
Aéyovior @wAMaougvo 6tov To €va gival varootvolo tov dhhov. To Tntovuevo eivor va vroloyi-
oovpe 10 wAjhog Twv Cevydv powlaouévav diaotudtwy oto [s1,t1], [s2, tal, ..., [Sn, tn]. TLy. OTO
[1,8],[2,3],[3,4],[5, 8],[6, 8], [7, 12] vrdoyovv 5 Levyn pwhaouévov diaomudtwy, ta [2,3] C [1, 8],
3,4] C [1,8], [5,8] C [1,8], [6,8] C [1,8], »ou [6,8] C [5,8]. Na datvndoete €va 600 10 duvatdv
o amodotnd akydBuo yio avtd to mEoRAnua. No atloAoyRoeTe TV 0000TNTOL AL TNV XOOVIXY|
TOAVTAOXRSTITOL TOV aAyoQiBuov oag.

Avon. Agov ta s; elvou Tavounuéva, apxel va vrohoyioovue yio méoo Cevyn ¢, ¢, we 7 < j, LoyveL
on t; < t;. No #dBe tétolo Tevyos ¢, 15, €xovue om s; < s; nav t; < t;, doa [sj,t5] C [s4,ti)].
To nMiBog awtdv Twv Cevydv umoel va vtohoylotel oe xodvo O(nlogn) Gmwg oty monyoldpuevn
doxnon. O

Aoxnon 6: Bideg ot IToEpddia

Aivovtal éva xovtl pe n Bideg xal €va xovtl pe n moEpddie. ‘Oheg ou Bideg €xovv dLapoQeTind
néyeog, GAa To TOELAdLO EXOUV OLOPOQETIXG UEYEDOS, nal ®AOE Bido TowQLdteL ue €va uévo maELuddL.
To Crovuevo eival vo taugldgovpe Oheg tis Brdeg e ta maguddia Tovg. Ydeyel SUws o TEQLOQLOUGS
ot gV umopovpe vo ouyxpivouue Tt peyedn dvo PLdav ovte umwoQovue vo. ouyxQIivoupre ToL PeYEON
dvo makuadidv. Mmogotue uovo va cuyrpivoune o PeyEom woag Bidag xow evég maEpuadiov, xol



va wpoodlopicovue av N Pida elvor peyolitepn, WxASTeEN, 1 TaQLAleL ne To maSyudde (xow BEPana
avtiotoya, ov To TaELuddL elvol IxQOTEQO, EYOMITEQO, 1| TALOLALEL UE TN Bidat).

AgdoEVoy Tov TOQOTAV® TTEQLOQLOUOV, VO JLATVTDOETE OavoTI*G OAYOQLOUO TOU TOLQLALEL
Oheg tg Pideg ne o Ta&pddio Toug o amroutel xord péon ruj O(nlogn) ovyrploeig Tov peyéboug
wag Prdog pue 1o uéyebog evog maluadlov. Snueiwon: O akydplOnos oog TEETEL OTWOONTOTE VO,
YONOLUOTOLEL TUXOLOTNTA, OOV O VIETEQUIVLOTIXOS OAYGQLOUOS OVTIOTOLYNG TTOAUTAOXOTNTOS VoL
onuovtixd SQUorROAGTEQOS %Al XONOWMOTOLEl POBUTEQES TEYVIXES TTOU 1) RATAVONOTN TOVS VIEQPAiVEL
TOVG OTOYOVS TOU UABfUOToC.

Avon. AxohovBouvne v Aoywn tov alydplBuov Quicksort. Aev pmwogouue BEPALO Vo EQPOOUOTOVUE
v Quicksort avtovotla, yioti dev uwopovue va, cuyxpivouvue tig Broes ue g Bides xat ta maguddia
ue ta moEuddia. To medPAnua eviomiCeton oty xeHon Tov pivot yia To d6o ovvora. ‘Ouws Nrogovue
VO TTOQOXAMPOUIE 0TS TO TEOPANUA wg eENg: Aladéyovue oty tixn éva mauddr, 1o omoio Bo
xonowomomOel oav pivot yia to partition twv frody (0ol dev UTOQOUNE Vo cuyrQivoune TG Pideg
UETOED TOVG, B suyxpivoue TS Pides pe To TOEAdL), ko Poloxovue (0€ YOOLUULRS XOOVO) TV Pida
TOV TOV OVTLOTOLYEL, ®aL 1) omolo Ba yonowpomomBel oav pivot yia to partition Twv ma&uadidv. Améd
10 partition Twv dY0o CUVOAWV e aWTA TOL pivots (0€ YOOUWXRS XQEGVO), TEOXVTTTOVV dU0 vIooUvola
ne PldeS #o T AvIloToL o VITOCUVOAX, e TaL TTOELUAdLN, oTaL oTtolo. epaoudtovie v Ot dradixaoio
avadpomxd. O yedvog extéheons eivon aviiotowyos e Quicksort, dnhadi O (nlogn) ot péon mepl-
TTWON). 0



