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DÐnetai h anadromik� orizìmenh akoloujÐa (an) me

a1 = 1, an+1 =
1 + 2an
1 + an

, ∀n ≥ 1.

Na deÐxete ìti h (an) sugklÐnei kai na breÐte to lim an.

LUSH

1oc trìpoc (o sun jhc):
Xekin�me me mia �tuph diadikasÐa.
E�n gnwrÐzoume ìti h (an) sugklÐnei me lim an = L ∈ R, tìte paÐrnontac to ìrio

kaj¸c n→∞ kai sta dÔo mèlh thc anadromik c sqèshc èqoume

L =
1 + 2L

1 + L
⇒ L2 − L− 1 = 0 ⇒ L =

1±
√
5

2
.

Epeid  profan¸c an > 0, ∀n ≥ 1, èpetai ìti L =
1 +
√
5

2
.

T¸ra, proqwroÔme sthn tupik  lÔsh .

ParathroÔme ìti a1 = 1 < L =
1 +
√
5

2
.

Isqurismìc: an < L, ∀n ≥ 1.
Apìdeixh tou isqurismoÔ:
� Gia n = 1 isqÔei.
�Upojètoume ìti isqÔei gia k�poio n ≥ 1. Tìte,

an+1 −L =
1 + 2an
1 + an

− L =
1 + 2an − L− Lan

1 + an
=

L2 − L+ 2an − L− Lan
1 + an

=
(L− an)(L− 2)

1 + an
< 0.

Shm. ìti L2 − L = 1 kai L =
1 +
√
5

2
< 2.

T¸ra èqoume ∀n ≥ 1,

an+1 − an =
1 + 2an
1 + an

− an =
1 + 2an − an − a2n

1 + an
= −a2n − an − 1

1 + an
> 0,

diìti 0 < an < L kai sunep¸c to an brÐsketai metaxÔ twn riz¸n tou triwnÔmou
x2 − x− 1.
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H apìdeixh tou isqurismoÔ oloklhr¸jhke.

'Ara, (an) gn. aÔxousa kai fragmènh �nw, opìte sugklÐnei. Apì th diadikasÐa pou

perigr�fetai sthn arq  thc lÔshc, paÐrnoume lim an = L =
1 +
√
5

2
.

2oc trìpoc (suntomìteroc all� den douleÔei p�nta):
ParathroÔme ìti

an > 0, an+1 = 2 − 1

1 + an
, ∀n ≥ 1.

ProkÔptei �mesa ìti an+1 < 2, ∀n ≥ 1 kai �ra h (an) eÐnai fragmènh �nw.

Isqurismìc: an < an+1, ∀n ≥ 1.
Apìdeixh tou isqurismoÔ:

�Gia n = 1 isqÔei, diìti a2 = 2− 1

1 + a1
= 2− 1

1 + 1
= 2− 1/2 = 3/2 > 1 = a1.

�Upojètoume ìti isqÔei gia k�poio n ≥ 1. Tìte,

0 < an < an+1 ⇒ − 1

an
< − 1

an+1

⇒ 2− 1

an
< 2− 1

an+1

⇒ an+1 < an+2,

opìte isqÔei kai gia n+ 1.
H apìdeixh tou isqurismoÔ oloklhr¸jhke.

'Ara, (an) gn. aÔxousa kai fragmènh �nw, opìte sugklÐnei. Apì th diadikasÐa pou

perigr�fetai sthn arq  tou a' trìpou lÔshc, paÐrnoume lim an = L =
1 +
√
5

2
.


