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Krit rio Oriak c SÔgkrishc.

'Estw (an), (bn) akoloujÐec jetik¸n ìrwn ¸ste

lim
n→∞

an
bn

= L ∈ [0, +∞) ∪ {+∞}.

� E�n L > 0, tìte oi seirèc
∞∑
n=1

an ,

∞∑
n=1

bn

sugklÐnoun   apoklÐnoun tautìqrona.

� E�n L = 0 kai h seir�
∞∑
n=1

bn sugklÐnei , tìte kai h seir�
∞∑
n=1

an sugklÐnei.

� E�n L = +∞ kai h seir�
∞∑
n=1

bn apoklÐnei , tìte kai h seir�
∞∑
n=1

an apoklÐnei.

ParadeÐgmata:
(i) Na exet�sete wc proc th sÔgklish th seir�

∞∑
n=1

an , an =
n

n3 + 1
.

LÔsh: Jètoume bn =
1

n2
. Tìte, h

∞∑
n=1

bn sugklÐnei kai

lim
n→∞

an
bn

= lim
n→∞

n3

n3 + 1
= 1 ∈ (0, +∞).

'Ara kai h
∞∑
n=1

bn sugklÐnei.

(ii) Na exet�sete wc proc th sÔgklish th seir�

∞∑
n=1

an , an =
n√
n3 + 1

.
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LÔsh: Jètoume bn =
1√
n
. Tìte, h

∞∑
n=1

bn apoklÐnei kai

lim
n→∞

an
bn

= lim
n→∞

n3/2

n3/2

√
1 +

1

n3

= 1 ∈ (0, +∞).

'Ara kai h
∞∑
n=1

bn apoklÐnei.

Genikìtera, an an = Π(n)/Q(n), ìpou Π(n), Q(n) poluwnumikèc ekfr�seic
tou n, tìte jètoume

bn =
1

np
, p = bajmìc(Q(n)) − bajmìc(Π(n))

kai ergazìmaste ìpwc sta parap�nw paradeÐgmata.

(iii) Na exet�sete wc proc th sÔgklish th seir�

∞∑
n=1

an , an =
ln(n)

nr
, r > 1.

LÔsh: Epilègoume p ∈ (1, r) kai jètoume bn =
1

np
. Tìte, h

∞∑
n=1

bn sugklÐnei.

Epiplèon,

lim
n→∞

an
bn

= lim
n→∞

ln(n)

nr−p = 0.

Pr�gmati, lim
x→+∞

xr−p = +∞ opìte efarmìzontac ton kanìna tou L’Hospital paÐrnoume

lim
x→+∞

lnx

xr−p
= lim

x→+∞

1

xr−p+1
= 0.

'Ara kai h seir�
∞∑
n=1

an sugklÐnei.
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Krit rio tou Leibniz.

'Estw (an) fjÐnousa akoloujÐa jetik¸n ìrwn ¸ste

lim
n→∞

an = 0.

Tìte, h enall�ssousa seir�

∞∑
n=1

(−1)n−1an = a1 − a2 + a3 − a4 + . . .

sugklÐnei.

ParadeÐgmata:
(i) Na exet�sete wc proc th sÔgklish th seir�

∞∑
n=1

(−1)n−1
1

n
.

SugklÐnei apìluta?
LÔsh: Efarmìzetai �mesa to Krit rio tou Leibniz opìte h seir� sugklÐnei.
Den sugklÐnei apìluta diìti

∞∑
n=1

∣∣∣∣(−1)n−1
1

n

∣∣∣∣ =
∞∑
n=1

1

n
.

(ii) Na exet�sete wc proc th sÔgklish th seir�

∞∑
n=1

(−1)n−1 sin

(
1

n

)
.

SugklÐnei apìluta?
LÔsh: H sun�rthsh sinx eÐnai gn. aÔxousa sto di�sthma [0, π/2]. Gia k�je n ≥ 1,

0 <
1

n+ 1
<

1

n
≤ 1 <

π

2

opìte

0 < sin

(
1

n+ 1

)
< sin

(
1

n

)
.
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EpÐshc, profan¸c

lim
n→∞

sin

(
1

n

)
= 0.

Me b�sh ta parap�nw, efarmìzetai to Krit rio tou Leibniz opìte h seir� sugklÐnei.
H seir� me apìlutec timèc gr�fetai

∞∑
n=1

sin

(
1

n

)
.

All�

lim
n→∞

sin

(
1

n

)
1

n

= 1 > 0

kai h seir�
∞∑
n=1

1

n
apoklÐnei.

Apì to Krit rio Oriak c SÔgkrishc èpetai ìti h seir� me apìlutec timèc apoklÐnei.


