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MEpESEWHEET]  ocwpovye tov mivaxa 4 =1 9] .

1) To XOXPOAKTINPLOTIKO TOL TIOAUWVUHO Eival

X, (1) = det(4 — Al,) = ‘18’1 22/1| —A2_31+2.

2) MapaTtnPOVME OTL O THIVAKAG A «IKAVOTIOLED» TNV YO PAKTINPLOTIKN Tou £§icwon,
OnAadn pnodeviel TO YOUPAKTINPLOTIKO TOL TIOAUWVUHO:
2 0] _ [0 0]

= -sav2n =2 9 —31 w2l =2 9P 9+ Y- ¢

X4(A4) = 024

AuTO b€V gival Tuyaio. loyUeL To eMOpevVo Bewpnpa:
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KaOe mivakag A € M,,,,, BNOEVI{EL TO YOPAKTINPLOTIKO TOU TIOAVWVUHO

X4 (A) =det(A—A-1,), Snhadni

X4 (A) = Opnxn
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2nMElwON:
AV TO YO POKTINPLOTIKO TIOAVWVUMO EVOG N X N TtivaKka A €ival TO

XA(A) = det(A — A In) = A"+ an_lln_l + o0+ all + A, TOTE

X, =A4A"+a, (A" 1+ -+ a;A+ ayl, = 0,4,

MNpocoyn! To Bewpnpua Cayley-Hamilton oxveL yia 0Aoug TOUG TETPAYWVIKOUG

TIVOKEG, OXL LOVO YLO TOUG OLOLY WVOTIOL]GLULOUG,.
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2 1 0
* ‘Exouvpe tovmivoka A =0 2 0|.
0 0 2

To YO POAKTINPLOTIKO TOU TIOAVWVUMO Eival
xa(A) =det(A—Al3) = (2 —2)°=—2% + 64* — 121+ 8

ZUpdwva pe Oswpnpa Cayley-Hamilton:
x1(A)=03—-A4A3+6-42—-124+8 13 =04

4
Kavovtog mpdEetc uttohoyilouvpe: A~1 = % [O
0
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1 1 0

napaaﬂvp‘a 3 AivetatomivakagA = |1 1 1|. Noumnoloyioete toug mivakec A~ 1, 4°.
0 -2 1
Avon:
1-41 1 0
1) YtoAoyilouvpe tnv opiovca det(A — Al3) = | 1 1-2 1 |
0 —2 1—-4

ApO TO YOPOKTNPLOTIKO TIOAUWVUHO Tou A gival
Xa(Q) =det(A—2AI3) =(1—2)(A2—-24+2)=-23+322-42+2
2) H xapoktnpilotikr tou e€icwon eivar —13 + 342 —41+2 =0 (1 — 2)(2% —

21+ 2) = 0 €y€L pOVO pia mpaypatikiy Avonmv Ay = —1kowd, =1+ i,43 =1 — L.

3) MTtopoupe va uTtoAoyicou e Toug {nTtovpeVouGg THVAKEG oV BPOUE T
101001LOVUGOTA KOL TOV OLOYWVOTIOL)COVE. ATTIOPEVYOUE OWG OAN TN dtadikaoio

TWV MPA&ewV Me TN PoriBeia tov Oewprjpatog Cayley-Hamilton, wg €éng:



* loyveL oTL

e x4(A) =030 -23+322-41+2=0;

e —A3+34%°-44+2I;=0;&
* A3 —-34°+44-21;=0; &

+ A(A2 =34+ 4l3) =2I; & A|; (A2 — 34+ 413)| = I
Apa

3 -1 1
R o _1,2_3 _ 2 _
AT =2(A% —3A+413) =A% — S A+ 215 _Zl 21 52 41]
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* Ao to Oewpnpa Cayley-Hamilton eyoupe:

e Tl TOV UTIOAOYLGHO TOU Tiivaka A X PT|CLUOTIOLWVTAS TO ATTOTEAECUOTA TOU OEWPHHATOC

Cayley-Hamilton €youpe:
A® =A% A% = (347 — 44 + 215)A% = 3A* — 443 + 2A% = 3443 — 443 + 24% =
3A(3A% —4A + 213) — 4(3A% — 4A + 213) + 2A% =
943 — 12A4% + 64 — 124% + 16A — 813 + 24° =
9(3A4% — 4A + 213) — 124% + 6A — 12A% + 16A — 815 + 24% =

27A%* —36A + 1813 — 124%* + 64 — 124%* + 164 — 813 + 24* =
54% — 14A + 1015

Kallia Pavlopoulou 2022-23 8



e [ ToV UTTOAOYLOUS Tou Tiivaka A , Ba uTtopoVcaUE Vo EPAPUOCOUE TNV EUKAEISLA
dlaipeon:
e 1°=(23-32%2+42-2)(2% +32+5) + (54> — 144 + 10) .
* Ao to Oewpnpa Cayley-Hamilton eyoupe :
xa(A) = 03 A3 —34% + 44 — 215 = 04
Apa
» A% = (A3 - 34% + 44 - 213)(A%* + 3A + 5I3) + (54% — 144 + 10]3) &

« A5 =05-(4%2+34+5I3) + (542 — 144+ 103) &

* A°> = 54% — 144 + 10I5
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AivetauomivakacA = 0 -2 O‘ :
-2 2 2
No utoAoyioete
(o) pia dlaywvoToinon tou Tivaka A.
(B) Mia Staeywvottoinom tov A°.
(y) Tov A°.
(8)Tov A71,472,A73.
Avon:
(o) YmoAoyiCoupe tnv opifovoa
-3-2 | y
det(A—2AI3)=| 0 —2-2 0 [=(-2-2D-[(-3-D)2—-2)+4]=
—2 y/ 2—-A1

=—2+D)(22+2-2)=—-QA+2)A+2)A1—-1) =—-(1+2)2(A—-1) = -23-32% + 4.
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ApQ TO YO POKTNPLOTIKO TIOAVWVUMO TOU A gival

xa(A) =det(A—2I3) = —(A+2)?(A—1)=-23-32*+4

H yapoxtnpiotiky tou e€icwon eivar —13 — 322+ 4 =0 (1 — 1)(4%2 — 22+ 2) = 0 éxel

TIPOYMOTIKEG AVCEIGTIGA; = A, = —2 KoLl dz3 =1

1 y/
Ma v wotupn 44 = 4; = —2 utoAoyi{oupe ta 1dlodlavuopata: X = ll]Kou Xy = lO]
0 1

1
Mo v eotupn 43 = 1 utoAoyiCovpe to dLodlavucpa: X1 = IO]
y

Apa o A draywvototeitot (adpoU oTnv SLITAY] LOLOTLY] AVTLOTOLYOUV 2 LOL0OLAVUCHATA) WG EENG:

s A |
A=PDP1=[1 0 0
0 1 2

s 2

1 2 1
1 0 O
0O 1 2

;
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(B) Apa 0 A draywvoroleitat (tpouv oTnV SITAT LOLOTLU AVTLOTOLYOUV 2 LOL0OLAVUGHATO) WG EENG:

s B |
A=PD°P1=|1 0 0
0 1 2

f

(—2)°
0

0

(y) Amto to Oewpnpa Cayley-Hamilton €youvpe :

0

(—2)°
0

0
0

15

—23-32%2+4

|

1 0 0

121]‘1
0 1 2

xX1(A) =03 A3 +34%2 —4I; =034+ 343 —4A=0; A4 = -343 + 44

¥1(A) =03 A3 +34%2 —41; =03 4% + 34— 442 = 0; 4% = -34* +44%

&A% =-3(-34%3+44) +442 = A% =943 +44% — 124

&A% =9(—342 + 413) + 442 — 124 ©A> = —27A% +36l;3 + 44 — 124

Kallia Pavlopoulou 2022-23

& A% = —23A4% — 124 + 3614

12



~ Mapaewypa 4~ Abon (ouvéxew) o L
A=10 -2 0

(6) Atto to Bewpnpa Cayley-Hamilton exoupe : B Bk

Xa(A) =03 43 +34%2 - 413 =03 4% +34° =413 A4(A* +34) =4 &

1 1 1
A4 = Z(A2 +34) =A% = Z(A2 +34)-Alea?= 7 (A +3I5)

— _ 1
=I3 |oA™ =-(47 +34) ()

1 1
SA72.471 = Z(A +3)- A 1eA43 = Z(I3 +34 ) o

(1) 1 1 1 3
(:A‘?’:—[I + 3 -=(A% 3A]<:>A‘3=—I — (A%
2|13 4( + 34) 43+16(A +34) &

SAB =Lt A2 A
43 16 16
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‘Eotw A évag mivakag n X n. ‘Eva pun pndevikd moAvwvupo p(x) Aéyetal €AdyLOTO
TIOAUWVU O TOU 4 av LoYUOoUV TO TIOPAKATW:

1) p(A)=0
2) 'Exel ouvteAeotn peylotoBabuiov opov tn povada
3) KdBe dAAo moAvwvupo g(x) pe q(A) = 0 éxel BaBuo peyaAvtepo 1j ico pe tou p(x).

* To eAayioto moAvwvupo (the minimum / minimal polynomial) ivat to pn pndeviko

moAuwvupo gAayiotov Babuov, mou pndevifetal AO TOV TETPAYWVLKO TIIVAKO KOl
ocVpBoAileTon m,4(A) .

Kallia Pavlopoulou 2022-23 14



1) To EAAXL10TO TIOAUWVUO N4 (A) Eival HOVAOLKO.

loyvouv ta £&1iG:

2) O1 piCeg TOL EAGYLOTOU TIOAUWVUOL Ny (A) Eivat akpLBWG OL LOLOTIMEG TOV 4,
TOOVWG e MLKPOTEPEG TTOAXTIAOTNTES,.

3)Eavto x4 (A) = (A —2A)N - (A —2)%2 - - (A — 4,)%
wrtetomy(A) = (A —2)P1- (A —2,)P2..... (A —2,)0n

Onmovl<b;<a,1<b,<a,..,1<b,<a,.

4) Tomy(A) dwoupei mavto to y4(4).

5) AvTo x4(4) éxeL n dlakekpLUEVEG piCeg TTIOAAXTIAGTNTOG 1 TOTE
xXa() =my(A) =A—-21)A—24) ...(4— 4)
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* loyVel o e8ng:

* O TETPAYWVIKOG N X N Tivakag A €ival SLoywVvoTio|oLOG oV KOl LOVOV
oV TO EAAYLOTO TIOAUWVULMO Tov M, (A) €xel OAeg Tig pileg ToL ATIAEG

(TtoAAOTTAOTY

TaG 1), OnAadn
my(d) =A—-21)A—23) ...(4—4,)
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Oewpnpa

Ta TUPAKATW €ival LOOSUVOLAL:
1) O A gival S10ywVOTIOINGLLOG
2) Yrtapyouv n 1o A1 006 ypoppika aveéaptnta tdlodlaviopoto tov A

3) To EAAXLOTO TTIOAUWVUO TOU 4 Eival YIVOUEVO OLOKEKPLUEVWYV TIPWTOBAO LWV
TIaAPAyovIwy, 6nAadn tng popdrg :
myuyAd) =A-2)QA—-2,)...(A—1;,), 0mov A4, 45, ..., A, €ivar ava dVo diadopoL.
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_ Aiveton o tivakoc A =

Avon:
1) det(A—2AI3) =X,() =—-(A+1)*(1-8)
2) MBava eAayxiota moAvwvupa
A+1)?A-8)A(A+1)(1-8)
3) Napatnpoupe ott:

3+1 2 4 3-8 y/ 4
(A+13)(A—-8I3;)=| 2 0+1 2 2 0-8 2
4 2 3+1 4 y/ —8

Apoamy(A) =A+1)(A—8)=12—-71-8

3 2 4
2 0 2
4 2 3

Ertopévwg o mivakag A = givat dtaywvomoujoLpog.
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_ Aivetol o tivokoag A =

Avon:

K B |
2 2 -1].
2 2 0

1) det(A—2AI3) =X,() =—-(A-2)*(A1-1)

2) MBava eAayxiota moAvwvupa
A-2)*A-1DRA-2)A-1)

3) Napatnpoupe ott:
(A—2I3)(A—13) + 04

Apamy(4) = (4—-2)*(A—-1)

K |
2 2
2 2

ETtopévwg o tivakag A =

—1
—1
0

] dev gival 10y WVOTIOL|GLLOG.
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